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The renormalization of the NN interaction with the chiral two-pion exchange potential computed using
Lorentz-invariant baryon chiral perturbation theory is considered. The short distance singularity reduces the

number of counterterms to about half those in the heavy baryon expansion. Phase shifts and deuteron properties

are evaluated with clear improvements in some cases.
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I. INTRODUCTION

At long distances, the nucleon-nucleon (N N) interaction
can be written as (see, e.g., Ref. [1] for a review)

V() =Viz(r)+ Vo (r) + - - -, ey

where Vi, (r) and V,,(r) represent the one-pion exchange
(OPE) and the two-pion exchange (TPE) contributions to
the potential, respectively. Up to power corrections in the
distance r, one has V,;(r) = O(e™""="). Such an expansion
makes sense, since there is a clear scale separation at long
distances. Actually, the omitted terms in Eq. (1) represent con-
tributions whose ranges are shorter than 1/(2m ) ~ 0.7 fm.
These include three-pion and higher exchanges, correlated
meson exchanges, etc. [2]. In momentum space, the expansion
of Eq. (1) parallels an expansion on leading low-momentum
singularities, rather than a naive low-momentum expansion.
The systematic and model-independent determination of those
potentials was suggested several years ago [3—6] and pursued
by many others, see Refs. [7-11] (for some reviews emphasiz-
ing different viewpoints, see, e.g., Refs. [12—16] and references
therein). However, in any scheme, the potentials in Eq. (1)
become singular at short distances, so one must truncate or
renormalize the potential in a physically meaningful way in
order to predict finite and unique phase shifts and deuteron
properties. This has been a subject of much debate and
controversy in recent times, and we refer the interested reader
to the literature for further details [10,17-31].

In previous works by two of us (M.P.V. and E.R.A.)
[25,26,28,29], the renormalization of NN potentials was
studied using chiral potentials based on the heavy baryon for-
malism (HB- x PT) [8,10]. In the present paper, we extend those
ideas to the case where Lorentz-invariant chiral potentials are
used instead. In this case, the relativistic framework of baryon
chiral perturbation theory (RB-xPT) proposed by Becher and
Leutwyler [32,33] is employed in the construction of the two-
pion exchange (TPE) component of the NN interaction. The
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remarkable difference between HB- and RB-TPE potentials
lies in the long distance behavior [34—37], because of the
analytic structure of the m N scattering amplitude in the
low-energy region where the Mandelstam variable ¢ is close
to 4m2,m, being the pion mass. Actually, one appealing
feature of the RB-TPE potentials is that the long-distance
two-pion effects are correctly described, so that important
contributions at the exponential level ~e~?"+" are properly
resummed, unlike its heavy baryon counterpart. In this work,
we are also interested on its different short distance behavior,
which plays an important role in the renormalization program
of the NN interaction developed in Refs. [25,26,28,29]. We
disregard, however, explicit A’s (see, e.g., Ref. [38]) and other
intermediate state contributions, assuming that those degrees
of freedom have been integrated out.

As we have already mentioned, the calculation of scattering
and bound state properties requires specifying the N N poten-
tial at short distances, which turns out to be highly singular
for the Lorentz-invariant case. Actually, a crucial issue in the
present context regards the number of necessary counterterms
required by the renormalizability of the S matrix. In the single-
channel situation, the results found in Refs. [25,26,28,29]
in configuration space can be summarized as follows. If
the potential is a regular one, i.e., r?|U(r)| < oo, there is
freedom to choose between the regular and irregular solution
of the corresponding Schrodinger equation. In the first case,
the scattering length is predicted, while in the second case,
the scattering length becomes an input of the calculation.
Singular potentials fulfill 7>|U(r)] — oo and do not allow
this choice. For repulsive singular potentials [F2U(r) — oo,
the scattering length is predicted; while for attractive singular
potentials [r>U(r) — —oo], the scattering length must be
given. The case r’U(r) — g is very special and for g <
—1/4, yields ultraviolet limit cycles [22,39,40]. For coupled
channels, one must diagonalize first the coupled-channel
potentials and apply the single-channel rules to the outgoing
eigenpotentials.

To avoid any possible misunderstanding, we hasten to
emphasize that our use of the word “relativistic” is in a
narrow sense; we are only disregarding a naive heavy baryon
expansion of the virtual nucleon states in the calculation of the
potential and hence taking into account important anomalous
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threshold singularities [32,33]. This is not the same as
providing a fully relativistic quantum field theoretical solution
to the the two-body problem by, say, solving a Bethe-Salpeter
equation or any two-body relativistic equation. This has always
been a problem rooted in the nonperturbative divorce between
crossing and unitarity in few-body calculations for which the
present paper has nothing to say.

The paper is organized as follows. In Sec. II we give an
overview of our formalism already used in Refs. [25,26,28,29].
The key aspects on the derivation of the Lorentz-invariant
TPE potential are briefly mentioned, and the main differences
with respect to the heavy baryon formalism are highlighted in
Sec. I1I. The deuteron bound state is discussed in Sec. IV. Our
predictions for phase shifts are displayed in Sec. V. Finally, in
Sec. VI we draw our conclusions.

II. FORMALISM

Along the lines of Refs. [25,26,28,29], we solve the
coupled-channel Schrédinger equation in configuration space
for the relative motion, which in compact notation reads

2
—u'(r + [U(r) + :—2} u(r) = k*u(r). 2)

The coupled-channel matrix reduced potential is defined as
usual, U(r) = 2, V(r), where w,, = M,M,/(M, + M,) is
the reduced proton-neutron mass. For j > 0, U(r) can be
written as

v =Uy,
3)
) jljl(r) 0 jlj+1(r)
Uli(r) = 0 Uil 0
y
Ujil,jJrl(r) 0 ]+1 j+1(r)

In Eq. (2), = diag(l1(ly + 1), ..., In(Iy + 1)) is the angular
momentum, u(r) is the reduced matrix wave function, and &
the c.m. momentum. In our case, N = 1 for the spin singlet
channel (I = j), and N = 3 for the spin triplet channel, with
Iy =j— 1,1 =j,and 3 = j + 1. The potentials used in this
paper were obtained in Refs. [34-36], in coordinate space. We
outline the main issues of this potential in Sec. III.

A. Long distance behavior
At long distances, we assume the usual asymptotic normal-
ization condition

u(r) > hO@¢) = a0, 4)

with S the coupled-channel unitary S matrix. The correspond-
ing outgoing and incoming free spherical waves are given by

hi- (kr)), ©)

with lei(x) the reduced Hankel functions of order /, lei(x) =
lejj_l () [A(x) = e**], and satisfy the free Schrodinger’s
equation for a free particle.

h®(r) = diag (A} (kr), ...,
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The spin singlet state (s = 0) is an uncoupled state

. . o0)
SY = e, (6)

while the spin triplet state (s = 1) comprises one uncoupled
| = j state

. o1
S = e, )

and the two channel coupled [, I’ = j =+ 1 states, for which we
use the Stapp-Ypsilantis-Metropolis (SYM or Nuclear bar)
[41] parametrization

1j 1j
gl _ (Sj—lj—l S_/—lj+1)
=\ o 1j
Sj+1j_l Sj+1j+l
_ o1
( cos (26‘)62167'*‘

iGN 45
i sin (2€j)e’(6f*1+6f+1)
6 +8 ) )

i sin (2€;)e"% cos (2€J-)e2"‘3;j+1

In the present paper, zero energy scattering parameters play
an essential role, since they are often used (see below) as
input parameters in the calculation of phase shifts. Due to the
unitarity of the S matrix in the low-energy limit k — 0, we

have
(S — 1)y = —2iay k" 4. ®)

with oy the (Hermitian) scattering length matrix. The thresh-
old behavior of the SYM phases is

57, —» —a k7, ©)
517, _a;{HkW, (10)
& — —a k¥t an

B. Short distance behavior

The form of the wave functions at the origin is uniquely
determined by the form of the potential at short distances (see,
e.g., Refs. [42,43] for the case of one channel and Refs. [25,26,
28,29] for coupled channels). For the Lorentz-invariant chiral
N N potential , one has

MC,
r?

Uos (r) —

which resembles a relativistic Van der Waals force (see, e.g.,
Ref. [44] for the electromagnetic case). Note that this short
distance behavior without an 1/M expansion is at variance
with the nonrelativistic 1/73 and 1/ in the standard Weinberg
counting based on the HB chiral expansion. In the latter, the
expansion around the limit M — oo is built in the formalism,
leading to a different behavior at r — 0.

For a potential diverging at the origin as an inverse power
law, one has

U@r) — MC", (12)
rn

with C,, a matrix of generalized Van der Waals coefficients and
n > 2. One diagonalizes the matrix C, by a constant unitary
transformation G, yielding

MC, = Gdiag(£R{ >, ..., =R} ) G, (13)
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with R; constants with length dimension. The plus sign
corresponds to the case with a positive eigenvalue (attractive)
and the minus sign to the case of a negative eigenvalue
(repulsive). Then, at short distances, one has the solutions

uy+(r)
ur) > G e s (14)
uy,+(r)

where for the attractive and repulsive cases, one has

n

oo (2 i 2 (BY  al as)
u; _(r)— i— —_— Sin _— il
’ ’ R; n—2\r 4

)= Ci o [~ " 2 (R (16)
ui 4\r i+ R exp n_2\7 ’

respectively. Here, ¢; are arbitrary short distance phases which
in general depend on the energy. There are as many short
distance phases as short distance attractive eigenpotentials.
Orthogonality of the wave functions at the origin yields the
relation

N A

> i ul,; =y upilli—o =Y cos(pi(k) — i(p)), (17)
i=1 i=1
where A < N is the number of the short distance attractive
eigenpotentials. Details on the numerical implementation of

these short distance boundary conditions can be found in
Refs. [25,26,28,29].

C. Numerical parameters

The Lorentz-invariant chiral TPE potential is specified by
the pion weak decay constant f;, the nucleon axial coupling
constant g4, the nucleon mass My, and the pion mass m,. In
addition, at the level of approximation that we are working,
it is enough to consider the low-energy constants ¢y, ¢3, and
¢4 which characterize w N scattering. The corresponding RB
potential is specified by the same parameters at N3LO in the
HB chiral expansion.

In our numerical calculations, one takes f, = 92.4 MeV,
my = 138.03 MeV, 2u,, = My =2M,M,/(M, + M,) =
938.918 MeV, g4 = 1.29 in the OPE piece to account for the
Goldberger-Treimann discrepancy and g4 = 1.26 in the TPE
piece of the potential. The corresponding pion-nucleon cou-
pling constant takes then the value g, yy = 13.083, according
to the Nijmegen phase-shift analysis of NN scattering [45].
The values of the coefficients ¢y, c3, and c4 used in this paper
can be found in Table I, which lists several sets that have been
proposed in the literature [10,20,46,47] as well as the one that
will be used in the present work based on our analysis of
deuteron properties below.

Renormalization requires fixing some low-energy param-
eters while removing the cutoff. We take the values from
the high-quality potentials [48,49] as have been obtained in
Ref. [50] for the NijmIl and Reid93 versions. We will use
the Nijm II values for definiteness. As mentioned earlier, the
number of independent parameters or counterterms requires
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TABLE 1. Sets of chiral coefficients (in
GeV~!) considered in this work.

Set Source C 3 Cs

| N [46] —0.81 —4.69 3.40
II NN [10] -0.76 —5.08 4.70
11T NN [47] -0.81 —-3.40 3.40
v NN [20] —0.81 —-3.20 5.40

n This work  —0.81 —3.80 4.50

a study of the attractive/repulsive nature of the potential at
short distances. The result of such an analysis for all channels
considered in this work is summarized in Table II for the
different parameter sets. We also list the scattering lengths
in all partial waves with j <5 as determined in our previous
work [50].

III. LORENTZ-INVARIANT TWO-PION EXCHANGE

A series of papers [34—37] is devoted to the construction
of the TPE component of the NN interaction, based on the
Lorentz-invariant formulation of baryon chiral perturbation
theory proposed by Becher and Leutwyler [32,33] in their
study of the 7w N system. Becher and Leutwyler showed that
it is possible to obtain a consistent power counting in a theory
with a heavy particle without resorting to an integration, at
the Lagrangian level, of its heavy degrees of freedom, and
subsequent expansion around the limit of infinitely heavy
baryon (HB-x PT). For completeness we briefly review such an
approach here. The so-called infrared regularization separates,
for a certain loop integral Iy, all the soft (/jr) and the hard
(Rir) virtual modes in a Lorentz-invariant way. The former
retains all the low-energy analytic structures dictated by chiral
symmetry. The latter has a complicated analytic structure only
high energies—its low-energy expansion amounts to a simple
Taylor series in the generic low-momenta p over the heavy
scales in the system! (Ay ~4mfr ~m, or My). This term
is the one responsible for violating the power counting in
the (Lorentz-invariant) baryon sector and can be absorbed by
suitable counterterms in a chiral-invariant way. For a deeper
understanding of the concepts and technical details, we refer
the reader to Refs. [32,51-54].

In principle, the I1g part, when expanded in powers of
p/My, reproduces the HB results. However, this expansion
is not always allowed, since it destroys the correct analytic
behavior of the amplitude near the low-energy region close to
t = 4m?2. The underlying reason comes from the anomalous
threshold of the triangle graph [32] (Fig. 1) right below
threshold, t = 4m2 — m? / sz\,. In the heavy baryon limit, this
singularity is ignored (as it collapses to the normal threshold)
and any 1/ My expansion of the triangle loop around this region
will fail to converge. Note that the same triangle integral also
appears in the TPE potential, with two pseudovector vertices

'Within this scheme, it is possible to verify that nucleon loops,
antinucleons, etc., contribute only to the Rjg term.
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TABLE II. Number of independent parameters (counterterms) for the Lorentz-invariant baryon expansion
potential (RB) and different orders of approximation of the heavy baryon expansion (HB) potential. The
scattering lengths are in fm’*/'*! and are taken from NijmII and Reid93 potentials [48] in Ref. [50]. We use
the (SYM-nuclear bar) convention, Eq. (11). The stars (*) mean that the behavior is very dependent on the

chosen set of chiral couplings.

Wave o NijmlII (Reid93) OPE HB-NLO HB-NNLO HB-NNLO RB-TPE
Sets I, II, & III Set IV
1So —23.727(—23.735) Input Input Input Input Input
3P —2.468(—2.469) Input - Input - —(*)
p 2.797(2.736) - - Input - -
3Py 1.529(1.530) - Input Input Input Input
38 5.418(5.422) Input - Input Input Input
D, 6.505(6.453) — - Input Input -
E, 1.647(1.645) - - Input Input -
'D, —1.389(—1.377) - Input Input Input Input
D, —7.405(-7.411) Input Input Input Input Input
3p, —0.2844(—0.2892) Input Input Input Input Input
3F, —0.9763(—0.9698) - - Input - —(*)
E, 1.609(1.600) - - Input - —(*)
F; 8.383(8.365) - - Input - Input
3F; 2.703(2.686) - Input Input Input Input
D, —0.1449(—-0.1770) Input - Input Input Input
3G 4.880(4.874) - — Input Input -
E; —9.695(—9.683) - - Input Input -
Gy —3.229(-3.210) - Input Input Input Input
3G, —19.17(-19.14) Input Input Input Input Input
3F, —0.01045(—0.01053) Input Input Input Input Input
3H, —1.250(—1.240) - - Input - —(*)
E, 3.609(3.586) - - Input - )
'H; 28.61(28.57) - - Input - Input
3Hs 6.128(6.082) - Input Input Input Input
3Gs —0.0090(—0.010) Input - Input Input Input
35 10.68(10.66) - - Input Input -
Es —31.34(-31.29) - - Input Input -
in one nucleon and a Weinberg-Tomozawa seagull term in the where
other.
To illustrate the problem, let us consider the spectral ) )
representation of the triangle graph, Imy (1) = o(r' —4m3) arctan 2My/t' — 4m3 (19)
1 00 ’ ) 167 My \/? 1 — 2]’}1%
y (1) 7 e @ —0) Imy (1), (18)
In HB- PT, the argument x = 2My/t’ — 4m2 /(t' — 2m2) is
assumed to be of order ¢!, yielding the expansion arctan x =
q /2 —1/x 4+ 1/3x3 + - ... The first two terms read
) 1 o dr
‘ - Y0 = 1oy A TP
1 |m (' —2m?)
% v “ =
VU2 2MyJt — 4m2
p p—k P=q 1
. . . = — |:2nmﬂA(q)
FIG. 1. Triangle diagram, which cannot be reproduced by the 1672 Mym,,

usual heavy baryon expansion close to t = 4m?. The solid, dashed,
and wiggly lines represent, respectively, the nucleon, the pions, and
an external scalar source.

2 2
Mz ML(Q)} ; (20)

My (4m% + 612)
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where ¢ = |q|, and L(g) and A(gq) are the usual HB loop
functions

_VAmi 4 a? | VAmE 4 g7 g
- 2my, ’

L(q)

2

1 q
A = — arctan .
(@) 2 r .

However, it does not take into consideration the case
|x] < 1, when ¢ gets closer to 4mf,. This region, where the
naive heavy baryon expansion fails, is responsible for the long
distance behavior of the triangle diagram, as can be seen by its
representation in configuration space,

1 [ d? | t
r'er)= —/ dt/f 449 e 7T my ()
T Jam2 (2m)3 '+ q*

| o e
_ L / dr’
4m? 4m2

The equation above clearly shows that to have a good
asymptotic description of I'(r), one needs a decent represen-
tation for Imy (¢') near #' = 4m?2. This is only possible if one
takes the triangle anomalous threshold into account, which
cannot be provided by current versions of the heavy baryon
formalism.

The potential in configuration space is obtained through a
Fourier transform of the potential in momentum space. There,
one faces the problem of nonlocalities, i.e., terms dependent
on the variable z = p + p’, where p and p’ are the initial and
final c.m. momenta of the NN system. The Lorentz-invariant
loop integrals, which incorporate the dynamics of the TPE,
also depend on this variable in a nontrivial way. However,
phenomenologically one learns that such terms are not relevant
at low energies, and a Taylor expansion in z is usually consid-
ered.? In this case, the Fourier transform can be carried out in
an easier way (see, for instance, Refs. [55,56]). Generically, in
any spin-isospin channel and up to the considered order in the
RB expansion, the potentials may be written as a function
of at most second order in the total momentum operator.
In this paper, we take the local approximation on the radial
part of the potentials and keep only up to linear terms in the
operators. The remaining nonlocalities are fairly small all over
the range of interest, which somehow justifies its exclusion
and considerably simplifies our calculations.”

Imy (). (22)

2For instance, in the heavy baryon potential, nonlocalities show up
only at O(g*) (N°LO).

3 A rough way of estimating this in coordinate space is by acting with
the operator V2/m2 on the local function that multiplies the variable
z? and comparing with the local that multiplies the variable z°. In the
region between 0.01 and 2 fm, these functions behave indeed as 1/ r’
and are not parametrically small, but the ratio between the nonlocal
and local contribution is at the level of 1-5%.
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IV. THE DEUTERON

In the proton-neutron (pn) c.m. system, the deuteron wave
function is

U(F) =

1
Ty |:u(r)op - oy
w(r)

(23)
7 QBop - X0y - X —0p - crn)] X;’:S,

+

with the total spin s = 1 and m; = 0, &1, and o, and o, the
Pauli matrices for the proton and the neutron, respectively.
The functions u(r) and w(r) are the reduced S- and D-wave
components of the relative wave function, respectively. They
satisfy the coupled set of equations in the 3S;-> D; channel

—u"(r) + Uss,(Nu(r) + Ug, (Nw(r) = —y*u(r),
—w"(r) + Ug,(ru(r) + |:U301 )+ %} w(r) = _y2w(r),

(24)

with Usg, (r), Ug,(r), and Usp, (r) the corresponding matrix
elements of the coupled-channel potential. We solve Eq. (24)
together with the asymptotic condition at infinity

u(r) - Age™ ",
(25)

_ 3 3
wr) — Ape™ 7" |1+ — + 5>
yr  (yr)
where y = +/MB is the deuteron wave number (B is the
deuteron binding energy), Ag is the s-wave normalization
factor determined from the condition

oo
/ drlu(r)* + w(r)’] =1, (26)
0

and the asymptotic D/S ratio parameter is defined by n =
Ap/As. As we have already mentioned, the RB-TPE potential
displays a 1/r7 singularity (similar to the relativistic Van
der Waals) at the origin. Thus, the discussion of whether
the deuteron parameters y and 1 can be fixed independently
of the potential depends on the short distance behavior of
the eigenvalues of the coupled-channel potential matrix. As
discussed in Refs. [25,26,28,29] also for the bound state
case, the number of independent parameters coincides with
the number of negative (attractive) eigenpotentials at short
distances. In the RB-TPE potential we are using here [34-36],
we have only one independent parameter (see Table IT) which
we take to be y or, equivalently, the deuteron binding energy.
With such a choice, n becomes a prediction in contrast to the
HB-TPE, where 7 is an input. The outgoing deuteron wave
functions are depicted in Fig. 2 for the RB-TPE potential and
compared to the HB-TPE one.

Let us analyze in more detail the cutoff dependence of
observables in the present RB-TPE potential. Given the fact
that in the 3S;->D; coupled channel we have one attractive
and one repulsive eigenpotential at short distances, we may
borrow from the previous discussion on OPE [25], to which
we refer the reader for further details. The practical way of
introducing in this case a short distance cutoff r. which selects
the regular solution at the origin is by appropriately choosing
the auxiliary boundary condition at the point r = r, among
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FIG. 2. RB-TPE deuteron wave functions, u (left) and w (right), as functions of distance r compared with the HB-TPE and Nijmegen II
wave functions [48]. The asymptotic normalization # — e~?" has been adopted, and the asymptotic D /S ratio is taken n = 0.0256(4) in the
TPE case (for OPE, n = 0.026333). We use set IV of chiral couplings and set n (see Table I).

many possible choices compatible with self-adjointness [25].
The precise choice may provide smoother limits and hence
better convergence properties in the pre-asymptotic region.
Actually, as we show in the Appendix, we can estimate the
size of the finite cutoff corrections in deuteron observables and
hence their convergence rate toward the corresponding renor-
malized values. The result is that up to some oscillations the
convergence toward the renormalized value is exponential as
r. — 0, 1.e., the convergence toward the renormalized value is
n@re.) — n0) ~ exp[—4/5(R+/rc)%] for the RB-TPE potential
(~1/r7) as compared to n(r.) — n(0) ~ exp[—2(R+/rc)%] for
the OPE potential (~1/r%). Here R, is a characteristic short
distance scale of the corresponding repulsive eigenpotentials.
The analysis of the Appendix also shows that, generally, the
more singular the potential the faster the convergence.

For illustration purposes, we show in Fig. 3 the calculated
asymptotic D/S ratio of the deuteron wave function 7 as
a function of the short distance cutoff r. (in fm) for the

0.03
0.028

—~ 0.026 |

n(re

0.024

0.022

0.02

0.5
re [fm]

0.3 0.4

FIG. 3. Cutoff dependence of the asymptotic D/S ratio of the
deuteron wave function 1 as a function of the short distance cutoff
r. for the RB-TPE potential for the auxiliary boundary conditions
u(r.) =0 and u'(r.) =0. We use set n of chiral couplings (see
Table I) designed to reproduce the experimental value n = 0.0256(4)
in the limit r. — 0. The convergence toward the renormalized value
is n(r.) — n(0) ~ exp[—2/5(R+/rc)%] up to oscillations (see main
text).

RB-TPE potential when the auxiliary boundary conditions
u(r.) =0 and u/(r,) = 0 are considered. Note the clear and
coincident plateau below r. = 0.4 fm for both boundary
conditions following a relatively rapid variation above this
region.* As mentioned above, this is a typical feature of a
coupled-channel singular potential with one attractive and one
repulsive eigenpotential which extends to all other deuteron
properties. Actually, the situation strongly resembles the
previously studied OPE potential which has a softer 1/r3
singularity at the origin [25]; the main difference is that for
OPE, stability takes place at a shorter scale, r, = 0.2 fm,
than in RB-TPE potential. In the present context, it is also
helpful to remember that a short distance cutoff radius and
a sharp momentum cutoff are inversely proportional to each
other, r, = w/(2A) [57] (the numerical coefficient depends
on the particular regularization). Thus plotting observables
as a function of r. enhances the finite cutoff changes, while
long plateaus could be observed instead as functions of A.
Actually, halving the short distance cutoff corresponds to
doubling the momentum space cutoff. For instance, in RB
(set n) the range r. = 0.3-0.4 fm corresponds to the range
A = 780-1030 MeV, where observables such as i change less
than 0.01%. Pinning down this error bar would be harder if
the sharp or other momentum space cutoff was used.

Our results for several deuteron properties are shown in
Table III and compared with the corresponding HB-TPE
considered in our previous work [25,26,28,29]. Some remarks
concerning the errors quoted in Table III are in order. We
provide the largest source of error in the calculation which we
are able to quantify. Since we aim at renormalized results, we
stop whenever the change of the cutoff causes no significant
variation within a prescribed accuracy, which we take to
be about an order of magnitude higher than the typical

4Other auxiliary boundary conditions such as w(r.) = 0 or w'(r.) =
0 not shown in the figure make the oscillations deduced in the
Appendix more visible, but the plateau region takes place also below
r. = 0.4 fm and yields an identical numerical result as with u(r.) = 0
and u/(r,) = 0.
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TABLE III. Deuteron properties for the OPE and the HB-TPE and RB-TPE potentials. We use the nonrelativistic relation y = /2, B
with B = 2.224575(9). The errors in the OPE case are estimated by changing the short distance cutoff in the range 0.1-0.2 fm. The errors
quoted in the HB-TPE reflect the uncertainty in only the nonpotential parameters y, 1. The errors quoted in the RB-TPE are estimated as in
the OPE case, but changing the cutoff in the range 0.3—0.4 fm. The entry Exp. stands for experimental and/or recommended values and can be

traced from Ref. [58].

Set y(fm™") n As(fm™7%)  ry(fm) 0,(fm?) Pp r~H(m™) ) (Em?) () (fm )
OPE Input 0.02634 0.8681(1) 1.9351(5) 0.2762(1) 7.88(1)% 0.4861(10) 0.434(3) [ee)

HB set IV Input Input 0.884(4) 1.967(6) 0.276(3) 8(1)% 0.447(5) 0.284(8) 0.276(13)
RBE set IV Input 0.03198(3) 0.8226(5) 1.8526(10)  0.3087(2) 22.99(13)% 0.5054(15) 0.360(4) 0.333(13)
RBE set n Input 0.02566(1) 0.88426(2) 1.96776(1)  0.2749(1) 5.59(1)% 0.4438(3) 0.2714(7) 0.215(3)
NijmlIL 0.231605 0.02521 0.8845(8) 1.9675 0.2707 5.635% 0.4502 0.2868 00
Reid93 0.231605 0.02514 0.8845(8) 1.9686 0.2703 5.699% 0.4515 0.2924 00
Exp. 0.231605 0.0256(4) 0.8846(9) 1.971(6) 0.2859(3) 5.67(4)% — — —

experimental or recommended value uncertainty. Thus, the
cutoff range is not necessarily the same in all cases. In general
terms, the more singular the potential at short distance, the
faster the convergence of the result toward the renormalized
limit (see, e.g., the Appendix). Thus, the toughest case is OPE,
where we only have 1/73 singularity. Convergence in this case
is the slowest, therefore shorter cutoffs r. = 0.1-0.2 fm are
needed.

The value we obtain for n for the parameter sets of Table I
is slightly different from the experimental one, making the
comparison with the HB-TPE case [26], where 1 was a
free parameter (two attractive short distance eigenpotentials),
a bit misleading. To obtain an accurate value of n it was
necessary to readjust the low-energy parameters c¢3 and cy4
to the values ¢3 = —3.8 and ¢4 = 4.5 GeV~!, indeed, very
similar to the values proposed by other authors [10,20,46,47]
(see Table I). Actually, once we have reproduced n we see a
general and slight improvement in accuracy when going from
the HB-TPE (where 1 is a free parameter) of our previous
work [26] to the present RB-TPE calculation (where 7 is
predicted). Basically, RB-TPE produces a sharp prediction
for n (with eventually no errors), whereas HB-TPE does
not predict 7, so its 1% experimental uncertainty propagates
to other deuteron observables at about a similar 1% level,
which is still comparable to or larger than the error in the
quoted experimental or recommended values. The conclusion

in Ref. [26] was that agreement was partly achieved because
of this fuzziness in the theoretical predictions. Of course, one
should not over stress the possible accuracy of the present
results as regards the systematic errors; the main point of
our calculation is to provide the general picture when more
complete asymptotic TPE effects are correctly taken into
account.

V. PHASE SHIFTS

We come to the calculation of the neutron-proton (np) phase
shifts. In practice, this requires a careful wave-by-wave study
of the renormalized limit. As can be seen in Table 11, all coupled
triplet channels have one attractive and one repulsive short
distance 1/r7 eigenpotential. On the other hand, almost all
singlet and uncoupled triplet channels develop an attractive
1/r7 singularity at short distances (sometimes depending on
the parameter values). The only exceptions we found are the
P, and 3P, channels, the latter depending on the precise
values of the ¢; 3 4 constants of the chiral potential. This fact
determines not only the number of counterterms, but also the
convergence pattern toward the renormalized result. It reaches
stability for cutoffs ranging in the region r, = 0.3-0.5 fm,
depending on the particular partial wave and also on the
energy (see the discussion in Sec. IV and the Appendix).

60 ' ' : W E—_ "l 10 MeV —— | 2 OMeY ——
50 50 MgV —==— 50 MeV ——— 4l 50 MeV ——— |
100MeV «--eee | |mmmm e 100 MeV -+ ’ 100 MV -++---
40 1 10 ¢ AN 6 P, TPE ]
________________________ N
= 30 S~~~ S 8t 0 e I 5 87 e ___
9] ~o o} o e
S 20t S~y 2 6 3 R [
S N ©w w o T
s TPE Po TPE 12
of 0 4 A4t
10 L L L L L L 2 L L L L L 16 L L L L L L
04 06 08 1 12 14 04 06 08 1 12 14 04 06 08 1 12 14
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FIG. 4. RBE np phase shifts in the 180,% Py, and 'P; channels as functions of the short distance cutoff radius R for the fixed laboratory

energies T;, = 10, 50, 100 MeV.
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FIG. 5. np (SYM-nuclear bar) spin singlet and uncoupled spin triplet phase shifts for the total angular momentum j =0, 1, 2, 3, 4, 5 for
RBE and HBE as a function of the laboratory energy compared with the Nijmegen partial-wave analysis [48,49].

Phase shifts in coupled channels with one repulsive singular
component have been computed with either of the auxiliary
boundary conditions ug_j;=;_1(r.) =0 or ug’j’l:j_l(rc.) =0
for zero energy states and subsequent orthogonalization of
the finite energy states by using a complementary boundary
condition as described in detail in Ref. [25] for the OPE case.
It is important to realize that even though renormalization
in principle requires one to pursue the mathematical limit

ro — 0, and that this limit indeed fixes the number of
independent parameters, convergence is achieved in practice
by length scales which are not unrealistically small and in
fact are rather reasonable. Actually, the stability plateaus take
place around the previous HB cutoffs but above the nucleon
Compton wavelength 1/My ~ 0.2 fm, which shows that after
renormalization, the value of the phase shift is not determined
by the relativistic-like 1/r” singularity. This can be seen
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FIG. 6. Same as Fig. 5, but for coupled spin triplet phase shifts.

depends on the attractive/repulsive character of the singular
potential at short distances. So, the 1S, and 3P, channels are
purely attractive, and hence the finite cutoff corrections are

1
O(rf“) up to oscillations [40]. On the other hand, the 'P,
channel provides a repulsive case, and hence finite cutoff

in Fig. 4, which depicts, for purposes of illustration, some
selected low phases as functions of the short distance cutoff
for fixed laboratory energy values. As one generally expects,
smaller values of r, are needed as the energy is increased. The
approach toward the renormalized value for any partial wave
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s
corrections are Olexp(—r. 2)]. We recall that the smallest de
Broglie wavelength probed in N N interaction below the pion
production threshold is A ~ 0.5 fm. Thus, the RB potential
and the present renormalization construction also implement
the desirable a priori requirement that short distance details are
indeed irrelevant for the description of low-energy properties.

In Figs. 5 and 6, we present the np (SYM-nuclear bar)
renormalized phase shifts for the total angular momentum
j=0,1,2,3,4,5 for spin singlet and uncoupled spin triplet
and for coupled spin triplet channels, respectively. There,
we compare the relativistic baryon expansion (RBE) and the
heavy baryon expansion (HBE) as a function of the laboratory
energy compared with the Nijmegen partial-wave analysis
[48,49]. For definiteness, we use the chiral constants cy, c3,
and ¢4 of Ref. [20] (set IV), which already provided a good
description of deuteron properties after renormalization [26]
at next-to-next-to-leading order (NNLO). This choice allows
a more straightforward comparison to the N3LO calculation
of Ref. [20] with finite cutoffs. We also compare with the
set n which takes the same value of ¢; and the readjusted
values c3 = —3.8 and ¢; = 4.5 GeV~! based on our improved
description of the deuteron in Sec. IV. Unless otherwise stated,
the needed low-energy parameters for these figures are always
taken to be those of Ref. [50] for the Nijmll potential (see
Table II). As can be clearly seen, the RB-TPE with this set »
improves not only the deuteron properties but also the phase
shifts all over with the notable exception of the *Ds. Again, one
should not overemphasize this agreement, but it is rewarding
to see that there is a general trend to stability and improvement
in some channels (such as 'D,, Py, and 3P,) when the RB-TPE
potential is considered, while the quality of description is
not worsened in other channels. At the same time, however,
one should stress that generally speaking, this potential needs
fewer counterterms than the corresponding HB counterpart
(about a half). Actually, in the Lorentz-invariant potential
case, one has at most one parameter per channel instead of
the three parameters channel in the coupled triplets for the
heavy-baryon case. This is because of the attractive-repulsive
short distance character of the coupled-channel RB-TPE as
compared to the attractive-attractive HB-TPE potential in these
coupled channels. Again, we recall that the RB-TPE provides
the correct analytic behavior of the exchange of two pions at
large distances when A and other excitations are not explicitly
considered.

VI. CONCLUSIONS

In the present paper, we have analyzed the renormalization
of all partial waves with j<5 for NN scattering and
the bound deuteron state for the chiral two-pion exchange
potential computed in a Lorentz-invariant baryon expansion.
Our main motivation has been to consider a potential where
the asymptotic TPE effects are consistently taken care of.
This gives us some confidence that long distance physics is
more faithfully represented by a common exponential falloff
factor e=2"=". At the level of calculation considered here, A
and other excitations are not explicitly taken into account;
within a Lorentz-invariant baryon expansion, the contribution

PHYSICAL REVIEW C 77, 034003 (2008)

of this degree of freedom to the NN potential has never
been computed. As we have repeatedly stressed throughout
this paper, this Lorentz-invariant potential presents a 1/r’
singularity at the origin, which demands renormalization in
order to obtain a finite and unique result when the TPE
potential is assumed to be valid all over the range from the
origin to infinity. This can be done by introducing a number
of (potential independent) counterterms, and consequently
physical renormalization conditions must be specified. In
practice they are fixed to the values of threshold parameters,
mainly scattering lengths at zero energy. Actually, we have
noted that the number of necessary counterterms is drasti-
cally reduced when the Lorentz-invariant baryon potential
is compared to the heavy baryon expanded TPE potential,
while both potentials are specified by the same parameters.
Thus, less input is needed to predict the NN phase shifts.
Although the precise number of counterterms depends on
the parameters of the potential, we find that typically for
the channels with total angular momentum j = 0-5, we need
13 in the Lorentz-invariant case as compared to about 27 in
the HB potential. Actually, it is noteworthy that with about
half the number of counterterms, the overall agreement is
improved. This is particularly striking in the *Py and 35;-°D,
(deuteron) channels. In other channels, the improvement is
moderate, indicating missing shorter range contributions to
Eq. (1). Although a deeper understanding of why this dramatic
reduction of the number of counterterms happens would very
helpful, and we have not attempted a large scale fit, it is
very rewarding that the implementation of the correct and
fairly complete long range physics deduced from one- and
two-pion exchange in conjunction with the requirement of
renormalizability provides a rather reasonable description of
the NN scattering data below the pion production threshold.
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APPENDIX: ANALYTICAL DETERMINATION OF FINITE
CUTOFF CORRECTIONS

In this Appendix, we determine the finite cutoff corrections
to renormalized deuteron properties when the the two coupled-
channel potential is such that there is one attractive and one
repulsive short distance eigenpotential. This is the case of the
OPE and RB-TPE potentials discussed in this paper. In this
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case, it is simplest to discuss the auxiliary boundary condition
u(r.) =0. (A1)

The analysis of other auxiliary boundary conditions such as
u'(r.) = 0, which has actually been used in the numerical
calculations, is a bit messier; but the final conclusion is
essentially the same as with Eq. (A1).
From the superposition principle of boundary conditions,
we may write
u(r) = us(r) +nup(r),
(A2)
w(r) = ws(r) + nwp(r),
where (ug(r), ws(r)) and (up(r), wp(r)) solve the deuteron
problem in Eq. (24) with the long distance boundary conditions
of Eq. (25) when taking (Ag, Ap) = (1,0) and (Ag, Ap) =
(0, 1), respectively. On the other hand, at short distances, the
coupled-channel potential is diagonalized by an orthogonal

transformation
cos o sin @
G= . ,
—sinf cosf

where the mixing angle 6 depends on the parameters of the
potential only. For instance, for OPE, one has cos§ = —1/ V3 R
see Ref. [25]. The reduced potential behaves as

+RT? 0 -
0o —g2)6 g

where R, and R_ are the Van der Waals length scales asso-

ciated with the repulsive and attractive channels, respectively.

Defining the general short distance solutions of the decoupled
problems, we have

n/4 =2
r 2 R+ 2
vi,+(”)=<R—> {aH_exp |:_m <T> i|
R _
n—2
2 Ry 2
+biiexp|+——= | —
n—=2\r
o= () |2 (B) T+
i-r)=\ 5 i,— Sin - i
v; (7 ra ci—sin | ——— | — @

wherei = S, D and q; 1, b; 4, ¢; —, and ¢; are fixed constants
that depend on the potential only and may be determined
by integrating in from long distances the asymptotic wave
functions (ug(r), ws(r)) and (up(r), wp(r)). We recall that

(A3)

Uu@r) — rinG < (A4)
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n =7 for the RB-TPE potential, while n = 3 for the OPE
potential. Note that we must include here also the diverging
exponential at the origin for the repulsive eigenpotential. The
solutions at short distances behave as

u;(r) cos6 siné Vi (r)
(wi(r)> - (—sin@ cos@) <Ui,+(r))’ (A6)

where i = S, D. Thus, using the short distance boundary
condition of Eq. (A1), which selects the regular solution at the
origin and eventually kills the diverging exponentials when
r. — 0, and gathering all subsequent equations, we get

MS(rc)
up(re)
cosQvg 4 (r.) + sinBvg _(r.)

77(”c) = -
(A7)

cos Ovp 4 (re) + sinbvp, _(re)
The limiting value is controlled by the short distance diverging
exponentials in Eq. (A5) and is given by

bs ¢

n0) = - (A8)

D+
Deviations from this value for small cutoffs r, can be directly
determined from Eq. (AS) yielding

. R\ [es— _
) = 1+tan6 <—+> |:—CS’ - :|
n(0) R_ bs+ bpy

. 2 (Ry\7
exp| ——— | —
P n—2\r.
n—2
: 2 R_\ 7
xsm|: (—) +g0i:|+~-~, (A9)
n—2\r.

showing that, up to oscillations, finite cutoff corrections in

1 5
the deuteron are O[exp (—7. *)] for OPE and O[exp (—r. )]
for RB-TPE. The generalization to other auxiliary boundary
conditions and other deuteron properties is straightforward
with an identical result in the order of finite cutoff effects.

The case of scattering states is more tedious and will not
be discussed in detail here but can also be analyzed with a
combination of the coupled-channel formulas of Ref. [40] (see
Sec. V of that paper) and the bound state results of the present
appendix. Finite cutoff effects for the S matrix scale similarly
as in the bound state case; i.e., up to oscillations, they are

_1 _s
Olexp (—r. )] for OPE and O[exp (—r. *)] for RB-TPE.
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