PHYSICAL REVIEW C 77, 044302 (2008)

Analytical solutions of the Bohr Hamiltonian with the Morse potential
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Analytical solutions of the Bohr Hamiltonian are obtained in the y-unstable case, as well as in an exactly

separable rotational case with y = 0, called the exactly separable Morse (ES-M) solution. Closed expressions for
the energy eigenvalues are obtained through the asymptotic iteration method (AIM), the effectiveness of which
is demonstrated by solving the relevant Bohr equations for the Davidson and Kratzer potentials. All medium
mass and heavy nuclei with known g; and y; bandheads have been fitted by using the two-parameter y -unstable
solution for transitional nuclei and the three-parameter ES-M for rotational ones. It is shown that bandheads and
energy spacings within the bands are well reproduced for more than 50 nuclei in each case.
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I. INTRODUCTION

The recent introduction of the critical point symmetries
E(5) [1] and X(5) [2], which describe shape phase transitions
between vibrational and y-unstable/prolate deformed rota-
tional nuclei, respectively, has stirred much interest in special
solutions of the Bohr Hamiltonian [3], describing collective
nuclear properties in terms of the collective variables § and y .
Such solutions can describe nuclei in the whole region between
different limiting symmetries, while critical point symmetries
are appropriate for describing nuclei only at or near the critical
point, in good agreement with experiment [4-8].

Shape phase transitions in nuclear structure have been
first discovered [9] in the classical analog [10,11] of the
interacting boson model [12], which describes collective
nuclei in terms of collective bosons of angular momentum
zero (s bosons) and two (d bosons) in the framework of a
U(6) overall symmetry, possessing U(5) (vibrational), SU(3)
(prolate deformed rotational), and O(6) (y-unstable) limiting
symmetries. To visualize these limiting symmetries and the
transitions between them, it is useful to place them at the
corners of a symmetry triangle [13]. A similar triangle for
the collective model has been introduced [14]. In the IBM
framework, it has been found that a first-order phase transition
occurs between U(5) and SU(3), while a second-order phase
transition occurs between U(5) and O(6) [9]. Within the
collective model, X(5) corresponds to the first case and E(5)
to the second.

It has been known for a long time [15] that simple
special solutions of the Bohr Hamiltonian, resulting from exact
separation of variables in the relevant Schrédinger equation,
can be obtained in the y-unstable case, in which the potential
depends only on B, as well as in the case in which the potential
can be written in the separable form

u(B, V)=M(ﬂ)+%, ey
in the special cases of y ~ Qor y &~ 7 /6 [16]. An approximate
separation of variables has also been attempted for potentials
of the form

u(B,y) = u(B)+ uly), @

0556-2813/2008/77(4)/044302(13)

044302-1

PACS number(s): 21.30.Fe, 21.60.Ev, 21.60.Fw, 21.10.Re

in the cases of y ~ 0 [2] or y = 7 /6 [17]. A brief summary
of existing solutions is listed here.

(i) The E(5) critical point symmetry [1] is a y-unstable
solution, using as u(8) an infinite-well potential starting
from B = 0. Displacing the well from g = 0 leads to
the O(5)-confined beta soft [O(5)-CBS] model [18].
y-unstable solutions have also been given for the
Coulomb [19] and Kratzer [19] potentials, 8 m potentials
(n=1,2,3,4)[20,21] (labeled as E(S)-,BZ”), as well as
for the Davidson potential [22-25]

_ g B
u(p) =p"+ e 3)
where S is the position of the minimum of the potential.
A solution using a well of finite depth has also been
given [26].

(i) The X(5) critical point symmetry [2] is an approximate
solution, using a potential of the form of Eq. (2) with
y & 0 [achieved by using as u(y) a harmonic oscillator
potential with minimum at y = 0] and an infinite-well
potential starting from B = 0 as u(8). Displacing the
well from 8 = 0 leads to the confined beta soft (CBS)
model [27]. Similar solutions have been obtained for 82"
potentials (n = 1, 2, 3, 4) [labeled as X(5)-8%"1 [28], as
well as for the Davidson potential [25].

(iii) Z(5) [17] is an approximate solution, using a potential
of the form of Eq. (2) with y = 7 /6.

(iv) Exactly separable (ES) solutions using a potential of the
form of Eq. (1) and y =~ 0 have been obtained for the
Coulomb [29] and Kratzer [29] potentials, the infinite-
well potential [labeled as ES-X(5)] [30], the harmonic
oscillator potential (labeled as ES-X(5)-82%) [30], as well
as for the Davidson potential [31] (labeled as ES-D).

(v) Exactly separable solutions using a potential of the form
of Eq. (1) and y = 7 /6 have been obtained for the
Coulomb [32,33], Kratzer [32,33], and Davidson [32,33]
potentials.

(vi) In addition to the special analytical solutions men-
tioned above, a powerful method for solving the Bohr
Hamiltonian numerically has been developed recently
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[34], evolving into an algebraic collective model [35].
The relations between the algebraic collective model
and the different limiting symmetries of the interacting
boson model [12] have been studied in Refs. [36,37].
Using this numerical method, the Bohr Hamiltonian has
been solved [38] for the same potentials used in X(5),
but avoiding the approximate separation of variables,
resulting in evidence for strong -y mixing.

Chains of models mentioned above cover regions between
different limiting symmetries. For example, the chain E(5)-8%"
(n=1,2,3,4),E(5), O(5)-CBS spans the region between the
vibrational [U(5)] and y -unstable [O(6)] limits, while the chain
X(5)-B*", X(5), CBS spans the region between the vibra-
tional and prolate deformed rotational [SU(3)] limits. Their
predictions can therefore be tested against a large body of
experimental data [39].

The potentials mentioned above (infinite well, harmonic
oscillator, Coulomb, Kratzer, and Davidson) are known to be
exactly soluble for all values of angular momentum L. In the
present work, we introduce special solutions for the Morse
potential [40],

u(B) = e 2aB=Be) _ Ze_“(ﬁ_ﬁ*), 4)

which is known [41,42] to be exactly soluble only for L = 0.
The overall factor D of the Morse potential is set equal to
unity, without affecting the method of solution, since it can
be scaled out if ratios of energies are used, as in the present
work. Analytical expressions for the spectra for any L are
obtained by solving the relevant differential equation through
the asymptotic iteration method (AIM) [43,44], after applying
the Pekeris approximation [45]. Solutions for the y-unstable
case and the exactly separable rotational case with y ~ 0 (to be
called ES-M) are obtained. To demonstrate the effectiveness of
AIM, we first apply it to the Davidson and Kratzer potentials in
the same cases (y-unstable, exactly separable rotational with
y ~ 0), recovering the above-mentioned solutions which can
be obtained in terms of special functions.
A few advantages of the present approach are listed here.

(1) In X(5) and related models, using potentials of the form
of Eq. (2), the ground state and § bands depend only on
the parameters of the § potential, while the y bands de-
pend also on an additional parameter introduced by the y
potential [usually the stiffness of the harmonic oscillator
used as u(y)]. When exactly separable potentials of the
form of Eq. (1) are used, all bands (ground state, 8, y)
depend on all parameters. Thus, all bands are treated on
an equal footing, as in the case of the ES-D solution [31].

(ii) A well-known problem of X(5) and related solutions is
the overprediction of the energy spacings within the j
band by almost a factor of 2 [6-8]. It is known that this
problem can be avoided by replacing the infinite-well
potential of X(5) by a potential with sloped walls [46].
The present solution avoids this problem, since the right
branch of the Morse potential imitates the sloped wall.

To test the applicability of the Morse potential in the
description of nuclear spectra, we have fitted all nuclei with
mass A > 100 and R4/ = E(4)/E(2) < 2.6 for which at least
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the B, and y; bandheads are known [47], using the y-unstable
solution of the Morse potential, which involves two free
parameters (8., a). We have also fitted all nuclei with mass
A>150and Ry/» = E(4)/E(2) > 2.9 for which at least the 8,
and y; bandheads are known [47], using the exactly separable
rotational solution of the Morse potential with y = 0 (ES-M),
which involves three free parameters (the Morse parameters
B. and a, as well as the stiffness c of the y potential, for which
a harmonic oscillator is used). A comparison of the latter to the
fits provided by the Davidson potential in the exactly separable
y & 0 case [31] (ES-D), which contains two free parameters
(Bo, c¢) instead of three, shows that the extra parameter extends
the region of applicability of the model in the same nuclei to
higher angular momenta, largely improving the quality of the
fits.

In Sec. II of the present work, the asymptotic iteration
method (AIM) is briefly reviewed. The method is then applied
to the exactly separable rotational y =~ 0 case for the Davidson,
Kratzer, and Morse potentials in Sec. III, and to the y-unstable
case of the same potentials in Sec. IV, with the details of the
calculations given in Appendixes A-F. Fits to experimental
data are presented in Sec. V, while Sec. VI discusses the
present results and plans for further work.

II. OVERVIEW OF THE ASYMPTOTIC ITERATION
METHOD

The asymptotic iteration method (AIM) has been proposed
[43,44] and applied [48—53] to the solution of second-order
differential equations of the form

Y = ro(0)y" + so(x)y, &)

where Ag(x) # 0 and the prime denotes the derivative with
respect to x. The functions so(x) and Ao(x) must be sufficiently
differentiable. Equation (5) has the general solution [43]

y(x) = exp <— /X oz(xl)dxl) |:C2 + C, /x

X exp (/ ][)Lo(xg) + 2a(x2)]dx2) dxl] 6)

for sufficiently large k, k > 0, if
sk(x) s ()

- = a(x), 7
M ) @

where

(X)) = Ay (%) + s5—1(x) 4+ Ao(X)Ak—1(x),
)
Sp(x) = sp_ (X)) + s0() A1 (x), k=1,2,3,....

For a given potential, the radial Schrédinger equation is
converted to the form of Eq. (5). Then, so(x) and Ag(x) are
determined, and the functions s;(x) and Ay (x) are calculated
by the recurrence relations of Eq. (8).

The termination condition of the method, given in Eq. (7),
can be arranged as

Ap(x) = Ap(x)sp—1(x) — Ag—1(x)s(x) = 0,
&)
k=1,2,3,....
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Then, the energy eigenvalues are obtained from the roots of
Eq. (9) if the problem is exactly solvable. If not, for a specific
principal quantum number n, we choose a suitable xy point,
generally determined as the maximum value of the asymptotic
wave function or the minimum value of the potential [43,50],
and the approximate energy eigenvalues are obtained from
the roots of this equation for sufficiently large values of k by
iteration.

The corresponding eigenfunctions can be derived from
the following wave function generator for exactly solvable

potentials:
* sn(-xl)
w(x) =C — —d , 10
yn(x) zeXp< / D) X1) (10)

where n represents the radial quantum number.

Recently, Boztosun and Karakoc [54] further improved the
method for the exactly solvable problems by rewriting the
second-order differential equation of Eq. (5) in the form

Tx) ,
=———y - —"y. (1)

o(x) o(x)

"

By comparison with Eq. (5), t(x), o(x), and €2,, can be found
to be

) _

Q)
= do(x), ——— =so(x), (12)
o(x) o(x)
where €2, is a constant which comprises the eigenvalue. Then,
the energy eigenvalues are obtained from
nn—1)

Q, = —no'(x) — TU”()C). (13)

The applicability of this new solution is demonstrated for the
Morse potential in Appendixes C and F.

III. EXACTLY SEPARABLE SOLUTIONS FOR y ~ 0

The original collective Bohr Hamiltonian [3] is

P11 0 1 J . 3
=—r | b T oo sin3y —
B*aoB 9B  B?sin3y dy ay

oy %
4p2 Z sinz(y_%nk):|+v(:37)’)7 14)

k=1,2,3

where 8 and y are the usual collective coordinates which define
the shape of the nuclear surface. Qy (k = 1, 2, 3) represents the
angular momentum components in the intrinsic frame, and B is
the mass parameter. Reduced energies and reduced potentials
are defined as € = 2BE/h’ v = 2BV /h?, respectively [1].
If the potential has a minimum around y = 0, the angular
momentum term in Eq. (14) can be written [2] as

3

Z s1n2 sin? (y — 2k) k)

=1

(Q2 + 03+ 03)

roi(—-2%). as
S\sin2y 3

Exact separation of variables can be achieved [15,31-33]
for potentials of the form u(8, y) = u(8) + u(y)/ﬁz, given in
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Eq. (1). We then assume wave functions of the form

Y (B, v, 0;) = EL(BTk (DY (6)), (16)

where 0; (j = 1, 2, 3) are the Euler angles, D(6;) represents
Wigner functions of these angles, L stands for the eigenvalues
of the angular momentum, while M and K are the eigenvalues
of the projections of the angular momentum on the laboratory-
fixed z axis and the body-fixed z’ axis, respectively. The
Schrodinger equation is thus separated, as in Refs. [15,31-33],
into a “radial” part (depending on ) and a y part.

A. Davidson potential
Solving through AIM, the B equation for the Davidson
potential [22] of Eq. (3), u(B) = B> + B3/B>, where fy is the
position of the minimum of the potential, we get the energy
eigenvalues

L+1 172
e,,L_2n+1+[ +¥+A+ﬂg‘] . (7

4 3
where A is a term coming from the exact separation of
variables, determined from the y equation.

The y equation has been solved [2,31] for a potential

u(y) = G’y (18)
leading to

2
ER
where C = 2c¢. The final result for the energy eigenvalues
coincides with the results of Ref. [31]. The details of the AIM
calculation are given in Appendix A.

Special case 1: If we take By = 0, the Davidson potential
becomes the potential of a harmonic oscillator. Then, the
expression for the energy eigenvalues coincides with the one
obtained for the ES-X(S)-,B2 model of Ref. [30].

Special case 2: Taking c =0 and K =0 (i.e. A =0) in
Eq. (17), we obtain for the ground state and § bands energy
eigenvalues of the X(5)-Davidson solution of Ref. [25].

A=¢€, — €, =3C)(n, + 1), (19)

B. Kratzer potential

We again use an exactly separable potential of the form
given in Eq. (1), with a Kratzer potential [19,29]

u(f) = — A>0, (20)

n B
B B
in 8; while in y, we use a harmonic oscillator potential, u(y) =
cy?/2, as in Ref. [29]. Solving the “radial” (8) equation by
AIM, we obtain the energy eigenvalues
A%/4
En,L = >’ (21)
(n+§+\/§+x+3+@)

which, in comparison with the result of Ref. [29], contain
the additional term A, coming from the procedure of exact
separation of variables, as shown in detail in Appendix B.
The term A is determined by solving the y equation through

044302-3



1. BOZTOSUN, D. BONATSOS, AND I. INCI

AIM, as exhibited in detail in Appendix B, the final result
being
A=) (n, +1)— K?/3, (22)

in agreement with the solution of the y equation given in
Ref. [29], as demonstrated in Appendix B.

Special case: Taking B =0 in Eq. (20), the Coulomb
potential is obtained. The energy eigenvalues are still given
by Eq. (21) with B = 0. Again, the result differs from the one
reported in Ref. [29] by the presence of the A term, due to the
exact separation of variables, as already remarked.

C. Morse potential

We use the exactly separable form of the potential given in
Eq. (1) again. The Morse potential [40] is defined as

u(B) = e 2aB=Be) _ po—alB—pe) (23)

Using the Pekeris approximation [45] and solving the B
equation through AIM (the details are given in Appendix C),
we obtain the energy eigenvalues

e y2 1\ a7
0 1
nl = — — | —— — =1, 24
Sl b el G B
where
3 3
Co=1—;+a—2, L =———,
(25)
1 3
0=—-—+—, a=adp,
o«
yi =28 —per,  y3 = B2+ e, (26)
L(L+1
M=%+2+)\. 27

A in the last equation comes from the exact separation of
variables and is determined from the y equation. We use the
same y potential u(y) = (3¢)*y? [Eq. (18)] as in the Davidson
case (Sec. IIT A), leading to

2
Tv
where C = 2c, as given in Eq. (19).

A=¢€, — €, = (3C)(n, + 1), (28)

IV. y-UNSTABLE SOLUTIONS

In this case, the reduced potential is assumed to be
y independent, v(8, y) = u(B). Then the wave function is
assumed to be of the form [15]

Vv(B.v.0;) = R(B)D(y. 0)). (29)

The equation which includes the Euler angles and y has been
solved by Bes [55]. In this equation, the eigenvalues of the
second-order Casimir operator of SO(5) occur, having the
form A = t(r + 3), where t is the seniority quantum number,
characterizing the irreducible representations of SO(5) and
taking the values t =0, 1, 2, 3, ... [56].

The values of the angular momentum L are given by the
algorithm

T=3va4+Ar va=012,..., (30)
L=),A+1,..., 20—22x 31)
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(with 2A — 1 missing), where v, is the missing quantum
number in the reduction SO(5)D> SO(3) [56]. The ground state
band levels are determined by L = 27 and n = 0.

A. Davidson potential

The radial equation, when solved through the AIM, leads
to the energy eigenvalues

ee=2n+1+ 2+ +3)+8]", (32)

the details of the calculation are given in Appendix D. This
result coincides with those of Ref. [25].
Special case: Taking By =0 in Eq. (32), one gets the

simplified expression

€nr=2n+71+ 2, (33)
which is the five-dimensional harmonic oscillator solution of
Bohr [3].

B. Kratzer potential

Solving the radial equation by AIM (see Appendix E for
details), we obtain the energy eigenvalues

A%/4
(n+%+\/?¢+t(r+3)+8)2
which coincide with the results of Ref. [19].

Special case: For B = 0, the y-unstable solution for the
Coulomb potential is obtained, i.e.,

. A%/4
T4t +2)?
which coincides with the result of Ref. [19].

: (34)

En,r =

(35)

En,t

C. Morse potential

Using the Pekeris approximation [45] and AIM (see
Appendix F for the details), we obtain the energy eigenvalues

VCo )/12 1\ o7
el el e R

ylz = 253 —vey, y22 = ,362 + vey, 37
v=r1(t+3)+2, (38)
with the rest of the quantities given again by Eq. (25).

where

V. NUMERICAL RESULTS

To test the applicability of the Morse potential in the
description of nuclear spectra, we have fitted all nuclei with
mass A > 100 and R4/, = E(4)/E(2) < 2.6, for which at least
the B; and y; bandheads are known, using the y-unstable
solution of the Morse potential, which involves two free
parameters (B,, a), as described in Sec. IV C. Results for 54
nuclei are shown in Table I. The quality measure

_ \/ Y i—1(Ei(exp) — E;(th))?
o =
(n—DEQ2))

; (39)

used in the rms fits, remains below 1 in most cases.
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TABLE 1. Comparison of theoretical predictions of the y-unstable Bohr Hamiltonian with Morse potential (described
in Sec. IVC) and experimental data [47] of nuclei with A > 100, Rs/» <2.6, and known O;r and 2;’ states. The Ry, =
E(47)/E(2]) ratios, as well as the 8 and y bandheads normalized to the 2} state and labeled as Ry, = E(05)/E(2]) and
Ryp =E (2;) /E(27), respectively, are shown. The angular momenta of the highest levels of the ground state, 8, and y bands
included in the rms fit are labeled as L, Lg, and L,,, respectively; n indicates the total number of levels involved in the fit
and o is the quality measure of Eq. (39). See Sec. V for further discussion.

Nucleus R4/2 R4/2 RO/Z R0/2 R2/2 R2/2 ﬁo a Lg Lﬁ LV n o
exp th exp th exp th

%Ru 2,14 225 2.0 2.4 22 2.3 384 044 18 0 4 12 0.659
10Ru 227 229 2.1 2.8 2.5 2.3 443 036 28 0 4 17 0.291
102Ru 233 225 2.0 2.3 23 22 378 042 16 0 5 12 0.341
104Ru 248 233 2.8 29 2.5 2.3 7.57 0.10 8 2 8 12 0.433
102pq 229 228 2.9 2.6 2.8 2.3 430 0.34 26 4 4 18 0.219
104pq 238 228 24 2.6 2.4 2.3 415 041 18 2 4 13 0.300
106pq 240 226 22 2.4 22 2.3 393 043 16 4 5 14 0.343
108pq 242 228 2.4 2.5 2.1 2.3 436  0.30 14 4 4 12 0.313
110pq 246 2.29 2.5 2.0 2.2 23 4.01 0.26 12 10 4 14 0.338
12pq 253 233 2.6 2.5 2.1 2.3 4.11  0.60 6 0 3 5 0.485
14pq 256 231 2.6 2.9 2.1 2.3 512 0.24 16 0 11 18 0.727
16pq 258 234 33 3.5 22 23 7.44  0.13 16 0 9 16 0.626
106Cq 236 237 2.8 2.9 2.7 2.4 445  0.62 12 0 2 7 0.196
18Cq 238 226 2.7 2.5 2.5 23 397 043 18 0 5 13 0.688
1ocq 235 224 2.2 2.2 2.2 2.2 3.66 047 16 6 5 15 0.269
12¢q 229 223 2.0 2.1 2.1 22 355 050 12 8 11 20 0.542
4cd 230 221 2.0 2.0 22 22 343  0.51 14 4 3 11 0.359
16Cd 238 229 2.5 2.7 2.4 2.3 4.10 047 14 2 3 10 0.408
18cd 239 229 2.6 2.7 2.6 2.3 411 047 14 0 3 9 0.313
120cq 238 228 2.7 2.6 2.6 2.3 4.09 044 16 0 2 9 0.379
118%e 240 231 2.5 2.7 2.8 2.3 540  0.19 16 4 10 19 0.343
120Xe 247 235 2.8 3.8 2.7 2.4 7.05 0.16 26 4 9 23 0.652
12Xe 250 243 35 35 2.5 24 5.03 0.66 10 0 9 13 0.501
124Xe 248 235 3.6 3.8 2.4 2.4 6.88  0.17 20 2 11 21 0.562
126Xe 242 233 3.4 32 2.3 2.3 6.12  0.18 12 4 9 16 0.576
128Xe 233 233 3.6 33 2.2 2.3 474  0.39 10 2 7 12 0.522
130Xe 225 227 33 2.6 2.1 2.3 4.05 044 14 0 5 11 0.476
132Xe 2.16  2.17 2.8 1.4 1.9 22 3.16  0.66 6 0 5 7 0.731
B34Xe 204 211 1.9 1.0 1.9 2.1 291 074 6 0 5 7 0.753
130Ba 252 246 33 33 2.5 2.5 558 0.77 12 0 6 11 0.416
132Ba 243 229 32 2.7 22 2.3 4.63 029 14 0 8 14 0.609
134Ba 232 226 2.9 2.4 1.9 23 3.82  0.50 8 0 4 7 0.483
136Ba 228 218 1.9 1.7 1.9 2.2 324  0.60 6 0 2 4 0.454
1492Ba 232 244 4.3 4.3 4.0 24 545  0.60 14 0 2 8 0.605
B34Ce 256 237 3.7 4.1 24 24 6.00 0.27 34 2 8 25 0.502
136Ce 238 224 1.9 2.2 2.0 22 3.66 047 16 0 3 10 0.618
138Ce 232 223 1.9 2.1 1.9 22 355 050 14 0 2 8 1.308
140Nd 233 219 1.8 1.7 1.9 22 327  0.60 6 0 2 4 0.265
148Nd 249 232 3.0 2.9 4.1 2.3 6.40 0.14 12 8 4 13 0.810
140Sm 235 238 1.9 1.9 2.7 24 420 077 8 0 2 5 0.153
1428m 233 220 1.9 1.7 22 22 333  0.61 8 0 2 5 0.173
42Gd 235 228 2.7 2.7 1.9 2.3 417 042 16 0 2 9 0.188
4Gd 235 236 2.5 2.5 2.5 2.4 424 0.65 6 0 2 4 0.102
152Gd 2.19 226 1.8 2.4 3.2 2.3 393 040 16 10 7 19 0.436
59Dy 223 228 2.0 2.7 3.1 2.3 422 038 26 10 7 24 0.371
156y 232 231 2.7 3.1 2.7 2.3 475  0.34 20 4 5 16 0.374
186py 256 234 2.5 1.7 32 23 6.18  0.07 26 6 10 25 1.070
188pg 253 245 3.0 33 23 2.5 545 075 16 2 4 12 0.356
190py 249 234 3.1 3.6 2.0 23 5.08 0.35 18 2 6 15 0.566
192py 248 235 3.8 3.7 1.9 2.3 6.42  0.19 10 0 8 12 0.681
194py 247 235 39 3.6 1.9 2.3 728 0.14 10 4 5 11 0.657
196py 247 232 32 29 1.9 2.3 6.26  0.15 10 2 6 11 0.627
198pg 242 225 22 2.3 1.9 2.3 3.87 0.39 6 2 4 7 0.374
200pg 235 220 2.4 1.7 1.8 22 331 0.59 4 0 4 5 0.676
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FIG. 1. Evolution of Morse potential shapes for the s, Xe isotopes,
with the parameters given in Table I. See Sec. V for further discussion.

The Morse potentials obtained for the 54 Xe isotopes are
shown in Fig. 1. The evolution of the parameters and the
shapes of the potentials are clear. As one moves from '3*Xeg,
which is just below the N = 82 magic number, to the midshell
nucleus ?°Xegg, the B, parameter (which is the position of the
minimum of the potential) increases, while the parameter a,
which corresponds to the steepness of the potential, decreases.
As a result, one gradually obtains less steep potentials with a
minimum farther away from the origin. The trends start to be
reversed at 118Xeqs, which is just below midshell.

We have also fitted all nuclei with mass A > 150 and R4/, =
E4)/E(2) > 2.9 for which at least the ; and y;, bandheads
are known, using the exactly separable rotational solution of
the Morse potential with y =~ 0 (ES-M), which involves three
free parameters (the Morse parameters B, and a, as well as
the stiffness C of the y potential), as described in Sec. III C.
All bands are treated on an equal footing, depending on all
three parameters. Results for 45 rare earths and 13 actinides
are shown in Table II. The quality measure o of Eq. (39), used
in the rms fits, remains below 1 in most cases.

The Morse potentials obtained for the 70Yb isotopes are
shown in Fig. 2. The evolution of the parameters and the shapes
of the potentials are again clear. As one moves from '%Yby, to
the midshell nucleus '"#Yb, o4, the B, parameter (which is the
position of the minimum of the B potential) again increases,
while the parameter a, which corresponds to the steepness of
the B potential, again decreases. The C parameter, which is
related to the stiffness of the y potential, increases. As a result,
one gradually obtains less steep 8 potentials with a minimum
farther away from the origin, while the y potentials get stiffer
at the same time.

A notable exception occurs in the N = 90 isotones '*'Nd,
1528m, 134Gd, which are known [6,7,58] to be good examples
of the X(5) critical point symmetry, along with 780s [59]. The
relative failure of the Morse potential to describe critical nuclei
is expected. The potential at the critical point is expected to
be flat, as the infinite-well potential used in X(5), or to have a
little bump in the middle [8,39]. Microscopic relativistic mean
field calculations [60—62] of potential energy surfaces support
these assumptions. Since the Morse potential cannot imitate
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FIG. 2. Evolution of Morse potential shapes for the 7o Yb isotopes,
with the parameters given in Table II. See Sec. V for further
discussion.

a flat potential, with or without a bump in the middle, it is
expected that it cannot describe these nuclei satisfactorily.

A comparison of the fits of Table II to the results provided by
the Davidson potential in the exactly separable y =~ 0 case [31]
(ES-D), which contains two free parameters (S, ¢) instead of
three (see Table I of Ref. [31]), shows that the extra parameter
extends the region of applicability of the model in most nuclei
to higher angular momenta, largely improving the quality of
the fits.

As an example, the spectra of *Dy (y-unstable case)
and 2**Th (exactly separable rotational case with y &~ 0) are
shown in Table III. The overall agreement between theory
and experiment is very good in both cases. In the theoretical
predictions for the y band of '*Dy, the O(5) degeneracies
are present, limiting the flexibility of the model to agree to
experiment. Spacings within all bands of 23> Th, including the
B band (in which spacings in X(5) are overpredicted by almost
a factor of 2 [6-8]), are reproduced very accurately.

For the construction of complete level schemes, the calcu-
lation of B(E?2) transition rates is required, for which the wave
functions are needed. Work in this direction is in progress.

VI. DISCUSSION

The Bohr Hamiltonian has been solved with the Morse
potential for any angular momentum, both in the y-unstable
case and in the exactly separable rotational case with y ~ 0
(in which a harmonic oscillator is used for the y potential),
labeled as ES-M. The solution has been achieved through
the asymptotic iteration method (AIM) and has involved the
Pekeris approximation. The effectiveness of AIM has been
demonstrated by applying it to the y-unstable case and to the
exactly separable rotational case with y ~ 0 for the Davidson
and Kratzer potentials.

Numerical results have been presented for both solutions,
including all relevant medium mass and heavy nuclei for which
at least the B, and y; bandheads are known. The success
of the present solutions in reproducing quite well both the
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TABLE II. Comparison of theoretical predictions of the exactly separable Morse model (ES-M) (described in Sec. IIIC) and
experimental data [47] of rare earth and actinides with A > 150, Ry» > 2.9, and known 03 and 2} states. Data for 228Ra come from
Ref. [57]. The labels are the same as in Table I.

Nucleus R4/2 R4/2 R0/2 R0/2 Rz/z R2/2 ,30 C a Lg ng Ly n o
exp th exp th exp th

150Nd 293 321 5.2 6.2 8.2 8.2 5.2 6.0 041 14 6 4 13 1.129
152Sm 3.01 322 5.6 6.9 8.9 9.5 53 70 034 16 14 9 23 1.007
154Sm 325 328 134 135 176 18.6 84 137 020 16 6 7 17 0.484
154Gd 3.02  3.20 5.5 7.4 8.1 5.1 54 34 031 26 26 7 32 1.849
136Gd 324 327 11.8 11.6 13.0 144 75 105 022 26 12 16 34 0.605
18Gd 329 330 150 154 149 151 83 106 0.36 12 6 6 14 0.224
10Gd 330 331 17.6  17.8 13.1 13.1 8.6 88 0.44 16 4 8 17 0.169
12Gd 329 331 19.8 19.8 12.0  12.0 9.5 81 030 14 0 4 10 0.082
158Dy 321 325 100 10.1 9.6 100 6.7 7.1 025 28 8 8 25 0.495
10Dy 327 328 147 145 111 11.8 9.2 82 0.18 28 4 23 38 0.522
122Dy 329 331 173 17.1 11.0 108 8.3 72 044 18 14 14 29 0.312
164Dy 330 331 226 222 104 102 13.1 6.8 0.14 20 0 10 19 0.188
166Dy 331 331 15.0 151 112 11.2 7.9 75 052 6 2 5 8 0.037
160Ey 3.10  3.20 7.1 7.9 6.8 3.9 5.6 25 030 26 2 5 18 1.790
12Ey 323 326 107 11.1 8.8 9.9 7.1 70 026 20 4 12 23 0.588
I64Er 328  3.27 13.6 129 9.4 9.6 9.3 6.6 0.14 22 10 18 33 0.827
166y 329 330 18.1 17.8 9.8 9.6 9.7 65 023 16 10 14 26 0.306
168 gy 3.31 332 153 155 103 102 8.1 6.7 059 18 6 8 19 0.176
170Er 331 329 113 99 119 131 6.5 9.0 0.17 24 10 19 35 0.864
164Yh 313 3.21 7.9 7.4 7.0 7.3 5.4 52 032 18 0 5 13 0.471
166Yb 323 325 102 10.1 9.1 9.5 6.8 6.7 023 24 10 13 29 0.688
18Yb 327 327 132 119 112 114 7.9 8.0 0.19 34 4 7 25 0.768
70Yb 329 331 127 138 13.6 135 7.8 92 049 20 10 17 31 0.509
12Yb 3.31 329 132 124 186 19.1 7.8 13.7  0.17 16 12 5 18 0.851
74Yb 331 331 194 193 214 215 172 151 0.05 20 4 5 16 0.170
176Yb 331 332 139 140 154 153 8.1 104 0.57 20 2 5 15 0.254
8Yb 331 329 157 156 145 145 102 103  0.15 6 4 2 6 0.045
168 Hf 3.11 3.22 7.6 7.5 7.1 7.4 5.4 53 032 22 4 4 16 0.438
170Hf 319 323 8.7 8.6 9.5 8.1 6.0 57 027 34 4 4 22 0.964
12Hf 325  3.26 9.2 10.1 1.3 11.7 6.7 85 0.24 38 4 6 26 0.444
174Hf 327  3.26 9.1 9.0 135 141 6.1 104  0.26 26 26 5 30 0.484
176Hf 328  3.28 13.0 123 152 16.1 7.9 11.7  0.18 18 10 8 21 0.622
178Hf 329 3.28 12.9 12.7 126 129 8.5 92 0.16 18 6 6 17 0.298
180Hf 331 331 11.8 122 129 129 7.7 8.7 0.61 12 4 5 12 0.199
76w 322 324 7.8 8.2 9.6 102 5.8 74 029 22 12 5 21 0.578
178w 324 325 9.4 9.5 10.5 10.5 6.4 76 0.26 18 10 2 15 0.177
180w 326 3.27 146 127 10.8 11.4 7.9 80 0.24 24 0 7 18 0.838
182w 329 328 11.3 116 122 124 8.3 8.6 0.13 18 4 6 16 0.282
184w 327 327 9.0 8.9 8.1 8.1 6.6 55 0.15 10 4 6 12 0.094
186y 323 324 7.2 7.2 6.0 6.2 5.3 42 022 14 4 6 14 0.133
17805 3.02  3.19 4.9 5.8 6.6 7.1 4.8 5.1 0.39 16 6 5 15 0.724
1800 3.09 323 5.6 7.1 6.6 7.0 5.1 49 027 10 6 7 14 1.122
18405 320 3.24 8.7 9.4 7.9 8.5 6.3 6.0 0.28 22 0 6 16 0.600
18605 317 322 7.7 7.7 5.6 6.1 5.6 42 027 14 10 13 24 0.200
18805 3.08 3.20 7.0 7.3 4.1 4.3 5.3 2.8 034 12 2 7 13 0.213
28Ra 321 327 113 11.3 133 13.0 7.3 95 024 22 4 3 15 0.387
28Th 324 328 144 139 168 17.0 84 124 025 18 2 5 14 0.514
20Th 327 328 119 11.7 147 148 76 107  0.19 24 4 4 17 0.276
22Th 328 329 1438 147 159 165 9.6 11.8 0.15 30 20 12 36 0.321
»y 3290 329 145 144 182 183 95 131 0.14 20 10 4 18 0.158
By 330 330 186 187 21.3 21.7 121 155  0.12 28 8 7 24 0.219
2oy 330 330 203 204 212 212 138 150 0.10 30 4 5 21 0.266
28y 330 331 206 209 236 24.7 139 17.6  0.10 30 4 27 43 0.716
28py 331 332 214 21.7 233 234 9.8 159 0.0 26 2 4 17 0.857
240py 3.31 331 20.1 19.1  26.6 27.1 13.0 194  0.09 26 4 4 18 0.539
242py 331 332 215 21.6 247 248 99 170 046 26 2 2 15 0.926
28Cm 3.31 331 250 251 242 242 164 17.0 0.09 28 4 2 17 0.105
»oct 332 332 270 27.0 242 242 128 167 0.20 8 2 4 8 0.018
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TABLE III. Theoretical predictions of the y-unstable Morse potential (described in Sec. IV C) with 8, = 4.22 and a = 0.38 compared
with experimental data for '**Dy [47], and theoretical predictions of the exactly separable Morse (ES-M) (described in Sec. IIIC) with
Bo=9.6,C = 11.8, a = 0.15 compared with experimental data for 2*>Th [47]. All states are normalized to the 2] state. See Sec. V for further

discussion.

L 154Dy 154Dy 232Th 232Th ]54Dy 154Dy 232Th 232Th L 154Dy 154Dy 232Th 232Th
gsb gsb gsb gsb B B B B Vi Y1 Y1 Y1
exp th exp th exp th exp th exp th exp th

0 0.00 0.00 0.00 0.00 1.98 2.66 14.79 14.72 2 3.07 2.28 1591 16.48
2 1.00 1.00 1.00 1.00 2.71 3.35 15.68 15.63 3 3.99 3.71 16.80 17.32
4 2.23 2.28 3.28 3.29 3.74 4.24 17.68 17.72 4 4.31 3.71 18.03 18.42
6 3.66 3.71 6.75 6.76 4.96 5.25 20.72 20.90 5 5.20 5.25 19.45 19.79
8 5.22 5.25 11.28 11.29 6.47 6.37 24.75 25.06 6 5.64 5.25 21.27 21.40

10 6.89 6.86 16.75 16.73 8.24 7.58 29.76 30.08 7 6.53 6.86 23.21 23.26

12 8.65 8.56 23.03 22.97 35.55 35.86 8 25.50 25.35

14 10.49 10.37 30.04 29.89 42.14 42.32 9 27.75 27.65

16 12.47 12.30 37.65 37.43 49.44 49.38 10 30.62 30.17

18 14.55 14.36 45.84 45.52 57.36 57.03 11 33.22 32.88

20 16.71 16.58 54.52 54.16 65.81 65.23 12 36.48 35.78

22 18.98 18.95 63.69 63.31

24 21.40 21.48 73.32 72.99

26 23.99 24.19 83.38 83.20

28 93.82 93.94

30 104.56  105.24

bandheads of and the spacings within the ground, 8, and y;
bands indicates that a detailed study of y, and 8, bands within
this framework might be fruitful, although the difficulties in
singling out the experimental 8, band [63] should be kept
in mind. The influence of the finite depth of the potential is
also worth considering in more detail. From the findings of
Ref. [26], where the E(5) case was solved for a finite well,
the influence of the finite depth of the potential is expected to
show up more clearly in the higher excited states. Work on the
calculation of wave functions and B(E?2) transition rates is in
progress.
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APPENDIX A: EXACTLY SEPARABLE y ~ 0 SOLUTION
FOR THE DAVIDSON POTENTIAL

Assuming the reduced potential to be of the form of
Eq. (1), u(B, y) =u(B) + u(y)/B%, and plugging it into the
Bohr Hamiltonian of Eq. (14), we obtain the “radial” and
y equations [31]

19 ,0 LL+1D A
gt )]

X EL(B) = €§L(B), (AD)

|:— : isin?a)/i + K—2 <; - i) + u(y)}
sin3y 3y dy 4 \sin¥(y) 3
x P (y) = ATk (). (A2)
Assuming u(y) = (3¢)*y? and expanding Eq. (A2) in powers
of y for y >~ 0, we get [31]
2
P <3c2)y2} Fk(r) =Tk (). (A3)

where €, = A + K?/3. The solution of this equation is given
[31] in terms of Laguerre polynomials with

€, =(BC)n, +1), C=2c n,=01273,.... (Ad)

We now solve the radial equation by using AIM. Plugging
the Davidson potential of Eq. (3), u(8) = > + ,86‘ /B2, into
Eq. (A1), we get

L(L+1
[—%% 4% w +ﬁ2] £L(B) = €£L().
(AS)
Transforming &;, into x; by the relation
EL(B) =B xL(B), (A6)

and plugging it into Eq. (AS), we obtain

L(L+1

LEED 4 gd 40+ 2
B2

To simplify this equation, we define

L(L+1)
3

x.(B)+ [e - —ﬂﬂ x1(B) =0. (A7)

+ A+ By +2=pu+1), (A8)
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obtaining

mp + 1)
F
This second-order differential equation must have a solution
of the form

X/ (B)+ [e ﬁ2] xt(B)=0.  (A9)

X (B) = BHe " £, L(B).

Using this function in Eq. (A9), one can get

(A10)

PHYSICAL REVIEW C 77, 044302 (2008)

2u+2
B

fur(B) = <2ﬂ - ) ForB)+Qu+3 =€) fur(B).
(A1D)
From Eq. (5), one can define A¢(8) and so(8) as

2 2
holB) =26 — “; ,

so(B) =21 +3 —e. (Al2)

Then, s;(x) and A, (x) are calculated by the recurrence relations
of Eq. (8) as

4% — (6p + € +3)B% +4u* + 10 + 6

r(B) = 2 (A13)
sl(ﬂ)=2(2M+3_6;(ﬂ2_“_1), (Al4)
M) = —406 + 13 +9u” +21°) — B3 + 6/; T+ pe +4p°) + B4 + €) — 28°] ’ (A15)
() = PAE T = Be + 36M;2— 12ep — dep® +8%) 212 + 81 — 4o)

— (3 +2¢+20p —4pe + 124 — €2, (A16)

By applying the termination condition of AIM, Eq. (9), we
obtain the energy eigenvalues from the roots of A; as

60=M+%, a=p+1, e=p+i ..., (A17)
while the general expression is
€n = I+ 3 +2n. (A18)

Then, substituting the value of u from Eq. (AS8) yields the
energy eigenvalues

9 L(L+1)—K?

1/2
+3Cn, + 1)+ ﬂé} , (A19)

which are identical to the ones found in Ref. [31].

APPENDIX B: EXACTLY SEPARABLE y ~ 0 SOLUTION
FOR THE KRATZER POTENTIAL

Separation of variables proceeds as in Appendix A. The
radial equation is

M 4244 A B
B+ |e————+>——|x()=0, (B

where we have used the wave function of Eq. (16) and the
transformation &, (8) = B2 x.(B). This equation differs from
the corresponding one of Ref. [29] by the term A, which comes

from the exact separation of variables and will be determined
below from the y equation. Defining a new parameter set

@+2+A+B:p(p+l), (B2)
A
€= —¢, 2BJe=x, m =k, (B3)
Eq. (B1) becomes
1 1 k
X1G) + [‘Z _petD —] X () =0.  (B4)
X X

This second-order differential equation must have a solution

of the form
2
xL(x) = x"Me™ R, 1 (x), (B5)

which leads to

, —2p—2\ T1—k
R!,(x) = (%)Ru(x) + (%)Rn,m.

(B6)
According to Eq. (5) of AIM, one then has
x—2p—-2 +1—k
how) = = s = ®])

Using the recurrence relations of Eq. (8), one can then
determine A;(x) and si(x) as

10p + 6 — 3xp — 3x — kx + x> + 4p?
2 9

Ai(x) = (B8)

X
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—5p—34+3k+xp—2p>+x —kx+2kp
s1(x) = Po ,

A(x) = (— 24 — 52p + 12x — 4x* — 36p* + 6kx + 20xp
+x3 + 8px — 4px® +4pkx — 8p° — 2kx2)/x3,
(B10)
52(0) = [(1+ p— kx> + Bk —4 —Tp —3p* + k* + 2 pk)x
+2(6+4 13p — 6k +9p* — Thkp +2p° — 2kp™)] /x°.

(B9)

(B11)

After determining Ay (x) by using the termination condition
in Eq. (9), the energy eigenvalues are found from the roots of
Ar(x) as

kh=p+1, ki=p+2, kh=p+3,..., (B12)
generalized into
kn=p+1+n. (B13)
From Egs. (B2) and (B3), one then obtains
A?/4
EnL = (B14)

(n+ 3+ 2+ 2+ B+ LLDY

To find A, we have to solve the y equation of Eq. (A2),
using [29] u(y) = cy?/2. Expanding around y = 0 and taking
€ =1+ K?/3, one obtains

|: 10 0 K?*  cy?

—+—+—|T =¢,I , (B15
eyt 2] k() =&, Tk(y), (BIS)

which, through the transformation T'x(y) = y~2&x(y),

leads to

(1= KH/4 cy?

Ex(n) + [ey + % T} §k(y) =0. (B16)

Defining

o 1/4 s
(5) v=v» wu+n=K-1/4

2
N —1/2
&y = (5) €y,

this equation is brought into the form

1
Ex()+ [ey - M(My—j) -

(B17)

y2] Ex(y) =0, (B18)

which is suitable for solving through AIM, by considering a
solution of the form

Ex(y) = y”*'e‘%Gm,K(y).

Following the same procedure as above, we obtain the
differential equation in the form

1" 2y* — 2p—12 ’
Gl () = (%) G, ()

2y + 3y — ye
+<yu yy yey

(B19)

) Gmx(y). (B20)
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Comparison with Eq. (5) leads to

2y —2u —2

Ao(y) = — so(y)=2pn+3—¢,. (B21)

By using the recurrence relations of Eq. (8) and the termination
condition of Eq. (9), one can find the energy eigenvalues to be

(6,0 =21 +3, ()1 =2u+7. (&2 =2u+11,...,

(B22)
and the generalized form is
(& )um =21+ 3 4+ 4m. (B23)
Using u from Eq. (B17), this becomes
c\ /2
(€xm=(5) Bm+2+K], (B24)
leading to
o172
- (5) [4m +2 + K] — K%/3. (B25)

This result agrees with Ref. [29], with K =2n, —4m,m =
0,1,...,n,, as stated there. It is also in full agreement with
the results of Ref. [31], taking into account the different
coefficients of y2 in u(y).

APPENDIX C: EXACTLY SEPARABLE y ~ 0 SOLUTION
FOR THE MORSE POTENTIAL

Separation of variables again proceeds as in Appendix A.
Using the transformation &, (8) = 872 x.(B), the radial equa-
tion becomes

L(L+1)
. == 4+ 142 Cuh e
x1(B) + [e — 3T — e~ 2aB=B) 4 p,—alp m}
x xr(B) =0. (1)
Defining
x:ﬁ_ﬁe’ 05:61,36,
Be
| (C2)
L(L
ﬂzezg’ %"‘24‘)\.:“,
the radial equation becomes
M 2

_ Igee—Zax 4 2‘3626—0:)::| XL(x) —0.
(C3)

)+ [8 BESE

We now apply the Pekeris approximation [45]. Renaming
ﬁ as uy(x) and expanding in a series around x = 0, we
obtain

up(x) = (1l —2x +3x2 —4x3 + - ). (C4)
In the exponential form, u; (x) can be written as
i (x) = o + cre™® + cre 2% 4.0, (C5)
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Expanding also this equation in a series around x = 0 produces
dr(x) =p (CO +cr+ e —[er +20]ax

+[Cz—1+2cz]a2x2+---). (C6)
Comparing Egs. (C4) and (C6), one can now determine the c;
coefficients

4 6 1 3

— =, g=——4 =,
a?’ a o

(C7)

3 3
C0=1—a+— c|p =

a?’
Returning to the radial equation,
X1 () + [& — pulco + cre™ + c2e7)
—Bre ™ 2B Jxu(x) =0,

and by using the ansatz

(C8)

2

€ — ey = —p°, B+ nex = s,

(C9)

282 — ey = i,

we get
X[+ [ — PP+ yie ™ —yie ] x(x) = 0. (C10)

Rewriting this equation by using the new variable y = e™*¥,
we obtain

2 2 2
1Y Y1 12

—_— = =0. (C11
o2 Ty a2i| xe(y) (C1D)

1
XL+ ;Xi(y) + [—

Inserting a wave function of the form

X)) = yie Ry L), (C12)
the second-order differential equation becomes
2yay — 2ap — o
” _ /
R, . (y) = ( s R, L(y)
2072 +ayy — v}
+ (M) Rii(y). (CI3)
oty
Comparison with Eq. (11) leads to the identifications
t(y) =2pay = 2p — a,
o(y) =a’y, (C14)
Qu =2yp+ay,— i
From Eq. (13), we get
2120 + ays = ¥ = —nQ2y), (C15)
while the generalized form is written as
2
Y1 1
L = — — 2 Cl16
Pn,L % (n+2>01 (C16)
Using Eq. (C9), one then obtains
2 2
5L (2)
€nL = —5 — —(n+=)=1 . (C17)
TR [Zﬁm 2) B
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APPENDIX D: y-UNSTABLE SOLUTION FOR THE
DAVIDSON POTENTIAL

In this case, the reduced potential depends only on 8. Using
the wave function of Eq. (29), the relevant radial equation
becomes

_rlp+D)

X/ (B) + [e -8 iz

]Xr(ﬂ) =0, (DD

where x.(8) = B7*R.(8) and

p(p+ 1) =1 +3)+ Bt +2. (D2)

For this differential equation, one looks for a solution of the
form
ﬂZ

x:(B) = Ble ™ fu:(B).

Using this function in Eq. (D1), we obtain a differential
equation that is similar to Eq. (5), i.e.,

(D3)

283 -2
e = () e
2 2 2 2 _ 2
+ (ﬂ e +ﬂ2” i )fn,r(ﬂl (D4)
Comparing to Eq. (5), we identify
2 3 _ 2 2 2 2 2 2
o) — %’ wipy < Bt p+ﬂ2pﬁ 8

(D5)

Then the recurrence relations of Eq. (8) give Ax(8) and si(8),
while by using the termination relations of Eq. (9), we can
obtain the energy eigenvalues

€©=p+3. e=p+3 e=p+4.... (D6
which give the generalized form
€np=2n+p+3. (D7)

Substituting in this expression the value of p from Eq. (D2),
one gets

]1/2

enr=2n+1+[2+1@+3)+85]"", (D8)

in agreement with the result obtained in Ref. [25].

APPENDIX E: y-UNSTABLE SOLUTION FOR THE
KRATZER POTENTIAL

Using wave functions of the form W(B,vy,6;) =
X (B)P(y, 6;), the radial equation becomes

[ 19 ,0 +t(r+3)

A B
598" 8 52 ——+—}x(ﬁ)=6x(ﬂ),

B B
(E1)
in agreement with Ref. [19]. Substituting x(8) = B~2£(B),
this becomes
(t+3)+B+2
p2

A
£"(B)+ [6 - + E} £(B)=0. (E2)
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Using the parameter set

€=—e 2BJe=y,
4 (E3)
m:k, T(T+3)+B+2=v(v+1)s
the differential equation becomes
1k v + 1)
£+ [_Z + - - ]&( )=0. (E4)
y
Assuming that this equation has a solution of the form
5(y) = y"e T R ), (ES)

we bring it into the form

—2v—2 1—k

(E6)
Comparison with Eq. (5) then provides
—2v=-2 v+1—k
ro(y) = YT’ so(y) = - (E7)

By using the recurrence relations of Eq. (8) and the termination
conditions of Eq. (9), one then obtains the following energy
eigenvalues from the roots of A;(y):

kh=v+1, k=v+2, k=v+3 .... (E8)
These are generalized into
kn=v+1+n. (E9)

From Eq. (E3), one then obtains the energy eigenvalues
A%/4
(n+%+\/%+t(t+3)+B)2

; (E10)

Epn,r =

in agreement with Ref. [19].

APPENDIX F: y-UNSTABLE SOLUTION FOR THE MORSE
POTENTIAL

Using a wave function of the form of Eq. (29), the radial
equation is

o , (t+3) .
[_ﬁﬁ BT E + (ﬂ)} §(B)=€5(p). (FI)
Taking &(B) = B> x(B) and
t(t+3)+2=v, (F2)

this equation becomes

x"(B) + [6 — u(ﬁ)} x(B)=0. (F3)

B
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Using the parametrization

PPy, e = Ble, (F4)
Be
one obtains
” v 2 —2ax 2 —ax

- 2 =

X <x)+[s B e }x(x)
(F5)

Applying now the Pekeris approximation [45] as in

Appendix C, we replace 1/(1+ x)> by its approximate
expression, obtaining

x"(x) + [s —v(co + cre”* + cre™ )
— Ble™ ™ +2B2e | x(x) = 0. (F6)
Using the parametrization
—K?, 282 —vey =y}, Bi4ve=vyi (FD)

the differential equation is brought into the form

& —VCy =

X'+ [ = K> +yfe™ —yje | x(x) = 0. (F8)
Introducing a new variable y = e~%*, one has
, 1 K2
X0+~ ) + [—— i y—z} Xe() = 0. (F9)
y a?y? oy o?

Inserting a wave function of the form

X =yee S fu (), (F10)

the differential equation becomes

il = <

2Ky, +
+( nrTenY )fm(y)

oty

2pay —2aK —a?\
5 Sz

asy

(F11)

Comparison with Eq. (11) leads to

t(y) =2py — 2K, —a, o(y) =a’y,

(F12)
Qn = 2)/2Kn + ayr — )/12

Using Eq. (13), one then has
(F13)
From Eq. (F7), we obtain the energy eigenvalues

_veo [, e
T [mm <”+2) ﬂj' F1
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