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A model independent formalism for the electron positron annihilation reaction e™ + ¢~ — a;(1260) + 7 has
been derived. The differential and total cross sections and the elements of the spin-density matrix of the a;-meson
were calculated in terms of the electromagnetic form factors of the corresponding y*a, 7 current. Simple models
of a; form factors have been fitted to the available cross section data and they allow to give numerical predictions

for the different observables.
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I. INTRODUCTION

The electron positron annihilation into hadrons constitutes
an important source of information on the internal structure of
the mesons: the light quarks and their interactions as well as
the spectroscopy of their bound states. The experimental data
about these reactions in the low-energy region are also relevant
to the determination of the strong interaction contribution to
the anomalous magnetic moment of the muon, to the test of
standard model predictions for the hadronic tau-lepton decay,
which is related by the conservation of vector currents.

Recently, the construction of the new detectors with a large
solid angle, which can operate at new colliders with high
luminosity, opened new possibilities for the investigation of the
reactions et + e~ — multihadrons [1]. Not only the statistic
is highly increased, but also the possibility to detect charged as
well as neutral pions allows to draw conclusions on the nature
of the intermediate states.

In the energy region 1< W <2.5 GeV (W is the total
energy of the colliding beams) the process of four pion
production is one of the dominant processes of the reaction
et + e~ —hadrons. Its cross section is larger than 27 pro-
duction and comparable to et +e~ — ut 4+ u.

The process of ete™ annihilation into four pions was
firstly detected in Frascati [2] and later on in Novosibirsk
[3]. Through a simultaneous analysis of the differential
distributions in two final channels: 2727~ and 77270,
it was shown in [1] that the reaction predominantly occurs
through the a;(1260)7 and wn® intermediate states in the
energy range 1.05-1.38 GeV. It was also found that the
relative fraction of the a; (1260)7 state increases with the beam
energy. The measurement of the eTe™ — 7 w77~ cross
section was extended to lower energies. Data obtained with
larger statistical and systematic precision [4] confirmed that
the dominant production mechanism is consistent with the
a1(1260)7 intermediate state.

The process of the multihadron production at large energies
was also investigated with the BABAR detector at the
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PEP-II asymmetric electron-positron storage ring using the
initial-state radiation [5]. In particular, the cross section for
the process ete™ — 7 tm~7t7~ was measured for center-
of-mass (c.m.) energies from 0.6 to 4.5 GeV, providing
evidence of a resonant structure, with preferred quasi-two-
body production of a;(1260)r. A detailed understanding of
the four-pion final state requires also information from final
states such as 77~ 77°, to which the p*p~ intermediate
state can contribute. A summary of the hadronic cross section
measurements performed with BABAR via radiative return is
given in Ref. [6].
In this paper we consider the reaction

e (k) + e (ky) = ai(p1) + 7(p2), (1

where a; is the axial-vector meson a;(1260) with the following
quantum numbers 1°(JF€) = 17(1*F). The notation for the
particle four-momenta is given in brackets.

The determination of the pseudoscalar-meson FFs as pions
and kaons requires only cross section measurements. They
have been extensively studied both in the space-like and
time-like regions (see, for example, [7]). Light vector mesons
are less known, because their experimental determination is
more difficult, due to their short lifetimes. However, the ¢
dependence of the cross section for diffractive vector-meson
electroproduction gives (model-dependent) information on the
charge radius. Radiative decays, such as p* — 7%y, allow
to obtain their magnetic moment.

From the theoretical point of view, the processes of the
vector- and axial-mesons production in the electron-positron
annihilation were considered in a number of papers. The
predictions for the differential and total cross sections of
the reaction ete™ — aljE + ¥ was given in Ref. [8] in the
framework of the hard-pion current algebra models.

It was shown that the reaction cross section alone could
be, in principle, discriminative toward models. Using the
VMD model, the authors of Ref. [9] investigated the reaction
ete” — mesons assuming two-body (or quasi-two-body)
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final states, as a;(1260)rr and p™* p~. All FFs were taken equal
to unity. Estimations of the cross sections of the processes
ete” — 3m, 4w were also obtained, using the VMD model,
in Ref. [10].

It appears that the magnitude and energy dependence of
the cross section alone cannot constitute a decisive test on
the validity of VMD models. A recent discussion can be
found in Ref. [11], where existing models [12—-14] have
been phenomenologically modified, including parameters to
be fitted on the data. A good description of the cross section is
obtained assuming a7 intermediate state, in addition to p and
7, and including higher p resonances for energies over 1 GeV.

Due to the conservation of vector current the cross section
of the et e~ — 4 process can be related to the probability of
the T — 4mv, decay. Therefore, all realistic models describing
the first process, should also be applicable to the description
of the latter one. It was found [15] that the assumption of
the a;(1260)7 dominance is in qualitative agreement with
all available data. The free-parameter investigation of the
branching ratios and distribution functions of the four particle
decay of T — pmmv, in terms of the effective chiral theory of
mesons, is consistent with the data [16]. The theory predicted
the a; dominance in these four particle decay of the tau-lepton.

The purpose of this paper is to calculate the differential
(and total) cross sections and the elements of the spin-density
matrix of the a;-meson in terms of the electromagnetic form
factors (FFs) of the corresponding y*a;m current. A model
independent formalism, derived in [17] for spin one particles,
and applied to the process et +e~ — p* + p~ in [18],
allows to express the experimental observables (differential
cross section, polarization observables, elements of the density
matrix) in terms of hadron FFs. In annihilation reactions, these
FFs should be known, or extrapolated from the space-like
region into the time-like (TL) region, on the basis of analytical
arguments.

II. FORMALISM

The following derivation is based on the one-photon
exchange mechanism. In principle, at large g2, one should take
into account the two-photon-exchange contribution, as it was
suggested a few decades ago [19]. In case of spin one particles,
model independent properties of the two-photon-exchange
contribution in elastic electron-deuteron scattering have been
discussed in Refs. [20,21]. However no experimental evidence
has been found, up to now, on the presence of two-photon
exchange in the scattering [22] as well as in the annihilation
channels [23], and we do not include such contribution which
makes the formalism very complicated.

A. The spin structure of the matrix element

In the one-photon approximation, the differential cross
section of the reaction (1) in terms of the hadronic, W,,,, and
leptonic, L, tensors, neglecting the electron mass, is written
as

do o p

aq = goaw e @
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where o = 1/137 is the electromagnetic constant, p =
V(g* +m? — M2)2 —4m2q2/2W is the final-particle mo-
mentum in the reaction c.m., m and M are the masses of the
pion and of the a; meson, respectively. The four-momentum of
the virtual photon is g = k; + ko = p; + p2, with g% = W2,
and W is the total energy of the initial beams (note that the cross
section is not averaged over the spins of the initial beams).

The leptonic tensor (for the case of longitudinally polarized
electron beam) is

Luv = _ng/u) + z(klukZV + k2uk1v) + Zi)‘suvapklokZps (3)

where X is the degree of the electron beam polarization (further
we assume that the electron beam is completely polarized and
consequently A = 1).

The hadronic tensor can be expressed via the electromag-
netic current J,, describing the transitions y* — ma,, as
follows:

W = JuJ). “)

The hadron tensor W,, can be expressed in terms of FFs
of the y* — ma; transition, using the explicit form of the
electromagnetic current J,. The spin-density matrix of the
a;-meson is composed of three terms, corresponding to
unpolarized, vector and tensor polarized meson:

PiuPi i
;42 V) + mg,uvpasppla + 3Q;w' (5)

Here s, and Q,, are the a;-meson polarization four-vector
and quadrupole tensor, respectively. The four-vector of the
aj-meson vector polarization s, and the a;-meson quadrupole-
polarization tensor Q,, satisfy the following conditions:

Q;w = Qv;u

Puv=— (g;w -

s?=—1,
Quu =0,

Taking into account Egs. (4) and (5), the hadronic tensor in the
general case can be written as the sum of three terms

Wuv = WMU(O) + Wuv(v) + WMV(T)’ (6)

sp1 =0,
Piu Q;w =0.

where W,,,,(0) corresponds to the case of unpolarized particles
in the final state and W,,,(V)(W,,,(T)) corresponds to the case
of the vector (tensor) polarized a;-meson.

These expressions are general, for any spin one particle in
the final state. Let us consider more particularly, the reaction
et + e~ — 7w 4+ a; which has been shown to be the main
contribution to the 47 final state.

The electromagnetic current of the y* — ma; transition
is described by two FFs. Assuming the P- and C-invariance
of the hadron electromagnetic interaction this current can be
written as [10]

Ju = @)@V}, —q - Uqp)

+ £(@°)q - U} —q - U pap), ©)
where U, is the polarization four-vector describing the spin
one a;-meson, and fi(g?), (i = 1, 2) are the electromagnetic
FFs describing the y* — ma, transition (note that we singled

out explicitly the electron charge e from the expression for
the electromagnetic current). The FFs f;(¢%) are complex

065214-2



CROSS SECTION AND POLARIZATION OBSERVABLES ...

functions of the variable ¢ in the region of the TL momentum
transfer (¢ > 0).

In case of real photon, f; does not contribute, and the value
/>(0) can be obtained from the experimental data on the decay
width T'(a; — my). The expression of the radiative decay
width I' in the axial-vector meson rest frame is

1 o 5
F=z 24M2|M| ’ ®
where w is the photon momentum in the axial-vector meson
rest frame, w = (M? — mz)/ZM , and the matrix element of
the radiative decay is written as M = ee,, J,,, where ¢, is the
photon polarization four-vector. So, the value of FF f, at point
g* = 0 can be obtained from the following expression:

3

f5(0) = 12— )

( M2 — m2)3 :
Another estimation of these FFs was obtained in Ref. [10]
where the processes ete™ — 3w, 4 were studied. The spin
structure of the matrix element of the a; p7r transition is similar
to the y*a; 7 transition. The two coupling constants describing
the a; p7 transition were estimated by using the method of hard
pions and knowing the width of the a;-meson (taken about
130 MeV) [10]. The corresponding values: g?/4m ~ 1.3 and
B = 1.6 were obtained. The following relations hold:

2 2 8 2 2 8
e =m’)=—, e =m7)=—(B —1).
fi(q 2) o f2(q 2) mp(ﬂ )
The explicit expressions for the contributions to the
hadronic tensor are:

Unpolarized term W,,,,(0) :

_ Walg®) . .
Wy (0) = WigH) g + = 5= Prubiv &uw
= 8w — I Dip = Py — _pqu
123 qz 13 I3 qz Mo
where

2

)

Wig?) = —|¢> fi + 3(¢* — M> +m®) f

Wa(qg?) = ¢* @I fi + fol? = M?| o),

Term for vector polarization W, (V) :

(10)

i i
Wi (V) = - Vi@DenopSodp + 35 V2(a”)
X [ﬁlp.gvaapsa%rplp - ﬁlvgp.owpsaQUplp]

1 _
+ W%(qz)[plugvaapsaQUplp
+ ﬁlvguaopsot%rplp],

Vi(g?) = —M*(g* + M* —m*) ' g* fi

| 2
+ 5(‘12 —~M*+m)f

k]
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Va(g*) = =M*¢*(q* + M? —m?)”!

1
X [q2|f1|2 + §<q2 — M* +m?)| o]

1
+§(3q2 - M? +m2)Reflf2*:|,

1
Vi(g?) = —EMZqZIm At (11)

Term for tensor polarization W,,,(T') :

W,(T) = Ti(gH) Q8w + Tﬂq%%mm

+ T3¢ (B1, Ov + Prv0,0)
+ T4 Oy + iT5(q>) 1, Ov — P10 0y), (12)

where
~ q - ~
Qu = quQv - q_l;Qs Ququ =0,
~ qudv 5  4vqa qpu9a
Qv:Qv"F Q_ Qa__Qvon
H I q* 2 " e
éuvq\; =0, 0= 0uquqs Ti(gH) =0,
Ty(q®) = 3M*| f)%, (13)

3
T5(q%) = 5("2 — M*+m?)| f2)* +3¢* Re f1 f5,

1
Tu(q®) = 31¢* fi + 5<q2 - M* +m?) fa]%,

Ts(¢®) = —3¢*Im f f5.

B. Expressions for the observables

Using the definitions of the cross section (2), of the leptonic
(3) and hadronic (6) tensors, one can derive the expression
for the unpolarized differential cross section in terms of the
structure functions W, , (after averaging over the spins of the
initial particles)

do' o p o 1 2 —1)
—— =Ll w —W. —1-
i " 2 W { 1(g7) + > 2(q )[f 10
M? —m? 2 2 2
+W(ZCI +M —m )}}a (14)

where T = qz/(4M2),t = (ki —p))?and u = (k; — p2)*>. In
the reaction c.m. this expression can be written as
do 0[2 p

= Y P A4 Bsin?0),
aa 2w AT BsinO)

2

1
A= q2f1+5(q2—M2+m2>f2 : (15)

B = 2tp¢%1 fi + fol> — M2 21,

where 6 is the angle between the momenta of the axial-meson
(p) and of the electron beam (k). Integrating this expression
with respect to the axial-meson angular variables one obtains
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the following formula for the total cross section:

oi(eTe” — may)

2ra? p 1 2

_ £ 13|42 Z(a? — M2 2
3 W[ " fit 54 +m?) f>
+4tp’[@* 1 i + oI — lelezl]. (16)

Let us define an angular asymmetry, R, with respect to the
differential cross section, o/, measured at 6 = /2,

do.lll'l
ds2

=0,(1+ Rcos’d), R=—-B/(A+ B). (17)
As it was previously shown in the case of et +e™ —
d + d [17], this observable is very sensitive to the different
underlying assumptions on the axial-meson FFs and does not
require polarization measurements.

The differential cross section in terms of FFs f;(¢?) contains
not only the moduli of these FFs but also their interference
(15). One can choose a linear combinations of these FFs, in
such a way that the unpolarized differential cross section will
contain only moduli. Let us introduce new FFs g;(g?) which
are related to the old ones as follows:

fi=g1+ &, fr=cg1+dg, (18)

where ¢ = —2¢%/(q¢* — M*+m?), d = (q>+ M?*—m?)/
(M? — g* 4+ m?). Then the structure functions W; describing
the unpolarized part of the hadronic tensor can be written as

4p4q4
Wl(qz) = _(qz—M—z—mz)2|g2|2’ (19)
7
Wa(g?) = 4}’?2514[(612_1‘/1—2_i_mz)2|81|2
2
2
- (c]2—1l4—2—n12)2|g2| ] (20)

The cross section can be written, in the general case, as
the sum of unpolarized and polarized terms, corresponding
to the different polarization states and polarization directions
of the incident and scattered particles:

do  do™
E = E[l +Py+)‘«Px+)"Pz+Pzszz+szsz
+ Pxx(Rxx - Ryy) + )‘PyzRyz]a (21)

where P;, P;;, and R;;,i, j =x,y,z are, respectively, the
components of the vector, tensor polarization and of the
quadrupole polarization tensor of the outgoing a;-meson Q,,,,
in its rest system and do"" /d<2 is the unpolarized differential
cross section. A is the degree of longitudinal polarization of
the electron beam. It is explicitly indicated, in order to stress
that these specific polarization observables are induced by the
beam polarization.

Let us consider the different polarization observables and
give their expression in terms of the y* — a7 transition FFs.
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(i) The vector polarization of the outgoing axial-meson, Py,
which does not require polarization in the initial state is

N

Py = 2 ~—l(q* + M> —m*) — 4M*¢?]
8 (o))
x sin(20) Im f, f, (22)
where oy = A + Bsin?6. One can see that this polar-

ization is determined by nonzero phase difference of the
complex FFs f; and f;.

(i) The axial-vector meson can be tensor polarized also in
case of unpolarized initial beams. The components of
the tensor polarization are

2

31 . 1
P =—>—sin?0|g* fi + =(¢* — M* + mD) f5| ,
4 oy 2
3.t sm(29)
P, = v {2( 24 M2 —m?)|g*fi
4- (o)
2
- 5«12 —M*+m)f
+1(q* + M? —m?)’ —4M’q?]
1
x [E(ff — M* +m?)| fo]* + ¢* Re flfz*“,
31 1
P = 2002 2 — aM2g2
“= R M2 (g~ + m-) q°]
1 2
X { fi+ 5(‘]2 — M+ m®) f

1 .
+ 3 511126’[—614|fl|2

+q%*(q* +3M? —3m*)Re f1 f5

+ (2q2(q2 - M?)

— f—l(q2 - M* + m2>2> Ilez} } (23)

A possible nonzero phase difference between the axial-
meson FFs leads to another T-odd polarization observ-
able proportional to the R, component of the axial-
meson tensor polarization. It takes the form

3«/_

P, =— [(g> + M?* — m*)? — 4M?¢*)

X s1n9 Im f1 f5. (24

(iii) Letus consider now the case of a longitudinally polarized
electron beam. The other two components of the axial-
meson vector polarization (P, P;) require the initial
particle polarization and are

1
P, = _LE sin6{2q°(q* + M* —m?)| fi?
4 (o))
+1(g* — M>? —m*| fol?
+1q*(3q* — 2M* — 2m®) — (M* —m*)*] Re fi 3},
11 5 L, 2 el
Po=>—cosb|q"fi+ (@ =M +m7)f| . (25
20’() 2
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III. SPIN-DENSITY MATRIX OF AXIAL-MESON

For unstable particles, the vector and tensor polarizations
are directly related to the angular distribution of their decay
products; one can show that the angular distribution can be
expressed in terms of the spin-density matrix. Let us calculate
the elements of the spin-density matrix of the axial-meson
which is produced in the reaction et + e~ — 7 + a;. The
calculation is done in c.m. of this reaction.

In case of unpolarized initial lepton beams, the convolution
of the lepton L, and hadron W, tensors can be written as

s = 8,,U,U?, (26)

where U, is the polarization four-vector of the detected axial-
meson and the §,,, tensor can be represented in the following
general form:

S = S18uv + $2q,.q0 + S3ki,kyy

+ S4(k1/qu + q;/.klv) + iSS(kll/.QU - q;tklv)' (27)

The functions S;(i = 1 — 5) can be written in terms of the two
transition FFs of the axial-meson. Their explicit form is
2

1
S1=—q*|g*fi + §<q2 — M +m?f

3

1
Sy = [q2<q2 - M — Z(q2 — M?* +m?* +2Wp cos 9)2] |

+4°(q> + M*> —m*> —2Wpcos ) Re fi f5,

2

1
Sy = —4|g> fi + 5<q2 - M*+m?) f

’

Sy =2¢* fil* +2¢°(q* — M* + m® + WpcosO)’Re fi f5
1
+5<q2 — M*+m?)q*> — M* +m*+2Wpcos0)| foI,

Ss = —2q*Wpcos@Im fi f;. (28)

The T-odd structure function Ss is not zero here since the
transition FFs of the axial-meson are complex functions.

The elements of the spin-density matrix of the axial-meson
are defined as

Spmm’ = SWU,(Lm)U]Em,)*, S = S;/.v <_g[w +

PiuPiv
M2 /)’
(29)

where S =2¢*(A + Bsin*6), and U™ is the polarization
four-vector of the axial-meson with definite (m = 0, £1)
projection on the z axis. In our case it is directed along the
axial-meson momentum and thus U ,([") are the polarization
vectors with definite helicity.

The elements of the spin-density matrix of the axial-meson
are

e
prv = p— = Sl o5 0)|q" fi

2

1
+ 5(612 —M*+m)f

’
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q4

M2S
+[2p%q* + M*(q> — M*> + m*)|Re f1 f5

+(m*M* + p2q2>|f2|2},

1
P00 = sin’ 9{1@2 + M? —m??| fiI?

q* ?
pi=p =L sing

3

1
@ fi+ §<q2 — M +m?f

28
gt [t
P40 = —?\/;sine cos@{(q2 + M —mH)| fil?

MZ_mZ
+ (1 - T) |:(6]2 + M? —mz)Reflfz*

1
+§(612 - M* - m2)|f2|21| + 2P2f2f1*}v

po- = Py (30)

The spin-density matrix is normalized as Trp = 1 or p4+ +
p—— + poo = 1. The element p( is complex and the real and
imaginary parts are written as

P—0 = —P10, PO+ = Lo

.
Rep+o=—% Es1n9cos8{(q2—i—Mz—mz)|fl|2

1 M? —m?
+= (1 = q—2> (q* = M* —m?)| ful?

2
1 M? —m?)?
+§|:3612_2M2_2m2_(q—z):IReflfz*}v
2 4
Im pyo = qu \/gsinZQ Im £, 5. G1)

Let us consider the case when the electron beam is longitu-
dinally polarized. Then the convolution of the spin-dependent
part of the lepton and hadron tensors can be written as

S =S,W)U,U;, (32)

where A is the degree of the electron beam polarization and
the S,,,(1) tensor can be written as

S/w()‘) = Qleuvaﬂklakzlﬁ + QZ(qMav - CIva/A)
+ QS(q;Lav + qvaﬂ.)a (33)

where a, = €,4py pakipkoy, p = p1 — p2. The structure func-
tions Q;(i =1—3) can be written in terms of the two
transition FFs of the axial-meson as

2

0, = —2i\

)

1
@’ fi + 5(92 - M+ m) [

. 2 1 2 2 2 *
Q> = —2i)Re [q fi +§(q — M 4+m )fz] fas (34)

03 =20q*Im fi f5.

The T-odd structure function Q3 is not zero since FFs are
complex functions in the TL region.

The elements of the spin-density matrix of the a;-meson
that depend on the longitudinal polarization of the electron
beam can be defined as

Spmm (W) = S QYU UM, 35)
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and they are expressed in terms of FFs as

P++(A) = —p——(1)
2

A 1
= qucosé 9> fi + 5(q2 — M+ mf|

poo(A) = py—(A) = p—1(2) =0,

AT .
pro(h) = —g\fzq“ sln9{<q2 + M —m)|fil?

MZ_ 2
+ <1 - Tm> |:((12 + M? —mz)Reflfz*

1
- 5<q2 - M?— m2)|f2|2} + 2p2fsz‘},

po+(A) = pio(h),  p—o(A) = p1o(),
po-(A) = pZy(h). (36)
The spin-density matrix element p,((A) is a complex quantity

and its real and imaginary parts are

AT .
Re pio(A) = __\/;ﬁ sme{«f +M? —mH|fil?

S
1 M2 _ 2
+- (1 = —2’"> (¢*> — M* = m))| fo?
2 q
1 M2 — m2)?
+= |:(3q2 —oM? —om? — #]
2 q
XReflfz*},
A
Im po(A) = E\/Z‘L' p2qtsindIm f, £ (37)

The axial-meson FFs are complex functions in the TL region.
So, for the complete determination of FFs it is necessary to
measure three quantities: two moduli of FFs and their phase
difference. Therefore, the measurement of the unpolarized dif-
ferential cross section does not allow to determine completely
FFs. It is necessary to determine the spin—density matrix
elements of the produced axial meson measuring the angular
distribution of its decay products.

The measurement of the angular dependence of the unpolar-
ized differential cross section allows to determine the structure
functions A and B. So, one can determine the following ratio:

B p? M2\ ,
X=M 1+2rcosa+ 1—? r

m? — M?
X1+ |14+ ——F—)rcosa
q
-1
1 m? — M*\’
+_(1+—) 2l (38)
4 q>
where r = | f2|/| f1| and « is the relative phase of two complex
FFs fi and f; defined as follows: « = a; — ap, where o) =
arg f1 and o, = arg f>. Thus, Eq. (38) contains two unknown
quantities: o and r. Another equation for the determination

of these quantities can be obtained, for example, from the
following ratio of the spin-density matrix elements of the

R =
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produced axial meson:

1
R, = P _ 8r{—(q2 + M? —m*)? 4+ [2p%q?
P4— 4

+ Mz(q2 — M? +m*)rcosa + (m*M? + pzqz)rz}
X [q4 +¢°%(g*> — M?* + m*)rcosa

1 -1
+@" - M+ m2)2r2] : (39)

And, finally, the phase difference o can be determined by
fixing the sign of sin o from the measured spin-density matrix
element Im py. Note that the complete determination of two
complex FFs f| and f, does not require the polarization of the
initial beams. The measurement of the angular distribution of
the unpolarized differential cross section allows to determine
the structure functions A an B separately. Knowing the ratio r,
one can determine the moduli | f| and | f>].

IV. NUMERICAL RESULTS

VMD inspired models have proved to be very successful
in describing the structure of hadrons. Such models contain
a small number of parameters, with transparent physical
meaning, and can be analytically extended to the full region
of momentum transfer squared. A monopole-like behavior
reproduce quite well the existing experimental data on pion
FFs, and satisfies pQCD asymptotic [24]. In order to predict
the behavior of polarization observables, we suggest a simple
model for the a, transition FFs, in the TL region.

We used a simple VMD-based parametrization saturated by
vector mesons. The contribution of one vector meson is given
by the Breit-Wigner form

Cv,in

Af; = ,
U VN Vi

i=1,2, (40)

where M, and I', are the mass and the width of a vector
meson carrying the interaction. In general one should introduce
all allowed vector mesons, but, as shown in Refs. [11,25],
the largest contribution to the cross section is given by
the p(770), p'(1450), and, at higher energies, p”1700). We
consider only data for the total cross section at energies above
the a;m kinematical threshold, which have been compiled
from Refs. [5,26-28]. The experimental data [5] show a clear
contribution from J /v around /s = 3.01 GeV. We excluded
the corresponding (four) data points from the fit. The final
form of our parametrization of the two y*ma; transition form
factors

f= CoiMy + CoiMy
M2 —g*+iM,T, M’ —g>+iM,T,
CpriM,y

: =12 (A1)
Mﬁ,, —q>+iMyT,y

Such parametrization has, therefore, in total six parameters:
three normalization constants, C, ;, Cy ;, C,» ; for each FF.
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FIG. 1. (Color online) Total cross section data for the annihilation
ete” — ata~wTa~ from [5,26-28]. The line represents the fit of
the total cross section (16) for the reaction e + e~ — a; + 7 with
VMD-based model of transition form factors (41).

The result of the fit for the available data on the total cross
section of the ete™ — ntm~w 7w~ process from [5,26-28]
is shown in Fig. 1, and corresponds to x2/ndf =455/
154 = 2.9. The different sets of data points are quite dispersed,
especially in the region of the maximum. The resulting
normalization constants are given in Table I. The y*ma;
transition form factors (moduli) are presented in Fig. 2. Peaks
can be seen in correspondence with the masses of the chosen
vector mesons. For | f»|, one can see a bump around ¢ =
4 GeV?, which results from the interference of the different
terms.

Such fit assumes that the intermediate state a7 saturates
the cross section [4]. If other intermediate channels contribute
to this yield, and only a fraction of the cross section is
due to the a7 intermediate state, then (assuming no depen-
dence on ¢?) the normalization parameters should be rescaled
by the square root of that fraction.

Figures 3 and 4 show the vector and tensor polarization
observables. One should note here that the vector polarization
of vector mesons can not be measured through their decays
which are driven by strong and electromagnetic interaction
with conservation of P-parity [29]. Figure 5 shows the
predictions for the density matrix elements. These quantities
can be quite large and show a particular behavior, which can be
experimentally verified. Finally, Fig. 6 shows the predictions
for the ratios Ry, R;, Eqs. (38), (39).

TABLE 1. Optimal values of the normalization constants
C,.i, Cp.i, C, ; obtained by the fitting procedure.

i Cp,,' Cp’,,' Cp”.i
1 2.354£0.01 —0.089 +0.008 —0.131+0.009
2 —4.45+0.11 0.56+0.05 0.38+0.03
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FIG. 2. ¢” dependence of the y* 7 a, transition form factors fi, f>
(41).

V. AXTAL-MESON DECAY TO THREE PIONS

For completeness, we derive the angular distribution for the
decay of the a;-meson to three pions

al(p) — 7t (q1) + 77 (q2) + 77 (g3), (42)

where the notation for the particle four-momenta is given
in brackets. We assume that this decay takes place through
a quasi-two-body production of pmw and om where o (or
f0(600)) is a scalar meson with the following quantum
numbers 19(JP€) = 0T (0**). The p- and o-mesons are
decaying predominantly to w7 final state.

The matrix element of this decay corresponding to the
following mechanism a; — (p7w + o) — 37w can be written
as

M=aq,-U+bg, -U=U,A,, (43)

where U, is the polarization four-vector describing the a;-
meson and the functions a and b are (in the a;-meson rest
system):

a=GIR™Q) ~ R @+ 3D (@)
x [(F, — F)(M* +m?* — 2Mw,) — 2MF2w2]%D*1
+(QII(F, — F)(M? —m® —2Mw,) + 2M Fi],
b =GR Q% - DN ¢(F> — F)(Mw, —m?)
FMEM =)l + 5D7(0)
X [(Fy — F))(m?* — M* + 2Mw,) — 2M Fiw,],

g* =M*+m* —2Mw;, Q*=m>—M*+2M(w, + w).
(44)

Here w; and w, are the energies of the positive and negative
pions. The expression for the matrix element takes into account
the identity of the two positive pions. For the intermediate

p- and o-mesons we use a standard Breit-Wigner form and
D(g») =q*—m}+iT,m, R(q*)=q*—m]+ilem,,

where m,(I' ;) and m,(I';) are the masses (widths) of the p-
and o-mesons, respectively. The quantities G and Fj, are
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FIG. 3. Angular dependence of the vector polarization observables P, Py, P, at g> = 2 GeV?, Egs. (22), (25).

defined as follows:
Fi:g,onnf_is i=1,2,

where f;,i = 1,2 are the coupling constants defining the
a; — pI vertex.

The definition of the different coupling constants and their
relation to the corresponding decay width is given below.

The 0 — 7w decay. The amplitude of this decay can be
written as M = g5 @5, Where ¢; and i are the wave
functions of the pions and o-meson, respectively. Then the
expression of the decay width in the o -meson rest frame is

2
T(o — mr) = é’rﬁ,/mg — dm2. (45)

The p — mm decay. The matrix element describing this
decay can be written as M = g,7-€,(q1 — ¢2). ¢} ¢;, Where
&, is the p-meson polarization four-vector. gi(g2) and ¢;(¢>)
are the four-momentum and the wave function of the first
(second) pion, respectively. The expression for the width of

G = gaon&onrn>

o (a)
-0.1
-0.2
-0.3
a-0.4
-0.5
-0.6,
0.7,
-0.8

1.5

()

0.9
0.3

X
-0.3

-0.9

-2
0 05 1

1% 05 1 15 2 25 3

6 [rad]

15 2 25 3
0 [rad]

FIG. 4. Angular dependence of the tensor polarization observ-
ables Py, Py, P, Py, at g> = 2 GeV?, Egs. (23), (24).

this decay in the p-meson rest frame is

g%m (mz

32
48wm2 NP '

[(p— ) = — 4m?) (46)

The a; — om decay. The matrix element in this case
i8S M = 845 Uu(q1 — q2)p@*¥™*, where U, is the a;-meson
polarization four-vector and g;(g») is the o (7 —)-meson four-
momentum. The width of this decay in the a;-meson rest frame

18

2
8ac 2 2 232 277213/2
F(a]—>an)=m[(M +m —m(,) —4mM] .
47)

The a; — pm decay. The matrix element of this decay
is determined by two coupling constants and can be writ-
ten as M = fi(q°U -e* —q-Uq-e*) + folg - poU - &* —
q - Upy - ), where ¢, (U,,) is the polarization four-vector of
the p(a;—)-meson and ¢(p,) is the four-momentum of the
p(r—)-meson. The expression for the width of this decay in
the a;-meson rest frame is

2

T(ay — pr) = #[(W +m2 —m?)? — 4m>m?]"?
x (1l fil® + cal oI + 2ciaRe fi ),
c; = SmiM2 + (M2 +mi — mz)z,
= 3M2(2m2 — M2) + (mf) — m2)2
+2Z—£(M2 —m?)?,
= M* + 4M2(M2 — mf) — m2)
— (m?2 —m?)’. (48)

Let us calculate the square of the matrix element for the
a; — 3m decay using the helicity formalism. In the general
case the a;-meson is described by the spin-density matrix and
one can write

IMI> = p By, B = AzA%, (49)

where A, = U I(L’\)AM and U l(f) is the a;-meson wave function
with definite helicity, p;,- is the a;-meson spin-density matrix
in the helicity representation. The standard choice of the z axis
is along the normal to the decay plane in the a;-meson rest

065214-8
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FIG. 5. Angular dependence of the elements of the spin density matrix o4, Poo, P+—, P+0 at q* =2 GeV?, in case of unpolarized collision
(solid lines) from Egs. (30), (31). In case of longitudinally polarized electrons the corresponding elements are shown also [dashed lines, (d),(e)]

from Egs. (37) and (f) from Eq. (36).

frame [we chose it along the direction g» x g, where g;(g2)
is the three-momentum of the first (second) pion]. Since all
pion momenta are perpendicular to the z axis the quantities
B;,, with zero helicity A or A" are equal to zero. Finally, one
obtains

M = py 4By +p__B__+2Rep, ReB, _
—2Imp;_ImB,_. (50)

As it is known, the decay of a particle into a three-body
final state is characterized by two independent variables. We
choose the energy of the negative pion w, and angle 6 between
the momenta of the first and second pions, i.e., between g
and g,. The x axis is directed along g,. In this case the
quantities B,  are

Bis = 3[Gilal” + 33161
+24142(cos § Reab* F sin 6 Im ab®)],

T T

T T

107
o [ o
g | 1o
oc £
102
L 10-2

T

-3
10 2 4 6 8 10 12 14 16 18 20
o? [GeV?]

Re B, _ = —3[g}lal* cos 260 + G3|b|* + 24192 cos 6 Reab* ],
Im B, = —q¢>sinf Reab* — 1g|al* sin 26, (51)

where ¢1(q») is the value of the three-momentum ¢;(g>).
The energy and angle distribution of the decaying a;-meson
is described by the following expression:

dl(ai —>37) 1 qq
dw,d6  Qu)* 4M

—1
M —awr+ Lo, cos 9] M.
q1

(52)
The energy w,; is not an independent variable and it can be

determined in terms of two independent variables using the
following identity:

2¢1g2cos0 = M* +2m* — 2Mw, + 2w (w; — M).

We introduced above the general spin-density matrix for the
description of the polarization state of the a;-meson. In the
coordinate representation its expression is given by Eq. (5).

(b)

FIG. 6. g% behavior of the ratios R;, R,
Egs. (38), (39).

Lo b b benn b b by Lo b L Lun
2 4 6 8 10 12 14 16 18 20
9? [GeV?]
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In the a;-meson rest frame this formula is written as

1 i ..

pij = 38ij — 3&iusk + 3015, 1j =x,y,2. (53)

This spin-density matrix can be written in the helicity
representation using the following relation:

p = pii UPPUY) . a0 =+, -0, (54)

where Ui('\) are the a;-meson spin functions which have the
aj-meson spin projection A on the quantization axis (z-axis).
They are

1
UD =5—(,+i,0, U9=(,0,1). (55)
V2
The elements of the spin-density matrix in the helicity

representation are related to the ones in the coordinate
representation by such a way

11 3 1
Pre = 3E 35— 70w A0 = 3430k
3 .
P— = _E(Qxx - Q}')’) + 3i QX»V’
(56)
1 . 3 -
Pto = 2_ﬁ(sx —isy) — E(QXZ —i0y2),

1 3
p—o = m(sx +isy) + E(sz +i0y.), P = (pra)".
To obtain these relations the condition Q,, + Oy, + Q. =0
was applied.

The factor 1/3 in the unpolarized part of the spin-density
matrix was introduced, as for the decay it is necessary to
average over the spins of the a;-meson.

VI. CONCLUSION

Using the parametrization of the electromagnetic transition
y* — a;(1260)7 in terms of two FFs, we investigated the
polarization phenomena in the annihilation reaction (1).
We calculated the differential (and total) cross section and

PHYSICAL REVIEW C 77, 065214 (2008)

various polarization observables as functions of the FFs.
The spin-density matrix elements of the produced axial
meson have been also calculated. Explicit formulas for
the decay of the a;-meson into three pions have been
given.

FFs are complex in the time-like region and have been
parametrized according to a VMD inspired Q° dependence,
saturated by vector mesons. The parameters have been fitted
to the data, assuming that all the four pion yield is due to
reaction (1). If other intermediate channels contribute to this
yield, and only a fraction of the cross section is due to the a;
intermediate state, then the normalization parameters should
be rescaled by the square root of that fraction (assuming no
dependence on g°2).

The ¢? dependence of the FFs shows, as expected, peaks in
correspondence of the masses of the considered vector mesons.
An interesting feature appears for f; at Q> ~ 4 GeV?, which
is due to an interference of the different terms. Note that none
of the considered vector mesons corresponds to a mass of such
value. An interference of such origin can be the reason for the
plateau seen in the cross section data, which, however does
not appear with large intensity in our fit.

The reaction (1) has been clearly detected in the exper-
iments. The present results can be useful for the analysis
of the experimental data and for the determination of the
y* — a1(1260)r transition FFs.
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