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Relativistic dynamics of non-ideal fluids: Viscous and heat-conducting fluids.
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In the causal theory of relativistic dissipative fluid dynamics, there are conditions on the equation of state
and other thermodynamic properties such as the second-order coefficients of a fluid that need to be satisfied
to guarantee that the fluid perturbations propagate causally and obey hyperbolic equations. The second-order
coefficients in the causal theory, which are the relaxation times for the dissipative degrees of freedom and
coupling constants between different forms of dissipation (relaxation lengths), are presented for partonic and
hadronic systems. These coefficients involves relativistic thermodynamic integrals. The integrals are presented
for general case and also for different regimes in the temperature-chemical potential plane. It is shown that for a
given equation of state these second-order coefficients are not additional parameters but they are determined by
the equation of state. We also present the prescription on the calculation of the freeze-out particle spectra from

the dynamics of relativistic nonideal fluids.
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I. INTRODUCTION

Transport properties of relativistic hot and dense matter
are important in many physical situations such as in nuclear
physics, astrophysics, and cosmology. The hot and dense
relativistic matter is produced in high-energy relativistic
nuclear reactions such as those in heavy-ion experiments,
whereas the hot matter is believed to have existed in the early
universe and the dense matter might be found in the quark stars
and neutron stars. The transport properties of a system out of
equilibrium are governed by transport coefficients that relate
flows to thermodynamic forces. These coefficients characterize
the magnitude of the response of the system (flow) to a certain
disturbance (thermodynamic force).

The space-time evolution of the produced matter in high-
energy nuclear collisions can be studied using relativistic fluid
dynamics. To take into account nonequilibrium (dissipative)
effects we need to use relativistic nonideal fluid dynamics. We
consider the causal theory of relativistic fluids as presented in
article I [1].

In the high-energy heavy-ion collisions the rapid evolution
of the fluid is governed by dissipative effects via transport
coefficients such as the shear and bulk viscosities, the thermal
conductivity, the diffusion coefficients, etc.. These transport
coefficients are generally calculated via the use of kinetic
theory and thereby imply the knowledge of a collision term.
The collision term must be a representation of the hot and
dense matter at hand.

In addition to the standard transport coefficients the causal
theory contains other thermodynamic functions, namely the
second-order coefficients. These coefficients, in combination
with the standard transport coefficients, are related to the
relaxation times and relaxation length for various dissipative
processes. The relaxation length results from the coupling
between the heat flux and viscous processes. These second-
order coefficients are given by complicated thermodynamic
integrals. In this work we will present the second-order
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transport coefficients in detail for future applications in the
description of the relativistic dynamics of heat-conducting and
viscous matter produced in high-energy nuclear collisions.

In addition to the knowledge of the transport coefficients
and second-order thermodynamic function we need to know
how to determine the form of the equation of state. Knowledge
of the equation of state is needed for analyzing many important
physical situations such as supernova explosions and neutron
star formation, high-energy nuclear collisions, and the study
of quark-hadron phase transition in the early universe. Recent
developments in heavy-ion collision experiments can reveal
the form of the equation of state of the nuclear matter. The
physics involved in such collisions is highly complex and it is
highly nontrivial matter to extract equation of state information
from such a complex dynamical situation.

In this article we investigate the influence of the equation
of state on the transport properties of the relativistic hot and
dense matter. The equation of state in the hadronic phase is
derived from the Walecka model of nuclear matter and in the
QGP phase we use the MIT Bag model. In the mixed phase
we employ the Gibbs construction for the phase equilibria.

The rest of the article is organized as follows: In Sec. II
we present the moments of relativistic Boltzmann equa-
tion in terms of the relativistic thermodynamic integrals.
In Sec. IIl we present the 14-field theory from the micro-
scopic considerations. We consider small deviations from
equilibrium and employ the Grad’s 14-moment method. In
Sec. IV we present the second-order entropy four-current
in terms of the relaxation and coupling coefficients that are
collectively referred to as second-order coefficients. In Sec. V
we present the equation of state considered in this work. In
Sec. VI we present the freeze-out prescription that takes into
account the dissipative corrections. In Appendix A we present
the relativistic thermodynamic integrals. In Appendix B
we present the various limiting cases of the thermodynamic
integrals. In Appendix C we present the ultrarelativistic
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thermodynamic integrals. In Appendix D we present the
relativistic thermodynamic integrals at zero temperature.

Our units are i = ¢ = kg = 1. The metric tensor is g"** =
diag(+, —, —, —). The scalar product of two four-vectors
a*, b* is denoted by a*g,,b" = a"b,, and the scalar prod-
uct of two three-vectors @ and b by a - b. The notations
AP = (A%P 1 AP«)/2 and Al®P) = (A*F — AP*)/2 denote
symmetrization and antisymmetrization, respectively. The
notation A‘*f) = [A;f‘ Af) —1/3 A% A, JAMY denotes the
trace-free part of A*'. The four-derivative is denoted by
9, = 0/9x%. An overdot denotes A = u*9, A.

II. THE RELATIVISTIC TRANSPORT EQUATION AND
THE MOMENT EQUATIONS

The transport equation gives the rate of change of the
distribution function in time and in space due to the particle
interactions. The distribution function can in principle be
solved from the transport equation. Here we limit ourselves
to cases valid for dilute systems where binary collisions
dominate. In trying to study high-energy nuclear reactions
we need to know the properties of many-particle systems.
Although the properties of such a system depend on the
interactions of the constituent particles and external constraints
in kinetic theory in the macroscopic level such a system is
described by the net conserved densities, the energy density,
hydrodynamic velocity, and dissipative quantities. Thus the
resulting fluid dynamic equations can be considered as an
effective kinetic theory. The results should be compared with
other theories that go beyond dilute systems to check the
deviations.

The relativistic Boltzmann transport equation for the
invariant on-shell phase-space density f(x, p) is

pho, f(x, p) = p u,Df(x, p)+ p" v, fx, p)

=Clf(x, p)l, 2.1
where C[ f] stands for the collision term. Here D = u*9,, is
the covariant time derivative and v7,, = A*”9, is the covariant
gradient operator. Furthermore, A" = g —utu" is the
projection tensor and u** = (y, yv) is the four-velocity, where
y = /1 — v2 and the three-velocity of a particle is v = p/p°.
The four-velocity is normalized such that u*u, = 1. The
four-momentum is p* = (p°, p), where p° = E = /p? + m?
is the relativistic energy of the particle and m is the mass
of the particle. Equation (2.1) describes the time evolution
of the single-particle distribution function f(x, p). The local
equilibrium distribution function has the form

1

eq _
f (xvp)_AOeﬂﬂpll—a_a’

2.2)

where Ay = g/(2)* and a corresponds to the statistics of
Boltzmann (a = 0), Bose (¢ = +1), and Fermi (¢ = —1)
distributions. Also the degeneracy g = (2J + 1), where J is
the spin of the particle, B, = Bu,,a = B with B =1/T as
the inverse temperature and u as the chemical potential.
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Let us define the first five moments of the distribution
function f(x, p) by

N"(x) E/f(x,p)p“dw, 2.3)
T (r) = / Fx. pyppVduw, 2.4)
FH(x) = f fx, pyp*ptp'dw, (2.5)
R (x) = / fx, pp*pPppdw, (2.6)
0P (x) = f For pyp Pt p pPdw,  2.7)
where
3
dw = C;—(? (2.8)

For the equilibrium distribution function f*I(x, p), Eq. (2.2),
the five moments can be written as

Nela = I]ouﬂ, (29)
Te’l:lv = IQQMMMV - IzlAHV, (210)
FUY = Tyouu'u’ — 33 AN u, .11
Rgf“” = I40u“u’3u”uv — 6Ty APyt y”
+3Tup AP A (2.12)
Qg{f“”" = Tsou®uPuru’u” — 10Zs; AP uhu’u”
+15Zs5 AP AP, (2.13)

where the 7, are the equilibrium thermodynamic functions

and are presented in Appendix A. Various contractions of the
above equations produce useful relations such as

Uy Néfl = IIO =n,

Tqu = Iz() — 3121 =& — 3p,

un T =T =6

u; Fog!' = T30 — 3I31 = m*n, 2.15)
UaUpReg™ = Tyg — 341 = m’e. .

Corresponding to the five moments are the five auxiliary
moments of A(x, p)f(x, p), which arises due to variations
in the distribution function,

N (x) EfA(x,p)f(x,p)p“dw, (2.16)

o) = / AGe, ) f G ppipidw, (2.17)

FH(x) = / A(x, p) f(x, p)p'pp'dw, (2.18)
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RPHY (x) = / Alx, p)f(x, p)p“pP p"p'dw, (2.19)

0P (x) = /A(x,p)f(x,p)p"pﬂp"p”p"dw, (2.20)

where A(x, p) =1+ aAglf(x, p). For the equilibrium dis-
tribution function, Eq. (2.2), and A®i(x, p)f*U(x, p) the
auxiliary moments can be written as

Nt = Tou", (2.21)
TL = Joouu’ — Jn A", (2.22)
Fekqlw = Jzouturu’ — 3731 A u?, (2.23)

ﬁgf“” = Toou®uPuru’ — 6Ty AP uiy»
+3Ta AP ARV (2.24)

Qgc/lglwp = %(,u“uﬁuuuvup — 1075, A@B v, P
15T AT AP, (225)

where the relativistic thermodynamic integrals 7, are also
presented in Appendix A. Note that by Eq. (A12) the J,; can
be related to the Z,, for example

7 7 7
Ty = D0 g Tt L)
p p (2.26)
Ty = Tt o In
B B

Also by Eq. (A13) the J,x can be obtained as differentiation
of the Z,,; with respect to « and .

As in the case of Z,;, similar contractions of 7, leads to
similar relations, Eqgs. (2.15)—(2.16), with Z,,; now replaced by
Tk For later reference we define the entropy four-current in
kinetic theory as

§0) = — / dwpt(f(x. p)In[A7 Fx. )]

—a~'AgA(x, p)In A(x, p)}, (2.27)
and we introduce a quantity
poo P _w_Jun (2.28)

n; ni  Ju’

where w = ¢ 4 p, as the enthalpy per net conserved ith charge.
Because in our case we are considering one such charge,
namely the net baryon number, & denotes the enthalpy per
net baryon. Similarly, one defines s/n as the entropy per net
baryon.

III. THE 14-FIELD THEORY OF NONEQUILIBRIUM
RELATIVISTIC FLUID DYNAMICS

A. Small deviations from thermal equilibrium

For a gas that departs slightly from the local thermal
equilibrium, we may write the distribution function as

[, p) = fYC, p){1+ A%, p)é(x, p)}, (3.1
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where ¢(x, p) is the deviation function to be discussed in the
next subsection. Substitution of Eq. (3.1) into Egs. (2.3), (2.4),
and (2.27) yields

N¥(x) = Ni(x) + SN"(x), (3.2)
TH(x) = T3 (x) + 8T"" (x), (3.3)
SH(x) = Sgl(x) + 85H*(x), (3.4)

where Nl , T, and Sl have the ideal fluid (equilibrium)
form and

SN (x) = / £, pIAS(x, PpGe ppidw,  (3S)

ST (x) = f £ pIAS(x, pp(x. PPt p dw.  (3.6)

For the entropy, expanding the term in the curly brackets in
Eq. (2.27) up to terms of second order in deviations ¢(x, p)
(cf. Sec. IV) leads to

88" (x) = §"(x) — S (x)

—f[a(x)—ﬂv(x)p”] S, p)A*i(x, p)

1
X ¢(-x» P)pudw - 5 / feq(-x» p)Aeq(xv P)

x [pGx, pPptdw + - 3.7
which corresponds to the phenomenological expression
8SM(x) = —a(x)SN*(x) + Bu(x)8T" (x) + Q" (x), (3.8)
with
0" (x) = —% / f5x, pAT(x, p)Ppldw + -
(3.9)

now explicitly defined in kinetic theory. The five parameters
a and B, that describe the nearby equilibrium state can be
specified by matching the equilibrium state to the actual
state. This is done by the prescription that the net charge
density and energy density are completely determined by
the equilibrium distribution function. That is, we impose the
following conditions:

n= /dwp”uuf(x, P) =Neq = /dwp“uufeq(x, D),
(3.10)

e = /dw(p“uu)zf(x,p)=8eq = /dw(p“uu)zfeq(x,p).
(3.11)

Then p(e, n) = p(eeq, neq) is the actual equation of state. The
above matching conditions also implies

u SN" = u,u,6T" = 0. (3.12)
It then follows from Egs. (3.8) and (3.9) that
u, 88" =u, 0" <0, (3.13)

014910-3



AZWINNDINI MURONGA

confirming that equilibrium maximizes the entropy density
under the above constraints, Eq. (3.12), on particle and
energy densities and that St and T¢;" give the entropy and
thermodynamical pressure correctly to first order in deviations.
To fix the hydrodynamic velocity we may choose either the
Eckart or Landau-Lifshitz definition of the four-velocity. The
former case implies

ARV N, = /a’w AMY p, fx, p) =0, (3.14)
and the latter case implies
AMY Toou® = /dw A" pypou’ fx, p) =0. (3.15)

In finding the equations for nonideal fluid dynamics from
microscopic/Kinetic theory there are basically two approaches
that lead to linearized transport equations: the Chapman-
Enskog approximation [2] and Grad’s 14-moment approx-
imation [3]. In the Chapman-Enskog method one solves a
linearized Boltzmann equation for f(x, p), which is linearized
by assuming that the function ¢(x, p) that measures deviation
from local equilibrium is small. Terms that are nonlinear
in ¢(x, p) and also the relative variation over a mean free
path are neglected. One then uses the conservation laws
9, N* =0,T"" =0 to express the time derivatives D of
the thermodynamical variables and the four-velocity (hence
Df*®4(x, p))in terms of spatial gradients 7, of a(x) and 8, (x),
correct to first order. Substitution into the kinetic expressions
(cf. Eq. (2.1)) connects these gradients to heat flow, diffusion,
and viscosity. The second approximation that is based on the
moment method is more general and has a wide scope of
applicability. It will be discussed in the following section.

B. Grad’s 14-moment approximation

In the phenomenological theories of relativistic nonideal
fluid dynamics by Eckart [4] and Landau and Lifshitz [5] (see
Ref. [1] for details], instantaneous propagation of heat and
viscous signals (acausality problem) remained a puzzle for
many years. However, in 1966, 1. Miiller [6] traced the origin of
the difficulty to the neglect of terms of second order in heat flux
and viscosity in the conventional theory’s expression for the
entropy. Restoring these terms, Miiller was led to a modified
system of phenomenological equations that was consistent
with the linearized form of Grad’s kinetic equations. Miiller’s
theory was rediscovered and extended to relativistic fluids by
Israel and Stewart [7] in the 1970s.

The progress made in phenomenology in getting rid of
the acausality problem can also be made from kinetic theory.
The analogous paradox in nonrelativistic kinetic theory was
resolved by Grad [3], who showed in 1949 how transient effects
could be treated by employing the method of moments instead
of the Chapman-Enskog normal solution. Suitable truncation
of the moment equations gave a closed system of differential
equations that turned out to be hyperbolic, with propagation
speeds of the order of the speed of sound. The relativistic
version of Grad’s method was developed by Israel and Stewart

[7].
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In phenomenology we seek a truncated hydrodynamical
linearized description of small departures from equilibrium in
which only the 14 variables N*(x) and T""(x) appear. The
microscopic counterpart of this is a truncated description in
which the function

Y, p) =In[Ag" f(x, p)/Alx, p)] (3.16)
differs from any nearby local equilibrium value
Yeq(x, p) = a(x) — B (x)p" (3.17)

by a function of momenta specifiable by 14 dynamic variables.
The truncated description is accomplished by postulating
the relativistic Grad’s 14-moment approximation [3,7], or
variational method [8], that y — y.q can be approximated by a
quadratic function in momenta

d(x, p) = y(x, p) — Yeq(x, p) = €(x) — €, (x) p"

+en@)plpt + ... (3.18)
or
y(x, p) = [a + €(x)] — [Bu + €.()]p" + €(x)p" p*
+..., (3.19)

where €(x), €,(x), and €,,(x) are small. Without loss of
generality €,,,(x) may be assumed traceless, because its trace
can be absorbed in redefinition of €(x). The nonequilibrium
distribution function is given by Eq. (3.1) and it depends on
the 14 variables o + €, B, + €, and €,,. Although five of
these determine the equilibrium state the other nine variables
are related to the dissipative fluxes. Inserting the expression
for f(x, p), Eq. (3.1), into the kinetic expressions for N* and
7", Egs. (2.3) and (2.4), we then have

N* = Nf + e/dwfeq(x, A (x, p)p*
—ev/dwfeq(x, P)AN(x, p)p" p”

~|—ev,\/dwfeq(x, PYAS(x, p)p* p" p* (3.20)

T =TM + G/dwf“'(x, P)A%(x, p)p*p"
—ex/dwfeq(x,p)Aeq(x,p)p"p”pA

—l—e,v,/dwfeq(x, PYAS(x, p)p* p’ptp° 3.21)

FoM = Fgi + € / dwf(x, p)A%i(x, p)p° p" p®

— 6 / dwf(x, p)A*i(x, p)p° p" p* p*

—l—qp/dwfeq(x,p)Aeq(x,p)p"p"p”p)‘p”. (3.22)

Then by Egs. (2.16)—(2.19) one can write the nonequilibrium
part of the number four current, the energy-momentum tensor,
and the fluxes as

SN = eNli — & Tl + e, FLI™, (3.23)
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STH = Tl — &, FJI" + €, R, (3.24)

SFoHW — Gﬁauveq _ eljégql”)h + €p ng;w)»p. (325)

From the definitions of the dissipative fluxes, namely the parti-
cle drift flux V#* = AISN", the energy flux W#* = Alu,6T",
the heat flux ¢* = WH* — hV*#, the bulk viscous pressure
= —% Ay 8T, and the shear stress tensor 7+ = §T “”)
and the matching conditions, Eq. (3.12), one then obtains
the 14 variables « + €, B* + €*, and €*’ in terms of the
macroscopic fields n, e, u*, IT, g, and 7"¥ [7]

€ = A2Buyuy, — AT — Biug gy + Comyy, (3.26)

€ = A]MHH — Boqﬂ, (327)

e = ApIl.

The coefficients A;, 3;, and Cy are thermodynamic functions
given by

(3.28)

S N I (3.29)
T4 "TA T 20w '
4 JIn
Ay =34, Dy [HT10Ta — T0T30)],  Bo = Blz, (3.30)
1
Ao = 34, D50 (D3g + Ti1.Ja0 — T J51), (3.31)
with
D5,
A= D3 (3.32)
T3

d1nZ-
Q=-3(213) 45
BlnLo s/n

_3\731(\721%0 — J0T31) — Ja1(J21J20 — T10T31)

Jx Dy
+5, (3.33)

Dk = TnsrkTn1k — (Tui)*

Once the deviation function is determined one can then
derive the equations of motion for n, &, u*, I, ¢*, and 7+". In
kinetic theory one uses the moments of Boltzmann transport
equation, Eq. (2.1). For a general tensorial function of
momenta ®(p) we have

(3.34)

/ dw (p)pd,, f(x. p) = / dw o(p)CLf]. (335)

For Grad’s 14-moments approximation we only need the
equations for the first three moments of the distribution
function f(x, p). For ®(p) =1, p’, and p"p* we have,
respectively,

/dw P, f(x, p) = 3, N* = /dw Clf1=0, (3.36)

/dw plpto, fx,p)=09,T" = /dwp”C[f] =0, (3.37)
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/dw p*p'p o f(x, p)
= 9, F"* = /dw p'p*Clf1=P". (3.38)

The first two moment equations give the five conservation
laws, the particle number, and energy-momentum conserva-
tion. The remaining additional 9 equations are obtained from
the third moment equation, which represents the balance of
fluxes. F*'* is a completely symmetric tensor of fluxes and
PV is its production density, which is the rate of production
per unit four-volume of ®(p) due to collisions. The balance
equations are 15 in number for only 14 fields. The trace of
F** is mass squared times Eq. (3.36) and P*" is traceless.
That is,

P'=0 and F" =m’N", (3.39)

so that the trace of the tensor equation, Eq. (3.38), reduces to
the conservation law of particle numbers, Eq. (3.36). Among
the 10 equations, Egs. (3.38), there are only 9 independent
ones. The resulting relaxational transport equations [7] are
presented in detail for applications in [1]. Thus the set of
equations, Egs. (3.36)—(3.38), is a set of 14 independent
equations for 14 fields. In this 14-field theory (a field theory of
the 14 fields) for nonequilibrium relativistic fluid dynamics the
dynamical equations, Egs. (3.36)—(3.38), with representations
(tensor decomposition) in the Eckart or particle frame

N* = nu",

(3.40)

TH = eutu’ — (p(e, n) + ) A* +2¢Huy¥) 4 WV,
(3.41)

4
P = CnAy (Guu” — AT 420, Big“u”

1
+2CaCor ", (3.42)

FM™* = (T30 + [Ao T30 — A1 T + 3A2(Ts0 + Ts)ITT}
x ulu'u* — 3{I31 + [AoJa1 — A1 T
+ A (351 + 5Ts)IT} AW ™)
+3(BoJar — B1Js1)g " u'u® — 3(BoJaz — B1.J2)
x A gP + 6J5:Com ), (3.43)

and the expressions for the A;, B;, and C; (known for a
given equation of state) gives a set of field equations for the
variables n, &, ut, IT, 7 ") and ", which contain only three
positive-valued functions of n, e, namely Cry, C,, and C,. The
C4’s are the collision integrals that depend on the microscopic
interactions such as cross sections. The primary transport
equations depends on the C4’s and the local distribution
function f(x, p). The relaxation times and length then follow
from the product of the primary and the second-order transport
coefficients. The resulting relaxational transport equations [7]
are presented in detail for applications in Ref. [1].

In summary, the 14-field theory of relativistic nonideal
fluids is concerned with the conservation of net charge and of
the energy momentum and the balance of fluxes. We rewrite
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the conservation and balance equations by splitting them into
spatial and temporal parts and by making right-hand sides
explicit. We have

YN" =0, w,dT" =0, AZT™ =0, (3.44)
uyit; 3, " = —4Cn AT, AMuyd, F = C,Biq,,
3, F o — écnconwv). (3.45)

IV. SECOND-ORDER ENTROPY FOUR-CURRENT IN
KINETIC THEORY

The 14-field theory is restricted by the requirement of hy-
perbolicity and causality. These requirements can be deduced
from the entropy principle. The kinetic expression for entropy,
Eq. (2.27), can be written as

St = —/dw prY(f), 4.1)
where
Y(f) = {f(x, p)In[Ay" f(x, p)]
—a 'A)A(x, p)In A(x, p)}
= _a_lAO IHA(.X, P) + f(x’ P)
x In[Ay " f(x, p)/Al 4.2)
Expanding ¥ (f) around (1) up to second order, i.e.,
V(O =D+ (DS = D
1
+ VNS - O+, (4.3)
where
Y'(f) = In[Ay" f(x, p)/Ax, p)], 4.4)
v'(f) = [A, p)AY fx, ] 4.5)

are the first and second functional derivatives of ¥ (f) with
respect to f(x, p), gives

U(f) = —a""AgIn A%(x, p) + [e(x) — Bu(x)p"]
x [f(x, p) — £9x, p)] + S[£9x, p)Ay"
x A, I G, p) = fU0x, PP+

Inserting the expression for 1/ ( f), Eq. (4.6), into the expression
for entropy flux, Eq. (4.1) yields

(4.6)

n

1
St =S+ =y / dw pUy (O = f @D
where
Sty = pla, B)B" — aNk + BT

is the equilibrium entropy and is obtained by inserting
f%(x, p), Eq. (2.2), into Eq. (2.27). Using Egs. (3.26)—(3.28)
fore, €, and €;,, in terms of the fluxes, one substitutes f(x, p),
Eq. (3.1), into Eq. (4.7) to get the nonequilibrium entropy

4.8)
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four-current,

St =S+ Bg" — 3But(BoI1? — [B1 + w g g,

+ Bort " ,3) — Bl + w ' 1g" T

— [y + w™ g, (4.9)
The coefficients «;, B; stand for (cf. Ref. [7])
Dy Dyy — D31 D
oo = 41 D20 31030 ’ (4.10)
BALQT4T21T31 D2y
o« = T Ts2 — I Jaz @.11)

BAT0J21 731

3 3
- (5T _
Bo 13\742292{ L) Do [T31(T31T30 — Ta1.T20)

+ T (Ta1J1o — T31T00)1}, (4.12)

Dy
| N 4.13
Bi BN T (4.13)

1 Js
2 4.14
B2 2872 (4.14)

These second-order coefficients involves the 7,;, which can
be obtained as differentiations of the Z,; (or the equation of
state p = p(«, B)) with respect to « and B. The transition to
p = p(e, n) is effected by the relations

ap ap
=pB—, =— — . 4.15
A A
With the help of the Gibbs equation
d(pb”) = Nejdo — T ", (4.16)

the entropy production can be written immediately as in phe-
nomenology. In kinetic theory we can derive it by substituting
Eqg. (3.1) into the expression for entropy, Eq. (4.7). Then
we invoke the second law of thermodynamics, 9,,S* > 0, and
develop to second order in the deviation function. This leads
to an expression for 79, S* that can be written as the sum
of contribution 79, S}’ linear in a deviation function ¢(x, p)
and another one T3, S5 which is quadratic in ¢(x, p). Using
Eqgs. (3.26)—(3.28) for €, ¢, and ¢, in terms of dissipative
fluxes together with the help of the expression for the derivative
of f*I(x, p)
1y feq
P18, (In Ayt A% Fe) = %

= —phd, (W) . (417

we obtain the following contributions

T

+7THV Vi Uy, (418)

79,8y = —iDIBIT* — (B + w Hg"q + Bor"'m,u]
=V [ + w Hg"TT — (o + w™ g, 1.
(4.19)
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The second law of thermodynamics requires the form of the
collision term C[ f] to be such that the entropy production is
given by a positive-definite integral for any function f(x, p).
That is,

/dw PrO(f) = —3,5" = /dw V(f)<0. (4.20)

Equation (4.20) together with the first two moment equations,
Egs. (3.36) and (3.37), and Eq. (3.19) leads to

0<9,5" = —/dwC[f]y(x, p) = —enP". 4.21)
The entropy production can be written as
B9, S" = ¢ P — A7 q%e + 2n) ' P 2 0, (4.22)

with

(LB BT B BTN
16.A2C cn T BC, c,
2
n= 2052’; = 10%, (4.23)
oL £id

where the C4 are the collision integrals that involve the
cross sections of various processes. For the calculation of
the primary transport coefficients, see, for example, Ref. [9].
For consistency the primary transport coefficients, the second-
order transport coefficients (hence the relaxation times and
relaxation lengths), and the equation of state have to be
determined from the same model or theory.

From the kinetic theory approach the unknown phenomeno-
logical coefficients ¢, «, n, o, @1, Bo, B1, and B, can now be
explicitly identified from the knowledge of the collision term
and the equation of state. « stands for the thermal conductivity,
and ¢ and 7 stand for the bulk and shear viscous coefficients,
respectively. The transport coefficients involve complicated
collision integrals. The relaxation coefficients By, B;, and B,
make the theory a causal one. The coefficients ¢y and o
arise from coupling between viscous stress and heat flux.
Knowledge of the second-order coefficients allows one to write
the primary transport coefficients in terms of the relaxation
times. Such relaxation times depend on the collision term
in the Boltzmann transport equation, and their derivation is
an extremely laborious task [9,10]. For present purposes, it
suffices to know that the kinetic theory yields the form of
the second-order entropy four-current and of the evolution
equations of the fluxes and that it provides the explicit values
of the relaxation coefficients in them. The relaxation times are
related to the transport coefficients multiplied by the 4 and
the relaxation lengths are related to the transport coefficients
multiplied by the o4,

T =1¢Bo, Ty =kTh1, Tx=2npb, (4.24)
Ing =¢ao, lyn=«kTag, Iy =kToy, Ilq=2na.
(4.25)

These are the relaxation times for the bulk pressure (zr7), the
heat flux (z,), and the shear tensor (z,); and the relaxation
lengths for the coupling between heat flux and bulk pressure
(Ing,I4n) and between heat flux and shear tensor (/y, [z,).
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From these one can already study the general dependence
of the ratios of the transport coefficients to the respective
relaxation times or relaxation lengths,

1 A 1 1
o fmo o Do 4o
m fo T, B T 2B

A 1 A 2 1
€ _tag oL R 2 _ 10
lnq lqn (o)) lqn lﬂq o1

where A,, stands for «T. The various time scales and length
scales mention here are to be contrasted with appropriate
dynamical time scales and the transverse and longitudinal
length scales for a given nuclear collision. In high-energy
nuclear collisions the time scales over which the various con-
stituents of the matter produced in these collisions equilibrate
are important in understanding the nonequilibrium effects.
Thus a knowledge of relevant nonequilibrium properties is
essential for a complete description. In the collision-dominated
regime the mean collision times and the relaxation times
associated with the changes in distribution functions provides
the information about the trends toward global dynamics.
These times are generally smaller than the times associated
with the transport of momentum and energy.

Once the entropy four-vector is obtained from the kinetic
theory, one may then construct a generating function that
may be a four-vector [11] or a scalar [12]. Thus from the
entropy four-vector one constructs/define a four-vector W =
W(e', €, €)

WH = §* 4+ € N* — €, TH + €, F*', (4.28)

where € = o + € and €, = B, +¢€,. From the differential
form of W#

dW" = N*de' — T"de) + F*'*de,, (4.29)

and the entropy principle (the second law of thermodynamics),
which is written as

3, 8" + €9, N* — €8, T + €,,(3, F"* — P"*)>0,
(4.30)

one then obtains the functions N*, T*', and FVME as

functions of €', €}, €,,. That is,

IO L L 7
e T T
avH 1 aqwH
F(V)L)Il — —_ = VA B, _ l)[)HV 20 431
D 48 8ap deus €u ( )

Using the definition of W#, Eq. (4.28), we can convert
Eq. (4.29) into a differential form for the entropy four-vector
SH

dS" = —€'dN* + €,dT"" — €,,dF"". (4.32)

In discussing the constraints imposed on the dynami-
cal equations by the entropy principle, hyperbolicity, and
causality requirements we need to cast the system of dy-
namical equations in a more transparent form. We introduce
Yi = {N", T}, Fj,,)), representing the primary dynamical
variables, PX = {0, 0, P,,}, representing dissipation source
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tensor, and X4 = {€’, €], €,,}, representing the auxiliary dy-
namical variables A =1, .-, 14. Then the dynamical equa-
tions Eqgs. (3.36)—(3.38) with the restrictions Egs. (4.31) can
be written in the form

9, Yy =Py and Y§ = Bw, (4.33)
0X 4
which can be combined to form a symmetric form
P R\
IXA9X, u,Xp— XXy Vu Xp = Pa. (4.34)

For the system of equations Egs. (4.34) to be hyperbolic
(i.e., has well-posed initial value formulation) and causal
(hyperbolic with no fluid signals propagating faster than light),
we require that

RS
_Uu ©
0X40Xp
be negative definite for the physical states of the fluid.
The requirements of non-negative entropy production and

of hyperbolicity imply the following restrictions on the
coefficients Crr, Cy, Cr and By, B1, B2, respectively. These read

(4.35)

Cn>0, C,>0, Cr>0 (4.36)
Bo=0, B1=0, p=0 (4.37)
ap 0%
— >0, —+>0. (4.38)
on oT

The conditions Eq. (4.36) ensure the positivity of bulk vis-
cosity, shear viscosity, and heat conductivity. The conditions
Eq. (4.37) ensure that the entropy density has its maximum
in equilibrium and together with conditions Eq. (4.36) they
also ensure the positive relaxation times for IT,g", and
7% The two inequalities in Eq. (4.38) are the stability
conditions on compressibility and specific heat. The whole
set of inequalities Eqgs. (4.36)—(4.38) ensures finite speeds.
Some of the consequences of the requirement of hyperbolicity
impose the bounds on the values of I, g*, and () in terms of
the independent variables of the equation of state, e.g., p and €.
The hyperbolicity requirement, that is, the requirement that the
field equations form a symmetric hyperbolic system, ensures
that the problem is well posed and that the characteristic speeds
are real and finite. This requirement is equivalent to the require-
ment that the second differential 825" (n, ¢, 1, q", 7") of the
entropy must be negative definite.

V. THE EQUATION OF STATE PRESCRIPTION

For proper description of the space-time evolution of
the hot and dense nuclear matter, produced in high-energy
nuclear collisions, using fluid dynamics, one needs an equation
of state to close the system of evolution equations. The
pressure as a function of energy density and baryon density,
p(e, n), is required for solving the fluid dynamical equations
numerically. It is convenient to tabulate this function, because
calculating the pressure in the hadron phase for given ¢
and n requires a double root search to find 7 and u. To
facilitate fast and easy numerical computation one discretizes
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the e-n plane. Every other thermodynamic quantity can be
calculated as a function of ¢ and n. Of particular importance are
temperature, baryochemical potential, entropy density, and the
relaxation and coupling coefficients. For the fluid dynamical
calculations, intermediate values of thermodynamic quantities
are calculated by two-dimensional linear interpolation.

For this case study the nuclear matter is described by a
o-p-type model [13] for the hadronic matter phase and by the
MIT bag model [14] for the quark-gluon plasma (QGP), with
a first-order phase transition constructed via the Gibbs phase
equilibrium conditions. This type of an equation of state was
presented in Refs. [15,16].

In the hadronic matter, the equation of state, i.e., the
pressure p as a function of the independent thermodynamical
variables temperature 7 and baryochemical potential u for
nonstrange interacting nucleonic matter is defined by [17]

Phad(T, ) = pn(T,v; M*) + pn(T, —v; M™)
+ 3 pi(Timy) + nV(n)

- / Vorydn' — pyS(py)
0

P
+ | S(p))dp;.
0

5.1)

Here,
pn(T, v M*) = T\ (9", 2%),

5.2)
pn(T, —v; M*) = T (—¢*, 2%),

where ¢* = Bv and z* = BM™* is the pressure of an ideal gas
of nucleons moving in the scalar potential S and the vector
potential V. These potentials generate an effective nucleon
mass

M —s M* =M — S(p,), (5.3)

where M = 938 MeV is the nucleon mass in the vacuum and
also shifts the one-particle energy levels

E* =/p>+ M2 — E* £V(n) = /p> + (M*)? £ V(n).

(5.4)

The vector potential is conveniently absorbed in the effective
chemical potential

v=p—V(n), (5.5

giving rise to the interpretation of Eq. (5.2) as the pressure
of an ideal gas of quasi-particles with mass M* and chemical
potential v. Furthermore,

pi(Tymi) =I5, (0, ), (5.6)

where z; = fm;, is the pressure of an ideal gas of mesons with
degeneracy g; and mass m;. Only the pions (g, = 3, m, =
138 MeV) are considered because they are the lightest and
thus most abundant mesons. n is the net baryon density,

ap
nT,pn= —

2| =z -T-0 . 6)
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and

8N 3 M* 1
(T, 1) = Ep—| 77—
ps(T, 1) (2n)3/ P waw 1

1
+ eE*+v)/T 1:|

is the scalar density of nucleons.
Once the pressure is known, the entropy and energy density
can be obtained from the thermodynamical relations

(5.8)

ap

S:BTM, e=Ts+ un — p. 5.9)
The potentials V, S are specified as in Ref. [16]
V(n) = Cyn—Cjn'?, S(p,) = Csps,  (5.10)

where C? =238.08 GeV ™2, C%=296.05 GeV 2, C2=
0.183, are the parameters that lead to the reasonable values
for the effective mass and the compressibility of Mg; =
0.635M, Ky = 300 MeV. T and p emerge naturally from the
double root search. Then, using the results from Appendix A,
ie., Egs. (All) and (A12) or Egs. (A40) and (A41), one
calculates the thermodynamic integrals Z,,; and 7, for given
¢ and n Then the «; (e, n) and B;(e, n) are determined.

In the quark-gluon plasma phase we employ the standard
MIT bag model [14] equation of state for massless, noninter-
acting quarks and gluons, i.e.,

pace(T, 1) = 75,0, ) — B,
+

where 75, is given in Appendix C and B is the bag constant.
Other thermodynamical quantities follow again from Eqs. (5.7)
and (5.9). Note that p does not depend explicitly on n for this
equation of state,

(5.11)

p =T —4B). (5.12)
The value of the bag constant is taken to be B = (235 MeV)*,
which results in a phase-transition temperature of 7, =~
169 MeV at vanishing baryon density. Other thermodynamical
quantities again follow from Eq. (5.9). The baryon chemical
potential pp is related to pu, by up = 34, and the net baryon
charge density np is related to the quark-gluon plasma baryon
charge density n, by ng = n;/3. In the quark-gluon plasma
the n = 0 case is simple since we also have u = 0, and one
obtains from Egs. (5.11) and (5.12) the simple formula for the
temperature, 7 = [60e /(32 + 21Nf)7r2]1/4. N is the number
of quark flavours. In our equation of state we consider Ny = 2.
For finite i, T can be eliminated from the equation of ¢ using
the equation for n. This results in a sixth-order equation in g,

_ 6N, —8 ¢ 21N —58

3 2
~ 121522 30 T
32 4+ 21N/)n?
_27M,¢27 (5.13)
20N?

which has to be solved numerically. After that, T =
[On/N;u — w?/92]'/2 (which follows from the equation
for n). Once T and p are known for given ¢ and n, the
thermodynamic integrals Z,; and 7, are also calculated as
functions of ¢ and n using the results of Appendix C and
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thus the second-order coefficients «; (¢, n) and §; (g, n) are also
calculated.

In the mixed phase the quark-gluon plasma phase equation
of state Eq. (5.11) is matched to the hadronic phase equation of
state Eq. (5.1) using the Gibbs phase equilibrium conditions,

DPhad = PQGPs  Thada = TGP, Mhad = Mocp.  (5.14)

In the mixed phase, for given temperature 7 and chemical
potential p the values of energy and baryon density read

& = )\Q{:‘Q(T, /L) + (1 — )\Q)SH(T, /L), (515)

n=iono(T, )+ 1A —Aony(T, 1), (5.16)

where A is the fraction of volume the quark-gluon plasma
occupies in the mixed phase. Conversely, for given ¢, n these
equations yield values for A, T, . This is done numerically
using the values of e o (T, ), np,o(T, ). Once T and p are
known the pressure follows from Gibb’s phase equilibrium
condition, Eq. (5.14). Similarly the other thermodynamic
quantities can be calculated as function of ¢ and n. Of particular
importance are temperature, baryochemical potential, entropy
density, and the rest of the thermodynamic integrals, Z,; and
Juk, from which the second-order coefficients «;(e, n) and
Bi(e, n) are evaluated.

In Figs. 1 and 2 we show the dependence of the relativistic
thermodynamic integrals on this particular equation of state.
The results are only for the hadronic phase without the phase
transition into the quark-gluon plasma. The results of the latter
scenario will be explored in full detail somewhere else.

VI. FREEZE-OUT AND PARTICLE SPECTRA

At any space—time point of the many-particle (fluid dynam-
ics) evolution a particle “freezes out” when its interactions
with the rest of the system cease. This depends on the mean
free path of the particular particle. If the mean free path is
small enough such that local thermodynamical equilibrium is
established, fluid dynamics is valid. For a larger mean free path
nonequilibrium effects become increasingly important, and if
the mean free path exceeds the system’s dimension, the latter
starts to decouple into free-streaming particles. To describe the

8
&/, 6
% 0 o 2 " ning

FIG. 1. The energy density and net baryon density dependence of
T30 (in units of GeV? fm~?) for the hadronic part of the equation of
state. The energy density and net baryon densities are in units of the
ground-state densities; no = 0.16 fm™3 and ¢y = 0.147 GeV fm~>.
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8

4 6
4 n-l'“u

FIG. 2. The energy density and net baryon density dependence of
Jso (in units of GeV* fm~?) for the hadronic part of the equation of
state. The energy density and net baryon densities are in units of the
ground-state densities; 7o = 0.16 fm~ and gy = 0.147 GeV fm3.

system’s evolution in the latter two stages in principle requires
kinetic theory.

The region where the mean free path is of the order of the
system size can be approximated by a hypersurface in space-
time [18,19]. When a fluid element crosses this hypersurface,
particles contained in that element freeze-out instantaneously.
The freeze-out should be treated in a self-consistent way taking
into account the nonequilibrium effects caused by particles
leaving the system.

We will consider isothermal freeze-out that corresponds to
freeze-out at a constant fluid temperature 7. One could also
consider freeze-out at a constant center of mass time 7;. In
the later scenario the temperature along the hypersurface is no
longer constant.

In the calculations of particle spectra at freeze-out the
distribution of particles that have decoupled from the fluid
is determined as follows. The Lorenz-invariant momentum-
space distribution of particles crossing a hypersurface X in
Minkowski space is given by [19]

dN

d’p
where d 2, is the normal vector on an infinitesimal element of
the hypersurface 3. d %, is naturally chosen to point outward
with respect to the hotter interior of X because Eq. (6.1)
is supposed to give the momentum distribution of particles
decoupling from the fluid. The distribution function f(x, p) is
given by Eq. (3.1).

The calculations simplifies in the case of longitudinal boost
invariance and transverse translation invariance [20]. In this
case the on-shell phase-space distribution function depends
only on the reduced phase-space variables (t, x, p.), where
1> =1>—z> and x = — y, in terms of the (longitudinal)
particle rapidity y = tanh~'(p?/p®) and the (longitudinal)
fluid rapidity n = tanh~'(z/). The collective flow velocity
field, momentum, and heat flux in this case are given by

= dEleMf(x, P)y (6.1)
z

u" = x"/t = (coshn, 0, sinh n), (6.2)
p" = (mycoshy, py cos¢,, pising,, my sinhy), (6.3)
g" = ql* = g(sinhn, 0., coshn), (6.4)
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where [* is a spacelike four-vector /*/,, = —1 and is orthogo-
nal to the four-velocity I*u,, = 0, ¢, is the angle of particle’s

momentum around the Z axis, and m; =,/ pi + m? is the
transverse mass that reduces to p, for the massless particles.

The shear tensor is given by

s sin h2n 0 O mscoshpsinhn
0 -z 0 0

ny __ 2

T =10 0 - 0 ’

mycoshpysinhny O 0O g cosh®

(6.5)

where 7w, is the scalar shear pressure (to distinguish it
from the constant 7). In our particular case at freeze-
out T =717, ¥ is conveniently parameterized by X* =
(tycoshn, xy, trsinhn) with d¥* = (rycoshn, 0,
—1y sinh n)dndx, . Therefore, dX# p,, = tym  cosh xdndx,
and p*u, = m, cosh x.

The distribution function, however, now includes the
corrections due to dissipative effects. Now there is the
equilibrium part and nonequilibrium part. With the expressions
Eqgs. (3.26)—(3.28) for £(x), £,(x), and &,,(x) in terms of the
dissipative fluxes we can write the deviation function as

o(x, p) = (Ao — Ai(pHu,) + [4(p"u,)* — m* 1A
+[By — Bl(PMuu)](Pﬂqu) + COP“PVTFW + e

(6.6)
In our present freeze-out prescription we have
p'q, = qm sinh x, 6.7)
p"p'myu = mymy sinh® x — 17, p?, (6.8)
and the deviation function becomes
¢(x, p) = [Ag — Ai(m_ cosh x)
+[4(m L cosh x)* — m*1 AT
+ [Bo — Bi(m 1 cosh x)] (m 1 sinh x)g
+Co [m? sinh? x — 1p?]=,. (6.9)

In the freeze-out prescription of a system with longitudinal
boost invariance and transverse cylindrical symmetry [21] one
frequently uses the integrals of the form

2w e
Xi(jlr)nn = /0 dyr sin' ¥ cos’ ¥ /.S dx sinh™ x cosh” x
1

X
ezLcoshx—aicosy—¢ _ 4 ’

(6.10)

2 [}
lej.zr)nn = /0 dir sin’ i cos’ ¥ /(; dy sinh™ x cosh” x

ecL cosh x —o; cos ¢ —¢

X (6.11)

(ezL cosh x —a; cosy—¢ __ (1)2 ’

where  =¢ — ¢, is given in terms of the azimuthal
angle of the surface element of the fluid ¢ and the angle
of the particle’s momentum ¢, around z,z; =yim /T
and oy =yyvyp,/T. The powers in the trigonometric
and hyperbolic functions comes from the product of the
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volume element parametrization in cylindrical coordinates
with boost invariance and the distribution function f(x, p) =
f(put, 11, pug*, p,p,mH’) as given by Eq. (3.1). Equation
(6.10) arises due to the first term of Eq. (3.1) and this gives the
equilibrium (ideal fluid) contribution to the spectra, whereas
Eq. (6.11) arises from the second term of Eq. (3.1) and gives a
nonequilibrium (nonideal fluid) contribution to the spectra.
Expanding the Fermi-Dirac and Bose-Einstein distribution
functions in geometric series we can write Egs. (6.10) and
(6.11) as

00
1 k—1 _k
Xl(jlzﬂ'l = Z(:F) le ¢

k=1

2
X / dir sin’ 1 cos’ ek sV
0

oo
X / dy sinh™ x cosh” ye kercoshx —(6.12)
0

o0
2 —
X = D () ket
k=1

2
X / dir sin’ i cos’ ek sV
0
oo
X / dy sinh™ y cosh” ye kercoshx —(6.13)
0

where the upper sign is for fermions and the bottom one is
for bosons. Using the integral representation of the modified
Bessel functions of the first kind 7,,(x) and of the second kind
K, (x) we can write

oo
Kimn = D (P} iy ke Yo (kz 1), (6.14)
k=1

o0
Xiomn = O @ ke i (ko Yen (kz1),  (6.15)
k=1

where
[(1/2)d]
. 1/2)d _p_
=Y <[( /z) ])(2b+21— DY T2 (),
=0
(6.16)
[(1/2)d]
1/2)d —b—
Ky = ZZ; <[( /l) ]>(2b—|—2l— DY Ky (),
(6.17)

and [p] stands for the largest integer not exceeding p. In
ijj,d=j,b=1i/2,y =ka,), whereas in k,,,, (d =n,b =
m/2,y = kzy). Furthermore, i is zero or 1 depending on
whether d is even or odd, respectively. Note also that for odd
powers in sin v the 7;; vanishes and similarly for odd powers
of sinh y the k,,, vanishes.
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In the case of pure longitudinal expansion i = j = 0 and
o =0.Theni;j(ka;) =igo(0) = 27 and x;j, reduces to

o0

Xoomn =27 Y (P ek (kz L), (6.18)
k=1
o0

Xoomn =270 Y (P ke kpn(kzy).  (6.19)

k=1

The inclusive particle distribution and transverse energy at
freeze-out are given by

dN
() _ / trdnd®x my cosh x f(x, p), (6.20)
dyd’p, ‘
dE, , dN(z;) / ,
L 4 = | zdnd
dy / Py dp, NS L
X / d*p,m’ cosh xf(x, p). (6.21)

Using Eq. (3.1), for the distribution function f(x, p), the
particle spectra can be written as

dN
dyd(ziﬁ _ / tpdnd®x m cosh x[ f(x, p)
+ f(x, p)A®(x, p)o(x, p)], (6.22)
where
1
f(x, p) = Ap (6.23)

exp(mycoshx/T)—1

The first term in the parentheses of Eq. (6.22) is the equilibrium
contribution to the spectra, whereas the second term is
the nonequilibrium contribution to the spectra. Using the
expression for ¢(x, p) and the integral representation x;jmn
the particle distribution becomes

dN(ty) 1o () 2 4@
dyd?p, = AOERLTf X 1 Xooo1 1 [(Ao — m”A2) X001
- AlmLX(%z)z + 4A2m2LX(%%)3]H
1
o[t - gt [ 62

1)

where the first term that involves the x;;,,, is the equilibrium

spectrum and the rest of the terms that involves Xl.(j?,)nn

represent the nonequilibrium contribution to the spectrum, i.e,
they represent the corrections to the particle spectra due to
dissipation. For dissipative corrections of particle spectra due
to shear viscosity only we find, using Eqgs. (6.10) and (6.11),

dN(zy) A R? 1 7 Kiz))
= Aonr Rit/rm | —
dydsz 0 1Ty L48 » 12
1 K3(z1) “
2 2
X jo| — =2 — 1. (6.25
{ T2 L[Kl(zn

In the case of a pure (1+1)-dimensional expansion in planar
geometry, the transverse dimension enters only as a (constant)
transverse area factor A. The parametric integration over the
hypersurface ¥ in Eq. (6.1) is performed by distinguishing
spacelike parts X; (with z as integration variable) and timelike
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parts ¥, (with 7 as integration variable). This yields the total
momentum-space distribution

dN
dyp.1dp1

= 2w Am {/ dz[coshy — sinh y(dt/02)s]1f (x, p)
R

+ / dt[cosh y(dz/dt)y — sinh y] f(x, p)} , (6.206)

where (37/0z)y is the (local) slope of the spacelike hypersur-
face element. In the expression for the distribution function
Eq. (3.1) the equilibrium distribution f°¢ is given by
Eq. (6.23), whereas ¢(x, p) is given by Eq. (6.9). Note
that in a pure (1+1)-dimensional expansion we have only
one independent component of heat flux that we take to be
q* = yQ° = yq and one independent component of shear
stress tensor that we take to be 7% = y2t% = y271,. We
simply write g for the local rest frame-independent component
of heat flux Q° and 7 for the local rest frame-independent
component of shear stress tensor 7. From Ref. [1] we know
that the other nonvanishing component of heat flux can be
written as ¢° = ¢“v. and the other nonvanishing components
of the shear stress tensor are 7% = 7%v? = 7,y 22, 7% =
790 = 7%, = myy%v,, and 7 = 7 = —7, /2.

We now apply Eq. (6.26) to the isothermal freeze-out
scenario. Along the isotherm, T = T, = constant and only
n depends on position or time, respectively. The rapidity dis-
tribution is obtained by integrating Eq. (6.26) over transverse
momentum. For massless particles,

dN [/ dzcoshy—sinhy(at/az));}_
s

— =27A
dy cosh® x(z)

n / dt cosh y(dz/dt)y — sinhy
%

. (6.27
cosh3x(t) }—} ( )

where

1
F— H[LO + (J10Ao0 — Jao A1 + 4T50)11

+ (BoJao — Bi1J30)q tanh x(z)

3]
+Codsoms (1-2—5—) |,
0j30n< 2cosh2x(z)>]

and the Z,; and the J,; are given in Appendix C for single-
particle species. Analogously, the transverse-momentum dis-
tribution is obtained integrating over y,

(6.28)

dN
pidpy

= 2mp,L {/ dz/ dy[coshy — sinh y(dt/9z2)s ] F
PR —00

+ / dt/ dy[cosh y(dz/dt)y — sinh y]]-'} ,
% —00
(6.29)
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where
1
= AO
expl(pL/Ty¢)cosh x(z)] —a
expl(p1/Ty)cosh x(2)]
, 6.30

Texplip./ T, cosh (@) —app 2 P (030

and

¢(x, p) = [Ao — A1 p1 cosh x(z) + 4py cosh® x(2)A; ] TT
+ [By — Bip. cosh x(2)] p1 sinh x(2)gq

+Co [p1 sinh® x(z) — 3 p} ] 7. (6.31)

In the isochronous freeze-out scenario the hypersurface X
has no timelike part and the second term in Eq. (6.26)
vanishes. Moreover, the second term in the numerator of the
remaining term vanishes due to d7/dz = 0 for this partic-
ular hypersurface. The temperature along the hypersurface,
however, is no longer constant. Thus the rapidity distribution

becomes
dN L+ty
— = 27r2A/ dz———
dy —1—1, cosh’ x(2)

coshy
F, (6.32)

with F(z) given by Eq. (6.28) with T now replaced by 7'(z).
The transverse-momentum distribution is

dN
pidp.

L+ty 00
=271ApL/ dz/ dycoshyF. (6.33)

L—ty

where F is given by Eq. (6.30) with the temperature 7y now
replaced by T'(z). The results of this section generalize those
of Ref. [22] by including nonequilibrium (dissipative) effects
in the freeze-out prescription. The most recent application of
the freeze-out prescription in the presence of shear viscosity
corrections has proven to be excellent in describing the spectra
of particles produced at RHIC [23].

VII. SUMMARY AND CONCLUSIONS

We have presented a microscopic interpretation of dissi-
pative fluid dynamics by means of the 14-moment method
(or 14-field theory: an effective kinetic theory for relativistic
nonequilibrium fluid dynamics). From the relativistic kinetic
theory using Grad’s 14-moment method one obtains relativistic
causal fluid dynamics that is a field theory of the 14 fields of net
charge density—particle flux and stress—energy—momentum.
The field equations are based on the conservation laws of
net conserved charge, energy momentum, and a balance
of fluxes. The equations satisfies the principle of relativity,
entropy principle, and the requirement of hyperbolicity (for
causality). The resulting field equations contain only bulk
viscosity, shear viscosity, and heat conductivity as unknown
functions. All other coefficients may be calculated from the
equilibrium equations of state. The interface between the
microscopic and microscopic in the causal dissipative fluid
dynamics is effected via the standard transport coefficients.
The comparison between the microscopic and the macroscopic
descriptions provides more information on the transport
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properties that govern the relaxation of various dissipative
processes.

From the kinetic theory approach the unknown phenomeno-
logical coefficients ¢, «, n, oo, @1, Bo, B1, and B, can now be
explicitly identified from the knowledge of the collision term
and the equation of state. We conclude that the 14-field theory
of viscous, heat-conducting fluids is quite explicit—provided
we are given the thermal equation of state p = p(«, f)—
except for he coefficients C4. These coefficients must be
measured or determined from the underlying theory/model
that gave the equation of state.

We have also presented the relativistic thermodynamic inte-
grals in a more general formalism and also for different special
cases that are relevant for applications to nuclear collisions
applications. These integrals are needed for calculating the
second-order relaxation coefficients. The results of the latter
will be presented in detail in a future article.
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APPENDIX A: RELATIVISTIC THERMODYNAMIC
INTEGRALS

In relativistic kinetic theory one frequently encounters the
moments of the distribution function describing local and
global equilibrium. The nth moment is defined by

IMI"'“”(x):/dwp’“~-~P“"f(X’P)ﬂ (AD

and the corresponding change of the nth moment due to
variation of f(x, p)is

51’“’“""“”(x)=/dw prt---ptSyAlx, p) f(x, p), (A2)

where y = In[ f(x, p)/A(x, p)]. The variations of moments
involves the auxiliary moments

et (x) = f dw p" - p A, p)f(x. ). (A3)

These moments can be expanded in terms of symmetrized
tensor product of #* and the metric tensor g"”. We define for
2k < n, the set of rank n tensors

ok iz _ 2K = 26)!

n'
X E AHIM .. Auzk—luzk u#2k+1 .. uﬂu’
permutations

(A4)

where A" is the projector g — u”*u”. The sum, which runs
over all distinct permutations of the tensor indices, has been
divided by the total number of those permutations. The number
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k can take all integer values between zero and the largest
integer not exceeding n /2. The latter value will be denoted as
(n/2). These tensors possesses the orthogonality property

2k + Dl(n — 2k)!

2% a2k
ACK )A(Zl Up_2p) = p 841

(AS5)

which arises because of all different terms, differing only
by the trivial permutations like AHY — AVH, AHCAVE
AP AR yhty — yPut, only 2%k!(2k)! terms survived. If
these trivial repetitions are lumped together the expansion

contains
i = (2”k> 2k — D!

terms. The double factorial notation stands for 2k — 1)!! =1 -
3-5.---2k—1)fork=1,2,--- and the recursion formula
2k — D! = 2k + D!/(2k + 1) extends the definition to
negative integer arguments. The moment integrals are then
expanded in the form

(A6)

(n/2)
n—2k
TR — Z ankI”kA(Zku )’
k=0
(A7)
(n/2) "
Jh Zankjnk NGk

k=0

The scalar coefficients Z,; and [J,;, which depend on the
parameters « and S are found by contracting both sides of
Egs. (A1) and (A3) with a tensor of the form (A4) and using the
orthogonality property (A5). The results of such contractions
are

AO *© k —2k
In 5 e d « o « o K N 5
(o, B) (2k+1)!!ﬁ w(p“uy — ppa) (puy)
1
X—eﬂpvura — (A8)
Tic(a, B) = L/m dw (p*ue — p*pa) (p"u, )"
2k + 1! J, "

eﬂpvu\)_a

_—_— (A9)
(eﬁp"uv—a — a)2

The above integrals are invariant scalars, therefore they can be
evaluated in any frame. We will evaluate them in the local rest
frame. In this frame u* = (1,0, 0, 0), so that p*p, = p2 =
m? and ptu, = p° = /p? +m2. We introduce spherical
polar coordinates d*p = p’dpdS. Integrating over d2 and
introducing new variables

7=, (A10)

T

the above thermodynamic integrals, Eqs. (A8) and (A9) may
be written as

p
X ==,
T

Tu(d, 2) = ﬂrﬂrz /Oodxxz(k+1)(x2 4 ZH)n-2A=D/2
T @k + ! A
1
- All
x Vb _ g (ATI)
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47'[A()
2k + D!
V9
et _ap

0
\7nk(¢» Z) — Tn+2/ dxe(k+1)(x2 + Z2)(nf2k71)/2
0

(A12)

The second line of Eq. (A12) is obtained by partial integration.
Derivatives of Z,.(¢, z) and J. (¢, z), Egs. (All) and
(A12) can be expressed in terms of the 7, (¢, z):

ALy = Tudp —m™" T 4dz

= Judo — Tps1.1dB, (A13)
2d Tk = m[Tp—1 k=1 + (0 = 2k) T—1 k1d P
—[Tng—1 +(n+ 1 =2k) T, x1dz,
Bd Tk = [Tn—1k—1 + (. = 2k)T,—1 klda
—[Tnp—1 + (m+ 1 =2)T, k1dB.  (Al4)

For the equation of state p = p(e, n) we need the derivative
of p, e, and n with respect to (¢, z) or with respect to («, B).
From Eq. (A13) we have

dn = dIl() = Jlod(x - ¢720d/37

(A15)
de = d1r,y = Jroda — %Qdﬂ,

dp = dIz] = jz]dOl - g731d/87
dIz = Jzido — Judp.

From Egs. (A15) and (A16) the differentials of «(e, n), B(¢, n),
and p(e, n) are written as

(A16)

1
da = —(Jzdn — Jaode),

Dfo (A17)
dp = D—(jzodn — Jiode),
20
1
dp = D—zo[(jnjm — J31J0)dn — (Ja1020
— J31J)de]. (A18)

The fundamental thermodynamic relation together with the
first law of thermodynamics can be expressed as

nTd(s/n) = de — hdn = (Jro — hJ10)da
= (J30 — hJr0)dB.

From Egs. (Al5), (A16), and (A19), the differentials of
a(n, s/n) and B(n, s/n) can be written as

(A19)

1
da = — [(J30 — hJro)dn — JoonTd(s/n)],

(A20)
D»

1
4B = (oo — hTio)dn = TonTd(s/m].  (A21)
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and the differentials of a(e, s/n) and B(¢, s/n) as

1

da =

[(J30 — hdo)de — TsonTd(s/n)],  (A22)

1
dp = "D [(J20 — hT0)de — ToonTd(s/n)].  (A23)
Dy

Thus from Egs. (A16), (A20), and (A21) we obtain the

expression used in bulk pressure relaxation coefficients,

namely
BlnI31
BlnIlo

01n Ja T 1
fr— —_ —— _h
9InTn |, ~ iz Do [J31(T30 — h o)

— J41(J20 — hJ10)].

From the definitions of specific heats per net conserved charge

s/n

(A24)

a(s/n) a(s/n)
C = —ﬂ . C = _,3 )
P B |, v B |,
r=c,/Cy, (A25)

one finds, with the help of Egs. (A15), (A16), and (A19),
Cp—Cy = B*(hJio — J0)’ /(nTr0).  (A26)

I — 1= hJo— Jn)*/Dx.

From the definitions of the speed of sound and the compress-
ibilities

(A27)

2ol _ o n_opp o _1dn
$ dely, del, e+poonl, T nooply,
10
=- =0, (A28)
n op|y
we find, with the help of (A15), (A16), and (A19),
2
G=—>"_ 1 = @ Kr = ﬁ‘zlo. (A29)
B(e + p)Jo n’T n

Thus for a given equation of state, i.e., pressure as a function
of two independent state variables, the other thermodynamic
quantities can be obtained as partial derivatives of the pressure
with respect to o and 8 or to ¢ and z. This means also that
the second-order coefficients are also determined from the
equation of state.

From the net charge and energy conservation equations (in
the particle or Eckart frame)

i+nb =0, (A30)

¢+ (e+p+IDO+(Vug" +7"" vou) =0, (A3D)

with the standard notations A =u"d,Aand6 = d,u*, we can
solve for & and B by simultaneously solving

Jio6 — FaoB + L1o0 = 0, (A32)

Jrod — ToB + Tao + Loy + IO + (v,q" + 7™ vy u')
_ o, (A33)
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where we have used Eq. (A15). We then find
_ J0Zio — Jio@ao + 1o + H)Q
Dy

+ le(quM + ah? Vv uu)
Ds

B:

(A34)

_ J30Lio — Joo@ao + Io1 + H)9
Dy
%O(quu + v, MM)
+ .
D
The Z,; and J,; integrals, Eqgs. (All) and (Al2),

can be written in terms of the more familiar functions
K@, 2), L11(h, z) defined, for n > 0, by (cf. Ref. [7])

(A35)

L1 [oda?e?+22)72
Kl D) = G T , (A36
.9 2n — D! z7 /0 e _ g (A36)
1 o dXxZn
Lnta(@. ) = . (A37
+1(9,2) (2n — DI g+l /o T g (A37)

Partial integration of these functions leads to the following
relations

0 d n 0 —n
%Kn = ['m %EnJrl = —Z 9z (Z Icn)

= Ku—1 + 2n/2)K,. (A38)

In the special case of a Boltzmann gas (@ = 0), these functions
becomes the Bessel functions of the second kind up to a factor
of the chemical phase,

L,(¢,2) = Ku(¢, 2) = e?Ku(2),

where K, (z) are the modified Bessel functions of the second
kind.

By making use of the binomial expansion the integrals Z,;
and J,x, Egs. (All) and (A12), can be expressed in terms of
the IC,, and £,, 11, Eqs. (A36) and (A37).Forn =0, 1, ..., and
k < 4n, this yields

(A39)

%nfk
Ink = 4JTA()mn+2 E anklz_(k+l+l)
=0

Kryir1
X
£k+l+2

for evenn,

for odd n. (A40)

and differentiation of these results with respect to ¢ (cf.
Egs. (A13) and (A38)) then gives

Tn—k
2
Tk = 4w Agm"+? gz~ *HHD
1=0
Ek+1+1 for even n,
x { Krar + 2(k+z1+])le+l+l for odd n. (A41)
The numerical coefficients are
1
2k +21+ D! [ Z, —
oy = Ze 2+ DU k) (A42)
2k + H!! 1
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Note that to calculate the thermodynamic properties
of ultrarelativistic (massless) particles using Eqgs. (A40)
and (A41) one has to take the limit m — 0 (hence z — 0)
of Egs. (A36) and (A37). This is, however, not necessary if one
uses the integral representation Eqs. (A11) and (A12) because
the case for m = 0 or z = 0 is included. The integrals Z,; and
Tk Eqs. (A40) and (A41), satisfy the recurrence relations

Livog = m* Ly + Rk 4+ 3) 04112k <n),  (A43)

where [, stands for Z;, or Jj,. This follows from the
contractions of Eq. (A7).

APPENDIX B: APPROXIMATION TO THERMODYNAMIC
INTEGRALS

1. Nondegenerate gas

If ¢ <z and z # 0, the integrals Z,; and J,, Eqs. (Al1)
and (A12), may be evaluated [24] by making the substitution
x = zsinh x expressing the functions (e?°"* £ 1)~! as a
geometric series in "X and integrating term by term. The
integrals can be written in terms of the Bessel functions with
the help of

1 o0
Pl DT, (BD)

k=1

l oo
iy = L, @

k=1

where the upper sign is for the fermions and the bottom one is
for bosons. The integral representation of the Bessel functions
of second kind can be written as

o0
f dy sinh?® x cosh? ye ™Y coshx
0

[(1/2)d]
> <[(1/r2)d]> (b +2r — DIy ~b="

r=0
X Kpir4n(y), (B3)

where £ is zero or 1 depending on whether d is even or odd,
respectively. Then the integrals Z,; and J,, Eqs. (A11) and
(A12), can be written as
T (¢, 2)

N 4 A()
2k + D!

[(1/2)d]
X > bary T Kigren (),

=0

oo
volvy > F1 " [ + (=1)"e ]
=1

(B4)

Ti(¢.2)
_ 47TA()
T2k + DN

[(1/2)d]
X by K n (),
r=0

o0
volyp Y (FD [ + (1) e ]
=1

(BS)
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where we have abbreviated

([(1/r2>d]>(2,,+2r_1>u, b=k+1,

d=n-—72k,

bnkr

y=lz. (B6)

The superscript notation £ on the Z,; and 7, indicates that
the integrals are evaluated taking into account pair production.
The factor y,, which is 1 or 1/2 depending on whether the
particle is charged or neutral, respectively, takes into account
the contribution of neutral particles in calculating thermody-
namic properties of a gas. y¢ is the quantum number for the
conserved charge and i, is 1 or 0 depending on whether 7 is
even or odd, respectively, whereas j, is 0 or 1 depending on
whether 7 is even or odd, respectively.

2. Extremely degenerate Fermi gas

This case is relevant to the study of the low-temperature
region in high-energy nuclear collisions and to the study
of thermodynamic properties of neutron and quark stars. If
¢ > z, the integrals K, and L, ;, Eqs. (A36) and (A37),
may be expressed in terms of the Chandrasekhar-Sommerfeld
asymptotic expansion:

1 1 [*
’Cn , ~ - 2ne.2 2 —1/2d
(¢,2) —(Zn—l)!!z”/o x(x" —z%) x
+27T_2;i(¢2 — H@=I2g
12 2n — 3)!1 77
Tt 1

1
2_ - 2 _ 2\(2n—-5)/2
T s~ ¢

x[3+@2n = 5)(@* — 2597

31x® 1 1

2 o 2\2n-17)/2
30040 an — P & ) ¢

x [15 4+ 102n — 7)(¢> — 22) >

+@2n — T)(2n — 9)(P* — 22 20", (B7)

1

2 2\2n+1)/2
(2n + D] znt] @ =)

£n+1(¢1 Z) ~

72 1

1 2 2\(2n—1)/2
R an—Diga? )

+2

x [1+@2n — 1)(@* — 25 '¢%]

It
o

2 _ 2\(2n-3)/2
720 an — 3y g P )

x [3 4+ 6(2n — 3)(¢> — 72~ '¢?
+(@2n —3)2n — 5)(¢* — %) *p"]

Iy 317® 1
30240 2n — 5)!! !

(¢2 _ Z2)(2r175)/2

PHYSICAL REVIEW C 76, 014910 (2007)

x [15 +452n — 5)(¢? — 22) "' ¢>

+15Q2n = 5)2n - 7)($* — 2 ¢

+(@2n = 5)2n —7)2n — 9@ — ) ¢°l,
(B8)

with xo = ¢. Changing the variable x = zsinh x one can
evaluate the integral

1 [o
R, = —n/ x2(x? — 2 V2dx
" Jo

X0
=z / sinh® ydy, (B9)
0
with the help of Eq. (1.412.2) of Ref. [25] and the properties of

the hyperbolic functions. Here we list the first few expressions
for the K,

2
Ko(¢, 2) ~ cosh™(¢/2) — %ﬁ
Tt 929 +32%)

120 (@2 — )7

3170 p(8¢* + 409222 + 157%)
1008 (92 — 22)1172

. (B10)

K9, 2) ~ — 52 cosh™ /) + 596 — )
¢ Imt ¢
6 (2 — 2912 " 120 (¢ — 2272

317° pz2(49* + 322)
1008 (¢2 —z2)%/2

+

(B11)

2K, 2) ~ %z‘* cosh™(¢/2)

LIV R NV PR S
—|—24¢(¢ z27) 7 (2¢" = 5z7)

77_2 2 2412 7_774‘15(2‘152 —32)
H 0@ = e T
31n% @t

1008 (¢2 — z2)7/2” ®B12)

1
K¢, 2) ~ —EZﬁ cosh™(¢/2)

L 2 2N1/2/qeA 2.2 4
+720¢(¢ 7)1 (8" — 269777 + 3z7)

Tt ¢p(4¢p? — 32%)
360 (¢ —z2)1/?
3170 ¢(8¢p* — 209222 + 15z%)
15120 (p? — z2)3/2 '

n? 2 2\3/2
+1—8¢(¢ -z +

(B13)
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and for the £,
2 2
2 oaap T 2
Z£1(¢7 Z) ~ (¢ —Z ) /2 — ?((Pz _ Z2)3/2
Tt (49> + 22)
120 (¢2 _ Z2)7/2

3170 289 + 12972 + )

336 (¢2 _ Z2)11/2 ’ (B14)
1 7.[2 (2¢2 _ ZZ)
SLag )~ 3@ =D A
Tt P 3170 24692 + %)

+

m (¢2 _ Z2)5/2 1008 (¢2 _ Z2)9/2 ’

(B15)
3 L 5 osp n? 2 N2 402 2
z£3(¢,z)~E(¢ -2 +ﬁ(¢ —2)/7(4¢" —z7)

Tt 8¢* +3z%)  31x° Z®
360 (9> —22)%% 1008 (¢ — z2)7/?’

(B16)

that are needed for the calculation of the Z,; and 7, used in
the text.

For a massless Fermi gas the same calculation can be
performed for the 7, and J,; directly using Eqs. (A11) and
(A12)) to give

47.[A0 ¢n+2 71,2 ¢n
Z — —Tn+2 R 2 1 ' r Y
"= 0k + D {n+2+ O P
7 4 n—2 31 6 n—4
720 (n —2)! " 30240 (n — 4)!
4JTA() ¢n+l 7.[2 ¢n71
= ———— T2 1 2n!| —
Ik = Gyl 0 ){n+1+ 12—
N 77.[4 ¢”,3 N 31].[6 ¢n75 N (B18)
720 (n — 3)! 30240 (n — 5)! '

3. Transition region

The representation of the relativistic thermodynamic in-
tegrals as series of modified Bessel functions is useful for
computation in the nondegenerate case and the representation
in the degenerate region gets better for ¢ much greater than
z. A method suitable for the transition region ¢ ~ z is needed
for computing the values of the integrals in this region and for
numerical checking of known results.

The method adopted for the transition region is based on
making the substitution x = #(2z + t>)'/? in the integrals. The
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integrals Eqgs. (A11) and (A12) becomes

T L= 4]TA() n+2
T2k + D
oo t2(k+l) t2 n—2k 2z t2 k+l/2dt
y 2/ (z+ t3+zf¢( Z+17) (B19)
0 e ’ —da
jk — 4NA0 n+2
T2k + D
oo t2(k+l) t2 n—2k 2 2‘2 k+1/2dt
) (z+17)""" 2z +17) . (B20)
0 (et2+zf¢ — a)z

whereas the function K, and £, 1, Eqs. (A36) and (A37) are
written as

1 1 0 t2n 2 l2 n71/2dt
Ky=—— @z+1) (B21)
@n—Dlzr )y e’ti=d —g
Lo 1 1 /°° 12"z 4+ 122z + 12 2dt
e Qn—D!zr Jy erti=t — g

(B22)

APPENDIX C: ULTRARELATIVISTIC THERMODYNAMIC
INTEGRALS

1. Single-particle densities for massless particles

We want to study the thermodynamic properties of an
ultrarelativistic gas. Ultrarelativistic particles are characterized
by vanishing rest mass. We start by looking at the single-
particle densities. For ultrarelativistic or massless particles,
z=m/T =0, the moment integrals, Egs. (A1l) and (A12)
take the simple forms

47 A *© 1
nk = &Tn+2/\ dx anrlT’ (Cl)
2k + D! 0 e~ —a
j _ 47TAO Tn+2 /OO d n+1 ex_¢ (Cz)
T 0k + D , Y e —ap

For the fermions, when the equilibrium quantities are charac-
terized by ¢ =~ 0, we can expand the the integrals in powers of
¢. We have

k= _dmho 7"+ /oodxx”“[—l
2k + D! 0 ¢ 4 1
PP T 1>iL}
(equ‘) + 1)2 2 K+l (e)‘"b + 1)2
+ e (C3)
o0
Tk = (2:?10)!! "+ 1)/0 d”n[ew 1
eX*dJ 1 5 xnfl exﬂp
¢(e*’*¢ N 1)2 + 2¢ n (e + 1)2]
+ e (C4)
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With the help of (cf. Ref. [26])

0 1
/ dxx"t! =1 =2""")MI(n 4+ 2)¢(n +2), (C5)
0 er + 1

o0 ex
dxx™ —— — (1 =2 +2)¢(n+ 1),
/0 S )C(n +2)¢(n + 1)
where I'(x) is the Gamma function and ¢ (x) is the Riemann’s
zeta function (note that the ¢ function with even argument is
analytically known), we get, for a gas of quarks,

(Co)

1
Lok = %WT””[(I — 27" P (n 4+ 2)¢(n +2)

+¢(1—=2""T'(n+2)¢(n+1)

+ %qﬁz(n + DA =2"""NTr(n + 1);@)} +e,

(C7)
= g_Q; n+2 _h-n
x T+ De(n+ 1)+ ¢(1 —2707D)
X F(l’l + 1)§(n) + %¢2n(1 _ 2—(n—2))
XF(n){(n—l)]_}-...’ (C8)

with g¢ the quark degeneracy. For the antiquarks we replace ¢
by —¢. For gluons, ¢ = 0, and with the help of (cf. Ref. [26])

*~ n+l1 1
dxx 1= I'n+2)¢(n+2), (C9)
0 et —
o0 ex
/ dxx""' —— =T +2)¢@m+ 1), (C10)
0 (¥ —1)?
we have
8G 1 n+2
T = - ————T"21 2 2), (Cl11
E= T kT DN (n+2)t(n+2), (Cl1)
Tu=20 1 prrrgopmt ), €12
272 2k + D!

with g the gluon degeneracy.
As an example, the number density, energy density, and
pressure of quarks are given by

3 2
ny = Tio = %# [5;(3) +¢%} , (C13)

7 w4
4 30

&g =1 = g—QT4[

9 1,72
2 +¢§§(3) + 545 7i|7 (C14)

1
Pg=1In = 5120, (C15)

and for the antiquarks one replaces ¢ by —¢. Similarly, the
number density, energy density, and pressure of gluons are
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calculated using the boson integrals to give

3) n?
ng =I10=gGiT—ZT3, Eg:IZOZgG%T{
1 : (C16)
Pe =38 = In = 5120-

We can also calculate the relaxation and coupling co-
efficients for the quarks and gluons. For ¢ =0 one can
immediately check that for massless particles the quantity 2
given by Eq. (3.33) that comes in the relaxation and coupling
coefficients for bulk pressure vanishes identically. Thus those
coefficients then diverges. That is, Q2 — 0, ¢p — 00, By —
oo. This have the consequence that the bulk viscosity itself
has to go to zero. For the shear tensor relaxation coefficients,
we have for the quarks and gluons, respectively,

TN Gt
EEy ey Y
ge _ 3LOA | )

2T 4¢5¢B) p’

For a classical Boltzmann gas in the ultrarelativistic limit
(z < 1) one gets the following expression for the shear
relaxation coefficient

(C19)

2. A system of massless particles and antiparticles

We now consider a gas of particles and antiparticles. For
ultrarelativistic Bose gas the chemical potential is zero and
the contribution of bosons to the thermodynamic properties of
the gas is given by Egs. (C11) (with n even, because for odd
values of n there are cancellations, e.g., net baryon number
vanishes) and (C12) (with n odd, because for even values of
n there are cancellations). The same argument goes for the
ultrarelativistic Fermi gas with vanishing chemical potential.
But here we are considering a gas at finite chemical potential.
For ultrarelativistic or massless particles, z =m/T = 0, the
moment integrals, Eqs. (A11) and (A12) take the simple forms

4 A o0 1
+ 0 n+2 n+1
= ——T d _
"= @k D fo ™ [e*-<”+1
-1 —, C20
D +1} (C20)
4 A 0 ¢
n:tk _ T 0 Tn+2/ dxxn+l|: e .
(2k+ 1)” 0 (ex—¢ + 1)
—1 HlL 21
+(=1) - |- (c21)
(e +1)

These integrals can be evaluated by analytical means. We
substitute y~ = x — ¢ in the first term and y* = x + ¢ in
the second term and then write the integrals so that we can
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integrate from 0 to co. Then we have

+ _ 4 Ao Tn+2/ d+(y +¢)!
T2k 4+ D 0 et 1
_(ym =y
—1)" dy ———
+ )/0 e’ +1
0 + n+1
O"+9)
d +—_ _1 n
+/¢ Y 1 (=1

¢ - _ n+1
X/o dy‘%}, (C22)
_ A e f O+
N T T (”H)[ A
_1\ntl 7(y _d))n
+(=1) /0 dy~
0 ++ n
+/;¢ dy+ (yy+ +¢1) _ (_1)n+1
x f dy’o; - _+¢1) ] (C23)
0

For 7, we first perform partial integration. The first two
integrals can be directly combined and the last two after the
substitution y~ = —y*. We then have

+ _ 4 Ay Tn+2
T2k + DN

y /oodx (x +¢)n+l + (_l)n(x _ ¢)n+1
0 er + 1
¢
+ / dzz"“} (C24)
0
+ 471A0 n+2
T = mT Pn+1)

d (x+¢) + (=" (x — )
X
X+ 1

LI
[ o]

In the last two integrals we noted that (e + 1)~' 4 (e ™ +
1)~! = 1 and we have substituted z = x + ¢. The two power
functions in the numerator are then expanded according to the
binomial expansion. All terms of even j drops out:

47 A +1 .
+ 0 n+2 n n+l1—
T 2 E . J

|: ( J >¢

nk — —H
2k + D! J=135. <t
. / dx—" 4 / ‘l“nﬂ’ o
0 e +1 0

47TAO Tn+2(n + 1)|:2 Z (’;) ¢n_]
j <n

"
2k + D! P

oo ¢
x/ dx +/ dzz”].
0 e*+1  Jo

(C25)

Toi =

(C27)
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The above integrals can be brought to their final analytic form
by making use of

/dx a =r(j+1)g(j+1)<1—i_). (C28)
0 €x+1

2J
Thus we finally have
+ _ %T"“[z Z (n—Ji—l)
j=135 < (n+1)
x ¢"TITG 4+ e+ 1) (1 - i) + ’ :|
i n+2
(C29)
£ _ _ATA0 nia [ (”)
nk (2k+1)”T oD 2,‘—1,3,25:.~~<n J
o | | Pt
x " JF(1+1)§(J+1)<1‘§) +n+1i|'
(C30)

For the total particle number densities or single-particle
species densities separately one can no longer use the above
formulation. One then uses the results from the previous
section.

To this end we give here the results of the ultrarelativistic
thermodynamic integrals Z%, and J= for QGP. We present
only those that are used in the text. We treat quarks and gluons
as ultrarelativistic Fermi or Bose gases, respectively. Then
from Egs. (C29) and (C30) we have, for a gas of quarks and
gluons,

3
Ty = g6Q T’ [cﬁ + ¢—} (C31)
7 712 ¢2 ¢4
= = T4 o i s
5= (st Goo) So + 0o () |
I:t
=2, (C32)

30 3 10x2
(C33)
31 47
I:t — T6 -
40 [<g0+16 )3x21
¢6
.14 5 (7 2% + 5¢* + )} (C34)
T T
5 = < 5 = 1i50 (C35)
g = Ll L o)+ 8202 (C36)
10 2 3 G Q 7_[2 ’
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3 +
.7;5_ 5 <¢+¢>, jﬁ:%, (C37)
7 27 2 ¢4
Jis = T3 |:<gG+ZgQ) 15 + 80 <¢2+F>]’
+
J5; = % (C38)
5
Ti=sor (Zo+lv+ L), ga=2
+
JE = % (C39)
 _ 3y
T =T [(gG+16 ) 21
¢6
<7 2% + 5¢* + )] (C40)
N Jz
Ti=% Jn="10 (C41)

where g6 = Ny(N?> —1) and go = N,N.N; (with N, the
number of spin projections, N, the number of color charges,
and Ny the number of quark flavors) are the quark and gluon
degeneracies respectively. Note that the net baryon charge is
n=71I: 10> Whereas the total energy density and the total pressure
are given by ¢ = I 2 and p = 1'21

APPENDIX D: RELATIVISTIC THERMODYNAMIC
INTEGRALS AT ZERO TEMPERATURE, T =0

At T = 0 the mean occupation number is in good approx-
imation described by the step function and the relativistic
thermodynamic integrals Eqs. (A8) and (A9) becomes

4 A()

Py
(2k - 1)” (p2 4 m2)(n72k71)/2p2(k+1)dp (Dl)

Ink =

Tk = 0. (D2)
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The 7, integrals vanishes at T = 0 because they are the
product of temperature and the delta function or the Z,;
integrals. To calculate the integrals Eq. (D1) we make the
substitution p = m sinh x. Then we have dp = m cosh xdy.
If we set py = m sinh x  then the integrals Eq. (D1) becomes

4w Ay w2 [ n—2k _ o 12(k+1)
nk = mm A cosh X sinh XdX (D3)
For massless particles Eq. (D1) becomes
4 A() Pf +1
=7 ntlg
"= 2k DN fo peap
4mAy P
= A Pp (D4)
Ck+D!'n+2

The integrals Eq. (D3) are evaluated with the help of
Eq. (2.413) of Ref. [25] and the properties of the hyperbolic
functions. Here we list the results which are used in the text:

1
Ty = 47 Agm® (3 sinh® f> (D5)
1
Too = 4mAgm* [ —2L + — sinhdy, (D6)
8 32
drAy (3 3 in N
= m —Xf — — SII COoS
21 3 8Xf 3 Xf Xf
1
+ 7 sinh” x s cosh x s D7)

1 2
T3 = 41 Agm® [§ (cosh2 Xf+ §> sinh’® Xf:| (D8)

1
3 m’ (g sinh’ Xf)

The Fermi momentum p, can be determined from the net

charge density
3 1/3
=)

from which x; = sinh_l(pf/m).

(D9)

(D10)
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