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Proton flows and charged pion flows in Pb+Pb collisions at 40A and 158A GeV
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We study the side-ward and elliptic differential flow of protons and charged pions for Pb+Pb collisions at
40A GeV and 158A GeV energies in a microscopic relativistic transport simulation model. The calculation of
flow results are compared with the recent data from the NA49 Collaboration as a function of transverse momenta,
rapidity, and centrality. It is found that in the simulation model without potential explains the side-ward flow
qualitatively well and with potential favors the elliptic flow reasonably good with the experimental data.
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I. INTRODUCTION

At extreme baryon density and/or temperature, it is ex-
pected that hadronic matter dissolves into a soup of quarks and
gluons, eventually formed the quark-gluon plasma (QGP) [1].
Such state of matter can be described by a theory called
quantum chromodynamics (QCD). Mainly in the interface of
nuclear and particle physics, the QCD phase transition from
an interacting hadronic matter to partonic matter (interacting
quarks and gluons) is governed by equation of state. One of
the motivation for studying relativistic heavy ion collisions is
to understand the equation of state of hadronic and partonic
matter. The physics of the equation of state affect the nuclear
phenomena such as collective flow [2–25]. Recently, equation
of state at AGS energies were discussed by Danielewicz
and others [10,26,27] within a Boltzmann transport model
and showed that a reliable stiffness value (compressibility
modulus, K = 167–380 MeV) cannot be uniquely determined
from collective flow data up to AGS energies. On the
other hand, using relativistic Boltzmann-Uehling-Uhlenbeck
(RBUU) simulation model with relativistic mean field poten-
tial (K = 300 MeV), one can describe the collective flow data
at AGS energies [28]. These two studies do not provide a
definite conclusion about the stiffness on equation of state.
Recently, the measured flow data at SPS energies [29] may
be helpful to pin down the equation of state more accurately,
because high baryon density may occure at these energies.
Quite a good number of hadronic transport models, e.g.,
RQMD [30–34], BEM [10,27], RBUU [16,28,35], ARC [36],
ART [37], HSD [38], UrQMD [17,39], and JAM [21] have
been applied to heavy-ion collisions over a wide-range of
incident energies to describe the various data successfully.
The bulk observables such as transverse mass spectra and
rapidity distribution can be described by transport models
(ARC, HSD, JAM) without mean field potentials, but these
models cannot explain the collective flows. Therefore, to
describe successfully the collective flows as well as bulk
obervables up to AGS energies, the mean field effect has
been included in the transport models (RQMD, BEM, RBUU,
ART, UrQMD). At SPS energies, not many transport models
with mean fields effect have been investigated on collective
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flow data. Very recently [40], the collective flow from AGS
to SPS energies has been calculated. It is found that the
side-ward, elliptic flow of protons qualitatively reproduce the
experimental data in JAM transport model with inclusion of
momentum dependent mean field effect. The mean field effect
in JAM have a Lorentzian-type momentum dependent as well
as a simple Skyrme-type density dependent in the zero-range
approximation [41] that simulate the exchange term (Fock
term) of the Yukawa potential over a wide incident energy
range. In the present paper, we investigate the collective
flow data at SPS energies in RBUU model with momentum
dependent potentials described below.

At present, the collective flow is a current interest in rela-
tivistic heavy-ion collisions because of new data [42] at RHIC,
specially the elliptic flow is measured as a function of different
physical parameters such as pseudorapidity, centrality, and
transverse momenta. These observations may give insight into
the understanding the possible formation of QGP at high
density and temperature. The general concept was that the
collective flow in noncentral collisions retains some signature
of the effective pressure at maximum compression in the
interaction. This has been verified at lower beam energies for
the study of nuclear matter equation of state [8,12–14,43–45].
To address these questions further to higher energies, recent
data from CERN SPS experiment NA49 [29] have been
studied at 40 and 158 GeV/nucleon in Pb+Pb collisions. The
experimental data available now contain the most detailed and
more accurate analysis than the previous one due to large event
statistics so far of the directed and elliptic flow of pions and
protons. Furthermore, NA49 published the flow at 40A GeV
for the first time.

Moreover, it is interesting to note that in near future, CBM
experiment at FAIR in GSI, Germany will run for the collisions
of heavy-ions at 20–40A GeV energies to understand the rich
source of physics at high density region. Around that energy,
it is expected to have the maximum baryon density and it is
of much interest to understand the formation of new matter.
The collective flow may give better insight to describe such a
formation of new state of matter [46].

The collective flow such as side-ward and elliptic flow
have been studied extensively in the previous calculations
for various nucleus-nucleus collisions as a function of beam
energy from 0.05A GeV [47] to 11A GeV [28] employing a
relativistic transport model with hadronic and string degrees
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of freedom. It has been seen that up to AGS energy, the nuclear
equation of state plays a crucial role to describe the flow
phenomena. Indeed, in these energy regime (0.05–11A GeV),
the equation of state is used in the dynamical transport model
based on momentum-dependent scalar and vector self-energies
for the nucleons in the calculation of elliptic and side-ward
flow. More specifically, various equation of states (soft,
medium, and hard) with momentum-dependent potentials are
employed at AGS energies. It has been pointed out that at
above AGS energy, the flow phenomena mainly govern by
nucleon-nucleon collisions rather than nuclear potentials in
the transport model. That is because at high beam energy
the vector self energy for the nucleons decreases drastically,
whereas, the scalar self energy remains constant to a particular
value. This has been clearly seen in the calculation of side-ward
flow with respect to beam energies [28,35], where the pressure
generated at the early stage of nucleus-nucleus collisions is
same with and without potentials in the transport model.
However, there is a marked differences in the elliptic flow with
and without potentials in the simulation model as a function
of beam energies at AGS regime. Therefore, at SPS energies,
one cannot ignore the potential in the model though the vector
potential is virtually negligible, but there could be a significant
contribution from scalar potential to the flow calculations. In
AGS energy regime, our calculations [35] have been performed
with various equation of states (soft, medium, and stiff) based
on momentum-dependent scalar and vector self-energies for
the nucleons. We found that at higher bombarding energies
(>4 A GeV), a ‘medium’ equation of state could describe well
the transverse and elliptic flow. Hence we continue our studies
within the same transport approach using the medium equation
of state with momentum-dependent potentials at SPS energies.

The paper is organized as follows. In Sec. II we briefly de-
scribe the relativistic transport approach with the momentum-
dependent scalar and vector self-energies for the nucleons.
The systematics of directed and elliptic flow of the protons
and charged pions in Pb+Pb collisions at 40 and 158A GeV
as a function of transverse momentum, rapidity, and centrality,
respectively, are given in Sec. III. At the end, in Sec. IV, we
have summarized and concluded our results.

II. BRIEF DESCRIPTION OF MODEL

The calculations are based on the relativistic hadron-string
transport simulation model (RBUU) as given in Ref. [28] for
the analysis of directed and elliptic flow of protons and charged
pions at SPS energies. The transport model is consisted of
a coupled set of covariant equations for the phase-space
distributions of baryons and the transition rates for elastic
and inelastic scattering processes. The phase-space parts also
involve the propagation of momentum-dependent scalar and
vector mean fields. However, the transition rates are nothing
but the collisions terms, where we employ the in-medium cross
sections as mentioned in Ref. [48]. These are parametrized in
the line with the corresponding experimental data for

√
s �

3.5 GeV. For higher invariant energies
√

s > 3.5 GeV the Lund
string formation and fragmentation model [49] are employed
as in the hadron-string-dynamics approach [38,50], which
has been used extensively for the description of heavy ion

collisions data in nucleus-nucleus collisions from SIS to SPS
energies [50]. The choice of ‘string threshold’ is made to
3.5 GeV by fitting the transverse mass spectra of protons in
central Au+Au collisions at AGS energies (cf. Ref. [28]). We
retain the same threshold value for the study of flows at SPS
energies.

In our RBUU model, we denote it as MEAN, mainly in
the phase-space distribution, the nuclear mean-field plays the
important role to propagate the baryons. The model inputs
of nuclear mean-field are specified by both vector and scalar
potentials and nonlinear self-interactions of the scalar potential
as in [28], with a particular parameter set. In the present
calculation we have chosen the parameter set NL23 (K =
300 MeV at the normal nuclear density) [18,51], the medium
equation of state. We will describe below why we select this set.
The potentials in the simple mean-field models are momentum
independent [16,51], these cannot be used in high-energy
heavy-ion collisions [28], because these theories no longer
describe the nucleon optical potential [52]. It is important
that any theory having potentials should describe the nucleon
optical potential, since, a part of the energy dependence of
side-ward and elliptic flow are controlled by it. Therefore, the
scalar and vector potentials are made momentum dependent by
invoking a form factor to the meson-baryon couplings based
on the Ref. [28] and then the momentum dependence could
be observed clearly by plotting the nucleon optical potential
as a function of baryon momentum with respect to the nuclear
matter at rest frame for different densities [35]. This point has
been discussed extensively in the Ref. [35] that the energy per
particle E/A indicates only the momentum dependence of the
potentials up to the Fermi momentum less than 0.5 GeV/c even
at 6ρ0, thus it tells very little about the momentum dependent
of potentials.

The scalar and vector form factors at the vertices of vector
and scalar potentials are adopted in the form [28]

fs(p) = �2
s − ap2

�2
s + p2

and fv(p) = �2
v − bp2

�2
v + p2

. (1)

The parameters �s,�v, a and b are obtained 1.0 GeV,
1.35 GeV, 1/3 and 1/4, respectively, for medium equation of
state [35] by fitting the Schrödinger equivalent potential [52].
In this calculation at SPS energies, the medium equation
of state has been selected due to best description of the
transverse and elliptic flow at higher bombarding energies
at AGS regime [35]. The form factors as given in Eq. (1)
are pure phenomenological and fitted well the Schrödinger
equivalent potential data up to 1 GeV only. At higher energies
above 1 GeV, there is no experimental data on the nucleon
optical potential or Schrödinger equivalent potential. Thus at
SPS energies the vector potential is virtually negligible, but
there could be a significant contribution from scalar potential
and hence the flow calculation is model dependent. Here the
momentum dependence is computed self-consistently on the
mean-field level in the line of Ref. [28].

III. DIRECTED AND ELLIPTIC FLOW

The directed (side-ward) and elliptic flow are defined by v1

and v2 coefficients in the Fourier expansion of the azimuthal
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TABLE I. Protons midrapidity yield dn/dy at various centralities in 158A GeV for Pb+Pb collisions and at central region in 40A GeV for
Pb+Pb collisions. The errors are statistical. The data are from Ref. [53].

Centralities dn/dy (MEAN model) dn/dy (CAS model) dn/dy (experimental data) Ebeam (A GeV)

0–5%(0 < b � 3 fm) 26.7 ± 1.7 21.2 ± 1.4 29.6 ± 0.9 158
5–12%(3 < b � 5 fm) 22.1 ± 1.2 17.6 ± 1.6 22.2 ± 0.6 158
12–23%(5 < b � 6 fm) 14.3 ± 0.9 14.8 ± 1.3 14.5 ± 0.4 158
23–33%(6 < b � 8 fm) 9.0 ± 1.1 8.4 ± 1.5 9.8 ± 0.3 158
33–43%(8 < b � 10 fm) 4.7 ± 1.1 3.3 ± 1.1 5.7 ± 0.2 158
43–100%(b � 10 fm) 1.5 ± 1.2 1.75 ± 1.3 2.9 ± 0.1 158
0–5%(0 < b � 3 fm) 42.4 ± 2.0 36.6 ± 2.6 41.4 ± 1.1 40

angle distribution φ of particles relative to the reaction plane,

(1 + 2v1 cos φ + 2v2 cos 2φ + · · ·). (2)

The coefficients are usually evaluated differentially as a
function of rapidity, transverse momentum, and centrality,
which we will discuss in below more vividly. If the true
reaction plane is known, then it is easy to evaluate v1 and v2

using final state hadrons momenta. This is possible in a model
calculations, however, it is not so obvious in experiments as we
have no knowledge about the true reaction plane. Therefore, we
proceed to calculate the directed and elliptic flow in our model
and compare results with the recent experimental data available
[29]. Thus we can directly step on with the numerical results
in comparison to the experimental data for Pb+Pb collisions
at 40 and 158A GeV energies. Before moving forward to
numerical results on directed and ellitic flow, we compare our
simulation models (MEAN) and (CAS) with the data on proton
midrapidity yields at various centralities in 158A GeV Pb+Pb
collisions and in 40A GeV Pb+Pb central collisions [53]. This
verification is important since it characterizes the stopping
power of nuclear matter. The comparison is given in Table I
with Ref. [53].

In going from peripheral to central collisions, the yield
of protons is strongly suppressed, indicating a significant
decrease in stopping from central to peripheral collisions.

The calculated values both in (MEAN) and (CAS) models
are underestimate marginally the data [53] from central to
peripheral collisions.

A. Directed flow

The directed flow coefficient v1 in the Fourier expansion
of azimuthal distribution of particles is evaluated by 〈cos φ〉,
where 〈 〉 indicates the mean value summed over the particles.

The directed flow v1 is characterized by the expectation
value as [54]

v1(y, pT ) = 〈cos φ〉 =
〈

px√
p2

x + p2
y

〉
, (3)

with x and y being the directions perpendicular to the beam
with x in the event plane.

In Fig. 1 we display the side-ward flow coefficient v1

of protons and charged pions as a function of rapidity and
transverse momentum for Pb+Pb systems at 40A GeV for the
midcentral collisions. We select the several impact parameters
from b = 5.3 to 9.1 fm with proper weight factor to calculate
the v1 coefficient with respect to rapidity and transverse
momentum.
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FIG. 1. Plot of v1 for proton and charged
pions at midcentral region in 40A GeV Pb+Pb
collisions. v1 is plotted as a function of rapidity at
pT < 2 GeV/c in the upper half of the figure and
v2 is plotted as a function of pT at 0 � y � 1.8 in
the lower half of the figure.
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FIG. 2. Plot of v1 for proton and charged
pions at midcentral region in 158A GeV Pb+Pb
collisions. v1 is plotted as a function of rapidity at
pT < 2 GeV/c in the upper half of the figure and
v2 is plotted as a function of pT at 0 � y � 2.1 in
the lower half of the figure.

The open circles with solid lines in Fig. 1 correspond to
the momentum dependent equation of state in the potential
in the simulation model (MEAN), the triangles with dashed
lines represent the cascade model (no potential term in
the simulation model, CAS), and the full squares are the
experimental data from the NA49 Collaboration [29] and
open squares are reflection experimental data. The solid and
dotted lines are guide lines to the theoretical calculation
based on potential and no potential in the simulation model,
respectively. The error bars are included in simulation results
and shown in all figures. The direct measurements have been
performed for 0 � y � 1 and the data for −1 � y � 0 have been
generated by reflection around y = 0. We observe that the
overall description of the proton data as a function of rapidity is
reasonably good for the CAS model. However, MEAN model
overestimates the data, that is due to the strong attractive force

present in the model. In case of pion neither CAS nor MEAN
model reproduce data well. In the lower panel of Fig. 1, the
side-ward flow is plotted against the function of transverse
momentum for proton and charged pions. Once again the CAS
model also describe better and closer to data than the MEAN
model. In the plot of v1 as a function of pT , the MEAN model
is close to data at high transverse momenta. The transverse
momentum pt cut is less than 2 GeV/c in the plot of v1 as a
function of rapidity for both pions and protons, whereas for the
plot of v1 as a function of transverse momentum, the rapidity
lies between 0 and 1.8.

Figure 2 represents the plot of side-ward flow as a function
of rapidity and transverse momentum same as Fig. 1 but for
Pb+Pb systems at 158A GeV for the midcentral collisions.
Similar features are observed as for Fig. 1 for the CAS and
MEAN models. The CAS results describe the data reasonably
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FIG. 3. Plot of v2 for proton and charged
pions at midcentral region in 40A GeV Pb+Pb
collisions. The v2 is plotted as a function rapidity
at pT < 2 GeV/c in the upper half of the figure
and v2 is plotted as a function of pT at 0 � y � 1.8
in the lower half of the figure.
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FIG. 4. Plot of v2 for proton and charged
pions at midcentral region in 158A GeV Pb+Pb
collisions. The v2 is plotted as a function rapidity
at pT < 2 GeV/c in the upper half of the figure
and v2 is plotted as a function of pT at 0 � y � 2.1
in the lower half of the figure.

well for both protons and charged pions. However, the MEAN
model is quite different from data. For both pions and protons
the transverse momentum pt cut is less than 2 GeV/c in the
plot of v1 as a function of rapidity, whereas for the plot of v1 as
a function of transverse momentum, the rapidity lies between
0 and 2.1.

In these two figures, we can conclude that the CAS model is
better at describing the data on side-ward flow than the MEAN
model as a function of rapidity and transverse momentum at
SPS energies. We will verify results for elliptic flow in the
next subsection by studying the elliptic flow as a function of
rapidity and transverse momentum at SPS energies.

B. Elliptic flow

The second coefficient v2 in the Fourier expansion of
azimuthal distribution of particles with respect to the reaction
plane is the elliptic flow and is characterized by the expectation

value [54]

v2(y, pT ) = 〈cos 2φ〉 =
〈

p2
x − p2

y

p2
x + p2

y

〉
. (4)

In Fig. 3 we display the rapidity and transverse momentum
dependence of the elliptic flow v2 for Pb+Pb collisions
at 40A GeV energies for protons and charged pions. The
corresponding transverse momentum pt is less than 2 GeV/c
for the upper half of the plots and the rapidity is between 0 and
1.8 in the lower half of the plots. The symbols and lines are the
same as in Fig. 1. Both the rapidity and transverse momentum
dependence of the calculated elliptic flow describe the data
reasonably well. So, there is no significant difference between
the CAS and MEAN models. The MEAN model is slightly
better than the CAS model, when we make a careful exception
for the elliptic flow as a function of rapidity for both protons
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FIG. 5. Plot v1 and v2 as a function of
transverse momenta for proton at 40A GeV. The
upper half of the plot is for central collisions and
the lower half of the plot is for the peripheral
collisions. The range of rapidity is between 0 and
1.8 in all plots.
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and charged pions. However, in elliptic flow as a function of
transverse momentum, the behavior is reverse, that means,
CAS is closer to data. At the same time, the MEAN model is
not very far from data.

The elliptic flow v2 for Pb+Pb collisions at 158A GeV
has been plotted as a function of rapidity and transverse mo-
mentum for protons and charged pions with the corresponding
transverse momentum pt less than 2 GeV/c (upper panel of the
plots) and within the rapidity range between 0 and 2.1 (lower
panel of the plots), respectively, in Fig. 4. Here we observe that
the CAS model is much closer to data than the MEAN model in
both rapidity and transverse momentum dependence of elliptic
flow for both protons and charged pions. However, the MEAN
model is comparable to data except in midrapidity region of
the data for both protons and charged pions in the plot of v2

as function of rapidity. But in the plot of v2 as function of pT ,
one can observe that the MEAN model is very close to data
for protons, whereas it overestimates data for charged pions
for all values of pT . In other words, a mean field potential
with a momentum dependent MEAN model does play some
role in describing data in the elliptic flow rather than side-ward
flow.

In Fig. 5 we plot the transverse momentum dependence
of the side-ward and elliptic flow in Pb+Pb collisions at an
energy of 40A GeV with a rapidity range between 0 and
1.8 for protons. For the centrality dependence, we show the
central collisions and peripheral collisions in the upper and
lower panels of side-ward and elliptic flow, respectively, for
40A GeV energy. For the central collisions, the choice of
several impact parameters is up to 5.1 fm with a proper weight
factor. Similarly for the peripheral collisions, several impact
parameters are taken from 9.1 to 14 fm with a proper weight
factor. The symbols and lines stand same as Fig. 1. We notice
here that in the central collisions, both MEAN and CAS models
describe the data within the statistical error limit except at high
transverse momentum. In the peripheral collisions, however,
the CAS model is closer to data except at high transverse
momenta. In comparison to experimental data, the MEAN
model underestimates data for v1 as function of pT . In the
case of v2 as a function of pT , the MEAN model overestimates
the data at low transverse momenta and close to data at high
transverse momenta regions. So, we conclude from all these
figures that we cannot ignore the potential in the microscopic
simulation transport model completely.

IV. SUMMARY AND CONCLUSION

In summary, we have analyzed the side-ward (v1) and
elliptic flow (v2) in Pb+Pb collisions at beam energies of
40 and 158A GeV at SPS energies using medium nuclear
forces (MEAN) and without any nuclear force (CAS) in the
microscopic relativistic transport simulation model (RBUU).

The measured side-ward flow v1 as a function of rapidity
and transverse momentum can be described in the dynamical
transport model by practically cascade (CAS) and mean
field momentum dependent potential (MEAN) model thus
demonstrating that the side-ward flow is mainly governed by
the the cascade model at SPS energies. This finding agrees
with that from Sahu et al. [28] at higher end AGS energies. In
other words, the cascade model describes the side-ward flow
data reasonably well within statistical error limits as a function
of rapidity and transverse momentum for protons. However for
charged pions, both the cascade (CAS) and mean field models
(MEAN) fail to explain the side-ward flow data as a function
of rapidity and transverse momentum.

Our calculations for the elliptic flow v2 show a sensitivity
to the momentum dependence of the nuclear potential at SPS
energies as a function of rapidity and transverse momentum.
This is somewhat opposite to side-ward flow. In the elliptic
flow v2 as a function of rapidity and transverse momentum
for protons and charged pions, both the CAS and MEAN
models are within the error limits of the experimental data.
More specifically, the MEAN model describes the data
well for v2 as a function of pT and rapidity for protons
only.

Also we have shown the sensitivity of the centrality
dependence on the side-ward and elliptic flow as a function
of transverse momentum at SPS energies. One could observe
that the side-ward and elliptic flow data are close to both
the mean field momentum dependent potential (MEAN) and
cascade (CAS) models in the central collision region. However,
in the case of peripheral collisions, the mean field potential
(MEAN) model is not near both the side-ward and elliptic
flow data, except elliptic flow at high transverse momenta.
The cascade (CAS) model describes data very well for side-
ward and elliptic flow in the peripheral collisions, except at
very high momentum regions. Thus our mail conclusion is
that the cascade (CAS) model describes the data on side-
ward and elliptic flow better than the mean field (MEAN)
model.
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