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Light nuclei as quantized Skyrmions
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We consider the rigid-body quantization of Skyrmions with topological charges 1 to 8, as approximated
by the rational map ansatz. Novel general expressions for the elements of the inertia tensors, in terms

of the approximating rational map, are presented and are used to determine the kinetic energy contribution
to the total energy of the ground and excited states of the quantized Skyrmions. Our results are compared to
the experimentally determined energy levels of the corresponding nuclei, and the energies and spins of a few as

yet unobserved states are predicted.
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I. INTRODUCTION

The Skyrme model [1] is a nonlinear effective theory
of mesons, specifically pions. Its nonlinearity allows for
the existence of topological soliton solutions, labeled by an
integer-valued topological charge, B. A quantized Skyrmion
of topological charge B is interpreted as a nucleus with baryon
number B.

The B = 1 Skyrmion was first quantized by Adkins, Nappi,
and Witten [2] and subsequently by Adkins and Nappi [3],
taking account of the positive pion mass. They provided the
first calibration of the Skyrme model, by fitting the model to
the proton and delta masses. The toroidal B = 2 Skyrmion
was quantized in Refs. [4,5], and the energies corresponding
to the ground state, representing the deuteron, and excited
states were calculated. This analysis was extended in Ref. [6],
to allow the two single Skyrmions to separate in the most
attractive channel. This led to a more accurate determination
of the mean charge radius, as the deuteron is rather loosely
bound.

The interpretation of the nuclei helium-3 and hydrogen-3
(triton) as quantized states of the B = 3 Skyrmion was consid-
ered by Carson [7], and the spins and energies were calculated.
This analysis was extended in Ref. [8] by a computation of the
static electroweak properties of the quantized Skyrmion.

In Ref. [9], the B = 4 Skyrmion was semiclassically quan-
tized, and the ground state (corresponding to the o particle)
and first excited state were determined, and their energies were
calculated. The results, though novel, involved consideration
of selected vibrational modes, as well as rigid-body motion,
and are difficult to generalize to higher baryon numbers. Here
we will consider the B = 4 case from a different perspective,
which may easily be generalized to higher baryon numbers
and enables us to compute the excitation energies of further
excited states.

Further results on the allowed spin and isospin states of
quantized Skyrmions for B up to 8 and beyond have been
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obtained by Irwin [10] and taken further by Krusch [11].
However, in this work, there were no estimates of the energies
of the states.

It is not easy to assess the qualitative success of the Skyrme
model, as calibrated by Adkins and Nappi, just from the
results for B < 4. The nuclei have the correct spin and isospin
quantum numbers, but on the whole the ground states represent
nuclei that are too small and too tightly bound. This traditional
parameter choice was too reliant on its fit to the mass of the
delta resonance, for which the rigid-body approximation is
especially poor, because it does not allow the Skyrmion to
deform as it spins [12], nor to radiate pions. Nuclei with
B =2 or B =3 have no excited states, experimentally, so
Skyrmion excited states based on rigid-body quantization
are not meaningful, and one expects them to break up into
individual nucleons if further degrees of freedom are included.
Rigid-body quantization should be much more reliable for
Skyrmions of larger B, since the angular velocities are much
smaller for a given angular momentum, and the excitation
energies are smaller.

There have been a number of developments that make
it worthwhile to reconsider these results on quantized
Skyrmions, and it is also possible to extend them to the range
of baryon numbers 1 < B < 8. First, it has been noted that a
reparametrization of the Skyrme model is desirable to achieve
a better fit to nuclear sizes and related quantities such as
moments of inertia [13]. The Skyrme length scale should be
roughly doubled, and consequently the dimensionless pion
mass parameter also doubled (to keep the physical pion mass
fixed). Doubling the pion mass parameter has little effect on
the qualitative character of classical Skyrmion solutions up to
B = 7, but for B > 8 there is a clear difference [14]. The stable
solutions are no longer the hollow polyhedra found earlier
for B up to 22 and beyond, but instead they are more dense
structures closer to what one expects for nuclei. In particular,
for B a multiple of 4, there are stable solutions that look
like bound states of two or more of the cubically symmetric
B = 4 Skyrmions [15]. We shall analyze in the following the
quantum states of the B = 8 Skyrmion, which is made up of
two B = 4 cubes, and compare with the states of nuclei with
B =8, including beryllium-8. This reparametrization is at the
expense of exact fits to the nucleon and delta in the B = 1
sector but, as already mentioned, these are suspect.

©2007 The American Physical Society


http://dx.doi.org/10.1103/PhysRevC.76.055203

MANKO, MANTON, AND WOOD

Another development is a better understanding of the
quantization rules for Skyrmions, the so-called Finkelstein-
Rubinstein (FR) constraints [16], which encode the require-
ment that a quantized B = 1 Skyrmion is a spin % fermion.
The FR constraints combine the symmetry of a Skyrmion,
for any value of B, with the topology of the Skyrme model,
to constrain the spins and isospins of quantum states. Here
the rational map ansatz is relevant [17]. It gives a separation
of variables between the angular and radial dependence of
the Skyrme field. True solutions do not exactly exhibit this
separation, but they do so approximately. The ansatz gives a
simple closed formula for the angular dependence of a Skyrme
field, and rotational symmetries are easier to find than if one
just has a numerical Skyrmion solution. The optimized rational
map ansatz gives good approximations to true solutions up to
B =7 (and far beyond for zero or small pion mass). Even
if it is a poor approximation, it can still be helpful in the
numerical search for true solutions, and more importantly here,
it is helpful in determining the effect of the FR constraints.
Krusch has recently found a simple formula for determining
the crucial signs that occur in the FR constraints [11]. This
formula requires knowledge of the rational map approximating
the Skyrmion.

The rational map ansatz allows a further simplification,
valid to the extent that a Skyrmion is well approximated by
the ansatz. Kopeliovich noted that the moments of inertia
(both rotational and isorotational) of a Skyrme field described
by the ansatz are rather simpler than for a general Skyrme
field [18], since the effect of a rotation is just to rotate
the map, leaving the radial profile function invariant. We
simplify Kopeliovich’s formulas further, taking advantage of
the complex analytic character of a rational map, and obtain
formulas for the 36 components of the spin/isospin inertia
tensor. These can be accurately evaluated, and it is easy to
recognize if certain components vanish because of symmetry.
Using these moments of inertia, we estimate anew the energies
of ground and excited states of quantized Skyrmions over the
range of baryon numbers 1 < B <4, and for the first time
those in the range 5 < B < 8. The quantization is based on
the established method of rigid-body quantization of rotations
and isospin rotations. Particularly interesting for us are the
states of the B = 6 Skyrmion, because our reparametrization
of the Skyrme model [13] was based on the mass and charge
radius of the lithium-6 nucleus. Also interesting are the states
for B = 8, because the double cube B = 8 Skyrmion has not
previously been quantized.

A problem for the Skyrme model that emerged in the work
of Irwin [10] is that the spin states of the B =5 and B =7
Skyrmions disagree with those of the corresponding nuclei in
their ground states. It has been suggested more than once (see,
e.g., Ref. [19]) that it might be appropriate, for these baryon
numbers, to quantize a deformed Skyrmion with different
symmetry. This would make sense, especially if the allowed
spins were thereby reduced, making the spin energy smaller.
The smaller spin energy might more than compensate for the
increased classical energy of the deformed Skyrmion. In this
paper we are able to quantitatively assess this idea. For B =7
it looks reasonable. A ground state with the correct spin %
for the lithium-7/beryllium-7 isodoublet can be obtained, and
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the previously found spin % state can be interpreted as the
observed, relatively low-lying second excited state. The spin
% first excited state is still problematic, however. For B = 5
the situation is less satisfactory.

In the next section we review the Skyrme model and
briefly describe the recent reparametrization of the Skyrme
model using the lithium-6 nucleus [13]. Although this is very
important, we show that a reparametrization alone cannot
solve all the problems of the Skyrme model. In Sec. III we
describe the rational map ansatz for Skyrmions. Section IV
deals with the quantization of Skyrmions, which proceeds
by parametrizing time-dependent solutions through collective
coordinates. Here, we recall how the model is fermionically
quantized by the imposition of FR constraints. In Sec. V
we present expressions for the inertia tensors that appear in
the formula for the kinetic energy operator, in terms of the
approximating rational map. Sections VI-XIII deal with the
energy levels of quantized Skyrmions of baryon numbers 1 to
8, respectively. In Sec. XIV we provide a conclusion.

II. THE SKYRME MODEL

The Skyrme model is defined in terms of an SU(2)-valued
scalar, the Skyrme field [1,20]. We call the topological soliton
solutions that it admits Skyrmions. It is a low-energy effective
theory of QCD, becoming exact as the number of quark
colors, N., becomes large [21,22]. Recent work inspired by
string theory and the AdS/CFT correspondence gives further
credence to the idea that, at large N,, baryons and nuclei are
described by some variant of the Skyrme model [23].

The Lagrangian density is given by

2

ﬁ::fiTnaUa“U*P+—i—1}w vu~', 9,00 "
16 " 32¢2 " T

1
x[PUUT, 3" UUT + gmiFﬁ Tr(U —15), (1)

where U(z,x) is the Skyrme field, F, is the pion decay
constant, e is a dimensionless parameter, and m is the pion
mass.

Using energy and length units of F,/4e and 2/eF;,
respectively, we may express the Lagrangian as follows:

1 1
L= [ -5 mmrn + T, R R
+m*Tr (U — 12)} d’x, @

where we have introduced the su(2)-valued current R, =
(0,U)U~" and defined the dimensionless pion mass parameter
m =2my/eF;.

Field configurations of finite energy must satisfy the
boundary condition U — 1, as |x| — oo. This compactifies
IR? to a 3-sphere of infinite size, and so topologically U : S* —
S3 at a fixed time. Field configurations U therefore lie in
topological sectors labeled by their topological degree

B:/&@fn 3)
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where

1 v —1lqa — —

B,(x) = 53 Cuvas Tr"UU'"9*UU9PUU.  (4)
The degree B, which takes integer values, is identified with
the baryon number. We refer to By as the baryon density.

The kinetic part of the Lagrangian L is

T = f {—%Tr(RoRo) - %Tr([Ri, Rol[R;, Ro])}d3x, &)

and this is quadratic in the time derivative of the Skyrme field.
The rest of the Lagrangian (2) is (minus) the potential energy:

1 1
E = / {—ETr(RiR,-)— ETr([Ri,Rj][Ri,RJ-])
—m*Tr(U — 12)}d3x. (6)

Static Skyrmion solutions can be obtained by solving the
variational equations derived from E, or in practice by
numerically minimizing E in the sector with given B.

The parameters e and F; can be fixed in a number of ways.
It has been common practice to use the set of parameters given
in Ref. [3] with the physical pion mass taken into account,
specifically

e=4.84, F, =108MeV, and

)
my, = 138 MeV  (which implies m = 0.528).

In Ref. [3], the values of e and F,; were tuned to reproduce the
masses of the proton and the delta resonance, but this can be
criticized on the grounds mentioned before. This parameter set
was adjusted to optimize the predictions of the model in the
B = 1sector at the expense of the B = 0 sector, which requires
F, = 186 MeV. It is not, therefore, the optimal parameter set
globally.

In Ref. [13], we showed that for the Skyrme model to
more closely model nuclear properties, a reparametrization
is necessary. We performed such a reparametrization by
matching the model in the B = 6 sector with properties of
the lithium-6 nucleus, obtaining

e =326, F,=752MeV, and

(3)
m, = 138 MeV (whichimplies m = 1.125).

Figure 1 shows graphs of nuclear masses, Mp, and static
Skyrmion masses, Mg, per unit baryon number, using this
new parameter set. The Skyrmion quantum energies are not
included. We observe that the graphs intersect at B = 6,
as expected. It is clear that it is not possible by a single
parameter choice to correctly match nuclear and Skyrmion
masses for all baryon numbers and this remains the case
when the quantum spin and isospin energies are included.
We believe that calibrating the model in the B = 6 sector is a
promising way to describe the properties of nuclei with B > 4.
For B =1, 2, 3 the Skyrmion energies are now too high, and
neither the nucleon mass nor delta resonance will be accurately
fitted. Ideally, one would like a variant of the Skyrme model in
which the nuclear mass per unit baryon number declines more
slowly with baryon number. Equivalently, one would like a
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FIG. 1. Nuclear masses per unit baryon number (Mg /B) (solid),
compared with static Skyrmion masses per unit baryon number
(dotted).

variant in which the Faddeev-Bogomolny bound (M > ¢B,
where c is a constant) is almost saturated. Perhaps a low-energy
model of QCD based on the AdS/CFT correspondence would
achieve this.

For consistency, in the following sections we use the new
parameter set [Eqgs. (8)] throughout, making a few remarks
about the old parameters in Appendix B.

III. THE RATIONAL MAP ANSATZ

We describe here the ansatz for Skyrme fields that uses
rational maps between Riemann spheres to describe their
angular behavior [17]. This has been shown to give good
approximations to several known Skyrmions, including all
the minimal-energy solutions up to B = 7 (and much higher
B when m = 0). The rational maps have exactly the same
symmetries as the numerically known Skyrmions in almost all
cases (with B = 14 as an exception [24]).

Via stereographic projection, the complex coordinate z
encodes the conventional polar coordinates as z = tan(f/2)e’?.
Equivalently, the point z on a sphere corresponds to the radial
unit vector

n =————|z + Z, i Z—2), I — |z 2 s 9
and ill eISEIy

_ (n,); +i(my),
1+ ()3

The ansatz for the Skyrme field depends on a rational map
R(z) = p(2)/q(z), where p and g are polynomials in z, and a
radial profile function f(r). The target value R is associated
with a point in the unit 2-sphere of the Lie algebra of SU(2),
given by the unit vector

(10)

=— [R+R,i(R—R),1—|R. 11

np = gl R+ RAR =R RPL (D
The ansatz is then

U(r,z) = exp[if (rng,) - 7], (12)
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where 71, 7, and 73 are Pauli matrices and f(r) satisfies
f(0) =m and f(oco0) =0.
Using this ansatz gives a baryon number of

B_/—f’ sinf\? [ 1+ |z|? *2idzdz
) 22\ r 1+ |R|?

r
(1 + |z]»)?
and it can be shown that this is an integer equal to the degree
of the rational map R.
The energy E for a field of form (12) is

dR

dz

r’

(13)

E =4r /000 (rzf’z F2Bsin? (/P + 1) +T Silif
+2m*r?(1 — cos f)) dr, (14)
in which Z denotes the angular integral
2 4 . -

To minimize E one first minimizes Z over all maps of degree
B. The profile function f(r) is then found by solving the
second-order ordinary differential equation that is the Euler-
Lagrange equation for the expression (14) with B and 7 as
fixed parameters. Given the profile function, the energy is
determined by numerical integration. This gives the optimized
rational map ansatz, and we denote the minimized energy by
M. This is our estimate for the true Skyrmion mass, for
baryon number B. To obtain a physical value to compare to
a nuclear mass, one multiplies by the energy unit F, /4e =
5.76 MeV, obtaining a classical Skyrmion mass in MeV.

IV. QUANTIZING THE SKYRME MODEL

Given a static Skyrmion Uy(x), there is generically a nine-
parameter set of solutions, each with the same energy, obtained
by acting with the Euclidean group and isorotations:

U(x) = A Ul D(Ar)(x — X)]A[, (16)

where Ay, A, are SU(2) matrices and A, is recast in the
SO(3) form D(A,);; = %Tr(riAzrjAz_l). Semiclassical quan-
tization is performed by promoting the collective coordinates
A1, Ay, X to dynamical degrees of freedom [5]. As we shall
only be concerned with the computation of spin and isospin,
we shall ignore the translational degrees of freedom X and
quantize the solitons in their zero-momentum frame.

Making the replacement U(x) — U, 1) = AU,
[D(A(t)x]A;(t)~", and inserting this into the Skyrme La-
grangian, one obtains the kinetic contribution to the total
energy:

T = %aiUijaj _aiWijbj+%bi‘/ijbja (17)
where
a; =—iTrr;A7'A;, b, =iTrr;A Ay (18)

Here b is the angular velocity in physical space, and a is the
angular velocity in isospace. The inertia tensors U;;, V;;, and

PHYSICAL REVIEW C 76, 055203 (2007)
W;; are given by

_/Tr <T,-Tj + ‘—lt[Rk,T,»][Rk, Tj]> d’x, (19)

1
Vij = _/eilm €jnp x1x, Tr <Rme + Z[Rkv R, 1Ry, Rp])
X d3x, (20)

1
Wij = /eﬂm x; Tr <TiRm + Z[Rk, T 1R, Rm]> d*x, (21)

where R; = (8kU0)U(f1 is the right invariant su(2) current

defined previously and 7; = %[ri, UolU, s also an su(2)

current. The total energy, in terms of collective coordinates, is

just T plus the constant M g, the static mass of the Skyrmion.
We may write

T =1c"We, (22)

where ¢T = (ay, a», as, by, by, b3) and the 6 x 6 symmetric

matrix JV is given by

u —-w
W_<—WT v ) (23)
The momenta corresponding to b; and a; are the body-fixed
spin and isospin angular momenta L; and K; [5]:

L; = —Wlaj + Vijb;, (24)
K,' = U,'J'Clj — ‘/Vijbj- (25)

The usual space-fixed spin and isospin angular momenta J;
and /; are related to the body-fixed momenta by

Ji = —D(Az)iTij, l; = —D(Ay)i;K;. (26)

Defining HT = (K, K», K3, L1, Lo, L3), and using the rela-
tion HT = ¢"W, we find, provided det VW # 0,

T=1H"W'H. 27

We now promote the four sets of classical momenta just
introduced to quantum operators, each individually satisfying
the su(2) commutation relations. The Casimir invariants satisfy
J?=L%and I’ = K>

The basic FR constraints, which apply to any Skyrmion,
are that physical quantum states |¥) should satisfy

AL gy — 21K gy — (1B |y, (28)

for any unit vector n, which implies that for even B the spin
and isospin are integral, and for odd B they are half-integral.
There are further FR constraints on states if the Skyrmion has
symmetries, and these are simple to determine if the Skyrmion
is described by the rational map ansatz. A rational map, and
hence the corresponding Skyrmion, has a rotational symmetry
if it satisfies an equation of the form

R[M>(2)] = Mi[R(2)], (29)

for some combination of SU(2) Mdbius transformations M,
and M. M, corresponds to a rotation in physical space, and
M to an isorotation. In general there will be a group S of
such symmetries. We say that the map R is S-symmetric if,
for each M, € S, there exists an M, such that Eq. (29) holds.

055203-4



LIGHT NUCLEI AS QUANTIZED SKYRMIONS

For consistency, pairs (M,, M) must have the same compo-
sition rule as in S, so R[M,M}(z)] = M; M{[R(z)]. The map
M, — M, is therefore a homomorphism. Note that it is not
possible to construct such a map from M, to M,. This is related
to the fact that a Skyrmion may be invariant under a rotation
alone, but it cannot be invariant under an isorotation alone.
Consider a rotation in physical space by an angle 6, about
an axis ny, and an isorotation by an angle 0, about an axis n;.
We recall that under such a rotation, z transforms to M,(z),
given by [11]
M>(z)
[cos 2 +i(ny)ssin 2]z 4+ [(m)2 — i(my)y ] sin
[ — ()2 —i(my) ] sin %2z + [cos & —i(my)ssin Z]
(30)

Similarly, under such an isorotation, R transforms to M,(R),
given by
M (R)
[cos & +i(ny)3sin & R + [(ny), — i(ny);]sin &
[—(p), —i(ny);]sin &R + [cos & —i(my)s3sin & ]
(3D

So given a specific symmetry [Eq. (29)] of a rational map,
we use these formulas to determine the corresponding angles
and axes of rotation and isorotation. These are the data that
are used in the conventional formulas describing the effect of
rotations on quantized rigid bodies [25].

For 6, not an integer multiple of 27, M, only leaves the
points

(n2); + i(m2)2 —(m); —i(mp)2

m=——"—"—and z_,, = ———m—
I+ ()3 1 —(mp)3

fixed. Similarly, M; only leaves Ry, fixed, where Ry, are

defined similarly. Therefore, for the symmetry (29) to hold,
we have

(32)

R(z_n,) = Ry, or R_y,. (33)

Krusch showed that to correctly determine the FR constraint
it is important to choose the direction of the axis n; so as to
satisfy the base point condition’

R(anz) = anl . (34)

The symmetry (29) then leads to the following FR constraint
on the wave function:

el MK ) — ), 35)

a representation-independent statement, in which L and K are
the body-fixed spin and isospin operators, respectively, and
the FR sign xgpr = £1. The combined rotation and isorotation
corresponding to M, and M, respectively, at most change the
state by a sign factor, xgr. It was proved in Ref. [11] that
the value of xpgr for a given symmetry of a rational map only

'"We note that this differs slightly from the condition given in
Ref. [11]. This is because we are working with the inverse of the
isospatial Mobius transformation that was considered there.
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depends on 6, and ), where the angles have unambiguous
signs because of the base point condition [Eq. (34)], and is
given by

B
xrr = (=17, where N = 5o (B =00, (30)

The FR signs xpr form a one-dimensional representation of
the symmetry group S of the Skyrmion.

A basis for the wave functions is given by |J, L3) ® |1, K3),
the tensor product of states of a rigid body in space and a rigid
body in isospace. Here we suppress the additional labels J3 and
I, which can take any values in the usual ranges allowed by J
and /. Js is the physically meaningful projection of spin on the
third space axis, and /3 is the conventional third component
of isospin. When we come to consider specific rational maps
and the associated FR constraints, we seek low-energy states
that are allowed by the FR constraints, and may represent the
spin and isospin operators appearing on the left-hand side of
Eq. (35) by Wigner D matrices actingonthe 2J + 1) x (21 +
1)-dimensional space of wave functions.

Another advantage of the rational map ansatz is that it
clearly illustrates any reflection symmetries of the Skyrmion,
which enables one to determine the effect of the inversion
operator P, which acts as

P:U®KX) — Ul(—x) 37)

and is baryon number preserving. For rational maps, the in-
version X — —x corresponds to z — —1/Z, and the inversion
U — U corresponds to R — —1/R. A rational map, and
hence the corresponding Skyrmion, has a reflection symmetry
if it satisfies an equation of the form

— 1/R[M>(2)] = M\ [R(—=1/2)]. (38)

In this case, P is equivalently given by the combination of
rotation and isorotation corresponding to M, and M, occurring
here. The parity of a quantum state is then the eigenvalue
of the state when acted upon by the operator ¢!®mLei0imK
derived from M, and M. There is, however, an ambiguity in
the definition of P, which was first explained in Ref. [10].
Given a candidate parity operator P, for a given Skyrmion, we
can also represent the operator by Py times any element of the
symmetry group of the classical solution. If the FR sign of a
particular symmetry element is —1, then these two choices for
‘P give different results. In particular, there is this problem for
odd B: Given a parity operator Py, we can also represent the
operator by Poe?™ "L where n is any unit vector. Because 27
rotations have associated FR signs of —1 for odd B, we see
that these two choices differ when acting on states. For each
of the cases B = 1 to 8, we make particular choices for the
parity operators that we believe to be the most natural. We note
that despite the ambiguity in the definition of P for a given
Skyrmion, the relative parities of the Skyrmion’s quantum
states are fixed.
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V. TENSORS OF INERTIA FOR RATIONAL MAP
SKYRMIONS

Kopeliovich [18] first presented general formulas for the
inertia tensors of rational map Skyrmions. By writing Uy =
explif(r)n - t], these can be expressed as follows [18]:

U = Z/Sinzf[((S,-j —nmin)(1+ %)+ sin® f dn;dpn;]

x d’x, 39)
Vij = 2/5in2 f{(l + flz + sin2 f akl’l‘vakns)

X (Bt Bpn, (r28;; — xixj) — din, d;m, 1%

— Sin* f[3ns g dun, fn, (r?8;; — x;x;)

—r?3;n, n,djndngl}dx, (40)
‘/Vij =2 / €ilm€ispXiNs Sinz f[(l + f/z) amnp

+ sin® f n, (Bn, dun, — dun,n ) dx.  (41)

These formulas for the inertia tensors assume that f depends
only on r, and n depends only on the angular coordinates
0, ¢; further simplifications can be made if we assume that n
depends just on a rational function R(z) as in Ref. (11). To
obtain these simplified formulas, we find it helpful to write the
R3 metric and volume element in terms of r, z, and Z:

4r2dzdz
ds? = dr* + r2do* + r*sin® 0d¢* = dr* + —————
¢ (1 + [z>)?
= gupdx“dx’, (42)
4r2drdzdz
dPx=—"_5, 43
TR @3

and to replace Cartesian derivatives with derivatives with
respect to r,z, and Z. The products of commutators in
Egs. (19)—(21) may then be rewritten in these coordinates:

(Ri, - IRy, -1 =g"[Ry, -~ I[Ry, -1+ g¥[R, - -]
X[Rz, -1+ &¥[Rz, - --l[R,, - -],
(44)

where R, = (0, U())UO_l etc. We also have
—i€jmX Ry = ;U)U; " = iR, — [i;R:, (45)

where
I (1 2>8 (1 '2)8 (46)
=73 %z 9z )
i 0 d
L=—(0+D—+0+)—), 47
2 2(( +z)az+( +z)az) (47)
0 0
Lh=z7z——7—, 48
3 Z8Z ZBZ (48)
SO
(L2, Las (49)
nj= 3 z7), > Z7), 2.

We ultimately find that, for the rational map ansatz, the
tensors of inertia U;;, V;;, and W;; can be expressed in the

PHYSICAL REVIEW C 76, 055203 (2007)

following form:

Cs.
%) :2/sin2f#
' (1+|RI?)?

sin? f (1+ |z|?

” dR
x |1+ f~+ 2 1+ RP

dz

2
) )d3x, (50)

where 3 = (U, V, W) and the quantities Cs,; (which are given
explicitly in Appendix A) are functions of the variables z and
Z only. In what follows, we use this formula to numerically
determine the elements of the inertia tensors, for a given
rational map and profile function. The numerical values we
obtain are, of course, in Skyrme units. To convert to physical
values we must multiply these by the mass scale and by the
square of the length scale: (F,/4e) x (2/eF,)* = 1/e*Fy,
obtaining quantities in inverse MeV. With the new parameter
set [Egs. (8)], e F, =2613MeV. Although our optimal
rational maps are familiar [17], the profile functions have all
been calculated anew using a shooting method.? In Fig. 2
we plot the profile functions for B =1 to 8, using the new
dimensionless pion mass parameter m = 1.125.

VI. B=1

The rational map describing the single Skyrmion is given by
R(z) = z, which is O(3) symmetric. We find that the inertia
tensors are each proportional to the unit matrix, satisfying
Uij = Vij = W;; = Ad;;, where A is given by

167
A= —
3
Numerically we compute A = 45.1.
The FR constraints associated with spherical symmetry are

ei9n~Lei9n-K|\Ij> — |lIJ>, (52)

2
P2 sin f <1 Py y) dr. (51
r

where 6 and n are arbitrary, leading to the following constraint
on the space of physical states:

L+ K)|¥) =0. (53)

>This shooting method is from Bernard M. A. G. Piette, University
of Durham, UK.

r
4 5 6

FIG. 2. The profile functions f(r) for B =1 to 8. B increases
from left to right.

055203-6



LIGHT NUCLEI AS QUANTIZED SKYRMIONS

The “grand spin” M = L + K (or its components) will appear
quite frequently in what follows. The states satisfying Eq. (53)
are linear combinations of the states |J, L3) ® |1, K3), whose
grand spin is zero. These are of the form |J, I; M, M3) =
|J,J;0,0), in the standard notation for adding angular
momenta, where / = L and I = K. So the spin J and isospin
I have to have the same magnitude. In addition, J must be
half-integral.
The kinetic energy operator is given by
15 15

T = ZAJ = ZAI . (54)
The eigenvalue of J 2 in states of spin J is J(J + 1), a standard
result we will use frequently. Similarly, I* has eigenvalues
I(I + 1). For the lowest energy states, the nucleons with spin
% and isospin %, the spin energy in physical units is

1 3
Ze&’F, =21.7MeV, (55)
2(45.1) 4

and the total energy is

Ej—ip. =12 = M +21.7MeV = 986.2MeV + 21.7 MeV
= 1008 MeV. (56)

This is 69 MeV above the nucleon mass of 939 MeV. The
spin energy is approximately one-quarter of its value with
the old parameters, but the higher classical Skyrmion mass
makes the total energy too high. In the following sections,
we obtain ground-state energies that, when compared to the
masses of constituent single Skyrmions, suggest that the
corresponding nuclei are much too tightly bound. This is due
to our overestimate of the nucleon mass.

The spin %, isospin % delta resonances come out with an
energy of 1095 MeV, which is too low and so the nucleon-delta
splitting is too small by roughly a factor of 3. However, as
mentioned previously, we are not too concerned that the delta
resonance is not accurately fitted, as we believe it to be poorly
described as a rotating rigid body.

Because the rational map R(z) = z satisfies —1/R(z) =
R(—1/7), the parity operator P is naturally represented by
the identity operator. We then find that each of the states just
described has positive parity, in agreement with experiment.

VII. B=2

The symmetry of the B =2 Skyrmion is Dy, and the
rational map that approximates this Skyrmion is R(z) = z°.
The tensors of inertia U;;, V;;, and W;; are all diagonal,
with Uy = Uy, Vi1 = Vi, and Wi = Wy = 0. We also
have that U3 = %ng = iV33, relations that make the inertia
tensor degenerate, a consequence of the axial symmetry.
The degeneracy is resolved by imposing the following FR
constraint on physical states:

(L3 + 2K3)|W) = 0. (57)

The discrete symmetry R(1/z) = 1/R(z) leads to the FR
constraint

el KWy = — W), (58)
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The ground state is then the J = 1, I = O state |1, 0) ® |0, 0),
which has the quantum numbers of the deuteron. The first
excited state |0, 0) ® |1, 0) may be identified with the isovector
I'Sy state of the two-nucleon system.

Using the expressions for the inertia tensors given in
Appendix A, we find that, numerically,

Ui =96.58, Usz = 62.94, and V;; = 160.61. (59)
The kinetic energy operator is given by [5]

1 1 1 2 1
2 12—< +———>K32. (60)

T = +
2V 2U1 20 Vin Wss

For the ground state, we find (with the conversion factor &F,
implied from now on)

Ej_1 1=0 = My + 16.3MeV = 1949.3 MeV + 16.3 MeV
= 1966 MeV. 61)

For the first excited state, we get
Ej_o =1 = My+27.1MeV = 1976 MeV. (62)

The experimentally determined mass of the deuteron is
1876 MeV, with the proton and neutron constituents only very
weakly bound by 2 MeV. The ! state is marginally unbound,
with amass of 1880 MeV [5,26]. As our energies [Egs. (61) and
(62)] exceed the sum of the masses of a proton and a neutron, it
would appear that we have predicted states that are unbound.
However, when we compare E;_; ;-0 and E;_o ;= to the
sum of the masses of two quantized single Skyrmions with
spin % (calculated in the previous section), these states appear
bound (with binding energies of 50 and 39 MeV, respectively).

Thus the new parameters are clearly not ideal in the B =
2 sector, but the old parameters more strongly overestimate
the binding energies of these two states [S]. Also, we calculate
the excitation energy of the ' S, state to be 11 MeV relative to
the deuteron, which is of the correct order of magnitude and
better than that obtained in Ref. [5] (35 MeV).

To determine the parities of these two states we observe
that the rational map R(z) = z* has the reflection symmetry
—1/R(z) = —R(—1/7), and so P = ™%, Applying P to
the allowed states, we find that both have positive parity, in
agreement with experiment.

VIII. B =3

The tetrahedrally symmetric B = 3 Skyrmion was first
quantized in Ref. [7]. Here we use the rational map ansatz
to simplify the analysis. The Skyrmion is approximated by
using the map

R(iz) = ———F—+—. (63)

The symmetry group is generated by two elements. These
correspond to the following symmetries of the rational map:

R(—z) = —R(2), (64)

R(i?+1>= i{f(z)+1. 65)
—iz+1 —iR(z)+ 1
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A 7 rotation about the x3-axis in space is equivalent to a 7
isorotation about the 3-axis in isospace; and a 27 /3 rotation
about the (x; 4+ x» + x3)-axis in space is equivalent to a 2 /3
isorotation about the (1 4+ 2 + 3)-axis in isospace. This leads
to the FR constraints

T TRW) = W), (66)
ei%(L|+L2+L3)ei%(K|+Kz+K3)|\Ij> = |W). (67)

There is a spin 3, isospin } (unnormalized) solution of these
constraints,

wy =2 Ne L Nl gL 1) )
27272 2f (2 2f T2t 2T

This is the unique state with the same quantum numbers as

the hydrogen-3/helium-3 isodoublet of nuclei in their ground

states. The FR constraints also allow for two distinct states
with spin % and isospin %, given by

I\I'>—33®3 3 31®3 1+3 1
272 2" 2 2’2 27 2 27 2

®31 > 3®33 (69)
272 27 2 272
and
|w>—31®3 3+3 3®31 33
T2 2 27 2 2" 2 27 2 2’2
®31 31®33 (70)
272 272 272"

The first of these has the correct quantum numbers to allow
for its interpretation as a nucleus in which one of the nucleons
is excited to a delta isobar [27].

The inertia tensors have been numerically determined for
the rational map given in Eq. (63). They are all diagonal
and proportional to the unit matrix: U;; = ud;;, V;; = vy,
and W;; = wd;;. This was to be expected because of the
irreducibility of the action of the tetrahedral group on R3.
Numerically,

u=121.80, v=418.83, and w = —80.34. (71)

The kinetic energy operator then takes the following form:

1 1 2 2 2
T'=-——u—-wJ +@w—-wl+wM], (72
2 uv — w?
where M = L + K. Each of the three states [Egs. (68),
(69), and (70)] can be rewritten in terms of the basis states
|J, I; M, M3): The first is proportional to |%, %; 0, 0), the sec-
ondto |2, 3;0,0), and the third to |3, 3;3,2) — |3, 2;3, -2).
They are thus eigenstates of M? with eigenvalues 0, 0, and 12,
respectively. The energies of the three states are then

E 12, 1=12, M=0

3 )
— My 2 VT 154 MeV

8 uv— w?
— 2895MeV., (73)
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Ej—3/2 1=3/2, M=0

15 -2
My DUV 1770 MeV
8 uv—w?
= 2957 MeV, (74)
Ej_3p, 1=3/2, M=3
35 5 6
My VO A8 8 MeV
8 uv—w?
= 2929 MeV. (75)

These formulas are identical to those obtained in Ref. [7],
although the numerical values of u, v, and w are different
because of the rational map approximation. The average mass
of a helium-3 nucleus and a hydrogen-3 nucleus is 2809 MeV.
Our ground state comes to within 4% of this value. However,
our second state, with an excitation energy of 62 MeV, is rather
too low in energy to have an N N A interpretation.

To determine the parities of these three states we observe
that there is the reflection symmetry —1/R(iz) = iR(—1/7),
and so P = e/ 73K Applying P to the allowed states
[Egs. (68)—(70)], we find that they have parities +, 4+, and
—, respectively. We note that the helium-3 and hydrogen-3
ground states have positive parity.

IX. B=4

The minimal-energy B = 4 Skyrmion has O; symmetry
and a cubic shape, and it is described by the rational map

A 4+2V3i2+1

BN, Y 7
This map has the generating symmetries
R(iz) = 1/R(2), (77)
R <_Z,Z-Z++11> = 3 R(), (78)
which lead to the FR constraints
3T W) = W), (79)
RIS K ) — (), (80)

Seeking simultaneous solutions of these, we obtain the ground
state |0, 0) ® |0, 0). There exists a spin 2, isospin 1 state given
by

(|2, 2) +2i[2,0) + |2, —2>) ®11,1)
_ (|2, 2) — V2i[2,0) + |2, —2)) ® 11, —1) (81)

and a spin 4, isospin O state given by [10]

(|4, 4) + \/¥|4’ 0) + 14, —4)) ®10,0). (82)

The cubic symmetry excludes a spin 2, isospin 0 state.

The tensors of inertia are found to be diagonal, satisfying
Ui = Uy, Vij = vd;j,and W;; = 0. Although the cubic group
acts irreducibly on spatial R?, the associated isospin rotations
are reducible, with the R? of isospace decomposing into a
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two-dimensional and a one-dimensional subspace. This is why
the inertia tensor U has two independent diagonal entries,
whereas V only has one, and why the cross-term W vanishes.
Numerically,

Ujp = 142.84,Usz = 169.41, and v = 663.16. (83)

The kinetic energy operator is given by

T—iJ2+LIZ+1<L—i)K2 (84)
- 2v 2U 11 2 U 33 U 11 3

For the spin 0, isospin 0 ground state, the energy is simply
the static mass of the Skyrmion, M4 = 3679 MeV. Comparing
this to the mass of the helium-4 nucleus, 3727 MeV, we see
that our prediction comes to within 2% of the experimental
value. The classical binding energy of the B = 4 Skyrmion is
significantly larger than that of the B = 3 or B = 5 Skyrmion
(see the next section). The mean charge radius of the quantized
B = 4 Skyrmion was calculated by using the new parameter
set in Ref. [13] to be 2.13 fm, which agrees reasonably
well with the experimental value of 1.71 fm. Walhout [9]
calculated this quantity using the old parameter set and taking
into account a number of the vibrational modes, obtaining
1.58 fm.

For the state given by Eq. (81) with spin 2 and isospin 1,
the energy is

Ejo 11 = My +28.7MeV = 3679.0 MeV + 28.7 MeV
— 3708 MeV. (85)

We note here that hydrogen-4, helium-4, and lithium-4 form
an isospin triplet, whose lowest energy state has spin 2 and
whose average excitation energy is 23.7 MeV relative to the
ground state of helium-4 [28], so here the Skyrmion picture
works well.

Finally, for the predicted spin 4, isospin O state, we find

Ej_4 1—0 = M4+ 39.4MeV = 3679.0MeV + 39.4 MeV
= 3718 MeV. (86)

Such a state of helium-4 has not yet been experimentally
observed. However, predictions for such a state with an
excitation energy of 24.6 MeV have been made [29,30]. Our
calculation suggests a slightly larger energy, in the range 30—
40 MeV (allowing for the discrepancy between our calculation
and the data for the isospin 1 state). The energy levels are
summarized in Fig. 3.

To determine the parities of these three states we observe
that the rational map [Eq. (76)] has the reflection symmetry
—1/R(z) = —R(—1/z),and so P = ¢'7¥3, By acting with this
operator on the physical states, we find that the spin 0, isospin
0 state and the spin 4, isospin O state both have positive parity.
However, the spin 2, isospin 1 state has negative parity, and so
we find no contradiction with experiment.

X. B=5

Finding a quantized Skyrmion description of the ground
and first excited states of the helium-5/lithium-5 isodoublet,
with spins 3 and 1, has proved difficult. It still remains to
determine the symmetries and FR constraints that might give a
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|39:4MeV? _J=47.1=0

|28.7MeV__J=27, 1= |28.7MeV__J=27, =1 |287MeV__J=27, =1
243MeV =27, 1=1
Hyd 2 23.3MeV =27, 1=1 23.4MeV  J=27,1=1
rogen— -
yarog Lithium—4
1=0 ', 1=0
Helium-4

FIG. 3. (Color online) Energy level diagram for the quantized
B = 4 Skyrmion. Solid lines indicate experimentally observed states;
dashed lines indicate our predictions.

lowest energy state of spin % Here we explore in detail the idea
floated in Ref. [19], that one should consider variants of the
rational map, and not just the one that optimizes the classical
Skyrmion energy. The minimal-energy B = 5 Skyrmion has
D,; symmetry, and it can be approximated by the rational map

2z 4+ ib72 + a)
Rz))=———77—-, =-3.07, b=3.94. (87
(2) e e 87)

The ground state obtained from this map [10] has spin %
and isospin % which is inconsistent with the observed spin
% ground states of helium-5 and lithium-5. The Skyrmion has
this shape up to a pion mass m =~ 1. However, if higher m
is considered, the symmetry of the Skyrmion might change,
and this ground state become unstable. Therefore more
symmetric solutions, which apparently have higher energy,
might be the ones describing the true Skyrmion and are worth
investigating.

When b = 0 the rational map [Eq. (87)] has Dy, symmetry,
and it acquires octahedral symmetry when in additiona = —5.
Octahedral symmetry has been previously considered [11] and
it leads to a ground state with spin % and isospin % Let us
therefore consider the Dg,-symmetric map (which could in
fact be restricted to C4 symmetry)

4
+
R(z) = % a5 (88)

This map has the generating symmetries

R(iz) = iR(2), (89)

R(1/z) = 1/R(2), (90)
which lead to the FR constraints

T TR ) = — W), 91)
e e TR w) = |W). 92)
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Seeking simultaneous solutions, we obtain a ground state with
J = % and isospin [ = %, given by

|\IJ)—33®11+3 3®1 1 ©93)
2t 2f 7202 (2t 2/ T2 2
This is the spin we are looking for. There are two excited

states with J = % and I = %, most easily written in terms of
|J, I; M, M3), where M = L + K:

51 51 51
\IJ = _1_;372 - _a_;3»_2 _s_;272
= (522 fa ) e (B3
51
+ ‘—, 22, —2>), (94)

with ¢y evaluated in Appendix C. The FR constraints allow
for a further excited state with J = % and [ = %

The D, symmetry implies that the tensors of inertia are
diagonal, with Uy} = Uy, Vi1 = Vay, and Wy = Wp,, which

leads to the expression for the kinetic energy operator

1 1
T=-1—————[Uy(J*—L3)+ V(P - K}
e 0 - L) v -
+ Wi (M? — > — P — 2L3K3)]
+ ;2 [UssL3 + Va3K3 +2Ws3L3K3] ¢
(U33V33 - Wss)
95)
The energy of the ground state is therefore
Ej—3p 1=12
3Un +V, 9U33 + V33 + 6W
— Ms+ 11 11 33 33 3 (96)

UV =Wh) - 8(UssVas — W3s)

The numerical value of the energy depends on the parameter
a in the rational map, which has yet to be determined.

We now argue that the D4, symmetry we are considering
is justified even if octahedral symmetry (a = —5) provides us
with a slightly lower classical energy. The dependence of the
classical energy on a is shown in Fig. 4, whereas the quantum
energy is a strictly increasing function of a near a = —5 (see
Fig. 5). Therefore the total energy achieves its minimum just
below a = —5 (see Fig. 6), the quantum energy being much
smaller than the classical one. Taking a = —5.0025 we find

.0008
.0007
.0006
.0005
.0004
.0003

E-5100.9997 (MeV)
o o o o o o o o

.0002
.0001

-5.003-5.002-5.001 -5
a

-4.999

FIG. 4. Classical energy of the B = 5 Skyrmion as a function of a.
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0.0032

0.003
0.0028
0.0026
0.0024
0.0022

0.002
0.0018

E-8.19 (MeV)

-5.003-5.002-5.001 -5
a

-4.999

FIG. 5. Quantum energy of the B = 5 Skyrmion as a function of a.

that
Uy =203.41, Usz =203.36, Vi = 1333.49, 97)
Vi3 = 133296, W;; = —186.54, Wi3 = —186.61.

The static Skyrmion mass M, for this value of a, is calculated
to be 5101 MeV. The energies of the above four states are then

Ej =3/ 1=120 = M5+ 82MeV = 5109 MeV, (98)
Ej—sp 1=1/2c. = Ms+12.5MeV =5114MeV,  (99)
Ej=sp. 1=1/2.c. = Ms+129MeV = 5114MeV, (100)

Ej—1)2, 1=30 = Ms5+269MeV = 5128 MeV. (101)

The Dg,-symmetric map [Eq. (88)] satisfies —1 /m =
R(—1/7). The parity operator could therefore be represented
by the identity operator. However, we may also choose P =
e?™™L \where n is any unit vector. If we make this choice, then
each of the states just described has negative parity. We note
that the ground states of helium-5 and lithium-5 have negative
parities.

In conclusion, the achievement of the correct spin % for
the ground state comes at a price. First, the slightly excited
J = % state is not allowed by the FR constraints. Second, by
comparing E;_3/ ;-2 to the average mass of the helium-5
and lithium-5 nuclei (4668 MeV), we see that our prediction is
some 10% from the experimental value, whereas for the Dy,-
symmetric Skyrmion there was a better match to the helium-
5/lithium-5 ground-state energy. Physically, the ground and
first excited states are unbound, and may better be described as
acubic B = 4 Skyrmion loosely attracted to a single Skyrmion.

0.0028

0.0027

0.0026

0.0025

E-5109.19 (MeV)

0.0024

0.0023

-5.003-5.002-5.001 -5
a

-4.999

FIG. 6. Total energy of the B = 5 Skyrmion as a function of a.
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XI. B=6

The minimal-energy B = 6 Skyrmion has D4, symmetry
and is well-approximated by using the rational map

+ia

R(z) = m. (102)

This map has the generating symmetries
R(iz) = —R(2), (103)
R(1/z) = 1/R(2), (104)

which lead to the FR constraints

¢l Wy = W), (105)
e w) = —|w). (106)
These constraints allow for the existence of states

[1,0) ® 0, 0), |3,0) ® |0, 0), 10,0) ® |1, 0), 12,0) ® |1, 0),
and |5, 0) ® |0, 0).

A numerical search over the parameter a in the rational map
shows that the integral 7 is minimized at @ = 0.16. However,
it was suggested in Ref. [13] that allowing a slight deformation
of the rational map would lead to more accurate predictions.
In particular, it was found that by setting a = 0.1933, and
using the new parameter set, one obtains a quantum quadrupole
moment in agreement with experiment. In what follows, we
seta = 0.1933.

The inertia tensors have been computed for this ratio-
nal map, and are found to be diagonal, satisfying U;; =
Uz, Vi1 = Vi, and Wi = Wy = 0. Numerically, we get

Uy = 21584, Usz =230.77, Vi = 1525.99, (107)
V33 = 149366, and W33 = —105.45.

The kinetic energy operator is given by

1 1
T — 2_L2 +_12—K2+—
2, 0 B+ 5 ) 2(Uss Vs — W)

X (Ug3L% + V33K§ + 2W33L3K3). (108)

The static Skyrmion mass, Mg, is calculated to be 5601 MeV,
which is precisely equal to the mass of the lithium-6 nucleus.
(The new parameter set was determined such that this would
be the case—in Ref. [13] we estimated the spin energy for spin
1, isospin O to be approximately 1 MeV, and then neglected
this small quantity.) The energy eigenvalues corresponding to
the above five states are then

1
Ej_i 120 = Mg+ — = Mg+ 1.7MeV = 5602 MeV,

Vi
(109)
6
Ej—3 1—0 = Mg+ Vo= Mg +10.3MeV = 5611 MeV,
T
(110)
1
Ej—0,1=1 = Mg+ o= Mg+ 12.1 MeV = 5613 MeV,
1
(111)
1 3
Ejo -1 =Msg+ —+ — = Mg+ 17.2MeV
Ui Vi
= 5618 MeV, (112)
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24.0MeV _ J=5%,1=0
155MeV_ J1=2', 11 155MeV 127, 1-1 15.5MeV_ 1=2',1=1
104MeV  1=0%, I=1 104MeV  1=0%, I=1 104MeV  1=0%, I=1
Helium-6 8.6MeV =3+, 1=0 Beryllium—6

J=17, 10

Lithium—-6

FIG. 7. (Color online) Energy level diagram for the quantized
B = 6 Skyrmion. Energies are given relative to the spin 1, isospin 0
ground state.

15
Ej_s =0 = Mg + Vo= Mo + 25.7MeV = 5626 MeV.
11

(113)

We may identify these with isospin O states of lithium-6,
and with states of the helium-6, lithium-6, and beryllium-6
nuclei, which together form an isospin triplet (see Fig. 7). The
assumption in Ref. [13] that the spin kinetic energy of the state
[1,0) ® |0, 0) is of order 1 MeV is clearly justified.

Spin and isospin excitation energies relative to the lithium-6
ground state are experimentally known for these nuclei [31]
(see Fig. 8). The ground state of the lithium-6 nucleus
is identified with the state |1,0) ® |0,0), and there is an
excited state |3, 0) ® |0, 0), with excitation energy 2.2 MeV.
Lithium-6 has a further spin 0 excited state with excitation
energy 3.6 MeV; this is joined by the lowest energy states
of the helium-6 and beryllium-6 nuclei, which relative to the
ground state of lithium-6 have energies of 4.1 and 3.1 MeV,

59MeV =2t 1=l
T [5AMeV =i
e lasMev 2t
41MeV_ 1=0",1=1
Helium-6 o 3.6Mev J=0*,1=1
T [3AMev 0t
Beryllium—-6
2.2MeV J=3",1=0
J=1",1=0
Lithium-6

FIG. 8. (Color online) Energy level diagram for nuclei with B = 6.
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respectively, to form the spin O isotriplet |0,0) ® |1, 0).
Similarly, |2, 0) ® |1, 0) is identified with the spin 2 excited
states of the isotriplet. A spin 5 excited state of lithium-6
has not been seen experimentally. We, however, predict the
existence of such a state with excitation energy higher than
those of the other states so far discussed.

The splitting between the various spin and isospin states
of the Skyrmion is clearly too large; the predicted quantum
energies are roughly four times the experimental values.
This may be connected to the fact that lithium-6 is an
odd-odd nucleus. Alternatively, it may be because we have
not considered the possibility of the nucleus splitting into an
« particle and a deuteron. However, we have performed the
same calculation using the old parameter set and have found
that this gives even wider gaps between the energy levels. The
new parameter set is therefore not perfect, but it is certainly an
improvement. Furthermore, the ratios of the relative excitation
energies given by

Ej—o =1 — Ej=1,1=0

=12 (114)

Ej—31=0 — Ej=1,1=0
and

Ej -1 —Ej=1 1=
J=2, =1 J=LI=0 _ 5

(115)
Ej—0.1=1 — Ej=1.1=0
correspond well to experimental data for these nuclei, for
which the first ratio is 3.6/2.2 = 1.6 and the second is
54/3.6 =1.5.
To determine the parities of these states we first observe the
reflection symmetry

— 1/R(e'%z) = —iR(—1/7). (116)

The parity operator can therefore be represented as P =
e'1L3¢~15 K If we make this choice, then each of the states
given here has positive parity, in agreement with experiment.

XII. B=7

Here, as for B =5, quantizing the Skyrmion of lowest
energy gives states with the wrong spins to match the nuclear
data. The minimal-energy B = 7 Skyrmion has icosahedral
symmetry, and it is described by the rational map

75 4+1

(z) = m (117)

This map leads to a ground state with J = %, I = %, a spin
that appears experimentally as the second excited state of
the lithium-7/beryllium-7 isospin doublet. Experimentally, the
ground state has spin %

There are many ways in which the icosahedral symmetry
might be broken, allowing for the appearance of a J = %, 1=
% state in the spectrum. The most interesting possibility, in our
opinion, is the breaking of the C3 symmetry, while preserving
Ds symmetry. This leads to a ground state with J = % and
I = % So let us consider the Ds-symmetric map

az’ +1

RO = we—ay

a1, (118)
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FIG. 9. Classical energy of the B = 7 Skyrmion as a function of a.

where a = 7 restores the icosahedral symmetry. The generat-
ing symmetries of this map are

RE%2) =3 RG), (119)
R(—1/2) = —1/R(2), (120)
which lead to the FR constraints
dFeT T W) = — W), (121)
el TR |\ = — W) | (122)
The ground state with J = % and [ = % is
33 1 1 3 3 11
‘-I, = |z = ~ T A S A ~ oAl 123
w33l F-3)elra) oo
the first excited state with J = % and I = % is
53 1 1 5 3 11
V) = AN A A Al T AT A A A 124
W) ‘2 2>®‘2 2> ’2 2>®‘2 2> (124)

and there exist two further excited states with J = %, I =

given by
73 1 1 7 3 11
)= |- = -, —= -, —= =, = 12
|w') ‘2,2>®‘2, 2>+‘2, 2>®‘2,2>, (125)
77 11 7 7 11
vl = |-, - — =)=z, —= —,—=). (126
| > ‘2 2>®‘2 2> '2 2>®’2 2> (126)

States with 1 = % are also allowed. In particular, there is one
spin % state:

|\p>_11®33 1 1®33 127)
272 ’ 27 2/’

3 .
and two spin 3 states:

|\p1>_33®3_1_3_3®31 (128)
272 2" 2 27 2 2’2/

W)= 2 N2 3112 Nel2 23). ()
~122/%)22) T 2% )

The inertia tensors are found to be diagonal, with U =
Ui, Vi1 = Vi, and Wy = Wy = 0, leading to the kinetic
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FIG. 10. Quantum energy of the B = 7 Skyrmion as a function
of a.
energy operator
1
2(Us3 V33 — Wi3)
(130)

(P = L3) + 55— (P = K35) +

T = — I
2Vyy 20Uy
x (UssL3 + V33K3 + 2Wa3L3K3).
The energy of the ground state is given by
3 1 9Us3 + V33 — 6Ws3
Ej—3p2, 1=12 = M7+ + . : =
/2 1= 4viy AUy 8(Uss Vi — W)
(131)
The static Skyrmion mass, My, is found to be close to
6328 MeV. The dependencies of the classical and quantum
energies on a are shown in Figs. 9 and 10, respectively.
Looking for the value of a giving the minimum of the total

energy, we obtain a = 7.002 (see Fig. 11). For this value of a,
we find numerically

Uy = 246.27,

Usz = 246.26, Vi = 1873.03,

(132)
Vi3 = 1872.76, Wiz = 0.04,
and
E‘]=3/2’ =12 = M7+ 6.6 MeV = 6335MeV, (133)

to be compared to the average mass of the lithium-7 and
beryllium-7 nuclei, which is 6534 MeV.
For the excited states we find that

Ej—sp =12 = M7+ 10.1 MeV = 6338 MeV,
E) 151210 = M7+ 15.0MeV = 6343 MeV,
Ej 551210 = M7+ 15.0MeV = 6343 MeV,

(134)
(135)
(136)

0.0023

0.00225

0.0022

0.00215

E-6334.59 (MeV)

0.0021

6.999 7 7.001 7.002 7.003

a

FIG. 11. Total energy of the B = 7 Skyrmion as a function of a.
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Ej—12,1=3/2 = M7+20.4MeV = 6348 MeV, (137)
E)_ s/ =3 = M7 +225MeV = 6351 MeV, (138)
E3=3/2’1=3/2 = M7+ 22.5MeV = 6351 MeV. (139)

There are two main problems with this spectrum. One is
the absence of the J = % I = % state, and the other is the

appearance of the J = %, I = % state as the first excitation.
We could try to overcome this problem by noticing that the
first two excited states in the experimental lithium-7 and
beryllium-7 spectra are in a sense anomalous: They have very
low excitation energy, and the spin-energy correspondence is
reversed. As was discussed in the introduction it is possible that
such excitations cannot be described by our usual approach,
and we need to allow for some vibrational modes or consider a
Skyrmion of a different shape. Possibly, the states we find here
could correspond to the ones lying above the lowest energy
J = %, I = % excited state. This interpretation fits rather well
to the experimental data. The second problem is more difficult
to tackle within this framework. The value of a being very close
to 7 leads to a configuration that is nearly C3-symmetric. This
fact is reflected in the spectrum: We have two spin % and two
isospin % states whose energies are almost indistinguishably
close. This is not reflected in the experimental data. Let us
therefore consider a smaller a and see whether there is a better
fit to the spectrum. Another advantage of this approach is that
it helps to partially overcome the first problem as well. Indeed,
by looking through a large range of @ we find that at a = 2 the
energies of the states given here are, in increasing order,

EJ:3/2,1=1/2 = M7+ 63MeV, (140)
Ej -1y = M7 +9.3MeV, (141)
E‘/=5/2, =12 = M7 +9.4MeV, (142)
E) -1y = M7+ 13.7MeV, (143)
Ej—ipp.1=32 = M7+ 19.7MeV, (144)
Ej_sp -3 = M7 +19.9MeV, (145)
E_ 3513 = M7 +21.6MeV. (146)

The energy of the J = %, I = % state is now higher than the

energy of one of the J = %, I = % states, and lower than that
of the other, in agreement with experiment. This achievement,
however, comes at a price as the classical energy is now some
10% higher than the experimental value. Figures 12 and 13 are
energy level diagrams for the quantized Ds-symmetric B =7
Skyrmion, with a = 2, and for the B = 7 nuclei, respectively.

The symmetry breaking we have just considered is only one
of the ways in which icosahedral symmetry might be broken.
It is possible that a different breaking has to be considered
to better understand the spectrum of the excited states, in
particular the low-lying J = % I = % state. It is also possible
that with the increase of the pion mass the configuration will
eventually break up into a B = 4 and a B = 3 part, which is
suggested by the very low energy for breakup of lithium-7 into
helium-4 plus a triton.

The Ds-symmetric map [Eq. (118)] satisfies —1/R(z) =
R(—1/7). As for B =5, we find it favorable to choose P =
e27mL where n is any unit vector. If we make this choice,
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J=3/27, 1=1/2)
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FIG. 12. (Color online) Energy level diagram for the quantized
B =7 Skyrmion. A putative J = 1~ isoquartet is represented by

2
dashed lines.

then each of the states just described has negative parity, in
agreement with experiment.

XIII. B =8

In this section we introduce some new ideas for estimating
the moments of inertia of the B = 8 Skyrmion and hence the
excitation energies of the quantum states. It is believed that for
our new parameter set, the minimal-energy classical solution
resembles two touching B = 4 cubes (see Fig. 14) [15]. Here
the rational map ansatz is not a good approximation, so our
previous methods of calculation are no longer valid. Despite
this, it is convenient to note that a field that is qualitatively of

11.7MeV J=3/2-, 1=3/2|

. e 11.2MeV J=3/2-, 1=3/2|
Helium-7 : £ :

11.0MeV J=3/2-,1=3/2|

.| 10.4MeV =327, 153/

9.6MeV J=72-, 1=1/) Boron—7

19.3MeV_J=72-,1=1/2]

75MeV IS0 1213 [7.0MeV =52, 1=17)

6 MeV 152, 1-1/

IS}

6.6MeV J=5/2-,1=1/2|

4.6MeV J=7/2-,1=1/2)

4.7MeV  J=7/2-,1=1/2)

0.5MeV_J=1/2-, 1=1/) 04MeV =12 11/
=302, 1=17) =302, 1=10)

Lithium-7 Beryllium—-7

FIG. 13. (Color online) Energy level diagram for nuclei with
B=1.
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FIG. 14. Baryon density isosurface for the numerically relaxed
B =8 Skyrmion with m &~ 1, resembling two touching B =4
Skyrmions.

the right form, with the correct symmetries, can be obtained
from a rational map, and this enables one to determine the
allowed spin/isospin/parity states. There are also classical
Skyrmion solutions that are well approximated by the rational
map ansatz and have only very slightly greater energy than the
double cube. We consider these first.

For pion mass parameter between 0 and approximately 1,
the minimal-energy B = 8 Skyrmion has Dg; symmetry, and
it is well-approximated by the rational map

6 .
7 —1la
R(z) = ———, a=0.14, 147
© 2azt —1) (147)
which has the symmetries

R(é%2) = ¢ T R(), (148)
R(1/z) = 1/R(2), (149)

leading to the FR constraints
¢il e TR ) = |0, (150)
el KN vy = W), (151)

The ground state is then determined to be |0, 0) ® |0, 0), and
the first excited state is |2,0) ® |0, 0), in agreement with
states of the beryllium-8 nucleus. However, this Skyrmion
becomes unstable once the pion mass parameter exceeds 1.
The true minimum is then described by two B =4 cubes
placed together, and as a first approximation to this in terms
of a rational map we consider the Oj-symmetric map (whose
Wronskian vanishes on the 14 faces of a truncated octahedron)

2B+ 4432° — 10z2* + 4322+ 1

fe= 28— 44326 — 1074 — 4322 + 17 (152
whose symmetries
R(iz) = 1/R(2), (153)
R<i§+1>=—«/§+R(z)’ (154)
—iz+1 1+ V3 R(z2)

lead to the FR constraints
e ey = |0y, (155)
o W BTl i K gy |y (156)

Here the ground state is again |0, 0) ® |0, 0), but the |2, 0) ®
|0, 0) state is not allowed. The inertia tensors for this rational
map are found to be diagonal, satisfying Uy, = Uiz, Vi =
V22 = V33, and Wl‘j =0.
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274 MeV J=0",1=2
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16.2 MeV J=3",1=1 16.2 MeV J=3",1=1 16.2 MeV J=3",1=1
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BAMeV? 0Tl 184 Mev? 1207 1
Lithium—-8 84 MeV? J=07,I=1 Boron-8
29MeV J=2",1=0

J=0", I=0
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However, the O, symmetry is too strong for the description
of two cubes and has to be relaxed to Dy, symmetry. Therefore
we consider next

R(z) = B4+ b8 —azt + b2 + 1
T B —b—ar—b2+ 1’

(157)

where a = 10 and b = 4+/3 restore the O, symmetry. The
rational map ansatz then gives a better approximation to the
double cube Skyrmion, but only slightly because, for example,
U = —1 at the origin with the rational map ansatz, whereas
for the true solution, U = —1 at points near the cube centres.
However, it has the right symmetry and is good enough to
determine the allowed spin/isospin states. The FR constraints

are now

28.1 MeV J=0",1=2

Helium-8

- .
el W) = |9, (158)
W) = | W), (159)
27.8 MeV 1=0", 1=2 275 MeV =0+ 1=2

T - ~o__|27.0MeV J=0", 1=2
193MeV I3 11| | 19.1 MeV J=3 " I=1 18.6 MeV I=3* I=1
7O0MeV J220L FL] |16 MeV J=21=1 | | 164 MeV J=2", I=1

Lithium-8 Boron—8

11.4 MeV J=4",1=0

3.0MeV J=271=0

J=0 ", 1=0

Beryllium—-8

Carbon-8

FIG. 15. (Color online) Energy level dia-
gram for the quantized B = 8 Skyrmion, using
the double cube approach. A putative J =0~
isotriplet is represented by dashed lines.

which again allows a |2, 0) ® |0, 0) state. The inertia tensors
have the same symmetry properties as for the octahedral map,
with the exceptions that Uy # Usz and Vi3 # V| = Va,. This
leads to the kinetic energy operator

_ 1
2V

L2 K? K3 K3
2Vis 22U 2Uxn  2Us3
(160)

(P -L3)+

To determine the parities of states, we observe that the rational
map [Eq. (157)] has the reflection symmetry —1/R(z) =
—1/R(—1/7). The parity operator can therefore be represented
by P = ™Kz,

To progress, we now work directly with two cubic B = 4
Skyrmions separated along the x3-axis and find the moments of
inertia of the resulting structure using the parallel axis theorem
(ignoring the interaction of the cubes). The top cube is rotated
by 7 about the x3-axis relative to the standard orientation

=~ 263 MeV J=0",1=2

Carbon-8

FIG. 16. (Color online) Energy level dia-
gram for nuclei with B = 8.
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TABLE I. Energies and parities of the B = 8 allowed states. E4. and E,,, are the quantum energies obtained
using the double cube approach and rational map ansatz, respectively.

J, 1 Wave function Parity Eyq (MeV) E., (MeV)
0,0 |0, 0) ® |0, 0) + 0 0

2,0 12,0) ® 10, 0) + 2.9 2.7
4,0 14,0) ® 10, 0) + 9.7 9.0
(14,4) + 14, —4) ® 10, 0) + 17.7 11.2
0,1 [0,0) ® (|1, 1) — [1, —1)) - 8.4 9.5
2,1 2,0) ® (|1, 1) — |1, —1) - 11.3 12.2
(12,2) + 12, -2) @ (1, 1) + |1, —1)) + 13.3 12.1
(12,2) + 12, -2)) ® [1, 0) - 14.1 12.4
3,1 (13,2) = 13, =2) ® (11, 1) + [1, = 1)) + 16.2 14.8
(13,2) = 13, =2) ® [1, 0) - 16.9 15.1
4,1 [4,0) ® (1, 1) — |1, —1)) - 18.1 18.5
(14,2) + 14, =2) @ (1, 1) + [1, = 1)) + 20.1 18.4
(14,2) + 14, -2) ® [1, 0) - 20.8 18.7
(14, 4) + |4, =4 @ (|1, 1) — |1, —1)) - 26.1 20.7
0,2 10,0) ® (12,2) + |2, =2)) + 24.6 26.3
[0,0) ® (|2, 1) + 12, —1)) - 26.7 26.4
10,0) ® |2, 0) + 27.4 28.6
2,2 12,0) ® (12,2) + |2, =2)) + 27.5 29.0
(12,2) + 12, -2) ® (12, 2) — 2, —=2)) - 29.5 30.8
2,0) ® (|2, 1) + 12, —1)) - 29.6 29.1
12,0) ® |2,0) + 30.3 31.3
(12,2) + 12, -2) @ (12, 1) — 2, —1)) + 31.6 31.6

corresponding to Eq. (76). The bottom cube is rotated by
—% about the x3-axis relative to the standard orientation.
One difficulty here is in determining the separation of the
cubes. The picture in Fig. 14 suggests that the separation is
the value of r where the profile function becomes close to
zero. From Fig. 2 we see that it is reasonable to take r = 1.8,
leading to the separation in question being d = r/+/3 = 1.04
in dimensionless units. Then

VE=Y = vIE= — oy B=Y L Ma? = 2706,
V= = 2v =Y = 1326,

(161)
(162)

where M = 1277 (in dimensionless units) is the classical mass
of two B = 4 Skyrmions. The isospin moments of inertia are
simply given by

U= = v =207 = 286,

(B=8) (B=4)
U= — 2y = 339,

(163)
(164)

The equality of U;; and U,,, which we do not expect to
be exactly satisfied by the true B = 8 solution, simplifies
Eq. (160) to

1, 1, L3 K?
=— P-L))+—P-K)+ -2+ 3.
2V11(J )+2U11( )+2V33 +2U33
(165)

The ground state has quantum energy zero, so its total energy is
simply the classical Skyrmion mass. The additional quantum
energy of the spin 2, isospin O state is 2.9 MeV, which is a
very good match to the experimental value of 3 MeV [32].
There are a lot of further excited states, consistent with the
FR constraints [Egs. (158) and (159)], whose wave functions,

energies, and parities are presented in Table I. Figures 15
and 16 are energy level diagrams for the quantized B = 8
Skyrmion and for the B = 8 nuclei, respectively. We see a
good agreement with experiment for positive-parity states and
the appearance of some negative-parity states that have not
yet been observed experimentally. Of particular interest is the
appearance of the / = 0, / = 1 negative-parity state. If found,
it could be a new ground state of the lithium-8 nucleus. The
detection of the latter might be very difficult experimentally.
We have also found quintets of / = 2 states. The lowest of
these, with spin 0, have been detected experimentally with
excitation energies very close to our predictions and include
the helium-8 and carbon-8 ground states.

It remains worthwhile to find the optimal values of a and
b in the rational map [Eq. (157)]. Ideally, the classical mass
should not be very far away from the experimental mass of
the beryllium-8 ground state which is 7455 MeV, and the
moments of inertia should be comparable with the ones we get
from the double cube approach. The second condition is more
difficult to achieve since the rational map is defined on a sphere,
and it cannot exactly reproduce a double cube configuration.
Looking through a range of possible a and b values we find
that the optimal map is given approximately by

z +13f 6 2024—1-”‘[ 24
R@z) = 13v3 6 1343 ’ (166)
28— 326 0074 — By372 4]
leading to the following moments of inertia:
Vi1 = Vi = 2901, (167)
Vi3 = 2214, (168)
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Ui = 308, (169)
Uy, = 268, (170)
Us; = 283. (171)

We have recalculated the energies of the states in Table I, using
the kinetic energy operator [Eq. (160)] and formulas for the
energy levels of an asymmetrical top [25]. The quantum energy
of the first excited state is 2.7 MeV, which is only slightly
worse than the double cube approach. However, for further
excited states the discrepancy in results increases, making the
advantages of the double cube approach more evident.

It is interesting to consider the B = 8 binding energy
relative to two cubic B =4 Skyrmions. Using results from
Ref. [15], in which the pion mass m was set equal to 1, we have
that the energy per baryon of the B = 8 solution is 883 MeV,
and the energy per baryon of the B = 4 cube is 892 MeV. So
the quantized B = 8 Skyrmion appears bound from breaking
up into two B = 4 cubes by roughly 70 MeV, which is rather
small by our standards. Experimentally, beryllium-8 is slightly
unbound (by 0.1 MeV). Perhaps the inclusion of vibrational
effects may cause the B = 8 double cube to become unbound.

XIV. CONCLUSION

The rational map ansatz simplifies the classification of the
allowed spin and isospin states of quantized Skyrmions and
has enabled us to estimate their moments of inertia and energy
spectra. The results are promising and provide support for
the interpretation of Skyrmions as nuclei. We have obtained
the correct spin, parity, and isospin quantum numbers for the
ground states and various excited states in most cases, and
the quantum energies of excited states are reasonably close
to the experimental values. We have also been able to predict
some excited states that have not yet been observed. The new
parameter set for the Skyrme model, with which we have
been working throughout, has provided better results than the
traditional parameter set for the larger values of B. We have
also put into effect a new approach for some Skyrmions of
odd baryon number, in particular for B = 7. By deforming the
highly symmetric minimal-energy Skyrmion, we have been
able to reproduce the spins of the experimental ground state
and several excited states. We have given the first estimates
of the energies of quantum states based on the double cube
B = 8 Skyrmion, and similar methods should be applicable to
the multicube solutions for B = 12, 16, and beyond, presented
in Ref. [15].

The calculations presented here are subject to a number of
limitations. First, we consider the semiclassical quantization,
in which only the collective coordinates for rotations and
isospin rotations are considered. A more accurate procedure
would have to take into account further degrees of freedom,
which we refer to as vibrational modes. Allowing the individ-
ual Skyrmions, or subclusters of Skyrmions, to move relative
to each other, and performing a quantization of these degrees
of freedom, would be a significant refinement to our approach.
In so doing, some missing low-lying experimentally observed
states of nuclei may appear. These 1include the low-lying

excited states with J = % and [ = 5 that are present for
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B =5 and B = 7. Second, our current understanding is that
the Skyrme model provides a description of nuclear physics in
which nucleons are partially merged, and their orientations in
space and isospace are highly correlated. In a sense, this is the
opposite of a naive shell model, in which nucleons move in a
potential and are to first approximation uncorrelated. A more
realistic model would possibly lie somewhere between these
two extremes. An example of a model with correlated nucleons
is described in Ref. [33]. It leads in some cases to pictures of
baryon density isosurfaces that are similar to those obtained
using the Skyrme model and also illustrates «-clustering. In
particular, a study of two-nucleon density distributions reveals
a toroidal density isosurface for the deuteron, as predicted by
the Skyrme model.

The work here should be taken further by working with
the exact Skyrmion solutions, and not just the rational map
approximation to these solutions. Classical energies and
moments of inertia will change, though we hope not drastically.
Further investigation of the effect of varying the dimensionless
pion mass parameter is also warranted. The length scale of the
Skyrmions is quite sensitive to this. Possibly, an increased
parameter will create an instability in the Skyrmions with B =
5 or B =7, thereby justifying our arguments for changing
the symmetries. Finally, it will be interesting to calculate
electromagnetic form factors within our version of the Skyrme
model and compare to experiment.
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APPENDIX A: INERTIA TENSORS

The tensors of inertia for rational map Skyrmions may be
expressed in the form

Cs,,
;=2 sin® f ——L
j fs“‘ UTEaTRE
sin® f <1+|z|2

dR
22
x<l+f + P —1+|R|2

dz

2
) >d3x,
(AD)

where ¥ = (U, V, W) and the quantities Cy,, are given by

Cy, = |1 — R*?, (A2)
Cu, = |1+ R*?, (A3)
Cu, = 4RI, (A4)
Cy,, = Cy,, = —23R?, (A5)
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Cu,, = Cuy,, = 2(JR)* — DRR, (A6)
Cuyy = Cu,, = 2(IRI> = DIR, (A7)
the quantities Cy,, are given by
dR |’
Cy, =11 =21 |—| . (A8)
dz
22| 4R ’
Csz = Il +z | S (A9)
dz
,|dR[?
Cyy, =40z|" |—| , (A10)
dz
2
, |dR
CV12 - CV?] = —237" |— ’ (All)
: dz
o |dR]
Cy, = Cy, =20 (Iz]’z — 2) | (A12)
i |dR]?
Cyy, = Cvy, =23 (21’2 4 2) 2| (A13)
and, finally, the quantities Cy;, are given by
2 52, 4R
Cy, =00 -2)1-R)—), (A14)
dz
_, dR
Cip, = 0 ((1 + 221+ Rz)d_> , (A15)
z
_ dR
Cw,, = 4N (RZ_> ) (A16)
h dz
~ 2 52, AR
Cwy= =3 (A4 -RTZ). A1)
—, dR
Cwy,=-20(z(1-R)— |, (A18)
dz
~ 52, dR
Cy,, = —23(z1+R)— ), (A19)
’ dz
2 52,dR
Cuy =3 (A=) + R ). (A20)
| 5 ,.dR
Cw, = 2R R(1 —z)— ), (A21)
’ dz
_ , dR
Cw, =23 | R(1 +z 2 ) (A22)

APPENDIX B: OLD PARAMETERS

Here we collect some data on moments of inertia, in Skyrme
units, calculated with the dimensionless pion mass parameter
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m = 0.528 that emerges from the calibration of Ref. [3]. The
following results are novel, as they were obtained by using
the rational map ansatz and the formulas in Appendix A,
and extend from B = 1 up to B = 4. For B = 1 the rational
map ansatz is exact, so our result should agree with that of
Ref. [3], and indeed it does. For B = 2,3 our results can
be compared with the moments of inertia calculated from
the exact Skyrmion solutions (with the same m) as given by
Refs. [5,7]. This allows us to investigate the accuracy of the
rational map ansatz for these Skyrmions.
The notation is as in the Secs. VI-IX. For B = 1

A = 62.85. (B1)

For B =2

Up = 13543, Us; =86.59, and Vi =221.88. (B2)

Comparing these numbers to those obtained in Ref. [5] using
the exact numerical solution (U;; = 127.8, Usz = 86.9, and
Vi1 = 200.2), we see that the rational map ansatz has enabled
us to obtain quite accurate moments of inertia. We recall that
the old parameter set led to a model of the deuteron that was
much too tightly bound.

For B =3

u=170.01, v = 576.09, and w = —109.47. (B3)

These were evaluated in Ref. [7], by using the exact numerical
solution (# = 136, v = 435, and w = —91).
For B =4

Uy =197.60, Usz =236.49, and v =091145. (B4)

These numbers were calculated by using the same procedure
that we have used throughout, but with the old parameters.
Walhout [9] performed a different style of analysis for the
B = 4 Skyrmion, and unfortunately we are unable to directly
compare our results for the individual components of the inertia
tensors.

APPENDIX C: COEFFICIENTS OF WAVE FUNCTIONS

The FR constraints do not determine all coefficients in the
wave functions. Usually finding these constants is trivial, but
in some cases (as in the B = 5 first and second excited states)
one has to be more careful. As an illustration let us consider
the constants cy in Eq. (94). The solutions of Egs. (91) and
(92) form a subspace of Hilbert space, which is transformed
into itself when acted upon by the operator of the kinetic
energy [Eq. (95)]. Therefore, the eigenvectors of the operator
will define the wave functions we are looking for. In terms of
the moments of inertia, ¢y is given by

Ct

_ by +5by —a; — 5a; & \/(by + 5by — ay — 5a,)* + 20(a; — ap)(by — b)
2v/5(b1 — b2) ’

(ChH
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where

1 (10U11 +2V11 +20W11
ay = —

8 UnVip — Wi

25U33 + V33 — 10W33)
Us3 Vi3 — Wi ’
(€2)

9Usz + V33 + 6W33>

1 (26(]11 +2V11 +4W11
ay) = —
8 Us3Vaz — Wi

UnVi — Wi
(C3)
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b 1 <10U11 + 2V —4Wyy 25U33 + Vi3 — 10W33>
1= 3 )
8

UnVii — W Us3Viz — Wi
(C4)
b 1 (26U11 + 2V — 20Wy, 9U33+Vs3+6W33>
2= -3 .
8 Un Vi — Wi Us3Vs3 — Wh
(C5)
The quantum energy of these states is given by
5 5y —=b
E:al-i- a> + caV/5(by 2). (C6)
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