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Polarizability of the pion: No conflict between dispersion theory and chiral perturbation theory
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Recent attempts to determine the pion polarizability by dispersion relations yield values that disagree with
the predictions of chiral perturbation theory. These dispersion relations are based on specific forms for the
absorptive part of the Compton amplitudes. The analytic properties of these forms are examined, and the strong
enhancement of intermediate-meson contributions is shown to be connected with spurious singularities. If the
basic requirements of dispersion relations are taken into account, the results of dispersion theory and effective

field theory are not inconsistent.
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I. INTRODUCTION

The polarizabilities of a composite system such as the pion
are elementary structure constants, just as are its size and
shape. They can be studied by applying electromagnetic fields
to the system. The physical content of the polarizability can
be visualized best by effective multipole interactions for the
coupling of the electric (£') and magnetic (H)fields of a photon
with the internal structure of the pion. This structure can be
accessed experimentally by the Compton scattering process
y +m — y + m or the crossed-channel reaction y + y —
7 + . When expanding the Compton scattering amplitude
in the energy of the photon, the zeroth- and first-order terms
follow from a low-energy theorem and can be expressed solely
in terms of the charge and mass of the pion. The second-order
terms in the photon energy describe the response of the pion’s
internal structure to an external electric or magnetic dipole
field; they are proportional to the electric («) and magnetic ()
dipole polarizabilities, respectively. Expanding the Compton
amplitudes to higher orders in the energy, one obtains higher-
order polarizabilities, e.g., the quadrupole polarizabilities at
fourth order.

From the theoretical side there is an extraordinary interest
in a precise determination of the pion polarizabilities. Within
the framework of the partially conserved axial-vector current
(PCAC) hypothesis and current algebra the electromagnetic
polarizabilities of the charged pion are related to the ra-
diative decay 7™ — eTv,y [1]. The result obtained using
chiral perturbation theory (ChPT) at leading nontrivial order
(O(p*)) [2] is equivalent to the original PCAC result, a;+ =
—Bx+ ~Ia, where In = (I — I5) is a linear combination of
scale-independent parameters of the Gasser and Leutwyler
Lagrangian [3]. At O(p*) this difference is related to the
ratio y = F4/Fy of the pion axial-vector form factor Fj4
and the vector form factor Fy of radiative pion B decay
[3], ¥ =1a/6. Once this ratio is known, chiral symmetry
makes an absolute prediction for the polarizabilities. Using the
most recent determination y = 0.443 &£ 0.015 by the PIBETA
Collaboration [4] (assuming Fy = 0.0259 obtained from the
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conserved vector current hypothesis) results in the O(p*)
prediction o+ = 2.64 & 0.09 in units of 10~* fm>, where the
estimate of the error is only the one due to the error of y and
does not include effects from higher orders in the quark mass
expansion.

Corrections to the leading-order PCAC result have been
calculated at O(p®) in chiral perturbation theory and turn out
to be rather small [5,6]. Contrary to the situation of the nucleon,
no “matter fields” with their own mass scale are present, and
therefore the calculations can be performed in the original
formulation of ChPT [3]. This makes the following predictions
for the polarizabilities a very significant test of this theory [6]:

U+ + B+ = 0.16, (1)
U+ — B+t =571+ 1.0. 2)

The error for o;+ + B+ is of the order 0.1, mostly from
the dependence on the scale at which the O(p®) low-energy
coupling constants are estimated by resonance saturation.
The forward polarizability could also obtain relatively large
contributions at O(p®). On the other hand, there is as yet
no indication of large higher-order effects for the backward
polarizability «,+ — Br+. For further information on low-
energy 7y reactions we refer to the recent review by Kaiser
and Friedrich [7].

The pion polarizability has been studied in lattice QCD [8].
The valence-quark contribution to the electric polarizability
was shown to yield only the small value a,+ ~ —0.17, one
order of magnitude smaller than the value predicted by
ChPT. It is, of course, not surprising that sea quarks and
their correlations must play an important role, most likely
configurations with the quantum numbers of the pion. In a
recent contribution, Hu, Jiang, and Tiburzi [9] also conclude
that polarizabilities are difficult to predict in lattice QCD
because of (partial) quenching and volume effects. However,
these authors point out that forthcoming lattice QCD results
can be used as a diagnostic for ChPT.

The results of ChPT are in sharp contrast with the
predictions of Fil’kov, Guiasu, and Radescu [10] and Fil’kov
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and Kashevarov [11-13] who obtain
1.1 ap+ — Br+r <156 3)

in recent work [13] based on dispersion relations (DRs).
The dispersion integrals are saturated by various meson
contributions in the s and 7 channels. The free parameters
are essentially fixed by the known masses, total widths, and
partial decay widths of these mesons at resonance. However,
the extrapolation to energies below and above the resonance
is performed with specific resonance shapes whose analytic
properties leave room for a considerable model dependence.

The very small value predicted by Eq. (1), that is Baldin’s
sum rule applied to the pion, makes a measurement of this
observable close to impossible. The experiments are therefore
analyzed with the constraint o+ = —f,+. Unfortunately, the
experimental situation is rather contradictory; see Refs. [6]
and [14] for recent reviews of the data and further references to
the experiments. There exist basically three different methods
to measure a,+: (i) the reactions ete”™ — yy — ntm™,
(i1) the Primakov effect of scattering a relativistic pion in
the Coulomb field of a heavy nucleus, and (iii) the radiative
pion photoproduction, p(y, y'm *n), which contains Compton
scattering on an off-shell pion as a subprocess. The latter
reaction was recently investigated at the Mainz Microtron
MAMI with the result [14]

Or+ — Br+ = 11.6 & 1545 £ 3.05y5 £ 0.5m04, “

which is at variance with the prediction of Gasser, Ivanov, and
Sainio [6] by two standard deviations. In view of the theoretical
uncertainties from the fact that the photon is scattered by an
off-shell pion, the deviation from theory is an open problem.
In particular, we point out that the model error in Eq. (4) is
estimated by comparing the analysis with two specific models.
This does not exclude that a wider range of models will
lead to larger model errors. Because the pion polarizability
is extremely important for our understanding of QCD in
the confinement region, it is prerequisite to check the given
arguments by a full-fledged ChPT calculation of the reaction
ply,y'm*n).

The second method to determine the polarizability, the
Primakov effect, has been studied at Serpukhov with the
result [15]

Op+ — Br+ = 13.6 &= 2.8t £ 2.4y, 5)

in agreement with the value from MAMI. Recently, also
the COMPASS Collaboration at CERN has investigated this
reaction, and the data analysis is underway [16,17].

Unfortunately, the third method based on the reactions
ete™ — yy — wTx~ has led to even more contradictory
results in the range 4.4 < o+ < 52.6, as listed in the work of
Gasser, Ivanov, and Sainio [6]. Therefore, one must wait for an
improved analysis of the data before final conclusions can be
drawn. At the same time new and independent experimental
effort is invaluable, such as the planned experiment at Jefferson
Lab after the 12 GeV upgrade.

In this work we address the conflicting results obtained
by ChPT and DRs. Section II gives a brief introduction to the
kinematics and scattering amplitudes relevant for these studies.
In Sec. III we summarize the elements of previous calculations
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in the framework of dispersion relations. Moreover, the
approximations involved are critically investigated within
several simple but pertinent approximations. Our results for
dispersion relations in the ¢ channel are presented in Sec. IV.
Finally, we give our conclusions in Sec. V.

II. KINEMATICS AND SCATTERING AMPLITUDES

Let us consider the kinematics of Compton scattering, the
reaction y(k) + 7w (p) — y (k') + m(p’), where the variables
in brackets denote the four-momenta of the participating
particles. The familiar Mandelstam variables are

s=k+p?, t=G(-K?, u=k-p), (6

which are constrained by s +¢ +u = 2m?, where m is the
pion mass. The crossing-symmetric variable v is defined by
s—u

V= @)

The two Lorentz-invariant variables v and ¢ span the
Mandelstam plane shown in Fig. 1. They are related to the
initial (£,,) and final (E}’,) photon laboratory energies and to
the laboratory scattering angle 6 by

t 1 ,
UZEV-FEZE(E)/—FE)/),

®)
t = —4E,E, sin*(0/2) = —2m(E, — E}).

The scattering matrix of Compton scattering on the pion, T,
can be expressed by two independent amplitudes, A; (v, t), i =
1, 2. These structure functions depend on v and ¢, they are
free of kinematic singularities and constraints, and because

0.4

03F

0.2

t (GeV?)

06 04 02 0 02 04 06
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FIG. 1. The Mandelstam plane for Compton scattering off the
pion. (Solid lines) Boundaries of the physical s, u, and ¢ channels, in
particular, forward (6 = 0) and backward (6§ = 180°) scattering in the
s channel. (Dashed lines) Inelastic thresholds in the three channels.
(Dash-dotted lines) Possible paths for DRs at s = m? and u = m>.
Note that forward DRs are integrated along the v axis, i.e., att = 0.
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of the crossing symmetry they satisfy the relation A;(v, t) =
A;(—v, t). We further note that the functions A; are real in the
interior of a triangle formed by the dashed lines s =t = u =
4m? in Fig. 1. In the following we use these amplitudes to set
up DRs. The amplitudes A; are related to the amplitudes 7; of
Prange [18] as follows:

Ty = 3(tA1 + nAy),
: )]
T, = 3(tA1 — nAz),

with n=4v>+1t— tz/(4m2) =(m*— su)/m2 =((s —
m?)? 4+ st)/m>. In terms of these amplitudes, the 7 matrix
takes the form

rofPe P g Ne N, (10)

- p.p 'TTONN T

where € and &’ are the photon polarization four-vectors in
the initial and final states, respectively. Furthermore we have
defined the following four-vectors

K =30 +k), P=30"+p), Q=3 -k,

P-K
P'=P————FK N'= e"PY Pl OgK,,
with €123 = +1. The differential cross section for Compton
scattering is constructed from the 7" matrix by

d
(0> — ®|T?, with
ym

(1)

aQ
, (12)
1 E,
—— — (lab frame)
b — 8mm E,
- 1
(c.m. frame),
8mA/s
where
IT1> = Lt A1 ? + n? Ay ). (13)

We further note that the z-channel reaction yy — w7 is usu-
ally described by the amplitudes M, = —A;/2 and M;_ =
—A,/(2m?), with indices referring to the polarization of the
incident photons. These amplitudes describe the respective
cross section as follows:

<d0> 1 t —4m?
a2 vy 12872 3

1
12(t — 4m*)? sin46’*|M+_|2}, (14)

{1‘2|M+-s-|2

+ 16
with 6* the angle between the incident photon and the outgoing
pion in the c.m. frame. The cross section for y +y — 7% +
7¥ is obtained by multiplying the r.h.s. of Eq. (14) with a factor
of 1/2, which accounts for two identical particles in the final
state.
Assuming analyticity and an appropriate high-energy be-
havior, the amplitudes A; fulfill unsubtracted DRs at fixed ¢,
+o00 / 4
ReA;(v,t) = AB(v, 1) + 2 P dv’ M
l T v () V2 — 2

(15)
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The Born terms A# describe photon scattering off a point-like
pion, which leads to poles for s = m? and u = m? shown by
the dash-dotted lines in Fig. 1. In terms of the orthogonal
coordinates these pole lines are given by v(f) = vg(t) =
+t/4m. Furthermore, Im;A; are the discontinuities across
the s-channel cut of the Compton process and vy () =
%m + vp(t) is the threshold for two-pion production in the
s channel. The sum of pole and contact terms takes the form

626]

B _ B _
AT =400 = S o

(16)

where g is O for neutral and 1 for charged pions. As is
obvious from Eq. (16), the Born contributions to the invariant
amplitudes have a pure pole structure. The s-channel cut
starts at the lowest production threshold, which is given by
intermediate two-pion states, i.e., S = 4m?. The same cuts
appear in the ¢ and u channels (see Fig. 1). For DRs at constant
t <0, the crossing symmetry allows one to combine the s- and
u-channel contributions in the form of Eq. (15).

Other types of DRs evade the u-channel contributions and
replace them by the discontinuity in the ¢ channel. These are
DRs at fixed u = m? or at constant angle, e.g., & = 180°. The
former DRs take the form [11]

/+°° ” Im,A; (', u = m?)
tihr t/ —t

—+00 I sAi /, — 2
+/ gy Al u=m )}, (17)
Sthr

ReA;(s,t) = AB(s, 1) + ! P{
T

s’ —s

with the constraint s + ¢ = m?. In particular, the polarizabili-
ties are obtained at the point s = m? and ¢ = 0,

T
@+ B =———APs =m’ 1 =0),
4 m
| (18)
a—B=——APs=m1=0),

dm

with A?ISP the dispersive, i.e., nonpole contribution to the
respective amplitude. For further convenience we introduce
the dynamic polarizabilities

PH(s, 1) = ——— ASP(s, 1),

dm
19)

PO(s, 1) = ——— A5, 1),

4mrm
with P®m?2,0) = o + 8.

To evaluate the dispersion integral in Eq. (15), the imaginary
parts in the s channel are determined by the unitarity relation,
taking account of two-pion states and resonance contributions
such as vector mesons in the intermediate state. The #-channel
contribution of Eq. (17) is obtained in terms of unitarized
partial-wave amplitudes following the method outlined in
Refs. [19] and [20]. In the ¢ channel, the amplitudes A
(or M, ,) and A, (or M,_) correspond to photon helicity
differences of A, = 0 and A, = 2, respectively.
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III. MODELS

In this section we study three generic resonance models
with the amplitudes

1
_ 2
Fa(s) M2—S—ir(2)_iMF0’ 0
1
_ 21
B = T Irer —ire
1
Fe(s) = M2 —s—iMD(s)’ )
with
§ — 80 %
) = <M2__0> . (23)

The amplitude F4 describes an ideal resonance, a fixed pole at
s = (M — § T9)%. The amplitudes Fp and Fc have an energy-
dependent width leading to a branch cut in s from sy = 4m? to
+400. The onset of the cut is given by the threshold for two-pion
production, and the energy dependence of the width in Eq. (23)
corresponds to a P-wave resonance, i.e., intermediate vector
mesons like p or w. For a general angular momentum L, the
width opens like (s — 50)?4+1D/2, The amplitude F is obtained
in the small-width approximation, I'y < M this form is used
in the work of Fil’kov and Kashevarov [12,13]. Furthermore,
these authors introduce an energy-dependent coupling constant
for the excitation and the decay of the intermediate vector

meson,
5 M2 M\
g (s)=6m ~\zom Iyr, (24)

where I, is the partial width for the decay of the vector meson
to a pion-photon state. Combining the above equations with
Eq. (19), we find the following expressions for the dynamic
polarizabilities:

Ps) = 27’” g%(s) Fx(s),
(25)

_ 2s s
P(s) = e~ g%(s) Fy(s) = - P (s).

This defines the models A, B, and C discussed in the
following. Due to the square-root singularity at the origin,
the coupling of Eq. (24) leads to an (unphysical) cut from
s = —oo to s = 0. For this reason we also introduce models
with an energy-independent coupling fixed by the value at the
resonance position, g(z) = g*(M?). These models are denoted
by A0, B0, and CO. If all the requirements to set up the DRs are
fulfilled, the direct calculation of the polarizabilities from the
real part of the Compton amplitude must yield the same result
as obtained from the DRs with the imaginary part as input.
For a comparison with the physics, the numerical calcula-
tions are performed form = M, =0.140 GeV, M = M, =
0.770 GeV, I'h=T, =0.151 GeV, and I',; =T, =
0.068 MeV.
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TABLE L. The s-channel contribution to the forward polarizabil-
ity a + B of the charged pion predicted by different models for
the p meson propagator and for the wpy coupling constant [see
Egs. (20)—(24)]. The second column is obtained directly from the
real part of the model amplitudes; the following columns list the
different contributions from the dispersion (contour) integral:
the (physical) right cut, the (unphysical) left cut, and the residues
of the poles on the physical sheet. Up to roundoff errors, the sum of
the dispersive contributions (columns >3) adds up to the real part
given in column 2. For model AQ describing a simple pole, we have
divided the integral over the real axis into the parts from s = 4m? to
+oo (listed as right cut) and —oo to s = 4m? (left cut). All numbers
are in units of 10~* fm?.

Model Real part Right cut Left cut Residues
A0 0.036 0.038 —0.003 -

BO 0.037 0.032 - 0.005
Cco 0.037 0.034 - 0.003
A 0.197 0.045 0.151 -

B 0.205 0.032 0.170 0.002
C 0.205 0.033 0.172 -

A. Forward polarizability

Let us first address the DR for the forward polarizability
P, which is obtained from the dispersion integral Eq. (15)
evaluated at t = O (forward DR). The results for the s-channel
contribution are listed in Table I. If the u channel is also
included, the full polarizability is obtained by multiplication
with a factor of 2 (crossing symmetry). Because the amplitude
F40 does not have a cut, the dispersion integral runs over
the full real axis. In Table I, the integrals are divided into
the contributions above and below the physical branch point
s = s, labeled “right cut” and “left cut,” respectively. The
(unphysical) contribution of model AO below the production
threshold is clearly rather small. A look at Table I shows that
the models yield quite similar contributions from the right
cut. However, the models differ substantially in their analytic
structure. In particular, they differ because of the following
ingredients:

(i) The energy-dependent width of models B, BO, C, and
CO0 introduces the correct physical cut starting at s =
4m? and shifts the resonance pole to the second Riemann
sheet. At the same time, this energy dependence leads
to (unphysical) singularities of the amplitude on the first
sheet: a pair of complex-conjugate poles in models B0
and B as well as a (spurious) pole on the negative axis at
s &~ —11 GeV? in model CO0, that is, a deeply bound state
of the pion-photon system. Independent of the physical
questions involved with these models, we cannot simply
ignore these cuts and poles. As an example, Fig. 2
displays the imaginary part of the dynamic polarizability
Pég). Because the static polarizability is obtained at the
small value s = m2, close to the onset of the cut seen on
the right side of the figure, the effect of the distant pole
on the left is suppressed (see Table I).

(i) The energy-dependent coupling constant in models
A, B, and C leads to an even more serious problem,
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FIG. 2. (Color online) Contour plot of the imaginary part of the
dynamical polarizability ng) in the complex s = x + iy plane, with
x and y in units of GeV2. The cut due to two-pion intermediate states
(right) leads from x &~ 0.02, y = 0 to x — o0, y = 0. The spurious
pole of this model is seen on the left near x = —11.

a 1/./s singularity at the origin resulting in a further
cut. To obtain real values for the polarizabilities, we
draw this cut from s = 0 to —oo (left cut). Obviously,
the square-root singularity is very close to the threshold
of Compton scattering, s = m?, at which point the
polarizability is determined. Within the physical (right)
cut, an energy dependence of the amplitudes with 1/./s
may be a reasonable approximation; it increases the
spectral function at energies below the resonance and
damps the meson production at very large energies.
However, the identification of the right-cut dispersion
integral with the full amplitude at the Compton threshold
is questionable, because the model introduces unphysical
properties on the first sheet of the complex s plane. In
fact the left-cut contribution is dominant and leads to a
considerable increase of the polarizabilities by a factor of
M /m. As an example, the imaginary part of the dynamic
polarizability Pg') is displayed in Fig. 3. The right cut in
this figure has not changed much as compared to that in
Fig. 2, whereas the additional left cut with the embedded
pole structure at s &~ —11 GeV? has become the domi-
nant feature. In particular, the onset of the spurious left
cutats = 0 appears very close to the Compton threshold
at s = m?, and the consequences are seen in Tables I
and II.

In a somewhat different language, the polarizability P(m?)
can be represented by a contour integral along a small circle
about s = m? with radius €,

1 P(s’
P(m®*) = — y{ L)ds/. (26)
2i J 5" — m?

If we blow up the contour, we expect only contributions
from the upper and lower rim of the cut from s = sy, to
400 and, possibly, from a full circle at infinity. Because the
above amplitudes converge better than 1/s for large s, the
contribution of the large circle converges to zero. Obviously,
the unphysical poles on the physical sheet and the unphysical
left cut are obstacles for blowing up the contour, and therefore
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FIG. 3. (Color online) Contour plot of the imaginary part of the
dynamical polarizability Pg’) in the complex s = x + iy plane, with
x and y in units of GeV>. The cut due to two-pion intermediate
states (right) leads from x ~ 0.02,y =0 to x — oo,y = 0. The
(unphysical) left cut runs from x =0,y =0 to x - —o0,y = 0.
The spurious pole of Fig. 2 appears embedded on the left cut near
x =—11.

we have to add (i) the residues of the integrand P(s")/(s’ — s)
at the poles and (ii) the integral over the discontinuity of
the imaginary part on the left cut to agree with the value
given by the real part of the Compton amplitude. We hasten
to add that all the above models have unphysical properties
and therefore deserve further studies. However, it is our
point to demonstrate that the experimentally known amplitude
at resonance, s = M, cannot be uniquely continued to the
threshold for Compton scattering, s = m2, but that such a
procedure leaves room for large model errors. It is also worth
pointing out that in models B and C the crossing symmetry
leads to four cuts, which cover the complete real axis with the
result of complex (quasistatic) polarizabilities.

B. Backward polarizability

Let us now turn to the dispersion relation for the backward
polarizability P‘~). Compared to the forward polarizability
P, the additional factor s in Eq. (25) leads to a much slower
convergence of the integrals. This is most evident for model
AQ. As shown in Table II the integral over the right cut is still

TABLE II. The s-channel contribution to the backward polariz-
ability o — B of the charged pion predicted by different models for
the p meson propagator and for the wpy coupling constant. The
notation is the same as in Table I, except for the last column listing
the contribution of the big circle to close the contour at infinity.

Model  Realpart Rightcut Leftcut Residues Infinity
A0 —0.036 —1.041 —0.075 - 1.080
BO —0.037 —1.148 - 1.110 -
Cco —0.037 —1.928 - 1.891 -
A —-0.197 —1.062 0.865 - -
B —0.205 —1.020 0.805 0.010 -
C —0.205 —-1.177 0.972 - -
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finite but increased by a factor of M?/m? as compared to

Table I. However, this factor is canceled by the finite
contribution of the circle at infinity. The latter contribution
vanishes for all other models. Table II shows the increase
of the right-cut integral by M?/m? also by all the other
models. The somewhat larger factor for CO is due to the bad
convergence in this model. However, the contributions of the
residues and the left cut also have much increased, and as
a result the full contour integral yields precisely the value
predicted by the real part of the functions. Because of the
additional factor s with respect to the forward polarizability,
a figure analogous to Fig. 2 is completely dominated by the
spurious pole at s &~ —11 GeV? such that the effect of the p
meson is practically invisible. As a result the residue of the
spurious pole cancels the contribution of the right cut nearly
completely. In a similar way, the spurious left cut due to the
1/4/s ansatz in model F¢ cancels 85% of the contribution
of the (physical) right cut. As required by Eq. (25), we find
the relation PV(s = m?) = —P)(s = m?) not only for the
real parts of the model amplitudes but also by summing up
all the contributions to the contour integral. Despite relatively
small differences among the models near the resonance region,
the polarizabilities predicted by considering only the right
cut differ by an order of magnitude. We conclude that the
extrapolation from the resonance position to the threshold of
Compton scattering is dangerous, in particular, if performed
with functions containing unphysical singularities. Because
the @ and o mesons are the most important agents in the
dispersion analysis of Refs. [12] and [13], we also studied
these cases. The numerical calculations for the w meson
were performed for M = M, =0.782 GeV, m = Mo =
0.135 GeV, I'n =T, =841 MeV, and I'y; =Ty, =
0.715 MeV. Except for its larger photon decay branch and
the smaller width, the w follows the above exercise for the p
very closely (see Tables III and IV). In particular we observe
the same overestimation of &« — § by the dispersion integral
along the right cut in the s channel.

The scalar o meson is the dominant agent for the #-channel
reaction. In the following we describe this meson with the
parameters of model (a) given by Table 1 of Ref. [11], in
particular M = M, = 0.547 GeV, m = M+ = 0.140 GeV,
[g=Ts =1204 GeV, and T',; =I5,z = 0.62 keV. Our
models AQ, B, and CO are defined as above, that is, with
an energy-independent coupling constant fixed at resonance

TABLE III. The s-channel contribution to the forward polariz-
ability « + B of the neutral pion predicted by different models for
the w meson propagator and for the mwy coupling constant. The
notation is the same as in Table I.

Model Real part Right cut Left cut Residues
A0 0.342 0.343 —0.001 -
BO 0.342 0.342 - -
Cco 0.342 0.342 - -
A 1.980 0.348 1.631 -
B 1.981 0.340 1.639 -
C 1.981 0.340 1.639 -
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TABLE IV. The s-channel contribution to the backward polariz-
ability o — B of the neutral pion predicted by different models for
the w meson propagator and for the wwy coupling constant. The
notation is the same as in Table I, except for the last column listing
the contribution of the big circle to close the contour at infinity.

Model  Realpart Rightcut Leftcut Residues Infinity
A0 —0.342  —11.426 —0.042 - 11.126
B0 —-0.342 —12.389 - 12.047 -
Cco —0.342 —22.584 - 22.245 -
A —1.980  —11.445 9.465 - -
B —1.981 —11.633 9.039 0.613 -
c —1.981 —11.826 9.846 - -

and with propagators given by Egs. (20)—(23). Models A, B,
and C contain an energy-dependent coupling constant and
models B and C an additional energy dependence of the width
involving /¢ factors. In particular, model C corresponds to
the expressions found in the Appendix of Ref. [11]. Because
of the spin J =0 of the o, the width opens like a square
root at threshold. The low mass and the huge width of the o
lead to quite different analytical structures as compared to the
vector mesons. Whereas models A and A with their constant
widths yield a pole at the complex mass t = (M — i["o/2)?,
this pole has been moved onto the second sheet for B and
B0, and in the case of C and CO the o pole has completely
disappeared. The assumed analytical form also leads to a
reasonable convergence of the dispersion integral over the
right cut. However, the ansatz of Ref. [11] results in a left
cut with a singularity at ¢+ = 0 leading to a dispersion integral
with an integrand like 7 ~3/? near the origin. As a consequence
the integral diverges like #='/2 for t — 0, at which point the
polarizability is defined. The numerical results are listed in
Table V.

IV. DISPERSION RELATIONS IN THE ¢t CHANNEL

The amplitudes A; and A, introduced in Sec. II corre-
spond to photon helicity differences A, =0 and A, =2,
respectively. They have the following partial-wave expansions

TABLE V. The f-channel contribution to the
backward polarizability « — § of the pion predicted
by different models for the o meson propagator and
for the myo coupling constant. The notation is the
same as in Table I. However note that there are neither
contributions from residua on the first sheet nor from
the contour at infinity.

Model Real part Right cut Left cut
A0 —0.878 5.882 —6.760
BO 7.410 7.410 -
Cco 8.789 8.789 -
A 00 6.307 00
B e 8.548 o0
C 0 9.357 o

065211-6



POLARIZABILITY OF THE PION: NO CONFLICT ...

involving total angular momentum J > A, and even isospin
1 =0,2:

Al =) V2T + 1A} PY(cos "),

J=0
(27)
I _ — |(J =2)! ,  Pj(cos6*)
Az_gz 2+l (J+2)!772(1 = cos26%)’

where 6* is the scattering angle in the c.m. system. The isospin
decomposition of the physical channels is given by

1 1

Ai(yy > ntn7) = \/tAl!=0 + \/jAfzz,
3 6

0_0 1 1=0 2 1=2

Ailyy -> m°n”) = §Ai _ §Ai _

The partial waves A§ A, correspond to eigenstates of the
scattering matrix, and their imaginary parts can be constructed
by unitarity as follows:

(28)

ImAj, (yy — 77)

= an.AgAy(yy — n)IjAy(n — ), (29)

n

with p, being the density of states for each channel n and Z
the hadronic amplitude for the decay n — mm. In the elastic
region, the sum on the right-hand side of Eq. (29) is saturated
by the two-pion channel and, as an immediate consequence,
the phase ¢/ A, of each partial wave equals the corresponding
pion-pion phase shift 8/ = arg Z/(ww — 7). This fact can
be incorporated into the Omnes function, which is constructed
to have the phase of the w scattering amplitude above two-
pion threshold and to be real otherwise,

o0 1J (4
szg(t)zexp[if dﬂM] (30)
4

T e U — 1t —ie)

The function AIJ A, )/ Qlj(z‘) is by construction real above
the w7 threshold and has a left cut H§ Ay(t) generated for

t < 0 by the Born term and for r < —(M% — mz)/M‘z, by the
exchange of vector mesons like the p and w vector mesons
in the s and u channels. Hence the difference [.Ag AV(t) —

H;Ay (t)]/Qﬁ(t) has only a right cut from ¢ = 4m? to oo and
satisfies the following dispersion relation:

Al (1) = Qh0) {HﬁAy(r)Re[(szg)‘(t)]

(t — 4m2)I =22
R
x foo L T, @Oml(2)) )] (31)
4m? - 4m2)(17AV)/2(t/ —1) ’

with the factor (t' — 4m?)Y =22 providing the right asymp-
totic behavior for the convergence of the integral. In particular,
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the S-wave amplitude is given by

Al =l {Héo(t)Re[(Q(I))l(t)]

1 HL@HIm[(D) ('
T Jam? (l" — t)
Furthermore, we define the generalized Born term as
Hy = AP + A, (33)

with A? being the Born term of Eq. (16) and the vector meson
contributions A} given by Ref. [21]

AY(s, 1) = —2¢*R [ 4! } (34)

s v s — M‘z/ u— M‘z, ’

1
AV (s, 1) = 2¢*m*R , (35
2 (8,7) =2e"m VS—M‘Z/+M—M‘2/ (35)
where Ry are determined from the condition [22]
247 M3 T(V - 1

y= 2R 2 ) (36)

2

(M} —m2)’
The comparison with Egs. (20)—(25) in the zero-width approxi-
mation yields the relation 2Ry = 4g%, M 5), with g‘z/ M ‘2,) the
coupling of Eq. (24) at resonance. In the following we discuss
only the most important vector mesons, p(770) and w(782).
At energies W, = +/t < 1 GeV the phases are large only
for the partial waves with I = J = 0, and therefore most of the
final-state interaction is contained in Q(l)o' We construct these
S waves with the phase shifts given in Ref. [23]. The S-wave
projections of the Born and vector meson contributions read

_ 1, 2 1-8% (148
BlX0 = —BI>2 =2 2——ln<—), 37
RV NI 18 &7
_ R, | M2 (1+B+1,/t
=0 _ g2 /3P | ZLp | =207 )
Voo = 4¢3 [ﬂ n<1_ﬁ+tp/t> tl, (38
Vi =o, (39)
_ 1,
VJ)B(?:—EVLB(%
4¢* R, [M%:  (1+B+1t,/t
= —2| 2h(—2) - 40
Nl [ﬂ n(l—ﬂ+tw/t) t] @0

where ty = 2(Mj, —m?) and B = /1 — 4m?/1.

Because the phases of the higher partial waves are generally
small for W;, <1 GeV, they can be well described by
the generalized Born amplitude in this region, and their
contribution to the polarizability can be neglected. However,
the yy — mm process has a distinct resonance structure
corresponding to the isoscalar f>(1270) resonance with mass
My, = 1275 MeV and width I' ;, = 185 MeV. This resonance
shows up in the partial wave .49, and therefore contributes only
to the amplitude Ag. We model this contribution according to
Ref. [19] by the Breit-Wigner ansatz

2
m p)
A£2 — 62 > 5 ngVy g}f_”” , (41)
1\4‘702 Mf2 —l‘—l]Wf2 Iy
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6]
(o-B)"
O = N W A U0 N N
T
.
(a-B)"
O = N W B U0 N N
T

FIG. 4. The t-channel two-pion contribution to the
backward polarizability & — 8 of the 7° (left panels) and
7t (right panels) as a function of the upper limit of

integration fypper. (Top row) Results obtained from the
unitarized Born contribution. (Bottom row) Results obtained

from the unitarized generalized Born contribution including
also the p and w contributions. (Dashed lines) Contribution
of the / = 0 channel. (Solid lines) Total result for the sum
of the I = 0 and I = 2 contributions. All polarizabilities are
in units of 10~ fm?.
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where the coupling constant g, is known from the decay
fr— 7w, gan =23.65[24],and g, isfitted tothe yy —
77T cross section at the resonance position, resultingin g 7,,,, ~
0.247 consistent with Ref. [24]. As a result the f, resonance
contribution is (o + B)%, = (a + )%, = 0.17.

With the unitarized S-wave contribution from Eq. (32)
and, for the higher partial waves, the generalized Born
contribution of Eq. (33) and the f, resonance contribution
of Eq. (41), the full #-channel amplitudes can be cast into the
form

Al(s, 1) = Ay — Hio@®) + H] (s, 1),
. (42)
Als, 1) = HI (s, 1)+ A (s, 1).

These amplitudes lead to the following results for the polariz-
abilities:

1
a—fB= —47T—m<AY(m2, 0)

o) 1 (4 Nl
1 f dt, HOO(t )Im[(QO) (t )]>’ (43)

4m? t

T

1

a+ B = —M(sz(mz, 0) + AJ*(m2, 0)).
Because Eqgs. (34) and (35) yield AY(mZ, 0) = —Ag(mz, 0) >
0, it follows from the above equations that the vector mesons
contribute only to the magnetic polarizability 8. This effect
is paramagnetic because the quark spins are aligned in the
transition 7 — V. If we compare with the results of Sec. III,
the vector meson contributions in Eqgs. (43) and (44) corre-
spond to the s-channel term in the fixed-u dispersion relation
of Eq. (17), whereas the dispersion integral in Eq. (43)
and the f, resonance contribution in Eq. (44) can be iden-
tified with the ¢-channel dispersive contribution in Eq. (17).
Focussing on the 7-channel term, Fig. 4 shows the difference of
the polarizabilities « — B of Eq. (43) as a function of the upper

(44)

0.8

limit of integration in the region 4m? < tupper < 0.78 GeV?2. The
latter value is defined by the onset of inelasticities in the 7w
phase shifts. As shown by Fig. 4, the I = 0 channel (with the
quantum numbers of the o meson) provides a contribution of
only about 5 units to the backward polarizability, about half
of the value predicted by Ref. [13]. The bottom panels show
the results for the generalized Born term H(I)O = B(I)O + V({O,
including the p and w contributions, whereas the top panels
are obtained with only the Born term B(I)o- Furthermore,
Fig. 4 shows the results for both the / = 0 channel only (dashed
lines) and the sum of the I = 0 and I = 2 channels (solid
lines).

The yy — mm cross section is obtained from the ampli-
tudes of Eq. (42) with the S-wave contribution evaluated by
the following subtracted DR:

Alyt) = Q) {Hgo(z)Re[(szg)“(z)]

GGG

by — -
L
0 7't —t)

T J4m?

}, (45)

where the subtraction constants ¢, are related to the polariz-
abilities by

o’ = ~8wm— [(a B + %(a - ﬂ)””}

— AV=00m?,0), (46)
o = —Mm@ [@=B"" —(@—p"]

— A=, 0). A7)

Figure 5 displays the total yy — w77~ cross section given
by the subtracted DRs of Eq. (45) with subtraction constants
fixed by ChPT and the model of Ref. [12] as well as the
results obtained from the unsubtracted DR for only the
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W, (GeV)

FIG. 5. The total cross section for y y — ™ 7~ as a function of
the c.m. energy W,,, = +/f in the low-energy region, as obtained from
the unitarized generalized Born term (including the p and w contribu-
tions). (Solid line) Unsubtracted DRs. (Dashed line) Subtracted DRs
with the subtraction constants given by the polarizabilities predicted
by the two-loop calculation of ChPT. (Dotted line) Subtracted DRs
with the subtraction constants given by the polarizabilities obtained
from unsubtracted DRs by Ref. [12], except that the vector meson
contribution is calculated with an energy-independent coupling
constant gV(M‘Z,). The data are from Boyer et al. [30].

ytyon +m
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3250 B MARK—II (SLAC)
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225F
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100 -

T5¢F
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FIG. 6. The total cross section for y y — 7™ 7~ as a function
of the c.m. energy W,, = +/f including the high-energy region
dominated by the f, resonance. Data are from the collaborations
MARK-II [30], CELLO [31], and BELLE [32]. The error bars show
only the statistical errors. Further notation is as in Fig. 5.
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yry-sn+n
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G, (|cos(8,,)]<0.8) (nb)

0.2 0.3 0.4 0.5 0.6 0.7 0.8
W, (GeV)

0.0

FIG. 7. The total cross section for y y — 7° 7” as a function of
the c.m. energy Wy, = +/f in the low-energy region. The data are
from Marsiske et al. [33]. Further notation is as in Fig. 5.

S-wave amplitude [see Eq. (32)]. We note that all the results
are obtained with an energy-independent coupling constant
gV(M‘z,). The same results are shown over a larger energy
region in Fig. 6. The f, resonance contribution is clearly
visible near W, = 1.2 GeV. However, the contribution of
this resonance to the polarizability is very small, as has been
noted before.

The corresponding results for the yy — %7 cross section
are shown in Fig. 7. For this reaction the differences among
the models are much more pronounced, and at energies above
the f, resonance the discussed method fails completely, most
likely because of the inelasticities due to more-pion and heavier
systems. To highlight the importance of the vector mesons,
Fig. 8 presents the results of the previous figure without
the vector meson contributions. A correct unitarization of
the full amplitude will be required to describe the higher-
energy region. Such a more consistent treatment has been

yry-snl+n’
30

25 ¢

20

G, (|cos(® )] <0.8) (nb)

0.2 0.3 0.4 0.5 0.6 0.7 0.8
W, (GeV)

FIG. 8. The total cross section for y y — 7% as a function of
the c.m. energy Wy, = +/7 in the low-energy region, as in Fig. 7 but
obtained by unitarization of the Born terms, i.e., neglecting the vector
meson contributions. The data are from Marsiske ez al. [33]. Further
notation is as in Fig. 5.

065211-9



B. PASQUINI, D. DRECHSEL, AND S. SCHERER

TABLE VI. The backward polarizability &« — 8 of the charged
and neutral pions in units of 10~* fm>. The results are obtained
by unitarization of the 7-channel Born amplitude as well as
the generalized Born amplitude and from the s- and u-channel
contributions of vector mesons in the narrow-width approximation.
The contributions of the isospins / =0 and [ =2 are given
separately. The last column gives the sum of the vector meson and
dispersive contributions, as obtained from the generalized Born
amplitude.

oa—p Born Gen. Born  Vector mesons ~ Sum

I1=0 [=2 I=0 I=2 I=0 [1I=2

7t 5.65
0 5.65

—-0.69 630 —-0.54 —0.065 O 5.70
1.38 6.30 1.10 —0.30 —-0.47 6.62

developed, for instance, in Refs. [25] and [26]. The large
model dependency for the neutral pion channel has also
been observed in the recent work of Oller and Roca [27].
Finally, we present our predictions for &« — § in Table VI, as
obtained from unsubtracted DRs. The value for the charged
pion is in excellent agreement with ChPT, whereas we fail
to get close to the ChPT prediction for the neutral pion. In
view of the previous figures, this result is not too surprising.
Whereas our unitarized amplitude describes the w* cross
section quite well up to energies of about 2 GeV (see the
solid lines in Figs. 5 and 6), the corresponding results for
the 7° cross section are unsatisfactory (see the solid lines
in Figs. 7 and 8). A comparison of the two latter figures
shows the large dependence on the background from meson
exchange. Furthermore, the results for the 70 cross section
from unsubtracted DRs do not describe the data for energies
above 500 MeV. A much better description of the data is
obtained by the subtracted DR with the subtraction constant
as predicted by ChPT at the two-loop level [28] (dashed line
in Fig. 7).

V. CONCLUSION

The polarizabilities of the pion are elementary structure
constants and therefore fundamental benchmarks for our
understanding of QCD in the confinement region. Moreover,
these polarizabilities have been calculated in ChPT to the
two-loop order with an estimated error of less than 20%. It
is therefore disturbing that predictions based on dispersion
theory [13] yield o+ — B+ in the range of 11-15, whereas
ChPT [6] predicts 5.7 & 1.0, all in units of 1074 fm>. This
discrepancy originates from huge contributions of intermediate
meson states in the approach of Ref. [13]. In particular, the o
exchange in the f channel provides about 10 units for both neu-
tral and charged pions. For neutral pions, this o contribution
is canceled by vector mesons, notably @ exchange yielding a
value of —13, with the result of a0 — S0 & —3. The large
positive value for charged pions results because (i) the w does
not contribute in this case and (ii) axial vector mesons provide
additional positive contributions of about 4 units. In ChPT,
on the other hand, the vector mesons enter only at O(p®)
through vector meson saturation of low-energy constants.
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They are usually treated in the zero-width approximation and
estimated to yield a much smaller effect for the polarizability,
e.g., the w contributes only about 1 unit to the neutral pion
polarizability [22,28]. The apparent discrepancy between the
two approaches can be attributed to the specific forms for
the imaginary part of the Compton amplitudes [12,13], which
serve as input for the dispersion integrals determining the
polarizability at the Compton threshold (s = m?, t = 0). To
quantify the strong model dependence of this procedure, we
studied six different analytical forms including the model of
Refs. [12] and [13]. We recall that all these models are fitted
to the same masses and widths of the exchanged mesons,
and in this sense they represent the experimentally known
information in the same way. Concentrating on the important
o meson and the forward polarizability, we find from Table III
that the models A0, BO, and CO (with a constant coupling
strength) predict a contribution of about 0.7 for the sum of
the s and u channels, in reasonable agreement with Refs. [22]
and [28]. The energy dependence of the coupling constant in
models A, B, and C leads to an unphysical left cut (see Fig. 3)
and increases the contribution to the real part by a factor
M, /m = 7. However, all the models agree if only the right cut
is accounted for. If we now turn to the backward polarizability,
we expect from Eq. (25) that the paramagnetic dipole transition
involved leads to a mere sign change compared to the forward
polarizability, as is indeed reproduced by the real part in
Table IV. However, the right-cut integral has increased to large
absolute values. As a consequence, the dispersion integral
over the right cut from two-pion threshold to infinity does
not converge to a (plausible) continuation of the real part to
the Compton threshold. The missing contributions to yield the
real part are provided by unphysical features of the models.
We conclude that the strong singularities in the form of poles
(e.g., photon-pion “bound states”) or unphysical cuts on the
first Riemann sheet are disturbing, because they violate the
basic prerequisites of dispersion theory. For this reason we do
not see any conflict between dispersion theory per se and
ChPT. Of course, this does not exclude the possibility of
unexpected higher-order corrections in ChPT. However, our
present knowledge on vector mesons and their coupling to the
electromagnetic field does not indicate such large higher-order
effects.

The arguments about the o exchange in the ¢ channel are
more subtle. In Sec. III we used the parameters of Ref. [11]
which put the pole position at M, = (0.547 — 0.6021) GeV.
The more recent analyses of pion-pion scattering find such
a resonance at M, = (0.441 — 0.2711) GeV [29] and M, =
(0.456 — 0.2411) GeV [27]. Its large width of at least 500 MeV
and low mass (only about 300 MeV above the two-pion
threshold) lead to a complicated line shape. However, we
consider it dangerous to model this resonance with 1//t
factors [11] because of the divergence exactly at the point¢? = 0
where the polarizability is determined. Instead we prefer the
method outlined in Sec. IV, which follows Ref. [22] and also
previous calculations using 7-channel DRs to determine the
nucleon’s polarizability [19]. In this way the amplitudes are
directly constructed from the pion-pion phase shifts, at least in
the region below the four-pion threshold. Our numerical results
yield an S-wave contribution of about 6 units for both charged
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and neutral pions, that is, only half of the value predicted for
the o contribution by Ref. [11].

Our calculations based on unsubtracted DRs for the
Compton amplitudes are in reasonable agreement with ChPT
for the charged pion, whereas some agent is missing to reduce
the backward polarizability of the neutral pion to the small
values predicted by ChPT. Contrary to the charged pion, the
neutral-pion cross section is not well described by unsubtracted
DRs, and therefore no reliable prediction for a0 — B0 is
possible at present. The open questions in this field deserve
further studies along the lines presented in recent and ongoing
work [27,29]. At the same time also new and independent
experimental information and improved analysis of existing

PHYSICAL REVIEW C 77, 065211 (2008)

data are necessary. We repeat that the polarizability of the
pion is a fundamental benchmark of QCD in the realm of
confinement. It is therefore of utmost importance to clarify the
yet existing discrepancies among the predictions of experiment
and theory.
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