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The triaxial rotor model with independent inertia and electric quadrupole tensors is applied to the description
of the extensive set of E£2 matrix elements available for 8618819019205 Most large and medium transition E2
matrix elements can be reproduced to within ~10%, and most diagonal elements to within ~30%. Most small
transition matrix elements can be reproduced to within ~30%, and they support the interference effect exhibited
by the model between the inertia and E?2 tensors: this is a new feature of quantum rotor models. The diagonal £2
matrix elements at higher spins in the K = 2 band are extremely sensitive to admixtures of higher K values: the

low experimental values in '**!92Os indicate significant admixtures of K = 4 components. Attention is given to
the K™ = 4% bands in these nuclei and the controversial issue of whether they are of quadrupole or hexadecapole
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Triaxial rotor models of nuclei have played a leading role
in the description of nuclear collectivity ever since their
introduction by Davydov in 1958 [1-3]. Triaxial rotations
and triaxial shapes are currently at the forefront of modeling
phenomenology in odd-mass nuclei and strongly deformed
bands (see, e.g., Ref. [4]). However, applications of triaxial
rotor models to doubly-even nuclei at low spin has been sparse
in the past 20 years [5-8]. With the successes of triaxial
descriptions in odd-mass nuclei, it is appropriate to carry out a
critical evaluation of such descriptions in doubly even nuclei.
In the present work, we do this for the osmium isotopes.

Recently, we introduced [9] a triaxial rotor model with
independent inertia and E2 tensors. This model overcomes a
number of unphysical features [9] possessed by the triaxial
rotor model with irrotational moments of inertia, which
previously had been the universal choice for the triaxial rotor
model. In our initial study [9], we only addressed global
features of the model; in the present work, we address the
ability of the model to describe detailed E2 properties.

The isotopes '3¢~1°20s constitute a leading challenge to
collective models and serve as a best test of models with an
axial asymmetry degree of freedom. This is because of their
transitional behavior with very low-lying K™ = 2% bands (the
27 state in '2Os is the lowest known 25 state in any doubly
even nucleus) and because there is an extensive set of E2
matrix elements available from a multi-Coulomb excitation
study [10].

The isotopes '°*1220s also possess a very puzzling feature
in their low-lying K™ = 4% bands which exhibit spectro-
scopic signatures consistent with multiphonon quadrupole
character [10,11], proton two-quasiparticle character [12],
and hexadecapole character [13]. This has been the basis of
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recent controversy [14—17]. Indeed, this complex character of
low-lying K™ = 4% bands may be widely occurring [18]. The
triaxial rotor possesses a collective K™ = 4% band, and so
we investigate the collective E2 properties of these bands in
18619205 as triaxial rotor model states.

The triaxial rotor model [9] possesses three energy param-
eters A, F,and G (G < 0), viz.,

A=AP+FR+GI2+1*), h=1; ()
and for I = 2,
6A 4/3G
HQ) = 2
) (4J§G 6A+4F>’ @
20A 124/5G 0
H@4) = |12/5G6 20A+4F 476G |. )
0 471G 20A + 16F

The eigenvectors of H(2) can be expressed as

127, M) = cosT|2, K =0, M) —sinT'|2, K =2, M),

4
25, M) =sinT|2, K =0, M) +cosT|2, K =2, M),
where
1
II,K =2,M)=——[|1,2, M) + (=D |I, =2, M)], (5)
V2
and

tan 2" = 2«/5% (6)

(note, I' < 0 because G < 0). (We drop the M quantum
number from here on.)

Further, the model [9] possesses two parameters, Qg and
y, describing the E?2 properties (in units of eb)

; /|3 2@ SINY 2@ | A
T(E2) =/~ [cosyTo + ﬁ(T+2+T,2) . (D
where the 7? reduce to
(I KANTENL KD = Qov/2T + LK 2, £v| 1K ). (8)
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FIG. 1. Representation of model parameters in the / =0,2
subspace. This is useful for correlating the reduced E2 matrix element
strengths and shape asymmetries. Since (0;]|T(E2)||2,) is usually
the most precisely known reduced E2 matrix element and since it
is controlled by the smallest angle (I" is negative), Qy is generally
extracted from the left triangle relation.

The parameters A and F are directly determined from the
experimental energies E(ZT) and E(ZEr ) because |G| K F.

The parameters G, y, and Qy are determined via the £2 matrix
elements'
A 5
(01 ITCEDN21) =/ 7= Qocos(y +T), ©
16
. 5 .
(O T(ED22) = EQO sin(y +I'), (10)

A 25
(2UIT(ED)22) = |/ 50— Qosin(y —2I), (11
25

(211IT(E2)|I21)

—/ === Qocos(y —2I')
567
—(2,|IT(E2)122), (12)

using Egs. (9)—(11) or Egs. (10)—(12). Equations (9)—(12) are
usefully depicted as shown in Fig. 1.

The parameters Qq and y can alternatively be determined
using the corresponding B(E2)’s,
I+ T(E2)|1;)?
B(E2 I; — I;) = UATEDNL) (13)
' QL +1)
and quadrupole moments,
0(2f) = —3Qocos(y —2I) = —0(2). (14

We apply the model [9] to the extensive set of £2 matrix
elements reported by Wu et al. [10]. These matrix elements are
given in Table I. The experimental level energies for '36~1920s
are shown in Fig. 2. Using the above formalism, the model
parameters for '%6Os are

A= %E(zf) = 22.86keV, (15)
1
F = Z[E(zg) — EQ2)] = 157.6keV, (16)
16 N -
Qo = ?71\/<01IIT(E2)I|21)2 + (01T (E2)|12,)?
= 5.582¢b, (17)
y+T = tan”! (01I|((E2)||22> ’ (18)
(01| T(E2)[121)

"We note here that a factor of /5 was inadvertently omitted from
the right-hand sides of Egs. (17)—(21) in Ref. [9].
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TABLE 1. Experimental [10] E2 matrix elements, (I||T(E2)
I11;)’s (eb), for '86-1920s,

186OS ISSOS 1900S Il)zoS
2, -0, 1.674137 1585715 1.53079  1.4567%
4, =2, 2761750 2.642'% 23677 211513
6, — 4 3.89"% 3317 297078 2.930%
8 — 6 432111 3.97H1 37248 3.58%)°
10, — 8, 5.02%% 5.00%3} 3.98%% 3.80,8
12, — 10, 516135, 3.7613 %) %)
4y -2, 1.9657%7 1.787] 1.871732  1.6377%
6, — 4, 2.78*18 2.46710 260712 2,09,
8, — 6, 3.2613; 2.55%% 2.6073% 23117
10, — 8, 3.45788 ) %) %)
2, -0, 0.545*7°  0.483% 0.444%5  0.4307%
2, — 2 0.8977%  0.8657}] 1.06573)  1.230%3;
4y — 2,0 022732 0378%% 01972 035t}
4y —2, 0.419+27 0.2838 0.203*7 0.130%3
4y — 4 1.220*% 1.10%3 143504 1.35%%
6, — 4° 0.67139 0.5717, 0.6673° 0.40™5
6, — 4 +0.325720  40.12775,  0.19577  40.06973
6, — 6 1.3719, 146733 17613 14979
2, -2 -17573 —-173T¢ —1.25th 1217,
4, — 4 —2.02%%  —2.00%, —1.2877  —0.737%
6, — 6, -1.673] —16073%  —0917%  —1.16%)
81 — 8 —22617,  —1.38%5¢  —0.94%8  —1.3173
2, -2, 2.1275, 2.1079 1.5375,  0.985%%
4y — 4 —1.12733  —122%)5 —1.2973%  —0.83%]
6, — 6, %) -1.33*2  —0.80%) —1.357)
8, — 8, %) %) —1.05%¢  —0.917
43— 2, 0.08™3 0.123%23 0.05275  0.1157
4y -2, 1.1971 0.83"4 0.77*3 0.786737
45 — 3,2 -1.5275, —117"Y  —1.55t), —1.63%})
4; — 4, 1.83132 1.6417 1.5911, 1.19%8,
43 — 44 23570 2.68773 1.021)8 1.287)

#For an even-rank operator, (If||f’(E2)||II-) = (=Dt ||f(E2)
I1r).

567 (21]|T(E2)|12
y — 2 = sin”! 6m (21 IT(E2)]2Z2) , (19)
25 Qo
whence
I' = —0.0419rad (—2.40°), (20)
y = 0.3566rad (20.43°), 20
and
F
G = ——tan(2I') = —3.82keV. (22)

233

Equation (12) yields (2,[|T(E2)[12) = —(2,IT(E2)||2,) =
—1.90eb, which can be compared with the experimental
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FIG. 2. Energy levels for #1205 showing the lowest K = 0, 2, and 4 bands. The data are from the Nuclear Data Sheets [19-22].

values of (2{|T(E2)[12;) = —1.75T7; eb and (2| T(E2)
122) = 2.12t§2 eb. Table II shows the choices for the param-
eters for all four Os isotopes under study.

We note that there are other E2 data available for the os-
mium isotopes. The recent lifetime measurements in '3%1900g
(up to spin 8" in the ground band, up to spin 61 in the y
band, and for the 4" state of the K™ = 4% band) by Wu
et al. [11] yield B(E2) values that agree with B(E2) values
calculated using the £2 matrix elements in Table I. Coulomb
excitation studies carried out prior to the work of Wu ez al. [10]
are more limited in scope and generally less precise and so
were not considered for the present study. A muonic x-ray

AI(I +1)

H() = (

1=2,46,8,...(thel =3,5,7,...statesinthe K = 2 band
will be unmixed). The resulting mixing angles for the even-spin
states are given by

tan(2l';) = \/ - 1)1(12: b +2) tan(2l).  (24)

TABLE II. Parameter values for '%~1°2Qs. Note that G depends
on I, cf. Eq. (6).

Mass A (keV) F (keV) Qp(eb) y (deg) I' (deg) G (keV)
186 22.86 157.6 5.582 2043  —2.40 —3.82
188 25.84 119.5 5.254 19.93 —-2.98 -3.60
190 31.12 92.8 5.051 22.12 —5.94 —5.64
192 34.30 70.8 4.814 25.19 -8.74 —6.44

Gv2(I — DI + DU +2)

study by Hoehn et al. [23] reports values for B(E2; OT — 2;“)
and Q(ZT) for 186-192Qs. The B(E2) values show fair to
good consistency with the corresponding E2 matrix elements.
The Q(2]) values show only moderate consistency with the
corresponding E2 matrix elements. Details are given later.

Equation (3) and the values of F and G in Table I
immediately suggest a useful approximation in applying the
model: for properties of the K =0 and K = 2 bands, the
influence of higher K bands appears likely to be negligible,
because 44/7|G| < [E(K = 4) — E(K =2)] = 12F. Thus,
we first study a two-state mixing description within the triaxial
rotor model, for which

GV2(I - DIU + DU +2) )

AI(I + 1)+ 4F (23)

Following reduction using the Wigner-Eckart theorem, the E2
matrix elements involving / > 2 do not have the simple forms
manifested in Egs. (9)—(12), except

N 25
(21T (E2)|31) = 3TQ0 sin(y +1IN), (25)
T
“ 25
(2| T(E2)||31) = — TQO cos(y + 1), (26)
JT
BT (ED)I31) = 0, @27

and for I odd

A 5
(I ITEDN i) = Qoy/ E\/% + Lcosy (1;2;20]12),

(28)

014302-3



ALLMOND, ZABALLA, OROS-PEUSQUENS, KULP, AND WOOD

PHYSICAL REVIEW C 78, 014302 (2008)

TABLE III. Values of (||E2||)eb calculated using K = 0,2 (two-band) mixing as described in the text for
18619205, The % values are the differences ({|| E2||)x — (|| E2|)ex) X 100/|{|| E2||)ex|. The values are given to one
decimal place more than the experimental quantities. The values of Qy, y, and I', which are all that are needed for
E?2 properties, are taken from Table II.

lS()OS 1880S 19OOS 19ZOS

2, — 0, 1.6741(@ 1.5851( 1.5299 1.4561(
4, — 2, 2.7281 (—1.2%) 2.5840 (—2.2%) 2.4933 (+5.3%) 2.3673 (+11.9%)
61 — 4 3.533 (=9.2%) 3.351 (+1.2%) 3.2769 (+10.3%) 3.1438 (+7.3%)
8, — 6, 4257 (—1.5%) 4.039 (+1.7%) 3.946 (4+6.1%) 3.770 (+5.3%)
10, — 8, 4.903 (—2.3%) 4.640 (—7.5%) 4.501 (+13.1%) 4.290 (+12.9%)
12, — 10, 5.466 (+5.9%) 5.160 (+31.4%) 4.985 (@) 4.748 (@)
4, -2, 1.6505 (—16.0%) 1.547 (—13.1%) 1.3996 (—25.2%) 1.2488 (—23.7%)
6, — 2.674 (—3.8%) 2.498 (+1.5%) 2.259 (—13.1%) 2.032 (—2.8%)
8, — 6, 3.244 (—0.5%) 3.043 (+19.3%) 2.784 (+7.1%) 2.506 (+8.5%)
10, — 8, 3.682 (+6.7%) 3.470 (@) 3.195 (@) 2.877 (@)
2, — 0, 0.5449( 0.4831( 0.4439( 0.4299(
2, — 2 0.8969 0.8648 1.0647( 123000
2, — 4 0.3156 (+39.0%) 0.3222 (—14.8%) 0.407 (+114.4%) 0.409 (+17.0%)
4, — 2, 0.2834 (—32.4%) 0.1776 (—37.2%) —0.0638 (—131.4%)  —0.1498 (—215.2%)
4y — 4, 1.2722 (+4.3%) 1.198 (+8.9%) 1.2537 (—12.6%) 1.215 (—10.0%)

— 6 0.630 (—6.0%) 0.604 (+6.0%) 0.498 (—24.5%) 0.328 (—17.9%)
6, — 0.0747 (—77.0%) —0.0340 (—126.8%) —0.1690 (—186.7%)  —0.1208 (—275.1%)
6, — 6, 1.340 (—2.2%) 1.191 (—18.4%) 0.978 (—44.4%) 0.832 (—44.1%)
2, — 2, —1.903 (—8.8%) —1.782 (=3.0%) —1.579 (—26.3%) —1.334 (—10.3%)
4, — 4 —2.148 (—6.3%) —1.954 (+2.3%) —1.431 (—11.8%) —0.982 (—34.6%)
6, — 6, —2.155 (—=29.0%) —1.926 (—20.4%) —1.357 (—49.1%) —0.955 (+17.6%)
8, — 8, —2.127 (+5.9%) —1.928 (—39.7%) —1.457 (—54.9%) —1.081 (+17.48%)
2,—2, 1.903 (—10.2%) 1.782 (—15.2%) 1.579 (+3.2%) 1.3343 (+35.5%)
4y — 4y —1.384 (—23.5%) —1.381 (—13.2%) —1.728 (—33.9%) —1.959 (—136.0%)
6, — 6, —2.990(®) ~2.932 (—120.5%) —3.246 (—305.7%) —3.329 (—146.6%)
8, — 8, —4.141(©) —3.990 (@) —4.151(—295.3%) —4.139 (—354.8%)

where (1;2;20]1,2) is a Clebsch-Gordan coefficient. The E2
matrix elements are given here in general form for 2 x 2
mixing in the g-band (K = 0) and y-band (K = 2) subspace,’

112)e = % (1712) + (=D'*?1, -2)), (29)
[10)o = |10}, (30)
iy = c1lli0)o + 2l 1i2)s, (31)
[1r) = c3l1f0)¢ + callf2)s, (32)
(IATEDL) = \/; V2L + 1
x {ciez cos y (1;0; 201 ,0)
+cieasiny (1;2;2, —211,0)
+ cac3siny (1;0; 22]1,2)
+cacgcos y(1;2;20[152)}, (33)

These general matrix elements apply to odd spin as well (e.g.,
c1 = c3 =0 and ¢; = ¢4 = 1). For even spin, the c’s are the
amplitudes cos I'; and sin I';.

The results of our two-band mixing calculations, using the
parameters given in Table II, are shown in Table III. The
fits can be summarized: (excluding the three matrix elements
used to determine Q, ¥, and ' in each nucleus) 26 out of
31 intraband transition matrix elements are fitted to better
than 14%; 17 out of 24 interband transition matrix elements
are fitted to better than 45%; 20 of the 29 diagonal matrix
elements are fitted to better than 35%. There are notable
failures for A1 = —2 interband transitions and K = 2 band
diagonal matrix elements. We explore these failures below.

The reliability of the values of Q in each of the Os isotopes,
cf. Table II and Eq. (17), is reflected in the agreement for
the ground-band (both off-diagonal and diagonal) and y -band

’We use y to designate the triaxiality angle of the electric
quadrupole tensor and, separately, the K = 2 band in the model space.
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TABLE IV. Comparison of the present triaxial calculations to
Hoehn et al.’s muonic x-ray data [23].

Triaxial calc (eb)? Hoehn exp % diff

(eb) [23]
IX()OS
21T (E2)[|0;) 1.6741 1.7758 —5.7%
21T (E2)|2:) —~1.903 —2.156 11.5%
ISSOS
21T (E2)]|0;) 1.5851 1.679° —5.6%
2T (E2))121) —1.782 —1.93 7.7%
19005
(21T (E2))10) 1.5299 1.5687 —2.4%
2T (E2)12) —~1.579 ~1.56* —12%
1920S
21T (E2)]|0;) 1.4561 1.4497 0.5%
2T (E2)|12:) —~1.334 —1.274 —5.0%

42,1 T(E2)]|0,) was fitted to Wu ef al.’s Coulex data [10], and
(21|17 (E2)|121) was predicted by the theory from that fit.

(off-diagonal) E2 matrix elements shown in Table III. We
note that among these matrix elements, the largest deviation is
for '°0s 8; — 8;(—54.9%) and the experimental uncertainty
is +52%/ — 44%. The (21| T(E2)]|0,) and (2,||T(E2)|12;)
matrix elements deduced from the muonic x-ray study by
Hoehn ef al. are compared with our calculations in Table IV.

Ascertaining the reliability of the values of y and I is a very
challenging task for two reasons. First, these two parameters
act to destructively interfere for certain matrix elements, cf.
Eq. (10) for 0; — 2,, where it should be noted that y and I" have
opposite signs and this matrix element involves the sine of an
angle less than 20° and so changes rapidly with angle. Second,
the experimental uncertainties, cf. Table I, range from about
~1% to ~50% and are asymmetrical. Therefore, we employed
“error band” plots, as shown in Figs. 3-6, to determine the
sensitivity of y and I" to the experimental data. The discussion
of this follows.

PHYSICAL REVIEW C 78, 014302 (2008)

Figures 3 and 4 show the variation in the model E2 matrix
elements for 8619205 as a function of y. The plots are sepa-
rated into diagonal, intraband off-diagonal, and interband ma-
trix elements. This separation reveals the orders-of-magnitude
difference in their sensitivity to y and is directly understood
in terms of their sine and cosine dependence, Egs. (9)—(12);
ie., for y ~20°, ' ~ —5° diagonal ~ cos30°, intraband
off-diagonal ~ cos 15°, interband (Al = 0) ~sin30°, and
interband (Al = —2) ~ sin 15° (the prefactors are all about
0.35Q0).

The extreme sensitivity of the Al = -2, AK = -2 E2
matrix elements to I'; reveals that the model relationship,
Eq. (24), breaks down. This is illustrated in Fig. 7 which shows
that to fit these matrix elements exactly, I' must decrease with
increasing spin.

The most serious failures are for diagonal matrix elements.
This appears to be more severe for the y band than the ground
band and to be somewhat more severe in the heavier Os
isotopes. This feature of the model comparison appears to
be contradictory because the transition matrix elements in the
ground band and y band are uniformly well described (e.g., in
19005, 8, — 6, is reproduced to within 7.1%, whereas 8, — 8,
deviates by 295% and 6, — 6, deviates by 306%); however,
we explain this later. Other features of note are itemized
below.

The deviations of the y-band transition matrix elements all
vary monotonically from the model values, being less than
experiment at low spin and greater than experiment at high
spin. This feature is counter intuitive because any variation is
expected to be toward larger E2 strengths at higher spin as a
result of centrifugal stretching. Furthermore, no parallel effect
is observed for the ground-band transition matrix elements.
We present an explanation later.

The fitted values of y and Qg show, cf. Fig. 8(a), a recip-
rocal correlation. Indeed, the quantity Qg sin y is remarkably
constant, viz., 1.95 (%0s), 1.79 (1¥80s), 1.90 (*°Os), and
2.05 eb (*?0s). This is an effect that has been noted [24] to
occur widely in fits of the Davydov-Filippov model [1], i.e.,
using irrotational moments of inertia. The fitted values of I are

FIG. 3. Differences for calcu-
lated vs experimental E2 matrix
elements for '%0s vs y. The quan-
tity (| E2|)}% diff. = (1 E2[})w —
(IE2[[})ex) x 100/[{| E2|l}ex|. The
vertical dashed lines are the “start-

ing” values (cf. Table II) for y,
given here in radians. The shaded
zones reflect the uncertainties in
the experimental quantities. Quan-
tities labeled, e.g., “4,” are diago-
nal matrix elements. (Note the very
different vertical scales used.)
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FIG. 4. Same as Fig. 3, but for

IQZOS
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shown in Fig. 8(b). The values I'iy are calculated using [9]
1 cos-! (cos 4y + 2cos2y 34)

1-‘irrot = -3 .
V9 — 8sin2 3y

2
The ratios I'/ 'jyor are 0.441, 0.604, 0.783, and 0.644 for
186-1920g. The failure of irrotational moments of inertia
was noted in Ref. [9]; indeed, the quantities B(E2;2; —
01)/B(E2;2; — 0,) for '86-19205 were noted [9] to be the
largest known in any nuclei and to lie outside of the physical
range for irrotational moments of inertia.

The foregoing comparison of theory with experiment is
not a justification for describing these Os isotopes as triaxial,
because the description is limited to two-band AK = 2 mixing
(an identical description would arise if the 2] states were
y vibrations). To explore the triaxial features exhibited by
the Os isotopes requires a comparison between the model
and experimental data for the low-lying K™ = 4% bands, cf.,
Fig. 2. We discuss this below.

v (rad)

The application of a rigid triaxial rotor model to the descrip-
tion of E2 properties of the lowest K™ = 47 bands in '3¢~1220s
requires qualification, because these bands lie, cf. Fig. 2, at
~2x the excitation energy of the lowest K = 2% bands, and
much lower than the anticipated triaxial K = 4 band, which
suggests that they have a more nearly harmonic two-phonon
vibrational character. However, such an interpretation is a
serious over simplification, because detailed spectroscopy
reveals significant proton two-quasiparticle character [12] and
hexadecapole character [13] (which may be directly related).
While this detailed spectroscopic information also rules out a
simple rigid rotor model description, the goal of the present
calculations for the K™ = 4% bands in these Os isotopes
is to explore whether the present model can describe the
K =4 — K =2 E2 strengths and diagonal matrix elements
for those bands.

Burke [16] has extracted the proton two-quasiparticle
amplitudes for the K ;- _, states in 1°“192Os using a comparison
of one-proton transfer strengths into neighboring odd-mass

80 . T T 150
60 | | {100}
| 50¢
0
. I -50¢ FIG. 5. Differences for calcu-
l - l -100¢ lated vs experimental E2 matrix
g g Ie: 5% 14500 elements for '%QOs vs T". The quan-
N C | | ~, . .
S8 80 L s L IO tity (|| E211)% diff. = (I E2]))o, —
2 20 : - T 60 (IE21)ex) > 100/[(IE2| }ex|- The
v O e —— - i 1 a0t vertical dashed lines are the “start-
e 20 M ] ing” value (cf. Table II) for T,
a0t I 20t given here in radians. See caption
) to Fig. 3 for further details.
60 b | 0
-80 | 42,, I -20}
o |
-100 | 7
| -40}
-120 Y R N0 AN U S
-0.2 -0.15 -0.1 -0.05 0 -0.2 -0.15-0.1 -0.05 O -0.2 -0.15 -0.1 -0.05 O

I (rad) T (rad)

T (rad)
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FIG. 6. Same as Fig. 5, but for
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% difference

0
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-400} |

L 2 ]
] W 1

19ZOS

vt 330
-0.32 -0.24 -0.16 -0.08 0 -0.32 -0.24 -0.16 -0.08 0
T (rad) I' (rad)

nuclei. He obtains 0.73 and 0.67, respectively. Burke and
coworkers [12] have also tentatively located the other compo-
nents of the K;¥_, proton two-quasiparticle structure in states
at ~2600 keV in '°01920s. Very recently, similar data have
been obtained for 13¢-188Qg [25]. In light of this, we note the
following: the most informative comparison is based on the E2
trace formula (which is zero, independent of the basis used)
for I = 4 in the full rotor basis (which possesses three I = 4
states), viz.,

. 5
Tr{T(E2)} -4 = Q¢ cos y,/ﬁﬁ {(40; 20]40)

+ (42;201(42) + (44;20]|44)}, (35)

which, from the sum of the Clebsch-Gordan coefficients
(—0.50965, —0.20386, +0.71351), is zero. Only the K =4
component gives a positive contribution to the I = 4 trace.
Therefore, if the experimental “trace” is negative, the impli-
cation is that positive E2 (K = 4) strength is missing. The
missing strengths, according to this sum rule, are given in
Table V together with the implied amplitudes of the “non-

2,-0,

FIG. 7. (a) Exact fit of I" to the destructively interfering (Al =
—2 and AK = —2) matrix elements (see the discussion in the text).
(b) A similar plot to (a) for the choice of negative values for 6, — 4,
cf. Table I. Thus, there is a model-based preference for positive values
for the 6, — 4, matrix elements. A negative value for 6, — 4; in
1860g cannot be fitted by the model. The positive sign is stated by
Wu et al. [10] to be better fitted by Coulex data.

-0.32 -0.24 -0.16 -0.08 O
T (rad)

model” components of the K = 4 states and Burke’s [16] and
Garrett et al.’s [25] deduced amplitudes.

The calculations describing the (||E2||) values involving
the K™ = 4% bands were carried out using diagonalizations in
the full model space for each spin up to I = 6 and truncated
at K = 6 for I = 8. Two important adjustments were made to
the parameters used in the two-band mixing calculations. First,
the starting values of I were adjusted to the average values
obtained from exact fits (cf. Fig. 7) to 2, — 0; and 4, — 2,.
The second is described below.

26 prerrerrerrreepreee e
] 15.6
24 15.4
Y i 5.2 Q,(b)
(deg) 22f
E 15.0
20F 14.8

FIG. 8. (a) Systematics of the fitted values of Qg and y, cf.
Table II. The anticorrelation is discussed in the text. (b) Systematics
of the fitted values of I, cf. Table II. The values of I, determined
using Eq. (34), are also shown.
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TABLE V. Experimental E?2 traces and the deduced “nonmodel”
(proton two-quasiparticle) amplitudes of the 47 states.

186 () 188 () 1900)g 1920y
Te{T(E2)},s (eb)  —0.79 —0.54 —1.55 —0.28
451 T(E2))45) (eb)  2.35 2.68 1.02 1.28
Missing strength® 25.2% 16.8% 60.3% 17.9%
Deduced amp® 0.502 0.410 0.777 0.424
Garrett/Burke amp 0.45 0.35 0.73 0.67
aFor '360s, 2.35 is observed, but 2.35 + 0.79 is expected.
*Deduced amp = +/missing strength/100.
The Hamiltonian diagonalized for I = 4 was
0 1245 0
H4) =125 4F/G° 447 |, (36)
0 471  16F')G’

where the common diagonal energy of 20A was removed,
F' = 0.38F (which lowers the K = 4 bands in '%0~1%20s to
the vicinity of their experimental energies), and the remaining
matrix was rescaled by 1/G’, where G’ was obtained from
Eq. (6) using the adjusted T' values, ie., G'(I') =
—3.10(—1.95°), —3.04(—2.52°), —4.32(—4.58°), and
—5.00(—6.88°) for '36-192Qg, respectively, where the G’
values are given in keV. The general expression for the
off-diagonal matrix elements is [9]

(IK +2|H|IK)
=GJUFK)IK+DUIFK-DUIxK+2), (37)

or
SUK £2/H|IK)e
=GJUFK)I K+ DI FK-DIEK +2)

x /1 + 8xx2.0v/1+ 8k 0 (38)
Thus, the Hamiltonian diagonalized for I = 6 was
0 44210 0 0
44210 4F/G"  64/30 0
H(6) = 39
©) 0 630 16F'/G" 2466 (39)
0 0 2466  36F' /G’

An important point to note here is that the off-diagonal
matrix elements decrease with increasing K and, e.g., for 1920

0 5796 0 0
57.96 —56.62 32.86 0
HO=1"0" 138 -8607 1625 | @O
0 0 1625 —193.65

the off-diagonal element in the K = 0, 2 subspace exceeds
the difference in the diagonal elements and similarly in the
K = 2,4 subspace (but not in the K = 4, 6 subspace). For
I = 8 we truncated at K = 6 because, cf. the above remarks,
the K = 8 mixing does not have a big effect.

The various approximations, described above, are further
discussed after presentation of the results.

The results of the full diagonalizations for the K =0,
2 bands are shown in Table VI. Comparing these results with

PHYSICAL REVIEW C 78, 014302 (2008)

those from the two-band mixing (Table III), we make the
following observations:

(i) The K =0 intraband transition matrix elements are
virtually unchanged.

(ii)) The K =2 intraband transition matrix elements are
slightly changed. In particular, the deviations of
the 4, — 2, matrix elements for '8~1920s are re-
duced from —16.0%, —13.1%, —25.2%, and —23.7%
to —10.9%, —6.7%, —13.9%, and —4.8%, respectively.
There are major improvements in the diagonal matrix
elements that are poorly fitted in the two-band mixing,
e.g.,6, —6,and 8, — 8§, in 190.192(yg,

(iii)

Evidently, the low values for 6, — 6, and 8, — 8, observed
experimentally are indicative of high-K admixtures. The
change in the deviations for 4, — 2,, 6, — 4, and 8, — 6; also
suggest that high-K admixtures affect the off-diagonal as well
as the diagonal y -band matrix elements. The results for the 4;
states are shown in Table VII and are discussed below.

Table VII reveals that the calculated E?2 transition strengths
from the 41, K = 4 states to the 2+, 31, 47, K = 2 states are
generally smaller than the experimental values, which sug-
gests that the K™ = 4% structure has enhanced AK =2, E2
strength, e.g., from a larger value of y. The calculated diagonal
matrix elements for the 47, K = 4 states are uniformly larger
than the experimental values. This is a model quantification
of the sum rule implicit in Eq. (35) and is discussed in
the foregoing text. (We note that the model value for the
43 — 3, matrix element, cf. footnote to Table I, is positive;
Wu et al. [10] assumed it to be negative.)

The approximations made in the present study need qual-
ification. The primary aim of this study has been to explore
how well the triaxial rotor model can describe doubly even
nuclei, in particular, nuclei that possess excited states which
suggest that they may be triaxial and for which there is a large
set of E2 matrix elements. The isotopes 86~1°20s are the best
choice for this exercise, but the lowest K = 4 bands in these
isotopes do not have a simple structure. From the K =0, 2
two-band mixing approximation, the results indicate a serious
failing in the description of the diagonal matrix elements which
are observed to be much smaller. Mixing of the low-lying
high-K bands explains this. To effect this mixing, we used
some very simple approximations with the aim of clarifying
what was behind the calculation. To carry out a more realistic
calculation, a second K = 4 band is certainly needed, but this
would involve many more parameters. The magnitudes of the
off-diagonal vs the diagonal matrix elements also would need
to be explored. In the form employed, viz., F/G’, F'/G’, there
is the issue of the modification of both G (cf. Fig. 7) and F. The
spin dependence of the parameters in the Hamiltonian [cf. Eq.
(1)] is well known for A (cf. the energies of the ground-state
bands in Fig. 2) and has been pointed out in this study for G,
but this will also be likely for F.

During the course of this work, a version of the Bohr
Hamiltonian with y -soft and triaxial rotor degrees of freedom
was applied to the osmium isotopes by Fortunato and cowork-
ers [26]. The focus of their work was on excitation energies
and the observation of the K = 4 bands well below the rigid
triaxial rotor energy. Their work did not consider the extensive
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TABLE VI. Values of (|| E2||) in eb calculated using the full diagonalization as described in the text for '36-1920s.
The values of F and G used differ from Table II and are discussed in the text. See the caption to Table III for the

explanation of other details.

19OOS

1920s

1860S ISSOS

2, — 0, 1.6697 (—0.3%) 1.5812 (—0.2%)
4, -2, 2.7170 (—1.6%) 2.5761 (—=2.5%)
61 — 4 3.512 (=9.7%) 3.338 (+0.8%)
81 — 6 4237 (—1.9%) 4.035 (+1.6%)
4y —2, 1.7509 (—10.9%) 1.661 (—6.7%)
6, — 4, 2.865 (+3.0%) 2.668 (+8.5%)
8, — 6, 3.550 (+8.9%) 3.303 (+29.5%)
2, — 0, 0.5581 (+2.4%) 0.4958 (+2.6%)
2, — 2 0.8668 (—3.4%) 0.8362 (—3.3%)
2, — 4 0.2949 (+29.9%) 0.3072 (—18.7%)
4, — 2, 0.3471 (—17.2%) 0.2357 (—16.7%)
4, — 4 1.2524 (+2.7%) 1.187 (+7.9%)
4y — 6, 0.634 (—5.4%) 0.640 (+12.2%)
6, — 4, 0.1535 (—52.8%) 0.0141 (—88.9%)
6, — 6, 1.406 (+2.6%) 1.276 (—12.6%)
2, -2, —1.917 (—=9.6%) —1.795 (—3.8%)
4, — 4, —2.218 (—9.8%) —2.017 (—0.8%)
61 — 6 —2.261 (—35.40%) —1.987 (—24.2%)
8, — 8, —2.160 (+4.4%) —1.874 (—35.8%)
2, —2, 1.917 (—=9.6%) 1.795 (—14.5%)
4y — 4y —1.179 (—5.3%) —1.136 (+6.9%)
6, — 6, —2.168 (Q) —1.938 (—45.7%)
8 — 8, —2.547(Q) —2.181 (@)

1.5190 (—0.7%)
2.4853 (45.0%)
3.2369 (+9.0%)
4.009 (+7.8%)

1.6115 (—13.9%)
2224 (—14.5%)
3.105 (419.4%)

0.4800 (+8.1%)
0.9888 (—7.2%)
0.401 (+111.0%)
0.0572,(—71.8%)
1.2849 (—10.5%)
0.867 (+31.3%)

—0.3927 (—301.4%)

1.123 (=36.2%)

—1.627 (—=30.2%)
—1.576 (—=23.1%)
—1.170 (—28.6%)
—1.234 (—=31.3%)

1.627 (+6.3%)
—1.102 (+15.6%)
—0.818 (—2.2%)
—1.484 (—41.3%)

1.4414 (—1.0%)

2.3628 (+11.7%)
3.1448 (+7.3%)
3.840 (+7.3%)

1.5580 (—4.8%)
2.172 (+3.9%)
2.906 (+25.8%)

0.4771 (11.0%)
1.1406 (—7.3)
0.455 (+30.0%)

—0.0402 (—130.9%)

1.309 (—3.1%)
0.587 (+46.8%)

—0.1797 (=360.4%)

1.105 (—=25.9%)

—1.411 (—=16.7%)
—1.104 (—=51.3%)
—0.822 (+29.2%)
—0.719 (+45.1%)

1.4115 (+43.3%)
—0.826 (+0.5%)
—0.751 (+44.4%)
—0.999 (—=9.7%)

set of E2 matrix elements available from the multi-Coulex
study of Wu et al. [10], and so it is not possible to compare
their calculations with ours. Also, that work did not consider
the evidence for hexadecapole and proton two-quasiparticle
character in the 47, K = 4 states, which has been a leading
concern in our study.

In summary, the triaxial rotor model with independent
inertia and E2 tensors [9] is able to provide a uniform
quantitative description of large sets of E2 matrix elements
in candidate triaxial nuclei. The apparently counter-intuitive
feature of decreasing diagonal matrix elements and increasing
transition matrix elements, with increasing spin, involving the
same sets of states is explained as being due to admixtures
of higher K band configurations into the low K bands.
The electric quadrupole parameter Q¢ remains stable with

increasing spin, as reflected in the description of transition
matrix elements in the ground-state band. The separation of
triaxiality of the electric quadrupole tensor from the triaxiality
of the inertia tensor (the angles y and I') in the model shows
that there is a dependence of I'" on spin (Fig. 7) such that,
cf. Eq. (6), G decreases with increasing spin. We note that
this would explain nonlinearities in Mikhailov plots, such
as were observed in our precision study [27] of '®Fr, i.e.,
a decreasing magnitude of the slope, M;, at high spin (cf.
Fig. 5 in Ref. [27]). Indeed, the energy parameters A and
G of the model exhibit a spin dependence. This is widely
known for A, but is revealed here to be true also for G. The
implication is that F is also spin dependent. The description
of the E2 properties of the 47, K = 4 state strongly points
to missing E2 strength in the Os isotopes. This agrees with

TABLE VII. Values of {|[E2]) in eb involving the 47 (K = 4) states calculated using the full diagonalization as

described in the text and the caption to Table VI.

1900S

1920S

1860S ISSOS
45— 2, ~0.000(—100.4%) 0.0058 (—95.2%)
4; -2, 0.7971 (=33.0%) 0.677 (—18.4)
45— 34 0.975 (—35.8%) 0.970 (—17.1%)
4; — 4, 0.899 (—50.8%) 0.975 (—40.5%)
45 —4; 3.397 (+44.5%) 3.153 (+17.7%)

0.0395 (—24.1%)
0.554 (—28.1%)
1.217 (=21.5%)

1.468 (—7.6%)

2.678 (+162.6%)

0.0916 (—20.4%)
0.4206 (—46.5%)
1.433 (—12.1%)
1.960 (+64.7%)
1.930 (+50.8)
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Burke’s one-proton transfer reaction studies of these states in
1901920 and very recent similar studies in '3¢188Qs [25]. This
is of more than “local” interest, because Burke [18] noted that
similar complex behavior of K™ = 4% structures is occurring
at N = 90. This was recently confirmed in '*2Sm by Kulp and
Garrett [28]. It is possible that our understanding of low-lying
collective 41, K = 4 states is very inadequate.

In conclusion, the present study reveals some clear strengths
in support of a triaxial rotor description of '%6=1920s and some
clear weaknesses. The strengths are outlined in the previous
paragraph. The weaknesses reside in a number of ambiguities
that involve the K™ = 4% excited bands in these nuclei. These
bands, if they are the only collective K = 4% bands in
186-192()g, are too low in energy to be pure triaxial rotor bands.
The success of this model with respecttothe K = 0and K = 2
bands is insufficient to necessitate the triaxial features of the
model: as pointed out, the model would only be a way of doing
two-band mixing with no insight into the intrinsic structure of
the K = 2 band (e.g., it could be a y vibration). However, this
study reveals, through the trace relationship of Eq. (35), that

PHYSICAL REVIEW C 78, 014302 (2008)

there is missing £2 diagonal strength [11] and that there must
be (at least) a second K = 4 band which carries the missing
strength. Data from one-proton transfer reactions [12,25] and
inelastic scattering [13] also demand (at least) a second K = 4
band. To further clarify this ambiguity, this band needs to
be found in '¥6~1920s. In addition, to provide a test of the
present model, the interband E2 transition strengths between
this second K = 4 band and the K = 2 band and the interband
and intraband E?2 strength for this second and the first K = 4
band will be needed. Before such information is obtained, the
issue of y deformation vs y softness (or some combination of
the two) in '%0~1920s cannot be answered.
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