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Mass and width of strange baryon resonances using QCD sum rules
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The mass spectra of strange baryons in the octet family are investigated in a finite-energy QCD sum rule
approach based on the Gauss-Weierstrass transform. The phenomenological form of the spectral function is
saturated by the ground state and two of the lowest excited states, considered as having opposite parities. Treating
the ground-state parameters as known quantities, the masses, widths, and couplings to the interpolating fields are

determined and compared with experiment.
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I. INTRODUCTION

An important goal of the study of hadronic physics is to
understand the baryon spectrum from QCD, the underlying
theory of the strong interaction. In quantum mechanics, sta-
tionary states in bound state problems are eigenstates (eigen-
function and eigenenergy) of an appropriate Hamiltonian.
Bound states such as light baryonic systems in QCD, on
the other hand, are far more complicated objects. Here
the excitation energy is sufficient to create several of the
constituents. In hadrons, a typical excitation energy (due to
QCD) is a few hundred MeV. This is sufficient to create one
or more light quark-antiquark pairs. QCD is intrinsically a
strongly interacting many-body theory. Its strong coupling
and confinement nature makes it extremely difficult to solve
at low energies relevant to hadronic binding. One theoretical
tool that has enjoyed success in the low-energy regime is the
QCD sum rule method [1]. It is a nonperturbative approach
to QCD that reveals a direct connection between hadronic
observables and the QCD vacuum structure via a few universal
parameters called vacuum condensates (vacuum expectation
values of QCD local operators). This method is based on
the evaluation of a suitable correlation function in the deep
Euclidean region using operator product expansion (OPE)
on the one hand, and its phenomenological evaluation using
physical hadronic states on the other hand. The method
is analytical and physically transparent and has minimal
model dependence with well-understood limitations inherent
in the OPE. It provides a complementary view of the same
nonperturbative physics to the numerical approach of lattice
QCD. The method was applied to the baryon sector not long
after it was introduced [2—-6], and it was later improved and
extended to include some excited states [7—13] and magnetic
moments [14—17]. On the experimental side, the effort is
fueled by data of increasing quality from the Thomas Jefferson
National Accelerator Facility and other accelerator facilities.
In all of the studies, however, the conventional Borel transform
and pole-plus-continuum ansatz has been used in which the
excited states are exponentially suppressed.

To gain access beyond the ground-state pole, one has to seek
alternative ansatz in the phenomenological spectral function.
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Such an attempt has been made in Ref. [18], where the first two
excited states of the nucleon are explicitly included, using a
combined framework of Gaussian sum rules and finite energy
sum rules (FESR). As advocated in Refs. [18,19], FESR is
more suitable for studying the spectrum of excited states,
because its spectral function has a polynomial kernel instead of
an exponential one. Furthermore, the widths of the resonances
can be taken into account in addition to the masses, a unique
feature of this procedure. In this work, we will extend the work
in Ref. [18] to the other members of the baryon octet, using an
updated version of the Borel sum rules for the octet baryons
as given in Ref. [12]. In effect, it is an exercise similar to
the calculation of excitation energies of atoms and nuclei, but
it uses fully relativistic quantum field theoretic tools. In our
calculation, we consistently include operators up to dimension
eight with radiative corrections, first-order strange quark mass
corrections, flavor symmetry breaking of the strange quark
condensates, anomalous dimension corrections, and possible
factorization violation of the four-quark condensate.

II. METHOD
Hadron masses can be extracted from the time-ordered two-

point correlation function in the QCD vacuum,

M(p) =i / d*x €7 (0T {n(x)7(0)} | 0). (1
For the nucleon, we use the interpolating field
" = =2 [ Cysd"yu +t @ Cd)ysul.  (2)

The real parameter ¢ allows the freedom for optimal mixing
of the two operators. The choice usually used in QCD sum
rules studies corresponds to t = —1. We will explore different
values. For the other members of the octet family, we consider
for ¥

n% = =2 [T Cyss®u + 1 T Cs®)ysu¢l,  (3)

and for 2

&3]

N = =2€®[(s*T Cysul)s® + t(s“TCuP)yss].  (4)
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For A, there is the possibility of octet and flavor-singlet
quantum numbers. In this work, we consider only the octet
member whose interpolating field is

1
Nt = 2\/;e“b”{[2(u“TCy5db)sC + @ Cyss”)d°

— (@7 Cyss®uc] + t[2wT Cd”)yss® + (uT Cs?)
x ysd® — (d“T Cs")ysu‘l}. )

The most general structure of I1(p) is

M(p) = pFi(p*) + F(p?), (6)

where p = y - p. Wilson’s operator product expansion up to
dimension eight gives the result in the following form for the
invariant functions F; and F>:

—Fi(p?)
= [A+ BIn(—p*/u®)][In(~p*/u)]p*
o _
+ A4In(—p*/u?) <;G2> + E4In(—p*/u*)m,(Gq)
+[As + Bs In(—p*/u)(1/ p*)u(dq)’ + Es(1/p?)
x mg(qgo - Gq) + As(1/p")(aq)(Ggso - Gq) + -
(7N
—Fx(p?)
= HiIn(—p*/p>)p*m, + C3p* In(—p* /1) (Gq)
+[Cs + DsIn(—p*/u)]In(—p*/u)(Ggo - Gq)
2, 2 Us 2, o\ [% o
+ HsIn(—p?/2m, (262} + G/ paa) (2 6°)
+ Hym,i,(qq)* + - ®)
The ellipses denote higher order terms that are ignored.
Note that F; contains only dimension-even condensates,
while F, contains only dimension-odd condensates. The
coefficients in Eqs. (7) and (8) are given in the Appendix.
To derive the finite-energy sum rules (FESR), we employ
the Gauss-Weierstrass (GW) transform of F, and F,, as
outlined in Refs. [18,19]. We compute the lowest three Hermite
moments for F| and F;, yielding six equations from which

six sum rules can be constructed. Using the abbreviation
(5 + 2t +5t%)/[32Q27)*] = B,

1 [
— / ds ImF(s)
T Jo

75615 ;45'8 -4 Oy 5
g1+ 2% L9—+A4Lg(_G>SO
T

12 3
+ E4L7 my(Gq)so + Acky(Gq)* + EsL 7 m,
x (ggo - Gq), 9)

1 S0
—/ ds s ImF(s)
T Jo
Cp(14 B8 0, L’v“(‘)‘SGZ)S5
- 37 4 " T 2
2
— S
+ E4L%ms<qq>3° + As(@q)(qgo - Gg),  (10)
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1 [%
—/ ds s> TmF(s)
T Jo

Cp(143T8) 358 44 L%“<°‘S62>S3
- 60 7 5 T 3

_ 2% oS
+ Bokv(Gq) E+E4L ‘)ms<6]61)§, (11

1 [
— / ds ImF(s)
T Jo

C Hm L R 4 ) + Calige - G

= Hym, §+ 3(qq>5+ 5(ggo - Gq)so

+H5L%8mx<%G2>so+C7(g7q><%G2)

T T

+ Hymyi,(Gq)*, (12)
1 [%
;/ ds s ImF>(s)

0

= %Sﬁ Cxlg ﬂ C<(g G ﬁ
= HimgL 4+ 3(qq>3 + Cs{ggo - 61)2

2
+H5L7Tsms<a—sG2)%0, (13)
T

1 [%
;f ds s> ImF>(s)

0

- H L%ﬁ Ci(g ﬁ Cs(g G ﬁ
= Himy 5 + 3(qq>4+ s{(qgo - q)3

3
+H5L%Sms<(jr—362)%0. (14)

The above six expressions form the left-hand side (LHS) of
the sum rules. The two redefined coefficients appearing in the
above expressions are given by, for X,

_ 1 43 & 248 1 a, 8
A6:6 6f s+l ——=—)L® —=2t{1——=— ) L7
b

42 6
29 &
—6fi— D2 (1= =2 ) s | (15)
30
o3 LLS0&) L, 02a0],
> T 4Qn ) 9 7 97 '
(16)
For A,,
_ 1 43 ag 248
A= —|a (1=l 02—
. 18[(Of5+ )( 4271) B - 8hy
c(1=2%) 15 —f 13 (1- 2 &) L
6r) s 30w ’
a7
_142f 1798\ 27&\7 .
Cs— I+ =5 )2 (142228 | Lo,
ST 40ny [<+36n> <+36n>} :
(18)
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For &,

A=Llrre(1-L%\ o8 _op(1-1%

6= %6 | 427 61
29_5 184

xLz’?+(ﬂ—6)¢2(1——“—>L1§s], (19)

30 7

Goe B [(( 9% o 278\]

> T 42y 36 7 36 7 o

(20)

For the phenomenological side of the spectral function,
following Ref. [18], we take contributions from the lowest
three states: the ground state with positive parity, the first
excited state with positive parity, and the second excited state
with negative parity. We treat the ground state as a pole
described by two parameters: the coupling strength A% and
mass m. The two excited states are treated as resonances
with finite widths, each characterized by three parameters
(A2, my, T'1) and (A3, my, T). The spectral functions read

1 ) 2 1 A%mlFl
—ImFi(s) = A°8(s —m°) + — 5
i T L(s —m3)" +mirg

)\.%WEQFQ

(s —m3)” +m3r3

] 0(s —m?), (1)

(s +mi)ri/2

(s = m})” +mir}

1 2 ) 1
—ImF>(s) = A" MS(s — m”) + —
b4 b4

B A3(s +m3)l2/2

(s —m2)* + m3r2

] 0(s —m?). (22)

In the limit of zero widths (I'; — 0), the excited-state
contributions also reduce to § functions. The same feature
as in the Borel sum rules that the excited states with opposite
parities add in the chiral-even F; and cancel in the chiral-odd
F> is also preserved. The A’s are the coupling strengths of the
interpolating field to the states, defined by

(Oln|Bps) = Apu(p,s), (23)

where u(p, s) is the spin-1/2 spinor. Applying the same GW
transform, taking the first three Hermite moments of the
spectral functions, and introducing the cutoff s,, one obtains
the following six phenomenological expressions [18] that
match one-to-one to those on the QCD side in Eqgs. (9)—(14):

1 S0 )\'2 )\'2
_/ dsimFi(s) = 22+ L+ 224 24)
7 Jo T T

2
+)»_% |:sz2
b4 2

1 [% 22 r
—/ ds s TmFy(s) = 22m* + 2L [ml L +m%f1i|
T Jo T

r +m%f2] (25)

PHYSICAL REVIEW C 76, 065210 (2007)

1 [%
—f ds s> TmF(s)
T Jo

)\2
= )\‘Zm4 =+ —lmlrl

b3

2

2 2
— A
)fl + m%r1:| + ;Zmz

m?(m r
% |:(s0—m2)+ 1( 1 1

mI'y

m2(m2 — 1?2
x I |:(SO —m?) + Mfz + mﬁrz} ., (26)
erz

1 [
— / ds ImF,(s)
T Jo

AT AT
= m+ =L —1r1+m1f1 -2 —2r2+m2f2 ,
T |4 7| 4
(27)
1 [%
—/ ds s ImF>(s)
T Jo
23 )‘% N 2 2
= Am +; (5o —m )?—l—m](m]—FI/Z)fl
30 m? 22 r
] -t
30,m3
bmand = 13/2) o+ 220 8)

1 [%
—f ds s> ImF>(s)
T Jo

A2 T |:s§ —m*

= VP + L 5 + 3mi(sy — m?)

T

Zm? — 4m‘1‘Ff At Sm‘l1 — m%l"f . )»_%E
m1F1 2 T 2
2 _ 4 2 6_4 41’*2
x [S‘) s — )+ T
mals
Sm4 — m2T2
R Zr], 29)
2
where
f-ztan’1 so_m’? +tan~! M (i=1,2)
1 mlFl mll_,l £ ) )
(30)
2\2 212
so—m:) +m:T;
ri=In (s0 = mf) +miT; (i=12). 31)

(m? — m?)* + m2r2’

The six expressions in Eqs. (24)—(29) form the right-hand
side (RHS) of the sum rules. Note that the couplings appear
linearly, while the masses and widths highly nonlinearly.

A theoretical issue in the construction of the phenomeno-
logical side of the spectral function is the potential contribution
of the pion nucleon continuum to the time-ordered two-point
correlation. A plausible parametrization of this contribution in
the case of the nucleon may be given as in Ref. [20], that is,

H%Nconl(p) — _ey5l'lp0]e(p)y5, (32)

where Tl,e(p) is the nucleon and antinucleon pole con-
tributions to the correlator. The quantity e, which has
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small values on the order of a few percent, is given

as

m2

2 big
€= ———m;In—
220 2’

64~ f2 M
where M is an arbitrary constant. (Changes in M can always
be absorbed into changes in an analytic term proportional to

m?2 as given in Ref. [20].) Thus the inclusion of the pion-

T
nucleon continuum simply results in a slight modification in
the couplings 22— 221 +¢) in Egs. (24)—(26) and 22—
A2(1 — €) in Egs. (27)—~(29). That is, it introduces a few percent
error in the couplings A>’s which can be easily absorbed into
the uncertainties for the parameters at the current level of
accuracy in the solutions. A similar conclusion can be drawn

for other strange baryons.

(33)

III. RESULTS AND DISCUSSIONS

By equating the two sides of the moments of the spectral
functions, we get six sum rules. Mathematically, the problem
boils down to finding the solutions to a system of six
simultaneous, nonlinear equations of the form

LHS;(s0, QCD) = RHS; (50, 1>, 7, A3, m, my, m, T'1, T2),
(34)

with i = 1, 6. They can be used to solve for six unknowns,
which we take as the two masses (m11, m»), two widths (I'y, '),
and two couplings (A2, A%) for the two excited states. The
remaining parameters are taken as input: the ground-state pole
(m, A?) as well as the continuum cutoff sy. The ground-state
pole has been well studied under the Borel sum rules using
generalized interpolating fields [12]. For the cutoff sy, we
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take values consistent with the observed spectrum [21] and
vary it to see any sensitivity to this parameter. For the
QCD parameters in the left-hand side, we use the follow-
ing notations: a = —(27)? (itu), m% =(qg0 - Gq)/{qq),b =
(ngz), and f; = (5§s)/(uu). The four-quark condensate is
parametrized using the factorization approximation: (iuiiu) =
Ky (iiu)?, where the parameter «,, accounts for its violation. The
anomalous dimension corrections of the various operators are
taken into account via the factors L? = [a,(1?)/as(s0)]Y =
[In(so /AéCD)/ In(u?/ AéCD)]V, where y is the appropriate
anomalous dimension, © = 500 MeV is the renormalization
scale, and Agcp = 0.15 GeV is the QCD scale parameter.
The function r(so) = In(so/u?) — Yem Wwith yem = 0.577,
the Euler-Mascheroni constant. The numerical values we
usearea = 0.52 GeV?, b = 1.2 GeV*, m(z) = 0.8 GeV?, Ky =
2,ay/m =0.1,mg = 0.15 GeV, and f; = 0.8. In addition,
we rescale the couplings to their more natural values by
c1 = (27)*A? and so on. There is also the issue of optimal
mixing parameter ¢ in the interpolating field. We take r = —0.8
to get enhanced contributions of excited states, since t = —1
has been found to not couple strongly to the negative-parity
state in the nucleon channel [10]. Since the couplings in
Ref. [12] were obtained for r = —1, we take the lowest values
of the coupling in the given range. The six equations are solved
simultaneously by the multidimensional secant Broyden’s
method from Numerical Recipes [22]. We also use the globally
convergent Newton-Raphson method for checking purposes.
As a consistency check, we also solved the system of four
equations by eliminating explicitly A7 and A3 using the sum
rules corresponding to Eqgs. (24) and (27). All these methods
give consistent results, which are summarized in Table I.

TABLE 1. Six calculated parameters (A2, m, I';) and (A2, m», I'») for the first two excited states in the baryon octet. The ground-state

pole (A%, m) is taken as input to the calculation. The ¢’s are rescaled couplings: ¢ = (2m)*A%, ¢; = (27{)4)\%, and ¢, = (271)4)%. The cutoff
threshold s is varied in each case to show sensitivity of the results to this parameter. The last two columns display the percentage difference
to which the equations are satisfied and the contribution of the second excited state in the solutions. For comparison purposes, experimental
values taken from the PDG [21] are also displayed.

Baryon S0 c m m my Iy r, c ) Difference 2nd
(GeV) (GeV®) (GeV) (GeV) (GeV) (GeV) (GeV) (GeV%) (GeV%) (%) (%)
N 24 1.20 0.94 1.47-1.50 1.46-1.60  0.01-0.17  0.01-0.35  0.8-1.2  0.03-0.09 <5.0 >2.0
2.5 1.20 0.94 1.47-1.52 1.44-1.60  0.01-0.21 0.01-0.35 09-14  0.05-0.09 <4.0 >2.0
2.6 1.20 0.94 1.49-1.55 1.44-1.60  0.01-0.21 0.01-0.35 1.0-1.6  0.03-0.07 <25 >1.0
Expt. 0.94 1.44 1.54 0.35 0.15
)) 3.1 2.50 1.19 1.73 1.64-1.76 0.01 0.07-0.35  0.75-0.8 0.1-0.2 <6.75 =20
3.2 2.50 1.19 1.74-1.76 1.68-1.78  0.01-0.04  0.09-0.35 0.95-1.0 0.2-0.3 <6.0 =30
3.3 2.50 1.19 1.75-1.81 1.72-1.82  0.01-0.07  0.01-0.35 1.1-1.5 0.1-0.4 <50 =30
Expt. 1.19 1.66 1.75 0.10 0.09
A, 3.3 2.66 1.12 1.81 1.72-1.83  0.01-0.02  0.01-0.17  1.3-1.5 0.2-0.6 <50 =30
34 2.66 1.12 1.80-1.84 1.66-1.84 0.01-0.045 0.01-0.35 1.2-1.8 0.2-0.7 <50 =30
3.5 2.66 1.12 1.81-1.86 1.66-1.88  0.01-0.05  0.01-0.35 1.4-2.0 0.3-1.0 <4.5 >3.0
Expt. 1.12 1.60 1.67 0.15 0.035
B 3.9 3.56 1.32 1.97 1.56-1.72 0.01 0.01-0.35 1.8 0.6-1.0 <3.5 >2.0
4.0 3.56 1.32 1.98-1.99 1.68-1.96  0.01-0.03  0.01-0.35 1.7-2.3 0.6-1.2 <30 =20
4.15 3.56 1.32 1.99-2.01 1.7-2.02 0.01-0.04  0.01-0.35 2.0-24 0.7-1.7 <25 >1.0
Expt. 1.32 1.95 0.06

065210-4



MASS AND WIDTH OF STRANGE BARYON RESONANCES ...

PHYSICAL REVIEW C 76, 065210 (2007)

TABLE II. Similar to Table I, but with the constraint I'; relatively large and m, > m, if possible for the first two excited states in the

baryon octet.

Baryon S0 c m m ms I I (o) C Accuracy 2nd
(GeV) (GeV® (GeV) (GeV) (GeV) (GeV) (GeV) (GeV?®) (GeV?®) (%) (%)
N 2.5 1.20 0.94 1.44-1.48 1.49-1.57 0.23 0.15-0.17 1.4 0.04-0.08 <475 2.0
2.5 1.30 0.94 1.50-1.53 1.53-1.59  0.25-0.27  0.15-0.17 1.5-1.6  0.04-0.08 <475 20
Expt. 0.94 1.44 1.54 0.35 0.15
z 32 2.50 1.19 1.78 1.78-1.79 0.1 0.09 1.6 0.1 <5.5 >3.0
Expt. 1.19 1.66 1.75 0.10 0.09
A, 3.5 2.66 1.12 1.83-1.84 1.84-1.87 0.11 0.035 2.1-2.4 0.3-0.6 <5.5 >3.0
3.5 2.66 1.12 1.84 1.84-1.87 0.12 0.035 2.4 0.3-0.5 <5.5 >3.0
Expt. 1.12 1.60 1.67 0.15 0.035
) 4.1 3.56 1.32 1.99-2.01 1.69-1.96  0.04-0.06  0.02-0.05 2.2-2.8 0.7-0.9 <3.0 >2.0
Expt. 1.32 1.95 0.06

As a first step, we revisited the nucleon channel using
t = —0.8 rather thant = —1 as done in Ref. [18]. We also took
¢ = 1.2 GeV®, whereas in Ref. [18] ¢ ~ 0.8 GeV® was used.
Still, our results come close to those obtained in Ref. [18].
We solved the equations by satisfying them within a global
accuracy of a few percent. We also monitored the average
contribution of the second resonance as a percentage of the
respective right-hand side to make sure it was capable of
making a significant contribution. In this way, each parameter
was allowed to vary in a certain range reflecting the stability
of these parameters. We found it difficult to achieve better
accuracies than the ones listed. Overall, the results for the first
excited state (mp,I';) are better than those for the second
excited state (mp, ['2). The m; is fairly stable. The I'; is
better constrained in the strange channels than in the nucleon
channel. The ¢; values, which are a measure of the ability of the
interpolating fields to excite the state from the QCD vacuum,
are first-time information from the perspective of QCD. For
the negative-parity states, whose contribution appears with the
same signs as for positive-parity states in F; and opposite signs
in F>, sum rules, the scatter in the numerical values obtained
is larger, as noted earlier as well [18]. We restricted the values
of ', from the upper side in each case to about 0.35 GeV,
while the values of other parameters are as obtained without
any restriction. The results are fairly stable against variations
in the cutoff parameter sy. The sy in each channel in Table I
for the given ground-state parameters (m, A%) is the lowest
possible value of s in that channel for which one starts getting
solutions of the six simultaneous equations at the considered
accuracy. One can see that the lowest sy in each channel
corresponds to a mass value (,/so) sightly above the value
of m; obtained in that channel, which is quite reasonable, and
gives the lowest scatter in the values of physical parameters. In
the ¥ and A channels, m is overestimated as compared to the
experimental values. In the E channel, two spin-1/2 excited
states are listed in PDG at 1690 and 1950 MeV with three stars
and unassigned spin-parity. Our result favors the 1950 MeV
state as the first excited state with positive parity.

One issue with the results in Table I is that the calculated
width of the first excited state (I'}) is too small compared to

those given in the PDG. So we repeated the calculation with
the constraint I'; large and also sought m, > m; if possible
(this can be done within a little larger error). The results are
given in Table II. This is a better set of parameters than
those in Table I, with smaller scatter in the parameters. We
could obtain consistent solutions with m, > m for the N, X,
and A, channels. For the E channel, however, m, comes
out to be smaller than m;, which suggests that the state at
1950 MeV has positive parity, and the state at 1690 MeV

negative parity.

IV. CONCLUSIONS

We have extended the study of nucleon excited states in
Ref. [18] to the strange members of the baryon octet, using
the combination of Gauss-Weierstrass (GW) transform and
finite energy sum rules (FESR). Taking the ground-state pole
as input, the masses and widths of the first two excited
states of opposite parity can be computed in this approach, a
possibility not afforded in the conventional Borel-based QCD
sum rules. Furthermore, by changing the overall sign of the
phenomenological side, the same approach can be used to
study a particle channel that has the reverse parity ordering:
ground state (negative), first excited (negative), second excited
(positive). A case in point in the physical spectrum is the flavor-
singlet, spin-1/2 sector where the ground state A g(1405)1/2—
has negative parity. A calculation is underway to understand
this channel in the present approach. We presented two sets of
solutions with different constraints. Overall, our results show
that the first excited state is well probed by this method. The
mass is stable and consistent with experiment, and the width
has a relatively small uncertainty range. On the other hand,
the second excited state is less well constrained; both the
mass and width have larger scatter than those for the first
excited state. On the other hand, the second excited state
can be well described by a different method: the Borel-based
parity-projected QCD sum rules [10,13]. Taken together, the
QCD sum rule method in its three variants (Borel-based
conventional, Borel-based parity-projected, and GW-based

065210-5



JANARDAN P. SINGH AND FRANK X. LEE

FESR) gives access to the lowest three states in a given particle
channel from a nonpertubative perspective of QCD.
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APPENDIX: WILSON COEFFICIENTS

Here we list the coefficients appearing in Eqgs. (7) and (8).
Those which are common for all the members in the octet
family are (ignoring flavor breaking in radiative corrections)

[12,18]

B 1 ) 71 a;
(A1)
_ 2
B= gine )4(5+2t+5t )( )
Ay = (5 + 2t + 5¢%),
64(27)? w2

Bs = %(62 — 4 — 4612 (o‘;) .

The other coefficients are member dependent. For the X,

H, =

Cs =

Cs =

Eg =

C7=

H; =

(1 -1y,

42 )t

-1 6 ] 15« ) ] 3y
4(2—n>2[(+f‘)<+ﬁ_> f*<+5?>

2 o
—(6— f)t <1+ 10n)]’ (A3)
2
820 )2[(12 Sfo) —=2ft — (1245 f)e7],
(A4)
e wy) 0wy
427 )2 18 7 18 7))
3 7 ,
4(271)2( 12>(1_t)( ).
(AS)
N2
32(27:)2(1 2
[6 an(1-Bs) (1o
6 |©F >< E?) ( a;)
2 (1B
—(6f, — )t (1—3071)] (A6)
—1
400 )2[(412 + 21 4 18r(s0)) + 4 fit
+ (4fs — 21 — 18r(so))t*], (A7)
(24 5f) + 10fit — 24 + 5 f)t],
288 (A8)
g[(S —3f)+2t+ (G +3f)%,
= ;—i[(l F12f) — 2t — (12f, — D). (A9)
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For the octet Ao,

H, = 1142t — 13:2’
122n)*
_ 5a
C; = G [(10+ 11£,) (1 + ﬁ—> +(=8+2f)t
3 O 2 7 U
(A10)
_ o _ 2
Es= TR )2 — [0 —15f,) — (16 + 6 f)t — (4 + 15fv()[:1]1,)
oo (R ()]
> T 4@ny 18 7 18 7))
CL42f (7 o
s = 3y ( 12)( =A%)
1 (A12)
_ _ _ 2
Hs = 96(271)2(13 2t — 11¢t9),
Ae= < laof+1(1-L%)_a-spx
G_E[( s+ )<—E;>—(—fs)
1 oy 5 29
x (1 - 6?) —Qf, +13) (1 - %;ﬂ,
(A13)
E¢ = 24(2 YT Eed ———[(4f, —5—6r(s0) + @4 +4f)t
+(4 fi + 14 6r(so)?l, (A14)
C, = _4[(4 +53£,) + (40 — 10 f,)t — (44 + 33 )],
86 (A15)
Hy = E[(15 —5£)+ 6+ 41t + (15 + f)r?],
Ag = ;_21[@3 +16£,) + (2 — 8t — (25 + 8 £)].
(A16)
For the &,
Hl = —(1 - tz)s
= Jenen(1+2%) o (1429
3= 427 )2 S 14 27
6 —2 (14 L%
6f, — Dt ( + 107 )]
Ey = [@—fo—2f1—C+ f)r?].
42 )2 (A18)
[0 3e) (- 29)
& = 42ny 187 18x)]
37, o
bs = 4(2n>2 ( ) M)
(A19)
s = 16(271)2(1 )
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fq 43 o 1 ay
Ag |:(fs+6)<l—ﬁ—>—2f <l—g;>

(-6 (1 - §%> (A20)
fs 307 )|’
E¢ = e )2 ——[(15 — f, + 18r(s0)) — 10 fit

— (15 + f, + 18r(so))t*1, (A21)
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Cr = ﬁ[mﬂ 5)+ 10 — (24f, + 5)°]
(A22)
- ﬁ[@ fo) 42t + @+ for],
A= S e -2 - (1201 a2
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