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Tensor meson production in proton-proton collisions from the color glass condensate
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We compute the inclusive cross section of f, tensor-meson production in proton-proton collisions at high
energy. We use an effective theory inspired from the tensor-meson dominance hypothesis that couples gluons to
f> mesons. We compute the differential cross section in the k,; factorization and in the color glass condensate
formalism in the low density regime. We show that the two formalisms are equivalent for this specific
observable. Finally, we study the phenomenology of f, mesons by comparing theoretical predictions of different
parametrizations of the unintegrated gluon distribution function. We find that f,-meson production is another
observable that can be used to put constraints on these distributions.
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I. INTRODUCTION

High-energy hadronic collisions are complex phenomena
that combine many-particles physics and quantum chromo-
dynamics (QCD). Making predictions for the production of
particles in these reactions involves the understanding of both
hadron wave function and processes of particle creation. Many
advances have been made in the past few decades in those
areas through the application of perturbative QCD (pQCD)
to the description of experimental data. The pQCD analysis
relies generally on factorization schemes such as the collinear
factorization and the k, factorization. Different procedures
are implemented in these approaches to improve the pertur-
bative expansion by resumming infrared divergences. Many
observables are well described by QCD factorizations. For
example, k, factorization was used successfully to compute
heavy-quarks production in proton-antiproton collisions [1-9]
while collinear factorization is one of the main computational
tools for deep inelastic scattering and for a number of other
applications [10,11]. The main difference between the two
formalisms is their range of validity. The k, factorization
is used to describe semihard processes characterized by
the typical momentum transfer © obeying AéCD L Pt Ls
(where Aqcp is the QCD scale and 4/s is the center-of-mass
energy) while collinear factorization is used to describe hard
processes with AéCD L pt~s.

Some time ago, new ideas were developed to take into
account effects due to the recombination of gluons in nuclei at
very high energy (or small-x) [12—16]. These saturation effects
introduce a new scale called the saturation scale Qg at which
the probability of gluon recombination becomes important. A
naive estimate of Q; shows that it depends on the momentum
fraction (x) and the number of nucleon (A) in such a way
that Qf ~ A%x~* [14,15]. The exponents § and A can be
determined from experiments and theoretical calculations. At
small enough x or large enough A, the saturation scale becomes
hard (QF > Adp) and weak coupling techniques can be
used. The color glass condensate (CGC) formalism includes
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these saturation effects in a semiclassical way [12—16]. More
precisely, it resums the large order contributions coming
from the gluon cascades in the regime where AéCD L ur<

0? < s.Inproton-proton (pp) collisions at Relativistic Heavy
Ion Collider (RHIC) energy (with Qs < ), saturation can be
neglected and collinear or k; factorization can be used in
the calculation of observables. It is interesting to compare
the predictions of CGC and factorizations in that regime. For
heavy-quark production [17] and gluon production [18,19],
the CGC in the low density limit and k, factorization are
equivalent in pp collisions. We show in this article that this
also holds true for tensor-meson production.

In this study, we focus on the production of f,(1270),
the lightest spin-2 meson. It is a bound state of light quarks
(u or d) and antiquarks. It has a mass of 1.27 GeV, a decay
width of 185 MeV, and quantum numbers of I¢(JPC) =
07 (2**) [20]. This particle was studied in the past using dif-
ferent methods such as the chiral perturbation theory [21-23]
and the effective field theory method [24]. Another approach is
to use the tensor-meson dominance (TMD) hypothesis, where
one assumes that the energy-momentum tensor form factor
are dominated by the exchange of a f, meson. The idea of
TMD was first applied to phenomenology by Renner [25,26] to
describe the tensor-meson exchange channel in pion-nucleon
scattering. This idea was then used in many other applications
[27-35]. Borrowing ideas from the TMD hypothesis, namely
the coupling of spin-2 mesons to the energy-momentum
tensor of strongly interacting matter (including quarks, gluons
and hadrons), we show how the inclusive cross section of
f>» mesons can be computed in proton-proton collisions at
RHIC and at the large hadron collider (LHC). This type
of coupling is used in Ref. [34] and in Ref. [36] for the
computation of the f, decay rate into photons and pions. In
Ref. [36], the authors compute successfully (within experi-
mental error) the decay rate of f, into two photons using
AdS/QCD. To obtain this result, they must include both
the gluon and quark contributions to the energy-momentum
tensor. In this article, we consider only the gluonic part of the
energy-momentum tensor because the hadrons in high-energy
collisions interact mostly through gluons. More precisely, we
study the process where the interaction of two gluons coming
from different nuclei interact and produce one on-shell f,
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meson because this should be the dominant process at high
energy.

We consider only the case of pp collisions and discuss
briefly the case of proton-nucleus (p A) collisions. For nucleus-
nucleus (AA) collisions, the total number of f, mesons
produced should be important but most of them cannot be
detected because they will decay inside the medium created
by the collision. This can be seen as follows. Our analysis
shows that tensor mesons are created during the first instants
of the collision (r < 1 fm/c), when the system is still out
of equilibrium and well described by strong classical fields.
RHIC data indicate that from about 1 to 10 fm/c, a thermalized
medium exists. The mean lifetime of f, mesons is about
1.1 fm/c, which is smaller than the lifetime of the medium.
Moreover, the probability that these particles can travel longer
than the size of the system is very small unless their momenta
satisfy |k| > M. This is unlikely at the RHIC energy because
the f, mesons are created by small-x gluons, which have rather
small longitudinal momenta. Thus, the f, mesons created
in AA collisions would mostly decay inside the medium
and their decay products rescatter, losing correlation. In that
sense, most tensor mesons produced should be unobservable in
A A collisions unless they are produced at the surface. This can
be seen experimentally in the invariant mass distribution where
the f, signal is essentially nonexistent [37]. This is not the case
for pp and p A because no medium is created and the particles
obtained from f, decay can escape without rescattering. For
these reasons, our present analysis can be applied only to pp
and pA collisions.

This article is organized as follow. Section II is dedicated
to the statement of the spin-2 tensor-meson effective the-
ory. We use an effective free Lagrangian describing spin-2
particles dynamics that is similar to Kaluza-Klein modes
in extradimensions studies. The f, interacts with strongly
interacting matter through the energy-momentum tensor. In
Sec. III, the computation of the cross section at leading order
in perturbation theory using & factorization is performed. The
process considered is the tree-level interaction of two gluons
giving one f>. In Sec. IV, the same calculation is done using
the CGC. We start by deriving a reduction formula relating the
cross-section production to a correlator of energy-momentum
tensors that can be evaluated using the CGC formalism. We
use the solution of the gauge field in covariant gauge at
leading order in the color charge densities to evaluate the cross
section. The two formalisms are then compared and shown
to be equivalent in the limit of low densities (dilute systems).
In both cases, the production cross section is related to the
unintegrated gluon distribution functions of the two protons.
Section V is devoted to the phenomenology of f;-meson
production at RHIC. In that section, the predictions of standard
parametrizations of the unintegrated distribution function are
compared.

Throughout the article, we use both light-cone coordinates
defined by

N e R il "
o NG
and Minkowski coordinates. We also use the metric convention
M = (1, =1, =1, = 1).
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II. EFFECTIVE THEORY

In our approach, the tensor meson couples to the rest of
the strongly interacting matter through the energy-momentum
tensor. The energy-momentum tensor is a conserved current
that has the same quantum numbers as tensor mesons, SO
a coupling of this type is natural. The effective interaction
Lagrangian describing the interaction of gluons, quarks, and
hadrons with tensor mesons is given by [34,36]

1 v 1 v
ﬁinl(x) = ;fw(x)Tg’fuom(x) + K_fMV(x)qulearks(x)
q

1 1
+ - fu,v (x)Thadrons(x)’ (2)
Kh

where f},, is the symmetric spin-2 tensor field; ¥ and «p, are
the coupling constants; and Ty quarks hadrons 21€ the energy-
momentum tensors of gluons, quarks, and hadrons, respec-
tively. This type of interaction preserves all the symmetries
of the matter Lagrangian by construction. For simplicity, we
consider only one species of tensor meson, namely f>(1270).
Generalization to include other species such as the f;(1525) is
straightforward. Note also that in this theory, the coupling
constants k and kg, are free dimensionful (dimension of
energy) parameters that need to be fixed by experiments. It
is possible to fix their value by assuming that they are the
same (k = Kq = ky,). Within this assumption, the hadronic
and partonic sectors of the theory couple to tensor mesons
in the same way. Then, k can be fixed using the f, pions
decay data and one finds that ¥ =~ 0.1 GeV [30,34,36]. The
approach favored in this article differs from this because we
do not assume that the coupling constants are the same, that is
K # Kkq # k. The value of the coupling will be evaluated by
comparing our results with experiments (see the last section
for a comparison with STAR data).

For a physically consistent formulation of f, tensor
Lagrangian, we borrow from recent developments of Kaluza-
Klein theory and write the following free Lagrangian describ-
ing spin-2 particles dynamics [38,39]

Liree(x) = =5 [ ()07 + M?) fun(x)
+ 3 FLO% + M) f2(x) — (%), f1 (x)
+ f1 ()30 f7 (). 3)

The first term of the Lagrangian is the usual kinetic term while
the other terms are necessary to have the right number of
degrees of freedom. This will be discussed in more details in
Sec. IV A.

This Lagrangian describes a low-energy effective theory
for tensor-meson dynamics. Therefore, its domain of validity
is restricted to a certain energy domain which is of the order of
the mass of f, mesons because it is the only scale appearing
in the problem. Although this cannot be proven rigorously, the
results obtained from this theory should be taken with caution
at very high transverse momenta.

In high-energy proton-proton collisions, it is well-known
from parton distribution functions that gluons dominate the
cross section, so the main contribution to f, production comes
from the gluonic sector of the theory. The energy-momentum
tensor of gluons can be obtained from the Yang-Mills
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Lagrangian by varying the metric. It is given by

T htaons ) = 38" Gopa(0)GIP (x) — G4, ()G (x),  (4)

gluons

where
GIY(x) = 3" AL (x) — 0" AL (X) + g fupc A (N)AL(X)  (5)

is the usual field-strength tensor and A/ is the gauge field of
gluons with color index a. The Feynman rules associated with
this Lagrangian are presented in Appendix A. This effective
theory can now be used to compute the cross section of f,
production in high-energy pp collisions.

II. f,-MESON PRODUCTION CROSS SECTION FROM
PQCD

In this section, the f>-meson cross section in pp collisions
is evaluated in the k| -factorization formalism. This formalism
can be used when the collision is semihard, meaning that
AéCD &« u? < s, where /s is the center-of-mass energy,
Aqcp ~ 200 MeV is the usual QCD scale, and wu is the
typical parton interaction scale. The parton interaction scale
is related to the transverse mass of the produced particles
wr~ M?* = M?> + i3,

One of the most important point for the validity of
the present approach is the existence of a hard scale. It
guarantees that the semihard inequality described above is
satisfied at small tranverse momentum. In our case, this
scale is the mass of f, given by M = 1.27 GeV. Clearly,
for large-enough transverse momentum, it is possible to use
k) factorization because we have AéCD <L w? K s. At very
small transverse momentum, this inequality is only marginally

. 'LLZ
satisfied (-5
AQCD

is a good approximation in that regime. In this article, we look
at the whole range of transverse momentum for f, production.
For very small transverse momentum |k, | < 2-3 GeV, the
/> production spectra should be regarded as an extrapolation
of the perturbative result to a region where k, factorization
cannot be rigorously proven.

In that sense, the f,’s observed at RHIC and LHC
should be produced from semihard processes, unless they
are measured at transverse momentum of the order of the
center-of-mass energy (|k | ~ +/s). Moreover, these processes
occur at small-x (x ~ Mf_ /s < 1), where the collinear fac-
torized perturbation theory is spoiled because of logarithmic
terms like [In(u?/Adep)es]”, [In(u?/ Adep) In(1/x)e]" and
[In(1/x)as]" [1-4]. The essence of k,; factorization is to
resum these “large-logs,” leading to a description in terms
of the unintegrated gluon distribution functions ¢(x, k , u?).
These functions give the probability to find a gluon with
longitudinal momentum x and transverse momentum k; at
the scale uz [1,2].

Although & factorization has not been proven rigorously
for f, production, it is, however, analogous to the heavy-quark
production studied in Refs. [1,2] and to Higgs production
studied in Ref. [8]. Moreover, as shown in Sec. 1V, the
CGC can be used to justify this approach because the two
formalisms give the same cross section. This is similar to the
work described in Ref. [17], where it is shown how to recover

~ 30), so it is not certain that k£, factorization
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k| factorization from the CGC formalism. For these reasons,
using k, factorization for f, production at RHIC and LHC
energies is justified.

A. Cross section in k; factorization

The inclusive cross section in the k| -factorization formal-
ism is given by [6-8]

3 dopr— X
2n)Y2E ——
@)y 2E—qr
1 d.X] d.XQ dqudzpl
=16 2 et Shetdd’s w4 L , 2’ 2
i /0  n / 2ny ¢1(x1, pLs %)
5, ; do8'8 = X
X (X2, g7, 1) (2m) ZEkT, 6)
where
3 dag*g*%fz 1 g =12 4 04
(2m) 2EkT=g|M 1°2m)*6 (p+q — k)

)

is the high-energy limit of the cross section for off-shell
gluons g* to on-shell f>, § = x;x,s is the k -factorization flux
factor [1,2], x;» are momentum fractions of the gluons and
Pr2(x12, k1, u?) are unintegrated gluon distribution functions
of proton 1 and 2. The unintegrated distribution functions are
related to the usual parton distribution functions of gluons
(appearing in collinear factorization) by

2

w
/ did ¢ (x, k7, 1n?) ~ xg(x, u?), 8)
0

where g(x, %) is the usual gluonic parton distribution function
in collinear factorization.

B. Kinematics and matrix element

To compute the production cross section of f, mesons, the
high-energy limit of the lowest-order matrix element between
two off-shell gluons and one on-shell f, has to be calcu-
lated. The Feynman diagram included is shown in Fig. (1).
It can be evaluated by using the Feynman rules presented in
Appendix A. The main difference with usual pQCD calculation
is in the average on polarization of off-shell gluons. In k

P Parton 1
’ f
q k ’

Q Parton 2

FIG. 1. Feynman diagram included in the lowest-order calcula-
tion of f, production in the k, -factorization formalism. Two partons
with momenta P and Q, each part of proton 1 and 2, emit two oft-shell
gluons with momenta p and g. The gluons combine to produce a f>
meson with momentum k.
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factorization, the polarization tensor obeys [1,2]

pLPL

J_

Ze;‘*‘(mq(p) ©)

where pi = (0, p1,0). The sum over polarizations differs
from the usual result because we are considering off-shell
gluons with a virtuality given by p? = — pi. The exact form
is due to the coupling of gluons to partons through eikonal
vertices as well as gauge invariance and Ward identities [2].
In the center-of-mass frame, the four-momenta of protons
moving in the £z direction in Minkowski coordinates are

p=<f 0.0, f) and Q=(§,0,o,_§). (10)

The momenta of gluons in the large-energy limit (|p_ |, |g1| K

/s) are simply
xlﬁ xlﬁ )CQ\/E XQ\/E
p=\—F—rr— and g = 5 AL T )

(1)

The f> meson is on-shell and its momentum satisfies k> = M?.
The matrix element for f> production is

|Mg*g*ﬁfz|2

— Z Z |Tg*g*—>fz|2

a,b AN\

(N2 — 1
PipPlnqisqL
— — ;.wotﬁ(k) P n 0'2 Y

' (N2—1) Pl q;

x VI (k, q, p)[VEP" (k. q, )], (12)

where a, b are color indices, N, is the number of color, and
VP (k, q, p) are vertices defined in Appendix A, and the
spm -2 projection operator is defined as

Yl ®] ek

A

P;wpa(k) =

1, 1. 1,
= (Egupg\)a + Eguogv,o - gguvgpa)k (13)

with 8, = g — k.k,/M?.

By working out the contractions, the above expression can
be simplified further (with p* and ¢~ signifying the light-cone
energies of partons) and it gives

|Mg*g*—>fz|2
(ptq™)? H"(pL,q )H (p1,q1)
= = Puvep(k)—= — . (14
(N2 = 1)« pigl

where we defined H|""(p1, q.) as

HYpi,q) =—-HP(p1,9) =q'p' —¢*p*, (15
H(pi.q)=H(pr.q)=4q'p*+4¢*p'. (16)

All other components of H|" are zero.
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C. Cross section

Once the matrix element is known, it is possible to evaluate
the differential cross section. Using the kinematics [Eq. (11)]
and the § functions, the integrations over x; » can be easily
done. The k -factorized differential cross section is

@ )32E doPr— hX
b4
a3k
Puap(k) [ d*qud’p
=167 (N;U_ﬂl)’cz (Zln)“ L(271)252(1& +q1 — ki)
C

X ¢1(xp, pl, n)ba(x—, g1, 1)
H (PLvQL)H (PLvQL)
qul

; a7

where x; = LS[Ek £ k.]. This is one of the major results
of this article. It relates the production cross section of f;
mesons to the unintegrated gluon distribution function. The
phenomenology of this equation and its derivation from the
CGC formalism are studied in the next sections.

D. Limit of collinear factorization

The procedure to recover collinear factorization cross
sections from k, factorization is well known [1,6,7,17] and
will serve as a consistency check for Eq. (17). The limit
[p1l,1g1] — O has to be taken in the matrix elements and
the integration on the azimuthal angle has to be performed.
The last step is to use the relation Eq. (8) to perform the last
integral and relate the unintegrated distributions to the collinear
distributions.

For the case of f, production, the integration on azimuthal
angles of the p, , g -dependent part of the matrix element is

/hd@ doy, lim P (k)va(pL’QL)Hiﬂ(PL,qL)
o P g0 P ]

= 8x2. (18)
Combining this result with Eq. (8) and Eq. (17), the cross
section becomes

pp—> 2 X

do
2 32E coll.
@)y 2E— s

22 M?
N (N2 = 1)k2s
which is exactly the same as the expression computed in

the collinear formalism in Appendix B [see Eq. (B6)]. Thus,
Eq. (17) has the right collinear limit.

Qr)*8* (k)G (xp, u)G(x_, n?), (19)

IV. PRODUCTION OF f; MESONS FROM THE CGC

In collisions at very high energies, the wave function of a
nucleus is dominated by soft gluons (small-x where x is the
momentum fraction). The CGC is a formalism that describes
the dynamics of these degrees of freedom in the limit of the
large center-of-mass energy. In this approach, hard partons that
carry most of the longitudinal momentum, and soft gluons that
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have a small longitudinal-momentum component, are treated
differently. Hard partons act as sources for soft gluons and
are no longer dynamical degrees of freedom. The occupation
number of soft gluons is large because of the emission
enhancement at small-x, hence classical field equations can
be used to understand their dynamics (for reviews of CGC, see
Refs. [14-16])).

In the CGC picture, computing a physical quantity involves
two main steps. The first one is to solve for the gauge field
using the classical Yang-Mills equation of motion

[Dy, F*" ()] = J"(x), (20)

where the current J(x) = 8" 8(x7) p1.4 (x1) + 37 8(x™T)
02.4 (x 1) represents random static sources localized on the light
cone [14,15]. In that case, p; 2(x ) are color charge densities in
the transverse plane of protons 1 and 2, respectively. The next
step is to take the average over the distribution of color charge
densities in the nuclei with weight functionals W, »[p; 2] that
include the dynamics of the sources. For any operator that
depends on the color charge densities, either directly or via the
classical gluon fields, this average can be written as

(0) = /DmDpZO[pl,pz]wl[xl,pl]wz[xz,pz]. 1)

Computing the weight functional is a highly nonperturbative
procedure so it usually involves approximation based on
physical modeling. In the limit of a large nuclei at not too
small x (0.01-0.1), it can be approximated by the McLerran-
Venugopalan (MV) model, which assumes that the partons are
independent sources of color charge [12,13]. In pp collisions,
these approximations fail and the MV model cannot be
used. Thus, a more phenomenological approach based on
unintegrated distribution functions is better suited and is used
throughout this article.

One important ingredient is missing for the computation of
f>-meson production cross section. It is necessary to have a
relation between the cross section and a correlator that can be
evaluated using Eq. (21). This is done in the next section by
deriving a reduction formula for our effective theory.

A. Reduction formula for the effective theory

The production of tensor mesons from the CGC can
be calculated from a reduction formula derived from the
Lagrangian Eq. (3). The first step is to compute the equation
of motion of the tensor field f,, given as usually by L, (x) =
% = 0. By using Lﬁ, o*L,, and 99" L,,, it is possible
to put constraints on L, so that it looks like a Klein-Gordon
equation (see Ref. [38] for details). This procedure is very
similar to the case of a massive vector field described in
Ref. [40]. The following equation of motion is obtained
[note that for the simplicity of this derivation, we chose only
the coupling to one type of particles so that the interaction
Lagrangian looks like % Suw()TH"(x), the case with the
Lagrangian given in Eq. (2) can be similarly dealt with]

1
(3 + MP) fn(x) = —0(), (22)
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where
3,00y T)(x)
O (%) = Ty (x) — <# + gw> ,,3 ; (23)
as well as the following two constraints:
0TI (x) TO(x)
" frv(x) = YV and f)(x) = BT (24)

These constraints ensure that five degrees of freedom in f),,
are eliminated in a covariant way. Therefore, this group of
equations describes a spin-2 field with only five propagating
modes in the free-field limit. Note that the source term ®,,
consistently satisfies

O)0) = — 5130+ MITLC) 25)
and
3@, (x) = —#(32 + M*)3,T!(x). (26)

These equations can also be interpreted as operator equa-
tions in the quantized theory. They determine the dynamics of
the field operator in the Heisenberg representation. Because
the equation of motion Eq. (22) is linear in f,,, the general
solution can be easily obtained. Taking the Fourier transform
of space coordinates only, the solution of the field operator is
given by

" N 1 [ ~
St k) = fi9, k) + - / dt' Gt — 1/, K) ©,, (1, k),

27)

where f F(L%)(t, x) satisfies the free field equation and the retarded
Green function in the mixed ¢ and Kk representation is
sin(Eyt)

k

Gret(tv k) =

o(t). (28)

It can be easily shown in momentum space that the solution
fuv obeys the constraints in Eq. (24). Therefore, this solution
obeys the requirements of spin-2 particles and describes the
right dynamics.
The inclusive cross section is related to the average number
i of f, produced. In terms of creation and annihilation
operators, 71 is given by
3 dl’_l .. ALT AN ..
(27) 2Ekﬂ = Z (init] (@), (%) linit) . (29)
A
where A = 0, =1, £2 are the polarization of the spin-2 tensor
field. Here |init) specifies a quantum state at t = —oo and the
subscript “out” specifies that the operator is to be evaluated
att = 0o. As t — 00, we expect that the density of particles
will become low and the fields become asymptotic. We start
by writing the annihilation operators in terms of the field (we
take the wave function normalization to be Z = 1)

(@) o = Jim [en, (O] [Ecf" (. k) +id, /(2. K)] . (30)

where the polarization tensor eﬁv is traceless and transverse
and satisfies

(el ()" €l (k) = 8. 31
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The creation operator can be written down analogously. Using
Eq. (27), we then get

(&l)g)out = t1~l>r§o (&éeiiEk,)free
. t
+lim = [ di'e B (e () Ot K),
=00 K J_o
(32)
where we used Eq. (28) to get
iGraa(t, K) + ExGrei(t, k) = ie P10(0). (33)
Here,
(@), = [ O] [E V010 + 8 7O 1 10]
(34

describes the time evolution of the initial tensor-meson popu-
lation. Equation (32) is a reduction formula for f, production.
To simplify the analysis, it is assumed that the initial state
contains no or little tensor mesons

(a5 4, Iimit) =0, (35)

which is a reasonable assumption for high-energy hadronic
collisions. The average number of f, produced is then simply

dn 1 A A
T = P00, 00, ().  (36)
where © po (k) 1s the Fourier transform of ¢) oo (x) evaluated at
the tensor-meson on-shell momentum. The projection operator
PH¥P? (k) is obtained by summing over polarizations and is
given by Eq. (13). The angular brackets (O) here indicate an
expectation value of O in the initial state. Due to the presence
of the projection operator in Eq. (36), the equation can be
further simplified. The partial derivatives in © wv Simply result
in factors of k, k, in the Fourier transform. This implies that in
Eq. (36), those partial derivative terms do not contribute due
to the transversality of the projection operator [ P#"*7 (k)k,, =
0] when k is an on-shell momentum. Furthermore, because
PHP9 is made up of egﬂ, it is also traceless in the sense that

() 2E;

P g, = P*P%g,, = 0. Hence the g, term in @),“ does
not contribute to this momentum distribution either. By making
these simplifications and by doing the same derivation with the
interaction Lagrangian Eq. (2), the following simple result is
obtained

di 1 A A
Q2B — = rkjP””p"(k)u;?w(k)T,-,,m(k)), (37)
ij !

where the indices are i, j = {gluons, quarks, hadrons}. This is
the main result of this section. It relates the average number
of f, mesons produced to a correlator of energy-momentum
tensors. This correlator can then be evaluated using any ana-
lytical or numerical methods. The average (...) depends on the
system studied. Looking at a plasma in equilibrium, it could be
computed using finite temperature field theory or the AdS/CFT
correspondence. However, as argued in the Introduction, tensor
mesons cannot be observed in A A collisions where the lifetime
of the thermalized medium is longer than the lifetime of f;
mesons. Therefore, these techniques are not pursued here
because we study pp (or, eventually, pA) collisions where

PHYSICAL REVIEW C 77, 055201 (2008)

no medium is created. In high-energy hadronic collisions,
the correlator can be evaluated using the CGC once T#¥ is
expressed in terms of the sources p; ». This is done in the next
section.

The result obtained so far is exact given the Lagrangian (3).
The only assumptions introduced in the calculation are:

(i) There are no tensor mesons in the initial state
(i) The tensor-meson content of 7" is ignored (T ;: 0]
(iii) The tensor mesons can be produced on mass shell.

The first assumption is justified by the fact that in high-
energy collisions, the number of tensor-meson component
in a nucleus before the collision is negligible. The second
assumption is more subtle as it does not appear explicitly
in this calculation. If this assumption is not made, the energy-
momentum tensor depends on f,,, through the hadronic sector.
This makes the equation of motion nonlinear, which is much
harder to solve explicitly. In a high-energy collision, the cross
section is dominated by gluons, so it is consistent to assume
that Tf" < Ty, s long as the f mesons are produced
in small quantities. Finally, the last assumption is that tensor
meson can be produced on-shell so that their spectral density is
p(M?) ~ 8(p* — M?). However, the f> meson is a resonance,
so the spectral density should be reasonably given by a Breit-
Wigner function p(M?) ~ T'/[(p?> — M?)*> + M>T'?] where
" is the decay width. Because M2 > I'?, we expect that
corrections due to the finite decay width can be neglected
and that we can approximate o(M*) ~T/[(p*> — M?)? +
M>T?%] ~ §(p* — M?).

Having expressed the average number of f, produced
in terms of a correlator of energy-momentum tensors, it is
possible to compute the cross section in the CGC formalism. In
high-energy collisions, we have that Tp,o.c > Ty Thadrons
so we can neglect the quark and hadronic contributions. Thus,
in the CGC, the inclusive cross section for f, production is
given by [17,41]

d
Q) 2E S

d3k
dii(b,)
= / d2zu(2n)3215dekL
1 2 fuv
= ppuvm(k) d°by | DpiDpaTyyens P, p2]
X Thvons L1 021 Wil p11Wal p2; b1 ], (38)

where b, is the impact parameter. The energy-momentum
tensor Tg’ﬁom is a functional of the source through the classical
gauge fields [see Eqs. (4) and (5) for the expression of the
energy-momentum tensor as a function of the gauge field].
From now on, we drop the subscript in the energy-momentum

rn—
tensor and we set T = Ty,

B. Calculation of the cross section and relation to &
factorization

In this section, Eq. (38) is evaluated explicitly to leading
order for pp collisions. The expansion parameters in a dilute
system like a proton are the weak color charge densities
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obeying p12/k?} < 1. The first step is to solve the Yang-Mills
equation. In a full solution, the gauge field would be a
functional in all orders of the color charge densities. However,
because the sources are weak (or equivalently, if the typical
transverse momentum is large [16,42]), the solution can be
truncated and the calculation can be done analytically. The
solution of Yang-Mills equation to first order in pj,/k?
was found in covariant gauge [8HA“(x) = 0] in Refs. [17,
19]. It is given by A*(k) = A} (k) + AL (k) + A}, (k), where
Al (k), A5 (k) are O(p;) and O(p,), respectively, but Al (k) is
O(p1p2). The explicit components of the gauge field are

T o) = 28k )p‘”(k“, (39)
L

Az ) = 2oy L), (40)
1

All the other components are zero. The field AY, gives a higher-
order contribution to the energy-momentum tensor correlator
(T (k)T*7 (k)), so it is not considered here. The leading-
order contribution to the energy-momentum tensor correlator
is O(p} p3) and that can come only from different combinations
of A and A% . A term containing A/, is at least 0(,01,0%) or
O(,o1§ ) In pr1n01ple terms of 0(,01) O(p ), O(plpz) and
O(p;j p2) can also be included but they do not contribute to
the cross section. They vanish when applying the projection
operator P#"P? (k) defined in Eq. (13). This is because the
only nonvamshmg components of 0(,01) 0(,03‘) O(p1 ,02)
and O(p}py) are THH T+ o §(k™) and T~ T F o 8(k™).
These are contracted with the components P~~~F(k)
and P****(k) and this cancels using the fact that the
metric components g*¥* = 0 and k*8(k*) = 0. Finally, the
non-Abelian part of the energy-momentum tensor can also be
neglected because it gives contributions of at least O(p; ,o%)
or O(,o1 pz) In summary, the leading-order contribution of
the energy-momentum tensor correlator in a dilute system
is given by the Abelian part of the energy-momentum tensor
computed with at least two gauge fields A}’s and two A}’s.
The Abelian part of the energy-momentum tensor in
momentum space is
d* 1
(27;)74 {Eg“”[—paac = P Apa(P)AG(k = p)

+ pulk — p)’ Apu(p) A%k — p)]
+ pa(k — p)* AL ()AL (k — p)
— palk — p)’" Al (P)AG(k — p)
—pk — p)* Aua(p)A,(k — p)

+ p'(k — p)’ Aa.a(p)Ag(k — p)}- (41)

TH (k) =

According to our previous discussion, the computation of
(T (k)T (k)) at leading order involves the evaluation of
correlators with four gauge fields that have the following
general form

d*pd*q o
(27’[)8 /ﬁfp/g/(p’ k’ q><A (p)Asz a(k - P)
x Afsr,b(‘I)Agl,h(k —q)), (42)
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where s; = 1 or 2 (and there is at least 2 of each type) and

lj‘,ff ;/U/ (p, k, q) is a function whose value is determined by the

Lorentz indices structure and the momentum factors appearing

in front of the fields inside the expression of 7" (k). We need
to evaluate the correlator
ALY kP @)

= (Al (DAL (k= P)AT (@A, ,(k — ) (43)

for all values of s; using the expressions of the gauge field in

Egs. (39) and (40). To leading order in p, », they are given by

A;wp

12k, P, q)

= 618" 7808 2m)*S(p IS — pHd(g ISkt — ¢ )

<pl (PP (P ks — pL)paslhs —g1))
piqi (ky — p1)*(ks —q1)?

(44)
A2k p.q)
= 88776767 @) 8 (p ISt — pIS(g TSk —q7)
(o1 (POPLHKL — q1)) (o3 ki — PIP26GL))
pl(ks —qu1)? gLtk = p1)’

(45)
AT (k. p.q)

= 518887 2y 8 (pT)S(k™ — pT)S(g ISk —q7)

(PlT,a(kL —pUp1plks —q1)) (P;a(Pl)m,b(QL))
(ki —p )k —qu1)? pigt
(46)
ATk p.q)

= 518 TSP TST2m) S(p TSk — p)S(g TSk — ™)
(o1 (ki — pP1LAGL)) () (PP (KL — q1))
g3 (ks — pi)? prkL —qu)? .

(47)

The averages separate into the average over each proton
because at this order there is no correlation between p;
and p,. The other possibilities such as A 122 and Az21.1
do not contribute because they give terms proportional to
8(k*)8%(k ). Because k> = M?, these & functions have no
support. From these expressions, we see clearly that the cross
section is related to averages of the sources like Eq. (21). The
averages can then be evaluated using any model available.
However, it is convenient for phenomenological applications
to first relate averages to unintegrated gluon distribution
functions.

These averages can be related to the unintegrated distribu-
tion function of k| factorization as follows [43,44]

(p;a(PL)pl,h(QL»
_ 4nSa <PL+C]L>2
-~ (N2-1) 2

pitq.1
x [ d*x e Prmaxs —d¢l ( 2 |xl) (48)
42
x|
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(pg,a(pi)pz,h(fu»
_ An*s. (pLtaq. ’
"ol 2
‘ d pitq.
< /dZyJ_et(leh)(yL+bﬂw, (49)
yi

where w are the unintegrated gluon distribution

. L . . .
functions per unit area. By definition, they are related to the
unintegrated distribution functions by

doi12(p1ly1)

) 50
2y, (50)

$r12(pL) = /dz)u
where the integration is on the transverse extent of the nuclei.
Combining all these results together, it is possible to
compute the cross section. The integration on the impact factor
[ d?b, in the definition of the cross section gives a § function
(2m)28%( p1 — q.)inthe second source average Eq. (49). After
a lengthy but straightforward calculation where we substitute
Egs. (44)—(47) in Egs. (38) and (41), we find that the cross
section is

doPr— X
212 ————
(27)°2E) Tk
P vap(k) d*q d*p
= 167" (N;V_BI)KZ (Zln)“ l(271)252(11& +q1 — ki)
C

H\"(pd, CIL)Hfﬂ(PL, q1)

piat

< ¢1(pl. 1) a(q7. 1?)
(51

This has exactly the same structure as the cross section
obtained in k -factorization shown in Eq. (17) but now it
is derived as the low density limit of CGC. The longitudinal
momentum fraction x dependence of the unintegrated dis-
tribution functions is introduced through quantum evolution.
The weight functions Wj »[p; 2] obeys a nonlinear evolution
equation in x, the JIMWLK equation [45-48]. This makes
the unintegrated gluon distribution function x dependent
#(q2, u?) — ¢(x,q2, n*) and Egs. (51) and (17) can be
compared.

V. PHENOMENOLOGY FOR PROTON-PROTON
COLLISIONS

Equation (51) [or Eq. (17)] can be used to study the
phenomenology of f, production and to study different
parametrizations of the unintegrated gluon distribution func-
tion. By contracting the indices of P,as(k)H)" (p1,q1)

Hiﬂ (p1,q.1), the cross section at midrapidity is given by
doPr— X

d?k.dy

y=0

1
T (V1) /dzhdzpml (. pl. )2 (x' a1, 1)

2w (N2 -1

PHYSICAL REVIEW C 77, 055201 (2008)

x 8% (ki — piL—q1)

K2 2L kD) + g (p kO]
y 1+_¢2+ [Pt(qr J_)4 ZIL(zlu 1] R
M 3M*piqy

M2+k2 . . .
where x’ = Tl As can be seen in this expression, the

precise measurement of the f, differential cross section is
a direct probe of unintegrated distribution functions. Unin-
tegrated distribution functions obey evolution equations like
the Balitsky-Fadin-Kuraev-Lipatov (BFKL) or the Ciafaloni-
Catani-Fiorani-Marchesini (CCFM) equations. Depending on
the physical model used or the approximations involved in the
solution of these equations, they can be parametrized in various
ways. To get an estimate of f, production that can be compared
with experimental data at RHIC, we use standard parametriza-
tions [9]'. The measurement of f> production can be used
to put constraints on models of the unintegrated gluon distri-
bution function by comparing the predictions of various ap-
proaches. In this article, we use the following parametrizations:

(i) DIG (derivative of the integrated gluon distribution
function). By ignoring that the unintegrated distribution
function depends on a factorization scale wu, it is
possible to invert Eq. (8) to get

dxg(x, u?)

2 9

53
G| (53)

poic(x, pl) =

where xg(x, u?) is the gluonic parton distribution
function.

(i) JB (J. Blumlein). The JB parametrization is based on a
perturbative solution of the BFKL equation [9,49]. In
this parametrization, the unintegrated gluon distribution
function is written as

! X X
bs5(x, 1, 1) =/ ng(Z,PJ_vﬂz)zg <;,u2>,

(54)

where g(x, u?) is the collinear gluon distribution
function and

G(z. pt. 1%
if pi<u?

%JO[ &sln(%)ln(g—a],
(55)
;;Tsilo[ &sln(%)ln(%)], it p? > .

In this last equation, Jy and I, are the Bessel’s and modi-
fied Bessel’s functions of the first kind, respectively, and
&, = 3a/m, where «; is the strong coupling constant
(og & 0.25).

(iii) CCFM. The unintegrated gluon distribution function
have been calculated numerically by solving the CCFM
[50-52] evolution equations using a Monte Carlo
method [53]. The initial conditions of the evolution

"We thank H. Jung for handing us his FORTRAN routine CAUNIGLU,
which evaluates numerically all of these parametrizations. It can be
found at http://www.desy.de/ jung/cascade/updf.html.
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equation are determined from a fit of the proton struc-
ture function F>(x, Q2). The result of this procedure for
many data sets is implemented in the routine CAUNIGLU
written by H. Jung.

(iv) KMR (Kimber-Martin-Ryskin). The KMR
parametrization is obtained by solving an evolution
equation similar to the CCFM equation. An
approximate solution to this equation on the whole
range of p, can be found by extrapolation. It leads to
an unintegrated distribution function given by [9,54]

HKMR (X, Pf_s Mz)

xg(x,ply) . 2 2
= if <
i PL < Plo

= (56)
2 2
gKMR();viPLvM) if pi 2pi(}’
where the function Gxmr (x, p?, u?) can be evaluated
numerically and the nonperturbative part, for p? <
P, ~ 1 GeV?, is given by the MRST collinear dis-
tribution function.

For numerical computations, we set the number of color to
N, = 3, the center-of-mass energy to /s ~ 200 GeV (RHIC),
and the mass of f, to 1.27 GeV. For the DIG parametrization,
we use the GRV NLN collinear gluon distribution function
and for the JB parametrization, we use the MRS collinear
distribution. These choices are the default distribution func-
tions implemented in the numerical routine. The numerical
results of the differential cross section at midrapidity for seven
different parametrizations at RHIC energy are presented in
Fig. 2. In Fig. 3, we present the results for the & -integrated
(for 0 < |k1 | < 4/s) differential cross section for the CCFM
parametrizations. All the numerical integrations are done
with the CUBA package [55] using both CUHRE and VEGAS
algorithms.

There are some qualitative differences between the predic-
tions of the different unintegrated distribution functions. As
shown in Fig. 2, the CCFM parametrizations decrease much
faster at large |k | than other parametrizations. Atlow |k |, the
shape of the curves is different, especially the parametrization

0.25

— CCEM J$2001
4 CCFM 12003 set 3
\ ---- CCFM A0

02 -~ === CCFM B0

DIG

, (GeV?)
|

o
=
5

«'do/dyd’k, |
S

— 20 25

10 15
Ik | (GeV)

FIG. 2. Numerical results of the differential cross section as a
function of transverse momentum |k | for different parametrizations
of the unintegrated distribution function at RHIC energy (/s =
200 GeV). The results are shown for midrapidity (y = 0).
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8 ; ; ; ; ‘
— CCFM JS2001
CCFM J2003 set 3 |
---- CCFM A0
el T -~ CCFM BO
)
2
[2) L B
“
2 - -
0 | | | I
0 1 2 3 4 5

FIG. 3. Numerical results of the differential cross section as
a function of rapidity y for the CCFM parametrizations of the
unintegrated distribution function at RHIC energy (/s = 200 GeV).
The transverse momentum k; has been integrated.

CCFM BO. These features give us a way to discriminate
between the unintegrated distribution functions. As seen in
Fig. 3, the parametrizations also lead to results that have
different magnitudes. However, there is still an uncertainty
on the overall magnitude because of the value of the coupling
constant that have to be fixed by experiments. We now discuss
this crucial point.

It is possible to compare our predictions to experimental
data to fix the value of the coupling constant . The STAR
collaboration has measured the production of f, mesons in the
invariant mass spectrum of pions in proton-proton collisions
at /s ~ 200 GeV and midrapidity [37]. The present data
only show the invariant mass distribution in the transverse-
momentum bin 0.6 GeV < |k | < 0.8 GeV. From the graph
presented in Ref. [37], it is possible to extract a rough estimate
of the average number of f, produced per collision. Taking into
account that the branching ratio of f, — w7 is BRy, .7 ~
0.85 [20], the average number of f, produced per collision is

_ 05 0.8 Gev ; . .
i=["0sdy [oscey dzkldz,‘f—@y ~ 0.0024. The total inelastic

cross section for pp collisions at /s = 200 GeV is Oipe ~
40 mb. Thus, we can convert the average multiplicity to a cross
section and we get that

~ /0.5 d /0.8 GeV d2k dﬁ
0O X 0; 1 y 1\~
" os 0.6GeV d’k, dy

~ (0.095 mb (experimental). 57

This is an estimation of the experimental result for the f,
production cross section.

We can then compute the integrated cross section & using
Eq. (17). The results are presented in Table I. This can then
be used to determine the value of the coupling constant «
and we find that depending on the parametrization used, « is
between 0.415 and 0.850 GeV. This is of the same order of
magnitude but much larger than x ~ 0.1 GeV obtained from
pion decay by assuming a universal coupling of f> to the
energy-momentum tensor of all strongly interacting particles
[34,36] or by tensor-meson dominance [30]. This implies
that the coupling of f, to gluons is much weaker than the
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TABLE I. Numerical result for the total integrated
cross section using different parameterization of the un-
integrated distribution functions. To compare with STAR
data, we integrated over 0.6 GeV < |k, | < 0.8 GeV and
—0.5 < y < 0.5. From this result, it is possible to fix the
value of the coupling constant «.

Parameterization Pats k (GeV)
CCFM JS2001 0.0767 0.558
CCFM J2003 set 3 0.142 0.759
CCFM A0 0.134 0.737
CCFM BO 0.178 0.850
DIG 0.0424 0.415
JB 0.0578 0.484
KMR 0.0708 0.536

coupling to pions. There are three reasons that could explain
this discrepancy. First, we are assuming that the f, meson can
be produced as a stable on-shell particle. Strictly speaking,
this is not the case because f> decays and form factors may
need to be introduced. Second, there are no justifications
a priori that the partonic sector should have the same coupling
constant as that of the hadronic sector. In that sense, it
is expected that the coupling of f, to gluons and hadrons
will be different. Finally, we are neglecting hadronization,
which can have a significant effect on the magnitude and
shape of production spectra. Nevertheless, once the coupling
constant is determined, all the curves presented in Fig. 2 and 3
become our predictions and can be compared to experimental
data.

VI. CONCLUSION

Using our effective theory based on a coupling between
the f, meson and the energy-momentum tensor, we were able
to compute the inclusive cross section of f, tensor mesons in
proton-proton collisions. This was done in the k -factorization
formalism and in the CGC formalism. We showed that in the
low density limit where the saturation effects does not have
to be taken into account, the result of the calculation of the
cross section in the CGC formalism reduces to the result of k|
factorization. In some sense, we use the CGC to “prove” Eq. (6)
for f, production. A rigorous treatment of factorization would
involve a separation between the long- and short-distance
dynamics using resummation and a reorganization of the
perturbative expansion at all orders. Of course, this is a hard
task to perform. In the CGC, the proof reduces solely to a power
counting in the color charge densities. This kind of result was
expected because it was shown in other explicit calculations,
namely for gluon [18,19] and heavy-quark production [17].

We also looked into the phenomenology of f,-meson pro-
duction in proton-proton collisions at RHIC. We computed the
differential cross sections for many different parametrizations
of the unintegrated distribution function. We used STAR
data to fix the coupling constant and found that it is larger
than in other approaches, even if it has the same order of
magnitude. These numerical results, although they should be
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supplemented by more experimental data, can be used for the
determination of the most accurate unintegrated distribution
function. This is very interesting because k; factorization is
one of the main computational tools for particle production
(like heavy quarks [1,2,5-7] and Higgs bosons [8]) in high-
energy collisions at RHIC, LHC, and Tevatron. Having a
consistent and precise unintegrated gluon distribution function
is a crucial element in this formalism. Up to now, the main
processes used to determine this distribution function were
heavy quarks, dijets, and gauge bosons production in pp and
electron-proton collisions [56]. Many improvements have been
performed to fit experimental data from these distributions, but
there are still many uncertainties, especially at small &k . This
uncertainty can also be seen in the variability of our numerical
results for different parametrizations because they essentially
lead to very different predictions. The f, production gives
another observable that can be used to put constraints on the
value of unintegrated distribution functions.

Throughout this analysis, we neglected hadronization that
could have an effect on f, production spectra. This can be
seen in pion production, for example, where some of these
effects are taken into account in the fragmentation function
[57-59]. The fragmentation function is dependent on the
transverse momentum of the meson and, thus, it is important
for the overall shape and magnitude of pion production
spectra. In principle, these kinds of effects should also be
taken into account in f>-meson production but to the best of
our knowledge, f> is usually not included in fragmentation
functions. Moreover, there are not much experimental data
that can be used to constrain f, hadronization models. For
these reasons, as a first attempt to compute f, production,
we use the effective theory described previously that leads to
a simpler formulation but that should be a good estimation
of the production processes. We are currently working on
the inclusion of some hadronization effects in n’ production,
which is simpler than f, and for which the form factor and
wave function were studied in the past. We will generalize
these techniques to f, production in future work to have a
quantitative estimate of hadronization effects.

Our work is also a starting point for further studies such as
the production of f, in proton-nucleus collisions. According
to the CGC picture, saturation effects should play an important
role in such processes and, thus, the f> could be used to look for
the initial state effects. In that sense, our calculation can serve
as a point of comparison for the presence and the magnitude
of these initial state effects. This is under investigation and
should be the topic of a future publication.
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APPENDIX A: FEYNMAN RULES

In this appendix, the Feynman rules for gluon- f, interac-
tions are presented. By referring to the interaction Lagrangian
Egs. (2), (4), and (5), it is easily seen that there are
three possible interaction vertices: gg — f>, 888 — f2, and
gggg — f>. However, the second and third ones are O(g)
and O(g?), respectively. They are not part of the leading-order
contribution, so they are not considered in this analysis. The
vertex gg — f> can be evaluated and is given by

Vi k, p, q)

i
= ;(2n>484<—k +p+9)8awlg"" 8" (q - p)

Y

+g"¢"(q - p)— g""¢°"(q - p)

-8"q"p" —¢"q"p° —8"q"p” — 8" q"p"
_"_gp(fq}l.pv +gp(7ql)p/t _"_g}l\)q,()p[f], (Al)
where k & O(100 MeV) is to be fixed by experiments. The
vertex has the following important property:

PV (k, poq) = . V1 (k, p,q) =0,

which is related to the conservation of the Abelian part of the
energy-momentum tensor. The external f, has the polarization
efw(k). The f, Feynman propagator is

(A2)

—i Puvplr([))

P M ic Ay

G;wpa(p) =

where P,,,(p) is the projection operator given by Eq. (13).

APPENDIX B: COLLINEAR FACTORIZED CROSS
SECTION

The tensor-meson production from pp collisions is inves-
tigated in this appendix using the usual parton model (the
collinear factorization formalism). This formalism can be
used when AéCD < ,u2 ~ s, where, again, s is the squared
center-of-mass energy, Aqcp ~ 200 MeV is the usual QCD
scale, and u is the typical parton interaction scale. At RHIC
or LHC energy, this inequality is recovered at very large
transverse momentum, when uz ~ Mi ~ s, which may not
be physically observable. However, it is interesting to make
the calculation using this method as a consistency check for
the k| -factorized formalism.

The cross section for f,-meson production in the collinear
factorization formalism is given by

; dopPr— X
(27)’2E; i
1 doss—rf
= / dx1dx2GP' (x1, Q1)GP(xs, Q2><2n>32EkW,
; ‘
(B1)

where GP'72 are the gluon distribution function of the two
protons, x;, are the longitudinal-momentum fraction (x =

+
Do . o .
Lpnon y “and Q2 is the factorization scale. The cross section for

hadron
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on-shell gluons to on-shell tensor meson (gg — f>) is

o oE o882
7'[ = —_—
T dk
1 ,
=7 ML P8k —p—q),  (B2)

where M8~ /2 is the matrix element for the process gg — f>
(see Fig. 1 and take on-shell gluons). The matrix element can
be easily computed to lowest order from the Feynman rules
described in Appendix A.

The matrix element squared is averaged over the degrees
of freedom of the initial state and summed over the degrees
of freedom of the final state. Once conservation of energy and
momentum are used, it is given by

A A

— 1 1 —J2
IMSTEP = o 2 21 1770
¢ a,b

4

M
GRS ™

where A, A/, and A" are the polarizations of the gluons and f>
mesons. This is obtained using the fact that for on-shell gluons,
the sum on polarization is

nyk, +n,k, nzkﬂklJ
n-k (n - k)?

— —8uv-

D enk)erk) = —guw +
A
(B4)

The replacement of the sum over polarizations by g,, (as
depicted in the second part of the equation) is possible only
because of the property (A2) of the vertex. The sum over
polarizations of f, mesons is given by Eq. (13).

The initial gluons do not have transverse momentum in the
collinear factorization formalism (p, = ¢, = 0). Then, the
momentum fractions are given by x; = 2% and x, = % and

we can write the four-momenta as

p= <x“/§,o, 0, xlﬁ) and g = (’Q‘/E

2 2 2 2

(B5)

0,0, —xzﬁ).

Using the expression for the matrix element and integrating
the longitudinal components with the § functions, the cross
section becomes

dopPr— X
d3k
2 M?

- W(Z”)Z‘Sz(’ﬂ”(% 0)G(x_, 0%). (B6)

2 )’2E;

The exact same equation was obtained by computing the
collinear limit of k; factorization, Eq. (19). Similar results
were obtained for n’-meson production [11].
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