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A theoretical formalism leading to elegant derivation of formulas for all spin observables is outlined for
photoproduction of mesons with arbitrary spin-parity s”. The salient features of this formalism, based on
irreducible tensor techniques, are (i) the number of independent irreducible tensor amplitudes is 4(2s + 1), (ii)
a single compact formula is sufficient to express these amplitudes in terms of allowed electric and magnetic
multipole amplitudes, and (iii) all the spin observables, including beam analyzing powers as well as the
differential cross section, are expressible in terms of bilinear irreducible tensors of rank O to 2(s 4+ 1). The
relationship between the irreducible tensor amplitudes and the helicity amplitudes is elucidated in general
and explicit expressions for the helicity amplitudes are given in terms of the irreducible tensor amplitudes in the
particular cases of pseudoscalar and vector meson photoproduction. The connection between the irreducible tensor
amplitudes introduced here and the well-known Chew-Goldberger-Low-Nambu amplitudes for photoproduction

of pseudoscalar mesons is also established.
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I. INTRODUCTION

Photoproduction of heavy mesons on a nucleon is a topic
of considerable current interest. Meson photoproduction has
excited attention for more than five decades since the pion
was discovered. In the context of developing a relativistic
dispersion relation approach to pion photoproduction, Chew,
Goldberger, Low, and Nambu (CGLN) [1] have expressed the
reaction amplityde F in terms of four invariants, viz., i o -
€ (0 -Plo-(kx8&) i(o-k)g-€, and i(0o-q)q-¢€)
and their respective coefficients, F;, F,, F3, and Fs. The
o denote Pauli spin matrices of the nucleon, the vectors
q and k denote the meson and the photon momenta in
the center-of-mass (c.m.) frame, and € denotes the photon
polarization. The F;,i =1, ---,4 are functions of the c.m.
energy W at which the reaction takes place and the angle 6
between ¢ and k. Following the earlier work of Watson [2]
and denoting the isospin index of the photoproduced pion by
B, each of these amplitudes F; were expressed in terms of

three independent nucleon isospin combinations I/(,+), I;;_),
and I/(SO) and their respective coefficients .7-"5(”, F, -(7), and ]-"i(o).

Explicit formulae for F; have been given [1]1 in terms of
the first two derivatives of Legendre polynomials in cos6
and energy-dependent “magnetic” and ‘“‘electric” multipole
amplitudes denoted, respectively, by M;+ and E;., where
the suffix £ indicates that the total angular momentum
j=1x %, if / denotes the orbital angular momentum of the
emitted meson. This traditional formalism has been reviewed
along with the extension [3] to electroproduction by Berends,

Donnachie, and Weaver [4] in a set of three articles. The
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connection with the helicity formalism [5] for photoproduction
as well as formulae for the differential cross-section and spin
observables in terms of the CGLN amplitudes are also found
in Ref. [4] along with numerical values for the amplitudes
up to 500 MeV. The dominance of the first resonance viz.,
A33(1232) is quite conspicuous in this energy region and as
such attention has lately been focused [6,7] on details such
as the quadrupole deformation of this resonance and ratio of
E |, over M. In view of the necessity of neutron multipoles
[8] to determine F*, F) and F© and their importance
to decide questions of time reversal violation [9] or the
possible existence of isotensor term [10], a careful discussion
of target asymmetry and effective neutron polarization was
presented [11] as also detailed theoretical analyses to extract
the neutron multipoles more precisely from experiments on
hydrogen isotopes [12]. Pion photoproduction has been studied
extensively and reviewed by several groups [13]. The current
database as well as numerical values for the electric and
magnetic multipole amplitudes derived from accumulated data
can be found on the Center for Nuclear Studies (CNS) Web site
[14]. Observables have been defined in terms of helicity and
transversity amplitudes [15]. The helicity amplitudes [16] can
also be constructed from the multipole amplitudes [14] using
relations found in Ref. [17]. As photon energy is increased,
the nucleon resonances P;1(1440), D153(1520), S;;(1535), and
S11(1650) start contributing along with the first and higher A
resonances [18].

In contrast to the isovector pion, the 7 meson is isoscalar.
Consequently, the A resonances do not contribute to photopro-
duction of n and as such it is ideally suited to study the nucleon
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resonances. The enigmatic [6,19] Roper resonance P;;(1440)
lies below 71 production threshold, so that only its high-energy
tail can contribute. Close to threshold, the contributions of
P11(1440) and D;3(1520) with larger [ values are suppressed
compared to the S1;(1535) and S1;(1650). However, the decay
pattern of the first and second S wave nucleon resonances
were found to be quite different and are not easily explained
in terms of nucleon models. In fact, a variety of nucleon
models predict a much richer nucleon excitation spectrum
than what has been identified in 7 N scattering. Considerable
interest has, therefore, been evinced in looking for the so-called
missing resonances [20]. Reference may be made to theoretical
studies [21] based on effective Lagrangian approach. Excellent
reviews [22] exist on these developments and the problem of
missing resonances in photoproduction reactions. As  is also a
pseudoscalar like the pion, the spin structure of the amplitudes
for photoproduction of 7 is of the same form as for pion
photoproduction and the corresponding multipole amplitudes
can also be found in Ref. [14].

The associated strangeness photo production has been
studied [23] over the past several decades employing dif-
ferent approaches. In contrast to photoproduction of pions
and eta, kaon photoproduction can involve nucleon as well
as hyperon resonances like So;(1405), Sp1(1670), Py;(1810)
and some models include nucleon resonances with spin
greater than 3/2. It was remarked [24] recently that
S11(1650), P13(1720), D13(1700), D13(2080), F15(1680), and
F15(2000) are required to fit one set of experimental
data, whereas P13(1900), D13(2080), D15(1675), F15(1680),
and F7(1990) resonances are required to fit another set.
Although both the sets do not exhibit the need for P;;(1710)
and are agreed that the second peak in the cross sections at
W ~ 1900 MeV originates from the D13(2080) resonance [18]
whose mass lies between 1911 and 1936 MeV, fitting to all
data simultaneously changes the conclusion and results in a
model that is inconsistent to all data sets. It is clear that the
delta resonances can also contribute in addition to the nucleon
resonances in the case of yp — X K. The beam analyzing
powers [25] and beam-recoil observables [26] have also been
measured very recently. In hyperon photoproduction, the

hyperons have spin-parity %+ just like the nucleons, whereas
kaons are pseudoscalar like the pion. Consequently, the spin
structure of the amplitudes for hyperon and pion photopro-
duction are alike [27], although the isospin considerations are
different as with the case of photoproduction of 7.

As photon energy is increased further, the thresholds are
reached for p,n’,w, and ¢, of which 5’ is pseudoscalar
and p,w, ¢ are vector mesons. Experimental studies on
photoproduction of p and w date back to the early 1960s and
it has been observed that the reaction is governed by diffrac-
tion or pomeron exchange at higher energies. The inherent
advantages in employing linearly polarized photons [28] have
been noted and a detailed formalism to analyze production of
vector mesons with polarized photons has also been presented
[29], employing 12 complex helicity amplitudes. A historical
perspective and a detailed account of the theoretical ideas that
motivated early studies on vector meson photoproduction may
be found in Ref. [30]. In the case of photoproduction of a
vector meson, the meson polarization itself is an interesting
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observable that has been studied experimentally in recent
years [31] and analyzed using the formalism of Ref. [29]. All
the polarization observables were expressed as bilinear [32]
products of the 12 helicity amplitudes and their behavior
near threshold [33] has been examined. It was shown [34]
that a two-meson decay of a p or ¢ does not determine its
vector polarization. More recently [35], it was shown that
the three-meson decay of w also does not determine its vector
polarization. However, the 7y decay mode of @ with a smaller
branching ratio of 8.92% may be utilized to determine its
vecor as well as tensor polarization [36]. The isovector p has
a large width of 150.2 MeV, as compared to the widths of 8.44
and 4.458 MeV of the isoscalar @ and ¢, respectively, and
of 1.18 x10~3 MeV and 0.2 MeV, respectively, of n and 7'
There are hardly any experimentally known resonances which
decay into Nw, except N(1710) which has a branching ratio
[18] of ~13%. However, there are theoretical expectations
that missing resonances may couple more strongly or even
exclusively to the Nw channel in comparison with the Nz
channel. Hence several theoretical studies have been carried
out [37] on the contribution of nucleon resonances in
photoproduction. Another interesting aspect of vector meson
photoproduction is the ¢/w ratio [38] in the context of the
violation of OZI rule [39]. This energy region above the
threshold for photoproduction of 7, p, @, n’, and ¢ is under
intense study at present with the advent of the new generation
of electron accelerators like CEBEF at JLab, ELSA at Bonn,
ESRF at Grenoble, MAMI at Mainz and Spring8 at Osaka,
which are equipped with tagged photon facilities where the
incident photon energies are known event by event within the
resolution of the tagging detector. While photon beams are pro-
duced by bremsstrahlung at JLab(CLAS), ELSA(SAPHIR),
and MAMLI, laser backscattering is employed at BNL(LEGS),
ESRF(GRAAL), and Spring8(LEPS). Availability of linearly
and circularly polarized photons as well as polarized targets
enable measurements of beam and target analyzing powers, in
addition to the differential cross section. Such measurements
are useful to determine resonance parameters. In future one
may look forward to photoproduction of higher spin mesons
[18], like f>(1270) or ay(1320) or f;(1525) with spin-parity
2%, ,(1670) with spin-parity 27, w3(1670) or p3(1690) with
spin-parity 3~ and a4(2040) or f4(2050) with spin-parity 4*.
An exotic baryon state with mass M = 1555 £+ 10 MeV and
strangeness +1 was observed [40] in photoproduction from
the proton. More recently, a theoretical analysis has been
carried out on meson spectra in a generalized constituent quark
model [41] that pays attention also to glueballs, hybrids, or
multiquark states. In view of these developments, it is felt that
a supportive theoretical formalism for the spin structure of
the amplitudes and their expansion in terms of “electric” and
“magnetic” multipoles is needed to analyze measurements of
spin observables in photoproduction of mesons with arbitrary
spin-parity s”.

The purpose of the present article is to answer this need.
Employing irreducible tensor operator techniques [42] we
derive formulas for all spin observables, including beam
analyzing powers, associated with photoproduction of mesons
with isospin /,,, and arbitrary spin-parity s after outlining the
basic theoretical formalism in the next section.
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II. THEORETICAL FORMALISM

Let ¢ and k denote the meson and the photon momenta
in c.m. frame for photoproduction of arbitrary spin mesons at
center-of-mass (c.m.) energy W.If ., i&t, denote unit vectors
of aright-handed Cartesian coordinate system with k along the
z axis, the left and right circular polarized states of the photon
may be defined, following Rose [43], through
n==l. (1)

1 .
= —(l, +ipdty) = —pé,,

V2
When the reaction is initiated by photons polarized in a
state @,,, the differential cross section in c.m. frame may be

written as
=1 ZZ| FIFGI )

where |i) and |f) denote, respectively, the initial and final
hadron spin states, ¢ and k have polar coordinates (g, 6, ¢)
and (k, 0, 0), respectively, and >  denotes summation with
respect to final and ), the average with respect to initial
hadron spin states.

When a meson with spin s is photoproduced on a nucleon,
the channel spin sy in the final state could assume either of
the values |s — —| and (s + 2) and the transition to the final
hadron system w1th spin s takes place from the initial state
of the hadron with spin s; = % We may, therefore write the
reaction amplitude F(u) in the form

( <sf, ) Py, m) 3)

in terms of irreducible tensor operators S}m (s7,s;) of rank
A in hadron spin space defined in Ref. [42]. To identify the
irreducible tensor amplitudes fnﬁ) (sr, ), we may evaluate
(fIF(w)li) by writing it explicitly as

1
<<?§) spmypiq | F
L+}

= 47 (2m)? Z( 1)121 [L] Z (L Jyum; m)

Jj=L—3

x C(ls s jsmm pm)Y,, (6, ))& ])fy/ L )

uy

dd(u)

(S+ ) (5f+ )

ZZ

=ls—4 | a=ls;—

F(pw) =

o1
kuﬂ;zmi>

using the standard multipole expansion [43] for the photon in
the initial state and partial wave expansion for the meson in
the final state. We denote /(2L + 1) by [L]. The rest of the
notations follow Rose [43]. Using

fe(L. D) =31+ x(=D)"] (%)
and parity conservation, we may express
Floys = ((l(s*)sf)JHfH (£3))
1stf (L.H+¢& Xfo+(L D) (6)

in terms of “magnetic” and “electric” multipole amplitudes
denoted by M; Is;;L and S, . » respectively. We rewrite the
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two Clebsch-Gordan coefficients in Eq. (4) as
1
C <L§j;um,~m> C(lsyjsmpmpm)
1 . . _ L m
=>w (Lizsf; n) Pl (=D 2 = =y
y

1
x C(ILx;m; — pmy)(—1)*C <§Asf;mi — m,\mf) [A]

(7
and replace

C (3hsp3mi —mumpg) [A] =  3)|3mi)-

(symylSt,, (sf
(8)

Comparing the resulting expression with ( f|F(w)|i) and
using Eq. (3) we obtain the elegant and compact formula for
the irreducible tensor amplitudes

]-",’,\”(sf, n) = 4n(2n)z ZZ(’)L 12( 1)L+1+;71

=0 L=1
1
x [GIP[L][s17'W (Lilsf; jk)
x (i) D FL (=1
x C(LLA; my — p1m;)Yin, (0, 9), )

in terms of partial wave multipole amplitudes ]-" Is;iL given by
Eq. (6) for photoproduction of mesons with arbltrary spin-
parity s”.

Isospin considerations lead to

In+3)

1
C _ImI; m
Z (2 vy )

( 11 v,Ov) ;f,ﬂ/”L, (10)

where v;, vy, v, denote, respectively, the isospin projection
quantum numbers of the nucleon in the initial and final states
and the meson which is photoproduced. Dropping the indices
js1,s¢, L common to both sides of Eq. (10), the F’/ thus
defined for pion photoproduction may readily be related to
the &, FO of CGLN [1] as shown in Appendix A. The
isospin indices /,,, I may also be attached using Eq. (10) to
the “magnetic” and “electric” multipole amplitudes defined
by Eq. (6). If one is looking for the possible existence of an
isotensor component [10], the summation over /,, may readily
be extended in Eq. (10) to include 7, = 2. The advantage in
having the index I along with j in this formalism is that
it facilitates ready identification with the isospin and spin
quantum numbers of the resonances that contribute in the
intermediate state to photoproduction of mesons with arbitrary
spin-parity s”.

It may be noted that the spherical harmonics Y;,,, in Eq. (9)
contain the azimuthal angle ¢ along with the polar angle 6 of
the momentum ¢ of the meson. This facilitates the analysis of
experiments on photo meson production employing linearly
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polarized photons where the state of linear polarization of the
beam is chosen to be along the x axis.

A. Irreducible tensor amplitudes in the Madison frame

In discussing meson photoproduction with a two-body final
state, it is quite often convenient to chose the reaction plane
containing k and ¢q as the zx plane in which case the azimuthal
angle ¢ = 0. In fact this choice of the Cartesian coordinate
system has generally been recommended by the Madison
convention [44]. We may therefore refer to this Cartesian
coordinate system as the Madison frame (MF). The irreducible
tensor amplitudes .7-",);“ (s, i) in MF are then given by Eq. (9)
with ¢ = 0, in which case they satisty

Fro (g =) = (=" Fh (s ). (1)

In view of the above, the total number

D 4D

Nyt = Z Z Z Qr+1)=82s+ 1), (12)

=11 1 1
" sy=ls—5 1 a=ls;— 5|

of irreducible tensor amplitudes reduces to 4(2s + 1) indepen-
dent irreducible tensor amplitudes. This number is exactly in
agreement with 4 [1] for s = 0 and 12 [29] for s = 1 arrived at
by using different arguments in those particular cases. In the
case of electroproduction [45], the longitudinal polarization
state with u = O contributes additional 2(2s + 1) independent
amplitudes and consequently the total number of independent
amplitudes for electroproductlon turns out to be 6(2s + 1). It

may be noted that /\/llY L ]5/ ; and }'/s . in Ref. [45] are

4712z’“‘(—1)1‘+T1[L][]]z[sf][s]’1 times the MIW;L, 5ljsf;L
and ]—"/;f; . given by Eq. (6) and that the irreducible tensor
amplitudes ]-',f“ (n, u),n =0, 1 introduced in Ref. [45] may
also be expressed in terms of the }"n*“ (s, u) through

Fr(n ) = %[n][s]1 ;asf +1)

11
xW( 2 3 sfn>f (spo ), (13)

or conversely

By = VA1 W (555080m) 700
(14)

It may be noted that the irreducible tensor operators
S% (3. 3) of rank n in Ref. [45] are identified as

11

(=, =) =1

°<2 2)

st(2) ] 1( +ioy) (15)
-, =) =F—(0, 10,

(11
So\z3) =%
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in terms of Pauli matrices. It may perhaps be mentioned that
in the case of kaon photoproduction, the rows and columns
of these matrices are to be labeled by the spin states of
the hyperon and nucleon, respectively. In the particular case
of photoproduction of pseudoscalar mesons, the connection
between our amplitudes given by Eq. (9) with ¢ = 0 in the
Madison frame [44], and those of CGLN is established in
Appendix A.

B. Irreducible tensor amplitudes in the Transverse frame

The Transverse frame (TF) may be defined as the right-
handed Cartesian coordinate system with the z axis chosen
along k x ¢, i.e., transverse to the reaction plane and with the
x axis chosen along k. The explicit form for (f|F(w)|i), in
this frame given by

1 1
<<s 5) spmysq ‘,7-"‘ ki, Em’>

L+2

= 47 (2m)? Z( l)lZl (L] Z (w0 F, Fis,.L

Jj=L—3

X Z (L JiMm; m) C(lsyjsmympm)

L b4 T

X DMM (07 Es 0) Ylm, (Es 9) ) (16)
instead of Eq. (4), so that the irreducible tensor amplitudes in
TF are given by

Fn (s, W7F = 4n(2n)% Z Z(i)L—l Z(—l)”’*%‘f

1=0 L=1 j

< RIS T W (L%lsf; jx>

X Fiy o A, (1, 0), (17)
where
A (1, 0) = ) ED S (=DM C (LA my — Mmy)
M
T L (T
x Vi, (5, 0)d, (5) , (18)

which now defines the angular distribution of the meson as a
function of 6 in the TF.

The amplitudes (17) are related to F, (sy, u) in the
Madison frame through

+A

T
F (sp. )rr = Z Dy, (E’ CRkd

[
my,=—A

7) Fh (o). (19)

In fact, the irreducible tensor amplitudes ]—"nﬁh (s, )AF In

any frame (AF) may be expressed in terms of the frfh (s, WGF
in any given frame (GF) through

Fh (S5, AP = Z D,ﬁ;hm

/
m,

(@ B.Y)Fl (s ar (20)

065201-4



IRREDUCIBLE TENSOR APPROACH TO SPIN ...

if («, B, y) denote the Euler angles [43] which characterize
rotation connecting AF from GF. The relationship between
the irreducible tensor amplitudes and helicity amplitudes is
elucidated in Appendix B.

It is sometimes convenient to chose a frame whose z axis
is along ¢, y axis is along (k x ¢), and x axis is along (k x
q) X q, in which case « =0, 8 =6, and y =0, when GF
is identified with MF. The spin states |sm;) of the meson
defined with respect to this frame remain the same, when we
make a Lorentz transformation along ¢ to reach the meson
rest frame. This Lorentz transformation is needed en route to
Gottfried-Jackson frame [46].

We will express the differential cross section and all spin
observables in the next section in terms of bilinear irreducible
tensors B of rank A constructed outof the 7, (s s, 11). It may
be noted that the B,fl‘A are related to observables measurable
experimentally, which may conveniently be obtained in any
required frame by choosing irreducible tensor amplitudes in
the appropriate frame.

III. DIFFERENTIAL CROSS-SECTION AND
SPIN OBSERVABLES

The unpolarized differential cross section, in c.m. frame, is
given by

doy 1 do (i)
-9 _ _ , 21
aQ 2 Z a2 @h

n=—1,1

where do (11)/d <2 defined by Eq. (2) is readily given, on using
Egs. (3) and (8) by

do(uw) ¢q

m;,

A. Beam analyzing powers

The beam analyzing power X3 with respect to left and right
circular polarized states is readily given by
doy S — do(+1) do(—1)
QT dq aQ

where doy/d2 and do(u)/d2 for u = £1 are known from
Egs. (21) and (22). It is clear from Eq. (1) that

(23)

R | N N =i . N

ux=;§wﬂ+u4X uw=7?wH—u4L (24)
so that photons linearly polarized along an azimuthal angle «
are represented by

N

iy =l cosa + @y sina

1 . .
= —[fe + f_1e™®]. 25)

V2

The differential cross section, when the beam is linearly
polarized along « is then given by

do(@) ¢
1o :ﬂ;@sf—f-l);;

X |f,A

;.

(55, De™@ + Fr: (s, —De|> (26)
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using which we may readily define the beam analyzing powers
%, and X, with respect to linearly polarized states, through

dO’()Z _do(a=0) do(a=m/2)
Q™' T dQ dQ

I PYY
Sr romy

X R[F, (sp DFy (s =D (28)

27

daoE _do(a=m/4) B do(ax =31 /4)

QT 4 dQ )
q
= s
sy Aoy,
x S[Fp (55 DFp (57, —D7], (30)

where F,ﬁu(s » m)* denotes the complex conjugate of Eq. (9).

We may note that the analyzing powers X, X,, X3
correspond, respectively, to the well-known Stokes parameters
s1, 82, s3 in terms of which the state of polarization of the beam
may be described by the density matrix

p’”:%[l—i—af’sl—l—azysz—i—a{sﬂ, (31)

where o], o), o denote Pauli matrices, whose rows and
columns are labeled by #4;. We may also note that any
arbitrary state of polarization of radiation, represented by a
point on the Poincare sphere with polar coordinates (6p, ¢p),
may be represented by

€(a, B) = 1y cos B+ ify 72 sin B, (32)

withO<ao =¢p/2 <mand —n/4< B =n/4—0p/2 <7 /4,
corresponding to which the differential cross section is given
by

do(a, B)
% - f—k ;[sf]2 XA: ; |72 (55, 1)

X (cos B + sin B)e ™ + .7:,,*,/.~(Sf, —1)
x (cos B — sin B)e’® ‘2 (33)

q .
= 1% Z[Sf]z ; Z [(1 + sin 2/3)|.7-"r’}“(sf, 1)|2
St m,

+ (1 —sin2B)| Fy (s, —1)|2
+2cos 2B sin 2aR[F,, (sp, DF,, (sp, —1)]
+2cos 2B sin 203 Fyy (sy. DF, (g, —D*]],
(34)
which readily specializes to give Eqs. (21), (22), and (26).

B. General expression for hadron spin observables

The state of polarization of the target is conveniently
specified in terms of the initial spin density matrix

p'=11+0-P], (35)

where ¢ denote Pauli spin matrices for the nucleon and P
its polarization. Using Eqgs. (31) and (35), the state of hadron
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polarization in the final state is, in general, described by the
final spin density matrix

pl = Y Fwe'pl,Fu) (36)

mop'==1,1

where p;:u, denote elements of Eq. (31) and F'(u), which
denotes the hermitian conjugate of Eq. (3) with respect to
hadron spin states may be written as

1
Flw) =YY (=12 [s/]ls:]™"
Sy A

X (S*(siysp) - F (s, ), (37)
where the notation
Finspom) = (D)"™F, (spo 0" (38)
is used. The polarized differential cross section, in general, is
given by
j—;‘z - %Trpf , (39)

where Tr denotes the trace or spur. The results of Sec. III A are
simply particular cases of Eq. (39) with P = 0. Therefore,
all the analyzing powers and initial spin correlations may
be defined in terms of Eq. (39), whereas comprehensive
information with regard to spin transfers as well as final state
polarizations and spin correlations are contained in Eq. (36).
To proceed further and to derive explicit formulas for the
spin observables in terms of the irreducible tensor amplitudes
Eq. (9), we introduce the notations

i1 w (L IY oo
A EY ) w

where Pé) =1; PO1 =P; Pill = :F%E[Px +iP,]and

ol (u, 1y = FGu)pi Fi(w)
Sf+S’f

=3 > (SMGpsp ). @D

5757 hy=lsy—s)l
Using the known [42] property
(8™ (s3, $2) ® S™ (52, Sl))z“
= (=DM G520 W (s1 4153005 $22)
x Sy (53, 51), (42)

of the irreducible tensor operators and standard Racah algebra,
we have

A . /o A
=Y G(PY @B sy s, (43)

Aiy AAL

where By, (Ass;2's),, denote the bilinear irreducible ten-
sors

BY sy NS = (FH(sp ) @ F1¥(sh i)h,  (44)
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of rank A and the geometrical factors G are given by

1 sh—Lo ’
G = ﬁ(_l) 12 (s AIAAT AT

A+

x Z (_1)Af =N =\"+A [A//]z
=] =]
x W (s’ Nl)v' lk”) w (s’ PRETYS lk )
VA M) fR b f
X WA A ph; A A). (45)

We may thus express p/ in terms of its elements
Ar
pj;m pishmly = Y (DM Cyhpspimy = pym Ol T],
Ay

(46)

A L
where the T,L"ff are given in general by

A Iy
T, = Z Pk (47)

o' =—1,1
in terms of tﬁ; given by Eq. (43) and p” specified by Eq. (31).

. . A
If the target is unpolarized, the T,Lff reduce to

. 1 / 1
Ti) = 5 2 (=D DN

Py
1

x W <s}x/sfx; Exf) By Gusys s, (48)

where Bﬁ; (As s )Js}) are given in terms of Ref. (44) through

B (spid'sp) = > Ba Osp sy ol (49)
o' ==1,1
with A =Apandmp = puy.
If the beam is also unpolarized, we may replace 'O/Zu’ by

1
50> s0 that we have

1
B,f;A()\sf;A’s_’f)O:5 > B spids)uu. (50)
n=—1,1

We may note also that Eq. (49) may then be written as

1
B,QA(ksf;k/s’f) =3 |: ,/n\A()\sf;)\/s})o

3
+ ZsiB,ﬁA(xsf;/\’s}),-] . (5D
i=1
where s1, 5, 53 denote the Stokes parameters characterizing
the state of polarization of the beam and

Bh (hspiXspi= Y B (s AP0 (52)
pop'==1,1
It may be noted that sy representing the intensity of
the beam is chosen as 1. It is worth noting that the
bilinears B, (As3As% )y are known individually, if the
B,’n\A (Asy; )Js}),-zo’ 1.2.3 are determined empirically.
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C. Target analyzing powers

The differential cross section Eq. (39) for a polarized target
may readily be expressed in the form

do _dooy 4 py. (53)
aQ 4o

where the target analyzing power A is given in terms of its
spherical components A(') = A Alil = q:\/Li[Ax +iA,] by

@1__2 2 1\ /
7o v—ﬁk;[sf] §( DEVSIrY

1 1
x W <§1sz; EX) Bl(hspidsp).  (54)

D. Polarization in the final state

Starting with Eq. (46) and effecting a change of basis from
the channel spin states to the individual spin states of the meson
and the nucleon in the final state through

_ § f
mij mimly T c < SSfm mNmf) px/mf:s’/m’f

Y} Y
1 / / / /
x C sésf; momymy |, (55)
we may express p/ in the form

1
o= aE

§(s,5)® 5 (3, 2 Yo

(s, 8 -, = .
2’2

hssAnshp

(56)
where
Ey) = V2151 Y (— s (= Dl
Sf,s’f
s % s}
< [ POSIANT s L sy # T0). (57
As Ay As

and {} denotes the Wigner 9j symbol [47]. The irreducible
tensors Eﬁff describe clearly that the meson and nucleon spins
are entangled in the final state through Eq. (57). It is clear
from Eqgs. (48) to (50) that the entanglement persists even if
the target and beam are unpolarized. If no observations are
made on the spin state of the recoil nucleon in the final state,
the state of polarization of the emitted meson is characterized
by the density matrix p*, whose elements are given by

2
7
pfn\m; = Z : pmsmN;tn;mN' (58)
_ 1

Likewise, if no observations are made on the meson spin
state, the recoil nucleon polarization is specified by the density
matrix p” whose elements are given by

Z 'Om sy sy (59)

my=—=5§

”
pmNmN
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E. Recoil nucleon polarization and nucleon spin transfer
Expressing p” given by Eq. (59) in the form
Trp

r

[l 4+0 - R], (60)

the recoil nucleon polarization R is given in terms of its
spherical components R} = R; Rlil = :Fﬁ[Rx +iR,] by

dUO R! _4 1
R, = Z G T, 61)

S‘f Y
where the geometrical factor G, is given by
G, = V2[s)ls; P W

(s%sfl;s}%). (62)

If the target is polarized, it is clear from Eqs. (43) and (47)
that RL_ is dependent on P and this can be brought out by
/ .
expressing Eq. (61) in the form

dU()
dQ Mf Z Rﬂf i /t: (63)

in terms of the nucleon spin transfers R/,
given by

m which are readily

" q
Ry, = ZC(IAI wimaps) Y G,
Sf Sf

XY G B (uspiNs)), (64)

AN

where G,, G and Bn’;A (Asy;A's’;) are given respectively by
Egs. (62), (45), and (49). It may be noted that the recoil nucleon
is polarized even in the absence of target polarization.

F. Meson polarization and target nucleon to meson spin transfer

Using 7/ = S} (s, 5), we may express p* given by Eq. (58)
in the form

o = Trp®
Tl Z(T 65)

in terms of Fano statistical tensors tﬁ»‘; of rank A, which are
given by

dool\ q s
ol =7 > GT), (66)

Sfa Sf

where the geometrical factor G is given by
G, = (=) 7[5 L, IW (éss.f,\f;s}s) . 6D

Noting from Egs. (43) and (47) that Tl are dependent on P,
when the target is polarized, we may deﬁne the target nucleon
to meson spin transfer 7"} through

doy ;. i1 p
d_Qtu} = ZZLVM Wi (68)

Mi
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so that

Wl o 4 .
,Z;Lxu, - z § C A pimp )
A

x> Gy GB) (AspiNs)). (69)

A RY

The meson is polarized even if the target is unpolarized. In
such a case, the Fano statistical tensors tl’} characterizing the
meson polarization are given by Eq. (66), where use is made
of Eq. (48) for T})» on the right-hand side of Eq. (66).

IV. SUMMARY AND OUTLOOK

Photo production of mesons with arbitrary spin-parity-s”
is described in terms of a set of 4(2s + 1) independent
irreducible tensor amplitudes, which are expressible in terms
of a single compact formula given by Eq. (9) in terms of the
“magnetic” and “electric” multipole amplitudes M,’sf; ;. and

Eljsf; . » respectively, introduced through Eq. (6). All hadron
spin observables viz., the target analyzing power, meson and
recoil nucleon polarizations, target to meson and target to
recoil nucleon spin transfers and spin correlations and beam
analyzing powers have been expressed in terms of the bilinear
tensors By (573 A's’) e of rank A =0, ..., 2(s + 1) defined
by Eq. (44). The unpolarized differential cross section itself
is clearly proportional to Bg (Asr; Asp)o, whereas hadron spin
observables in experiments with an unpolarized beam are given
by Bn’:A (Asg; X’s})o in accordance with Eq. (50). It is also clear
from Eqs. (51) and (52) that each element B,QA (Ass; )Js’f),m/
for yu, ' = +1 is known if the four B} (Ass;As’); fori =
0, 1, 2, 3 with unpolarized and appropriate partially polarized
beams are measured for a given A and m . Thus our approach
employing irreducible tensor amplitudes leads to a systematic
and elegant procedure to analyze experimental data on all
spin and polarization observables including beam analyzing
powers and the differential cross section for photo production
of mesons with arbitrary spin-parity s”. Further work is in
progress.
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APPENDIX A: CONNECTION BETWEEN IRREDUCIBLE
TENSOR AMPLITUDES AND CGLN AMPLITUDES FOR
PION PRODUCTION

For the particular case of pseudoscalar meson photopro-
duction, the ﬁnal state channel spin can take only one value,
namely sy = 5, because s = 0. It is clear that Fr (2, nw)

m,

PHYSICAL REVIEW C 75, 065201 (2007)

for A = 0, 1 represent respectively the nucleon spin indepen-
dent and spin dependent amplitudes. The CGLN amplitudes
Fi, i =1,...,4 in terms of which the reaction amplitude F
is expressed by Eq. (7.2) of [1] are well known. Rewriting

Eq. (7.2) of Ref. [1] conveniently as
F=L+io-K, (A1)

in terms of the nucleon spin-independent and spin-dependent
amplitudes L and K, respectively, we may note

L=§ -(kxe&)F (A2)
K = ¢ (F;, — F,cos0)
+(@ - Og Fa+ k (F> + F)), (A3)

where € denotes photon polarization that is orthogonal to k.
We may define L(u) and K,iu(u) by substituting € = i, in
Egs. (A2) and (A3), respectively, after expressing K in terms of
its spherical components K; = K, ; K}, = :F%(Kx +iK,).
We thus have

1 i
— 41} = L(£1) = F—Fsind Ad
fé)(z, ) (1) $ﬁf28m (AD)
1
F) (5, :I:l) =i K)(£1)
— L Sin0(F + Fs + Facosf)  (AS)

V2
1 1 . 1
Fhl g #) =i kLD

) sin? 6
==4i (F; — Frcos0 + Fy > (A6)

(A7)

sin? 9

1
Fh =, +1

where the irreducible tensor amplitudes are explicitly given,
on using Eq. (9), with ¢ = 0 in Madison frame by

}’g(%,:l:l) = smez

) =i K! (ED =FiFs

l(l+
x [ + 1)/\/1’*2 +1M[,f] (A8)
1
+1 -1
1 47 M, ,? M, ,?
Nz, 21)=——=sin0 Yy P/ |- L
f°<2 ) VRO v e R ey

(+2) )
it €y T )
1
f;(%, ) :EZnZP1|: W+ 1 M] — M, 2)
mml N 1}

(A10)
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M”z
Fl ) =£2rsin?0y P/ | ———LL—
' X |-
-1 1+1
+ M!,12 _ gl,lfl
JIA+D)  JT+2)AT+ 1)
1
[7_
_ bun (A11)
JIT=1)

Comparing (A4) to (A7) with (A8) to (All) and using
Egs. (7.3) to (7.6) of CGLN [1], for F;, i =1, ..., 4, we may
identify

= JLLF1
M, = i%Mle (A12)
1+ JL(ILF1
&0 = —i%m (A13)

in terms of the multipole amplitudes, M;4 and E;+ of CGLN
[1].

The photoproduction amplitudes for specific reactions are
readily obtained using Eq. (10)

(nmt|Flyp) = —?(flé 3 +«/_J-’02) (A14)
(pr'lFlyp) = L2F2 + F12 4 VAF) (A1)
(pm~|Flyn) = ?(ﬁ% _Fg \/Ef"%) (A16)
(nm®| Flyn) = %(ZF‘% +Fs - «/§f0%). (A17)

It may be noted that if the different charge states of the pion
are defined in the real three dimensional isospin space through

7’ =m; n*

— L(nx +imy), (A18)

V2
an extra overall minus sign has to be attached to (A14), because
the three charged state of the pion are identified through
[1vy), vy = 0, £1 in deriving (A14) to (A17). We may then
compare the above with

(| Flyp) = V2(FO + FO) (A19)
(pr°|Flyp) = FO + 7O (A20)
(pr”|Flyn) = —V2(F7 — FO) (A21)
(| Flyn) = FH — FO (A22)

in terms of the traditional isospin amplitudes of CGLN and
hence identify

1ol

FO = —ﬁf”z (A23)
1 3

FO = N(F'2 427'2) (A24)
1 3

FO = YF'2 - F12) (A25)

PHYSICAL REVIEW C 75, 065201 (2007)

APPENDIX B: HELICITY AMPLITUDES
The helicity amplitudes may be defined through

Hﬂxl/«f;,uill = <S/LS;%//Lf|]:|%//L,’;1/,L> (B1)

where u and py denote the photon and meson spin projections
along k and ¢, respectively, whereas |% i) and |% M r) denote
initial and final helicity states with conventional phases
following [5] and having spin projections u; and 1y along —k
and —gq, respectively. We may note that the helicity eigenstate
of the photon is given by

) =&, = —pi; p==%l, (B2)
following Eq. (1). We also observe that
1 1 / 1 /
SHsi 5 ILf =ZC S58ribs = Bpthy ) (S5 ) Sriy
Sf
(B3)

in terms of channel spin states |(s%)s f u}) that are expressed

as
1
<s§) sf,u’f> = Z _— ( >sfmf> (B4)

with respect to ¢ as the quantization axis. The polar coordinates
of g are (g, 0, 0) in the Madison frame [44] where the plane
containing ¢ and k is chosen as the reaction plane with the
z axis along k. Thus, we have

Hyp i = MZ (S ~5f s — Mfﬂ?f)d,;'cﬂff(e)

sfmy

X Z<<s—>s,«m,‘f(u)’ z> i~ s

(BS)

where the matrix elements are expressible as

A P
((53) o700 )
= ZC( Aspim; —m)\mf) (=)™ [MF,, (sp. 1) (B6)

in terms of the irreducible tensor amplitudes given by Eq. (9)
with ¢ = 0. Using Eq. (B5) and Eq. (11), we obtain the
symmetry relation,

H yyppipy—n = (=1 " Hypgpn- (B7)
In the particular case of psuedoscalar meson photoproduction
withs =, =0, 5, = % and m = —1, the helicity amplitudes
are explicitly given by
0
H oy oy = VasindF (3, 1) - cos S[F(L.1)
272
+7 (3. 1)] (B8)
H i1, = 20050.7-'11(2,1)—sm [fg(% )
22
= Fo(3.1)] (B9)

065201-9



G. RAMACHANDRAN, M. S. VIDYA, AND J. BALASUBRAMANYAM

H%ﬁ%l \/Ecosafl(% )+sin%[}’8(%,l)
FAR(L) B10
H%;%1 \/Esme.?’-'l (3. 1) —cos [ 77 (3. 1)
- A )] @D
satisfying

H—w:—m—u = (=D Hﬂf i s

(B12)
in exact agreement with Walker [16], where the notation
H,, H,, H3, and H, is used, respectively, for the four indepen-
dent helicity amplitudes (B8),...,(B11). Using (A8) to (Al1)

in (B6), we readily obtain the helicity amplitudes in terms of
the CGLN amplitudes as

1
H, = ———sinf cos

0
—[F+ F BI13
NG 2[ 3+ Fal (B13)
H, = v/2cos g[(fz - Fi)+ %(1 — cosO)(F; — f4)] (B14)
H; = L sin 6 sing(]% — Fa) (B15)

V2
= V/25in - [(]—'1+}'2)+ (1+cos9)(f3+f4)] (B16)

which are in exact agreement with Walker [16].

In the case of vector meson photoproduction with s = 1, we
may once again use Egs. (B6) in (B5) to obtain explicitly the
12 independent helicity amplitudes in terms of the irreducible
tensor amplitudes as

Lok

L B (3 2 (3

_cosz{ \/;(1 cos@)[}'o (2,1)—{-.7:0 (2,1>:|
—(1 —}—cos@)]-"z2 <% 1) } +Sin§ {—?(1 —cosfh)

e 1 (3 V3
G (G)] - T

x []—‘1'(%, 1)+ V37 (%1)” (B17)

Hl

NI'—‘

= cos—{f}“l G 1> \/g(l—cose) [7—‘11 (%1)
(;1)] —(3C0s¢9—1)|:]-'1<;,>

++/3F} 3,1 ”+sm fg(%1>

+}}}(2,1>} 3(3cos9+1)[f3(3)
+]—"§(3,1>} f(1+cos9)f2(; )}

(B18)
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V3 L (3 1, (3
— 7(1 +COS@) |:.7:_1 (5, 1) + ﬁ]:_l <§, 1>:|
+ L Geoso+ D |F (21)+ V3R (20

2[ cos 1 2, i3

(B19)
o
0 |v3 L (3
= COSE {7(1 — cosf) []—'1 (5’ 1)
—x/_fz ( >]+?(l+cos6)|:fl <3 )
]—‘2 5 fl 0
\/_ <2 )i|}+sm— (1 +cosb)
x [F) G 1) - F2 (% 1)] — (1 —cos#)
< 72, (% 1) } (B20)
HoL1y
6 1 1 1
- i [R(G) A (5)]

1 3 3
—%(30059 1)[?0 (5, )—fg (E,l)]
+/2(1 — cos ) F2, (% 1)}

ARE 1 3
+ smz {\/;7-"11 (5, 1) —i—\/;(l + cos6)

(3. L3
<A G -57G)]
—L(3cose+1) 7 (2=, (2a
\/6 -1 2’ —1 2’
(B21)
Hl%;%l
e o2 V3
= cosz {_ﬁfl (5 1) + 7(1 —cos0)

) )]
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+ %(3 cosf — 1) []?ll (% 1)

i, (1)) Jran [ ()

—f&(%,l)} ﬁ(3cos9+1)[f( )
(1)

3
2’
_]:g (%, 1)i| — (1 4 cos)F?, ; } (B22)

0 2 (1 V3
cos > { ﬁfl < , >+ 5 ( cos0)

x []—"ll (% 1) +%f31 (% 1)]

+ %(3 cos — 1) []-‘11 (% 1)

+V3F; (%,1)}}+sin§{—f[fg <; )
+F] (%,1):|+%(30059+1)|:.7: (% )

+f§( 1)} —(1+cos9)]-‘2 - 1)} (B23)
0—%;— 1

o[ ) )]
—L(3cose—1)[ﬁ (é 1>+}'2 <§ 1)}
ﬁ 0 2’ 0 2’

— V21 — cos 0) F? <§, 1)}

vt {21 (31) - e
A G (G

1 3
+ %(3 cosf + 1) []-"11 (5, 1) + V3F? (5, 1)] }

H

o=

0|3 (3
= Cos 5 {7(1 + cos0) |:.7’-'1 (E’ 1)
1 3 V3 3
+ ﬁffl (5, 1)} + (1 = cos) []-‘11 (-, 1)
+x/§f12 (%,1)} } + sin — { [(1+cos€)
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X [.7-'(} G 1) + 7 (% 1)] — (1 —cosh)
x F3 (% 1)} (B25)

—eos 2 2 e (L) (L
ot [ [() -7 (3)]
1 3 3
- %(3c059 =) [;rg <§, 1) - F (5, 1)]
+ (1 —cos 9).7-'32 (%, 1) }

.0 L (1 V3
+51n5{—7]—"1<§ )+7(1+COS@)

[ )76

3
2«/_(3c059+1) Fr 1(5,1>

[
—V3F%, (% 1)] } (B26)

x [.7-'11 G 1) - %]—"12 (% 1)} + %(3(:059 -1
G} sl
X [ 5 G 1) -F (% 1)] - %(3c0s9+ 1)
[fg Gl) = (; 1)] [V2(1 +cos )

x F2, G 1)“ (B27)

0 3 3
= cos 5{ — 5(1 — cos9)|:]-"d <§, 1)

+(1 +cos0)F2, (% 1> } + sing{?(l + cos 6)

[]—"1 (2 ) ffz( >]+\/7§(1—cos9)
G- wG) e
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which are identifiable, respectively, with H; , ,i =1, ..., 4 of
Ref. [32]. It may be noted that the above formulas are not
restricted to threshold production but are applicable at higher
energies as well. Even at low energies, the higher-order partial
waves could be expected to play a role in determining the spin
observables.

Likewise, in anticipation of future experimental develop-
ments, explicit expressions for the helicity amplitudes for

PHYSICAL REVIEW C 75, 065201 (2007)

photoproduction of higher spin mesons may also be obtained,
not only at threshold but also at all energies using Eq. (B6) in
Eq. (BS). Our approach thus provides incidentally an elegant
methodology to obtain the helicity amplitudes in terms of
the partial wave multipole amplitudes for all orders not only
in the case of vector meson photoproduction but also for
photoproduction of mesons with arbitrary spin-parity s™, even
if s is greater than 1.
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