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Photon-induced multiple particle emissions of 90Zr and natZr from 10 to 140 MeV
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A comprehensive analysis of electrodisintegration yields of protons on 90Zr is proposed taking into account
the giant dipole resonance, isovector giant quadrupole resonance (IVGQR), and quasideuteron contributions to
the total photoabsorption cross section from 10 to 140 MeV. The calculation applies the MCMC intranuclear
cascade to address the direct and pre-equilibrium emissions and another Monte Carlo-based algorithm to describe
the evaporation step. The final results of the total photoabsorption cross section for 90Zr and relevant decay
channels are obtained by fitting the (e, p) measurements from the National Bureau of Standards and show
that multiple proton emissions dominate the photonuclear reactions at higher energies. These results provide a
consistent explanation for the exotic and steady increase of the (e, p) yield and also a strong evidence of a IVGQR
with a strength parameter compatible with the E2 energy-weighted sum rule. The inclusive photoneutron cross
sections for 90Zr and natZr, derived from these results and normalized with the (e, p) data, are in agreement within
10% with both Livermore and Saclay data up to 140 MeV.
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I. INTRODUCTION

The investigation of multiple particle emissions following
photon-induced reactions in the intermediate energy region
may reveal important features of the nature of the photoab-
sorption mechanism.

In a previous work, we have investigated photonuclear
reactions below pion threshold via a new version of the
multicollisional Monte Carlo (MCMC) intranuclear cascade
model [1,2]. This version was dedicated to the quasideuteron
entrance channel and incorporates important improvements,
most of them related with a nonstochastic treatment for
the Pauli-blocking mechanism, in comparison with previ-
ous approaches [3–6]. Neutron multiplicities and the total
photoabsorption cross sections for Sn, Ce, Ta, and Pb were
consistently described using the MCMC model to describe the
rapid stage of the nuclear reaction plus an evaporation Monte
Carlo routine, based on the Weisskopf statistical theory, to
address the de-excitation of the compound nucleus (CN) in
terms of the competition between particle evaporation and
nuclear fission. For details see Ref. [1] and references therein.

The MCMC cascade has also been useful to calculate
angular distributions of mesons produced via incoherent
nuclear excitation processes [7]. In this work, we have
reproduced quite successfully recent data from the Mainz
Microton collaboration (MAMI) for the differential cross
sections for incoherent π0 photoproduction at the �(1232)
resonance energy region, for both 12C and 208Pb [8]. Also we
have calculated the angular distributions of neutral pions at
higher energies, typically 4.0 to 6.0 GeV, and extreme forward
angles (θ lab

π � 4◦) to estimate the nuclear background in the
high-precision particle-production experiment carried out by
the PrimEx Collaboration [9] at the Jefferson Laboratory. For
details, see Ref. [7] and references therein.

In this work, we present various applications for the
intranuclear and evaporation cascade Monte Carlo routines
to address multiple particle emission in 90Zr and Zirconium
isotopes below pion threshold. The aim of the present analysis
is to provide a consistent interpretation for the exotic behavior
of the proton yields from the electrodisintegration of 90Zr at
intermediate energies [10]. The yields present a steady increase
up to 130 MeV, suggesting that multiple-particle emissions are
probably dominating the dynamics of the intranuclear cascade
processes triggered by the quasideuteron channel.

Decay channels of 90Zr in the GDR region are calculated
in detail to establish the shape and magnitude of the total
photoabsorption cross section up to pion threshold. The anal-
ysis takes into account the complimentary data set of proton
emissions from the National Bureau of Standards (NBS) [10]
and the photoneutron cross section measurements performed
in Livermore [11] and Saclay [12]. Additionally, we plan
to investigate possible contributions from the isovector giant
quadrupole resonance (IVGQR) decay in both the electron-
and photon-induced reaction processes. Such contribution was
evident from the analysis of the angular distributions of γ s
emitted in the inverse reaction 89Y(�p, γ )90Zr [13].

Finally, the partial and total photoneutron cross sections
from natural Zirconium [14] are evaluated up to 140 MeV.
These channels represent the major contribution to the total
photoabsorption cross section, and they should be included
in present analysis to provide a complete description of the
reaction mechanisms in this mass range.

The article is organized as follows: In Sec. II, we present
an overview of the MCMC model and show the improve-
ments both in the intranuclear and evaporation routines. In
Sec. III, we discuss the character of the photonucleus in-
teraction, evaluating the GDR and IVGQR decay modes,
as well as the quasideuteron channel up to 140 MeV.
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In Sec. IV the results of the calculation are presented and
compared with the available experimental data. The electro-
disintegration yields are evaluated using the virtual photon
exchange formalism, with the related photon spectra being
calculated in distorted-wave Born approximation (DWBA)
[15] taking into account the nuclear charge and the nuclear
finite size. In this section we propose a fitting of the (e, p)
yield of 90Zr, extracting the relative strengths for the GDR
and IVGQR. Such approach provides a consistent method
to determine the total photoabsorption cross section. The
conclusions and final remarks are presented in Sec. V.

II. THE MCMC PLUS EVAPORATION APPROACH:
REVIEW AND IMPROVEMENTS

A. The multicollisional intranuclear cascade model

The intranuclear cascade model MCMC consists of a
sophisticated Monte Carlo routine describing the fast stage of
the nuclear reactions in terms of successive binary collisions.
During the time span of the binary scatterings, the remaining
particles are supposed not to interact and the collisional term
between the interacting particles inside the nuclear matter is
approximated by the same quantity predicted for the vacuum.
The basic concepts of the present calculation were first
developed to study high-energy photonuclear reactions [3–6].
Although these versions have presented satisfactory results,
they also had some inherent limitations related with the
stochastic treatment of the Pauli-blocking mechanism and
the incorporation of ambiguous quantities, such as stopping
time parameters to determine the pre-equilibrium stage. These
problems were also present in other similar models, like the
Liege INC model [16], consistently overcome in a recent
version of the MCMC dedicated to the quasideuteron doorway
state [1]. In this regard, the present analysis applies the
same version of the MCMC cascade reported in Ref. [1],
with the following improvements: (i) the incorporation of
realistic binding energies for the target nucleus during the
evaluation of the nuclear potential and the nucleon effective
masses; (ii) an accurate calculation of the energy balance
during particle emissions, taking into account the actual (in-
stantaneous) momentum distribution of the excited ensemble,
instead of a predetermined Fermi-Dirac distribution used in
the previous version; (iii) the evaluation of the Coulomb
barrier penetrability in terms of the WKB approximation; and
(iv) the calculation of the Levinger parameter in the
quasideuteron model.

B. The evaporation Monte Carlo model

The evaporation stage is calculated applying the statistical
theory proposed by Weisskopf [17]. The decay of the CN
takes into account all accessible channels, with the related
branchings calculated in terms of the nuclear level densities
of the daughter nuclei. The basic steps to calculate the
relative probabilities between the competing channels (particle
evaporation and nuclear fission) are described elsewhere
[1,18,19]. Even though these approaches have successfully

described neutron multiplicities and photofission probability,
they were also characterized by an oversimplification for the
evaluation of the kinetic energies of the emitted particles,
which were arbitrarily fixed at 2.0 MeV. Additionally, the
emission of charged particles did not include any effect
from the Coulomb barrier, with the outgoing charged particle
kinetic energies being calculated always above the barrier.
These inconsistencies are not much relevant while evaluating
the neutron emission channels and the fission mechanisms
in actinide nuclei, because these processes largely dominate
the CN decay, with most of the emitted neutrons having
kinetic energies close to 2 MeV. However, for charged particle
emission − the aim of the present analysis − one has to
consider the emission probability of particles with higher
kinetic energies and also the Coulomb barrier penetrability.
Such evaluation can be performed via the inclusion of a
different approach to calculate the relative probability of all
the competing channels.

The ratio between the width for the evaporation of a k

particle and the neutron decay width can be written as:
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where the factors γk/γn depend on the type of the emitted
particles and were taken as γk/γn = 1 (protons), = 2 (alphas),
= 1 (deuterons), = 3 (tritons), and = 2 (3He) [20]. The
residual excitation energies of the daughter nuclei E∗

k(n) depend
on the total excitation energy available E∗, the binding energies
Bk(n), and the asymptotic kinetic energies Tk(n) of the emitted
particles: E∗

k(n) = E∗ − Bk(n) − Tk(n). The binding energies
and neutron level density parameters (an) were taken from
Ref. [1], taking into account shell-model corrections [21].
The ratio between the neutron and k-particle level density
parameters is generally energy independent ak/an ≈ rk , with
the corresponding rk being given by Ref. [20].

Because the neutron emission width is arbitrarily normal-
ized to unit, we can calculate the probability of k-particle
emission using the formula:
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1 +
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where the sum goes over all possible decay channels except
the neutron emission.

The tunneling of the Coulomb barrier is calculated in
terms of the particle’s kinetic energies Tk and the Coulomb
barriers Vk using the standard WKB approximation. The
kinetic energies of the emitted particles range from 0 to
E∗ − Bk , where Tk = E∗ − Bk corresponds to the decay
of the CN to the ground state of the daughter nuclei. However,
the decay probability depends exponentially on the factor
(akE

∗
k )

1
2 , which decreases as Tk increases. This relationship

between �k/�n and Tk for a given Tn dictates the particle-
energy spectra for neutral particles. The distribution of kinetic
energies for charged particles should be similar but suppressed
at lower energies and with the maximum shifted for higher
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energies. So to achieve the proper constraint between the
nuclear decay process and the Coulomb barrier penetrability,
we adopted the following sampling procedure: first, the kinetic
energies of the emitted particles are distributed uniformly and
independently in the range from 0 to E∗ − Bk . Then, the
decay branchings are calculated with Eq. (1) and normalized
with Eq. (2). These probabilities are then multiplied by
penetrability factors − charged particles only − that depend
on the sampled kinetic energy Tk . After this procedure, the
corresponding probabilities are renormalized and the choice
of the decay channel is made. Such procedure ensures that the
emission process is described in terms of a joint probability
between a nuclear de-excitation mechanism [Eq. (1)] and a
Coulomb penetrability factor.

In fact, this new approach satisfactorily includes the
Coulomb tunneling and provides a more rigorous formalism
to address the nuclear evaporation step. In previous models,
the effect of the Coulomb barrier was artificially included in
the evaluation of the residual excitation energy E∗

k , which
was calculated subtracting the Coulomb barrier and assuming
a fixed value for Tk . This arbitrary decrease in E∗

k also
decreases the emission probability �k/�n in an attempt to
mimic the suppression of charged-particle emission. Another
direct consequence of such arbitrary procedure is its inability
to predict charged-particle energy spectra, because Tk is held
fixed and always above the barrier.

III. PHOTOABSORPTION MECHANISMS BELOW
PION THRESHOLD

The nuclear photoabsorption mechanisms are largely
dominated by collective excitations below approximately
30 MeV, with the giant dipole resonance (GDR) representing
the major contribution for the nuclear strength function.
Other multipole resonances have also been measured [13,22]
and predicted by microscopic random-phase approximation
(RPA) using a density-dependent particle-hole force [23].
However, the quasideuteron (QD) channel dominates the total
photoabsorption cross section in the 40- to 140-MeV range.
This model assumes that the incoming photon interacts with a
neutron-proton pair embedded in the nuclear matter [24] and
was described in detail in a previous article [1].

For intermediate and heavy nuclei, the direct and pre-
equilibrium emissions represent a small contribution at lower
energies and the memory from the initial nuclear excitation is
vanished when the system achieves a thermally equilibrated
state, namely the CN stage. We showed in a recent article
that direct particle emissions from the GDR decay play a
small contribution (below 10%) in an intermediate nuclei
such as 64Zn [25] and should also contribute with a small
fraction for 90Zr and natZr. Such contribution can be estimated
by the analysis of the proton energy spectrum at lower
energies obtained by the NBS [10], which clearly shows the
contribution of narrow peaks, corresponding to well-known
excited states of 89Y, and a much larger evaporation-like
background. For this reason, we have neglected direct and
semidirect particle emission within the GDR energy region.
It is worth mentioning, however, that due to kinematical

considerations these nonresonant processes play an essential
role in the inverse reaction 89Y(p, γ ), as pointed out elsewhere
[13,26]. For this reason, the specific multipolarity of the pho-
toabsorption mechanism, dictated by the angular momentum
transferred by the incoming photon, is not very relevant for the
evaluation of the nuclear reaction, as far as a collective nuclear
excitation dominates the photoabsorption mechanism. The
differential cross sections, for instance, are largely dominated
by the evaporation stage, making it very difficult to disentangle
possible angular correlations from the initial photon-nucleus
interaction. For lighter nuclei, however, measurements of
the angular distributions of the emitted particles may reveal
the dominant character of the photoabsorption mechanism
and also possible interferences between different vibrational
modes.

In this regard, probing the nucleus with electrons may
be an adequate approach to extract the nuclear response for
resonances with higher multipolarities due to the enhancement
of the virtual photon spectra with l = 2 in comparison with the
dominating l = 1 contribution. Consequently, the analysis of
electrodisintegration yields, like the measurements performed
at the NBS for proton emission on 90Zr [10], may provide an
efficient approach to disentangle the relative strengths of the
IVGQR and the GDR at lower energies.

The total photoabsorption cross section up to pion threshold
can be written in terms of the three major contributions:

σγ,abs(ω) = C0σGDR(ω) + C1σIVGQR(ω) + σQD(ω), (3)

where C0σGDR, C1σIVGQR, and σQD represent, respectively, the
GDR, IVGQR, and QD contributions. The shapes of the GDR
and IVGQR are generally written in terms of Lorentz curves,
with the QD part calculated via the usual expression:

σQD(ω) = L

A
NZσD(ω)f (ω), (4)

with

L = 3(1 − αreff)
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)3 ]
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where σD(ω) is the deuteron photodisintegration cross sec-
tion and f (ω) the Pauli-blocking function calculated from
the MCMC routine [1]. The values of the relevant con-
stants α, reff and the Fermi momentum kF were taken from
Ref. [1], except for the r0 parameter taken here as 1.25 fm. The
Eq. (4) and (5) propitiate the calculation of the QD contribution
and assume that the nucleon momentum distribution at the
ground state is that of a Fermi distribution without N -N
correlations. The Levinger parameter obtained for 90Zr within
this approximation is L = 5.9, which is in fair agreement with
previous calculations [27].

The photoneutron cross section measurements of 90Zr in the
GDR region performed at Livermore [11] and Saclay [12] show
that the GDR peaks are satisfactorily reproduced by Lorentz
shapes. However, the fitted curves overestimate/underestimate
the data at lower/higher energies, introducing artificial tails
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for the GDR. The shape of the total photoabsorption cross
section [Eq. (3)] should be calculated precisely in the whole
energy region. For this reason, we have adopted a consistent
and alternative procedure to delineate the shape of σγ,abs

in the GDR region by the combination of the experimental
photoneutron yields and the particle emission branching ratios
calculated in the MCMC plus evaporation framework. In this
procedure, the total photoabsorption cross section σγ,abs is
written as:

σγ,abs(ω) = C2σ
Exp
γ,abs(ω) = C2

σγ,Sn(ω)∑
x,y

x�γ,xnyp(ω)
, (6)

where σγ,Sn(ω) is the photoneutron yield and �γ,xnyp(ω) the
branching ratio for the emission of x neutrons and y protons
from the nuclei. The sum goes up to x = y = 3 in the
GDR region. The photoneutron yields were measured by
various groups, where we have concentrated our analysis
on the measurements performed at Livermore and Saclay.
These data were obtained using monochromatic photons and
are consistent with each other within a global normalization
factor of approximately 1.16. In fact, previous works have
reported systematic discrepancies between the absolute values
obtained at Livermore and Saclay [25,28] making it difficult to
establish the absolute value for σγ,Sn(ω). However, the shapes
of the cross sections obtained at Livermore and Saclay for
90Zr are in fair agreement in the GDR region, even though
the Saclay data exhibit higher fluctuations. For this reason,
we have adopted the Livermore data as the input for Eq. (6),
allowing a global normalization constant C2 to be determined
by the NBS results [10].

For the IVGQR we have used a Breit-Wigner formula [29]
times ω2l−1 to account for the multipolarity of the radiation
absorbed by the nucleus (l = 2). So, the IVGQR component
can be written as:

σIVGQR(ω) = 4.115 × 10−5ω3σBW(ω), (7)

with

σBW(ω) =
(

�
2

)2

(ω − ω0)2 + (
�
2

)2 . (8)

The factor 4.115×10−5 was arbitrarily introduced to normalize
the peak of σIVQR to 1 mb. The resonance parameters were
taken as ω0 = 28.5 MeV and � = 8.5 MeV, which are
consistent with the values reported in Ref. [13]. A Lorentz tail
σL(ω) was taken for the IVGQR to ensure its convergence to
zero at higher energies. Although being completely arbitrary,
such particular choice for the tail of σIVGQR does not introduce
a significant systematic uncertainty in the relevant observables,
as will be presented in the following section. Indeed, taking
two distinct exponential tails for σIVGQR has little influence
on the final results, which are more sensitive to the statistical
uncertainty of the strength parameter C1. The shape of the
σIVGQR and the corresponding Lorentz and exponential tails
are shown in Fig. 1.

With this approach, we may write Eq. (3) in the form:

C0σGDR(ω) = C2σ
Exp
γ,abs(ω) − C1σIVGQR(ω) − σQD(ω). (9)
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FIG. 1. (Color online) Shape of the IVGQR (blue circles). The
dotted black line is proportional to ω3 × σBW(ω), the dashed red
line to σL(ω), with the dashed-dotted cyan and dashed-double-dotted
magenta lines representing two distinct exponential tails for the
IVGQR. Details in the text.

The constants C1 and C2 completely determine the total
photoabsorption cross section and will be obtained in the
next section combining the accurate measurements of elec-
trodisintegration yields for proton emission on 90Zr and the
branching ratios calculated in the Monte Carlo routine. Indeed,
the nuclear electroexcitation via virtual photons enhances the
E2 strength due to the corresponding increase in the virtual
photon spectra with l = 2.

IV. RESULTS

A. Particle-emission branching ratios

This section presents the results of particle-emission
branching ratios from neutron threshold up to 140 MeV
via the coupling of the time-dependent intranuclear cascade
model MCMC and the evaporation code. The direct and pre-
equilibrium emissions are evaluated for QD events generating
CN configurations that are recorded to feed the evaporation
routine. The GDR and IVGQR decay are calculated with the
evaporation code under the assumption that the photon energy
is completely absorbed by the nucleus and no direct emission
takes place. The evaporation phase was calculated for 90Zr,
91Zr, 92Zr, and 94Zr from neutron threshold up to 30 MeV,
in 1 MeV steps, in order to delineate with high statistics
the competing processes near the nuclear giant resonances
considered in this paper.

The results for the branching ratios for the emission of
x neutrons and y protons at lower energies, �R

γ,xnyp, are
presented in Fig. 2 for 90Zr, where the label R indicates
that these quantities refer to resonance (GDR or IVGQR)
decay only. The arrows show the theoretical values of the
binding energies B1n and B2n, which are fairly reproduced
in the present calculations. The steep increase of the (γ, n)
channel at approximately 12 MeV indicates that the neutron
channel is highly favorable at lower energies due to the
Coulomb suppression for the (γ, p) channel. The (γ, p)
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FIG. 2. (Color online) Branching ratios of 90Zr (evaporation only)
from 10 to 30 MeV. �R

γ,0n0p(dashed black), �R
γ,1n0p(dotted red),

�R
γ,2n0p(dashed-dotted green), �R

γ,0n1p(dashed-double-dotted blue),
�R

γ,0n2p(short-dashed cyan), and �R
γ,1n1p(short-dotted magenta). The

sum off all channels is represented by the solid olive line.

channel width, however, presents a soft increase up to 23 MeV,
reaching approximately 17% at the GDR peak. Other channels
involving the emission of two particles become favorable
above approximately 22 MeV. The sum of all channels is
presented for consistency.

Multiple-particle emission following intermediate energy
photoabsorption were calculated taking into account the
pre-equilibrium stage in the energy range from 20 to
140 MeV. Below 20 MeV, the pre-equilibrium emissions are
negligible and the QD channel is not distinguishable from the
pure evaporation stage. The complete (cascade+evaporation)
branching ratios are calculated in the form:

�QD
γ,xnyp =

x∑
i=0

y∑
j=0

[�γ,(x−i)n(y−j )p]C × (�γ,injp)evap, (10)

where [�γ,(x−i)n(y−j )p]C is the probability of formation of the
CN configuration [(x − i)n, (y − j )p] at a given excitation
energy and (�γ,injp)evap the probability of evaporation of i neu-
trons and j protons for the corresponding CN configuration.
The first branchings [�γ,(x−i)n(y−j )p]C and the corresponding
excitation energies are calculated in the MCMC framework
and are the basic ingredients to run the evaporation code to
achieve (�γ,injp)evap. The results for the branchings for 90Zr are
presented in Fig. 3 for 0 � x � 7 and 0 � y � 3. It is worth
noticing, however, that decay channels with two protons are
more favorable than with only one for energies above approx-
imately 80 MeV. In fact, the channels (γ, 3n2p), (γ, 4n2p),
and (γ, 5n2p) represent the major contributions for energies
above 120 MeV.
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FIG. 3. (Color online) Branching ratios (cascade+evaporation) of 90Zr(γ, xnyp) from 20 to 140 MeV. (Upper left panel) �
QD
γ,0n0p(solid black),
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QD
γ,1n0p(dashed red), �
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γ,2n0p(dotted green), �
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γ,3n0p(dashed-dotted blue), �

QD
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γ,5n0p(short-dashed magenta),

�
QD
γ,6n0p(short-dotted olive), and �
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γ,7n0p(short-dashed-dotted gray). (Upper right panel) The same with y = 1. (Lower left panel) The same with

y = 2. (Lower right panel) The same with y = 3.
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FIG. 4. (Color online) (Left panel) Total photoneutron yield of
90Zr [11] (data points) and the corresponding fitted cross section
σγ,Sn(ω) (red line). (Right panel) σ

Exp
γ,abs(ω) [see Eq. (6)].

B. Total photoabsorption cross section on 90Zr via the analysis
of the (e, p) channel.

This section aims to calculate the total photoabsorption
cross section for 90Zr by combining the photoneutron [11] and
electrodisintegration experimental yields [10] of 90Zr and the
branchings calculated in the MCMC plus evaporation routines.

The first step of our analysis is the determination of
σ

Exp
γ,abs(ω) [Eq. (6)] by a fitting of the photoneutron yield

from Livermore [11]. The fitted curve was assumed to be a
combination of a Lorentz shape, with the parameters given
by Ref. [30], and a polynomial function of ω to account for
the discrepancies at the lower and higher energy ranges. The
specific form of the fitted function is not relevant, insofar as it
accurately describes the data in the energy range considered.
The fitting curve σγ,Sn(ω) and the corresponding data set [11]
are shown in the left panel of Fig. 4, with the calculated
function σ

Exp
γ,abs(ω) [see Eq. (6)] in the right panel.

The electrodisintegration yield for proton emission can be
written in terms of the corresponding photoproton yield via
the virtual photon formalism [31]:

σe,Sp(Ee) =
∑
λl

∫ Ee

Bp

dω

ω
Sλl(Ee, ω)σλl

γ,Sp(ω), (11)

where Ee is the incident electron energy, λl the multipolarity
of the radiation absorbed by the nucleus, and Sλl(Ee, ω) the
corresponding virtual photon spectrum. The virtual photon
spectra were calculated in distorted-wave Born approximation
(DWBA) [15] taking into account the nuclear charge and finite
size. The photoproton yield σγ,Sp(ω) can be written in terms
of the three major contributions considered in this article:

σγ,Sp(ω) = [
C0σ

E1
GDR(ω) + C1σ

E2
IVGQR(ω)

]
×�R

γ,Sp(ω) + σ E1
QD(ω) × �

QD
γ,Sp(ω), (12)

because the E1 radiation dominates the GDR and QD mech-
anisms, whereas the IVGQR component has multipolarity E2
(the labels E1 and E2 are omitted from now on). The quantity

�R
γ,Sp(ω) is the total photoproton branching related with a

resonance (GDR/IVGQR) decay and �
QD
γ,Sp(ω) is the same

for the QD channel, where the direct and pre-equilibrium
emissions are taken into account. These branchings can be
written as:

�
R(QD)
γ,Sp (ω) =

∑
x

∑
y

y�R(QD)
γ,xnyp(ω), (13)

where the y sum goes from 0 to 4 and the x sum goes from 0
to 10.

Inserting Eq. (12) into Eq. (11) and using Eq. (9), we have
after some algebra:

σe,Sp(Ee) = C2

∫ Ee

Bp

dω

ω
SE1(Ee, ω)�R

γ,Sp(Ee, ω)σ Exp
γ,abs(ω)

+C1

∫ Ee

Bp

dω

ω
[SE2(Ee, ω) − SE1(Ee, ω)]

×�R
γ,Sp(ω)σIVGQR(ω)

+
∫ Ee

Bp

dω

ω
SE1(Ee, ω)

× [
�R

γ,Sp(ω) − �
QD
γ,Sp(ω)

]
σQD(ω). (14)

The QD component is known in shape and magnitude
[Eqs. (4) and (5)]. So, we can write:

σ̃ e,Sp(Ee) = σe,Sp(Ee) −
∫ Ee

Bp

dω

ω
SE1(Ee, ω)

× [
�R

γ,Sp(ω) − �
QD
γ,Sp(ω)

]
σQD(ω)

= C2

∫ Ee

Bp

dω

ω
SE1(Ee, ω)�R

γ,Sp(Ee, ω)σ Exp
γ,abs(ω)

+C1

∫ Ee

Bp

dω

ω
[SE2(Ee, ω) − SE1(Ee, ω)]

×�R
γ,Sp(ω)σIVGQR(ω). (15)

The constants C1 and C2 are then determined using the
experimental results for the electro-disintegration proton yield
σe,Sp(Ee) from the NBS [10]. However, because the contribu-
tions C0σGDR(ω) and C1σIVGQR(ω), which are ingredients of
Eq. (12), depend on the values of the constants C1 and C2 [see
Eq. (9)], it is necessary to perform an iterative procedure to dis-
entangle the IVGQR contribution for the total photoabsorption
cross section. Such a procedure is accomplished inserting the
fitted values of C1 and C2 into Eqs. (9) and (12) and repeating
the fitting for Eq. (15). The iterative method finishes when the
values of C1 and C2 converge satisfactorily. The results of the
fitting are presented in Fig. 5 together with the data of Ref. [10].
The values of the constants C1 = 9.7(22) and C2 = 1.094(11)
uniquely define the total photoabsorption cross section, with
C2 representing an approximate normalization factor between
the NBS and Livermore data. The corresponding photoproton
yield σγ,Sp(ω) is then calculated via Eq. (12). The results and
the corresponding contributions of the GDR, IVGQR, and QD
are shown in left panel of Fig. 6.
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FIG. 5. (Color online) Electrodisintegration proton yield mea-
sured at the NBS [10] (data points) and the corresponding fitting
function [see Eq. (15)] proposed in this work. Details in the text.

The strength of IVGQR can be verified calculating the
isovector E2 energy-weighted sum rule (EWSR) given by [13]:

Sth =
∫ ∞

0

σ (ω)

ω2
dω

= π2

5Mc2

e2

h̄c

NZ

A
R2

= 0.11mb/MeV, (16)

where we have used r0 = 1.25 fm. The corresponding value
for the EWSR obtained with the constant C1 gives Sexp =
0.121(29) mb/MeV, which is in good agreement with the
prediction from theory. The quoted error of Sexp was calculated
adding in quadrature statistical (∼20%) and systematic (∼9%)
parts. The statistical error comes from the fitted constant C1,
and the systematic contribution was estimated using different
exponential tails for σIVGQR, refitting the constant C1, and
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FIG. 6. (Color online) (Left panel) Total photoproton yield on
90Zr (solid blue) and corresponding contributions of the GDR (dashed
black), IVGQR (dotted red), and QD (dashed-dotted green). (Right
panel) Total photoabsorption cross section on 90Zr and corresponding
contributions (same as in left panel). The dashed-double-dotted gray
line indicates the compilation of Ref. [32].

recalculating Sexp. In fact, the constraint imposed by Eq. (15)
leads to a strong correlation between the constant C1 and the
tail of σIVGQR to keep the integral unchanged. However, taking
the exponential tails 1 and 2 for σIVGQR (see Fig. 1) does not
affect Sexp considerably due to the factor 1

ω2 . Sexp ranges from
0.116 mb/MeV to 0.137 mb/MeV when the exponential tails
1 and 2 are used, respectively. It is interesting to point out
that the generally observed enhancement factor of the E1 sum
rule due to exchange currents ( ∼ 70%) is not observed for
the IVGQR in our analysis, which gives Sexp ≈ 1.1Sth. Taking
into account the quoted error of Sexp, we can estimate an upper
limit for the enhancement factor of approximately 36%.

The total photoabsorption cross section and the three major
contributions are shown in the right panel of figure 6 in
comparison with the compilation of Varlamov et al. [32].

With these ingredients, we may also calculate the energy
spectra of all the evaporated protons using the relation:

dσ

dTp

(Tp, ω) = 1

Nrep〈p〉�Tp

dN

dTp

(Tp, ω)σγ,Sp(ω), (17)

where Nrep is the number of evaporation Monte Carlo events,
〈p〉 the average proton multiplicity, �Tp the bin for the
proton kinetic energies, and dN/dTp(Tp, ω) the corresponding
energy spectra histograms calculated in steps of �Tp at a given
incident photon energy ω. The proton energy spectra were
calculated neglecting the pre-equilibrium stage because the
available data from the NBS correspond to an electron energy
of 20 MeV, where the evaporation process largely dominates.
The normalization (17) gives:

σγ,Sp(ω) =
∫ T max

0

dσ

dTp

(Tp, ω)dTp, (18)

with T max = ω − Bp.
Because the contribution of the IVGQR decay is vanishing

small at 20 MeV, we can calculate the double-differential cross
section at a given electron energy weighting dσ/dTp(ω, Tp)
with the E1 virtual photon spectrum:

d2σ

d
pdTp

(Tp,Ee)

= 1

4π

∫ Ee

Bp

dω

ω
SE1(Ee, ω)

dσ

dTp

(Tp, ω), (19)

where we have assumed an isotropic angular distribu-
tion for the emitted protons. So, inserting Eq. (17) into
Eq. (19), we can calculate the double-differential cross
section (d2σ/dTpd
)(Tp,Ee). The results are presented in
Fig. 7, together with the NBS data obtained at θp = 90◦ with
Ee = 20 MeV. The calculation reproduces reasonably well the
overall shape of the spectrum, except for the sharp structures
around the peak. It should be considered, however, that the
MCMC model is not intended to reproduce these structures,
which are associated with some specific and well-established
excited states of 89Y. In fact, the MCMC calculation is intended
to describe the average behavior of the nuclear reaction
mechanism in a wide energy and target mass range and
few peculiarities − related with a given mass domain − are
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FIG. 7. (Color online) Double-differential energy spectra of
protons emitted at 90◦ for an incident electron energy of 20 MeV
[10](data points). The red histogram is the prediction of Eq. (19)
(evaporation only).

introduced in terms of the nuclear level density parameters and
shell-model corrections.

C. Photoneutron cross sections from threshold to 140 MeV

In the previous section, we have shown that the MCMC plus
evaporation cascade reproduces quite successfully the precise
measurements of the electrodisintegration proton yield from
the NBS [10]. However, for the sake of completeness, we
should also verify the efficiency of the Monte Carlo approach
in reproducing the photoneutron cross section measurements
on 90Zr performed at Livermore [11] and Saclay [12]. These
data are related with the (γ, 1n) = (γ, n) + (γ, np) and
(γ, 2n) = (γ, 2n) + (γ, 2np) channels, which represent the
major fraction of the total photoabsorption cross section below
approximately 30 MeV.

For energies above the GDR region, there is just one data
set available from Saclay [14]. These data consist of the
inclusive partial and total photoneutron cross sections from
natural Zirconium up to 134 MeV, where they have reported
neutron multiplicities with reasonable statistics up to seven
particles. These measurements represent the only data set of
multiple-particle emissions followed by intermediate energy
photoabsorption in this mass region and should be interpreted
in terms of the MCMC model via the QD photoabsorption
mechanism.

Before we compare the predictions of the MCMC cascade
with the data from Livermore and Saclay, it is important to
establish a consistent method to overcome the systematic dis-
crepancies between the absolute cross section measurements
[25,28]. This can be achieved by comparing the total integrated
photoneutron yield of 90Zr from Livermore and Saclay with
the prediction of the MCMC model, which is given by:

σ int
γ,Sn(Emax

γ ) =
∫ Emax

γ

Bn

σγ,Sn(ω)dω, (20)

where

σγ,Sn(ω) = [C0σGDR(ω) + C1σIVGQR(ω)]

×�R
γ,Sn(ω) + σQD(ω) × �

QD
γ,Sn(ω). (21)

The contribution C0σGDR(ω) and the constants C1 and C2 were
obtained in the previous section using the NBS measurements,
whereas the branching ratios �

R(QD)
γ,Sn (ω) are calculated within

the MCMC routine. So, the normalization factors between the
Livermore N(L) and Sacaly N(S) data and the NBS data can be
written as:

N(L) or (S) = σ int
γ,Sn

(
Emax(L) or (S)

γ

)
σ

int(L) or (S)
γ,Sn

, (22)

with σ
int(L)
γ,Sn = 1158 MeV.mb, σ

int(S)
γ,Sn = 1309 MeV.mb,

Emax(L)
γ = 27.6 MeV, and Emax(S)

γ = 25.9 MeV [30]. So,
including these factors in Eq. (22), we have N(L) = 1.097
and N(S) = 0.917, with N(L) × N(S) = 1.005. This result
indicates that the NBS data lie around the average between the
photoneutron cross sections from Livermore and Saclay. The
predictions of the MCMC model for the inclusive channels
(γ, 1n) and (γ, 2n) of 90Zr can then be compared with the
available measurements using the normalization constants
N(L) and N(S). The results are shown in Fig. 8.

The calculation of the photoneutron cross sections up to
140 MeV was performed for the zirconium isotopes 90Zr,
91Zr, 92Zr, and 94Zr via the coupling of the MCMC and
evaporation cascades. The relative isotopic composition of the
target nucleus was taken into account to calculate the final
cross sections for multiple neutron emission. These quantities
represent the major fraction of the total photoabsorption cross
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FIG. 8. (Color online) Renormalized single (upper panel) and
double (lower panel) photoneutron channels on 90Zr from Livermore
[11] (black squares) and Saclay [12] (red circles). The dashed blue
line is the prediction of the MCMC plus evaporation model taking
into account the GDR, IVGQR, and QD contributions, whereas the
dotted green line does not include the IVGQR decay.
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FIG. 9. (Color online) Renormalized inclu-
sive photoneutron cross sections from Saclay
[14] (data points) in comparison with the predic-
tions of the MCMC plus evaporation calculation:
σ (1) (solid black line), σ (2) (dashed red line),
σ (3) (dotted green line), σ (4) (dashed-dotted blue
line), and σ (5) (dashed-double-dotted cyan line).
See text for details.

section and are given by:

σ (k)(ω) =
7∑

x=k

∑
y

σγ,xnyp(ω). (23)

The results of the calculation and the Saclay data are shown
in Fig. 9. The σ (1)(ω) cross section is the total photoabsorption
cross section minus the sum of all exclusive channels for
charged-particle emission and photofission. The Saclay data
were normalized using the constant N(S), being very well
reproduced in shape and magnitude by the MCMC model up
to 140 MeV. The insert shows the cross sections σ (k)(ω) with
k � 2 in a more suitable scale.

V. CONCLUSIONS AND FINAL REMARKS

The MCMC plus evaporation cascade has been successfully
applied to calculate the total photoabsorption cross section
and relevant decay channels of 90Zr and other Zr isotopes
from neutron threshold to 140 MeV. The relative strengths
of the dominating GDR and the IVGQR were consistently
determined for 90Zr combining measurements of the pro-
ton yields—performed at the NBS—with calculations of
the relevant branchings achieved by a sophisticated Monte
Carlo approach. The EWSR of the IVGQR yields Sexp =
0.121(27) mb/MeV, which is in fair agreement with the
theoretical value of 0.11 mb/MeV.

The decay channels of 90Zr are dominated by single-
and double-particle emissions (Fig. 2) up to approximately
30 MeV, with multiple-particle emissions being more relevant
at higher energies. Indeed, above approximately 80 MeV,
decay channels with two or more protons are more likely
to occur than single-proton emission channels (Fig. 3). This
fact provides an explanation for the steady increase on the
electrodisintegration yield of protons reported on Ref. [10].
Such multiple proton emission scenario can be interpreted
considering that at least one proton is likely to be emitted
during the pre-equilibrium stage, which is in agreement
with the kinematics of a photoabsorption by an n-p pair

(QD model). Two or more protons can also be emitted,
because there is a high probability of secondary scatterings
at these energies. So, the resulting branching ratios shown in
Fig. 3 represent a combination of a pre-equilibrium part and
an evaporation contribution that increases more significantly
the number of emitted neutrons than protons.

The shape of the total photoabsorption cross section on
90Zr was assumed to be a combination of a GDR, IVGQR, and
QD contributions. The shape of the total photoabsorption cross
section below approximately 30 MeV was calculated using the
photoneutron yield from Livermore [11] and the branchings
calculated in the MCMC model (Fig. 4). The absolute values of
the cross sections were then determined via an iterative fitting
procedure [Eq. (15)], combining the NBS measurements of the
(e, p) yield on 90Zr with the branchings of the MCMC plus
evaporation. The result of the fitting is shown in Fig. 5, with the
corresponding photoproton yield [Eq. (12)] being presented
in Fig. 6. The total photoabsorption cross section below
approximately 30 MeV was then recalculated subtracting the
QD and the fitted IVGQR contributions from the fitted GDR
part [Eq. (9)]. Above 30 MeV, the total photoabsorption cross
section was calculated as a sum of the fitted GDR and IVGQR
contributions plus the QD cross section [Eqs. (4) and (5)].

The proton energy spectrum at Ee = 20 MeV was cal-
culated neglecting pre-equilibrium emissions and weighting
the photoproton double-differential cross section with the
E1 virtual photon spectrum [Eq. (19)]. The results (Fig. 7)
reproduce reasonably well the trend of the experimental data
of the NBS. Small discrepancies appear around the peak Tp ∼
5 MeV and also at higher proton energies.

The photoneutron cross sections were also calculated in the
GDR region (Fig. 8). The results are in fair agreement with the
measurements of Livermore and Saclay after the introduction
of suitable normalization factors. These normalization con-
stants show that the NBS data agree with the Livermore and
Saclay measurements within 10%. The shapes of the (γ, 1n)
and (γ, 2n) cross sections also reproduce the experimental
results, being more compatible with the Livermore data than
with those from Saclay. In fact, the Saclay (γ, 2n) cross
section presents a strong fluctuation over the whole energy
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region, re-enforcing our decision of taking the Livermore
measurements to shape the cross section below approximately
30 MeV.

The inclusive photoneutron cross sections of natZr were
calculated taking into account the isotopic composition of the
target nucleus. The results so obtained are in nice agreement
with the normalized data set from Saclay (Fig. 9). The QD
tail reproduces quite successfully all the available data up to
five-neutron emissions without further normalization.

In conclusion, the MCMC plus evaporation cascade has
provided a comprehensive interpretation of the behavior of

the electrodisintegration yield of protons on 90Zr. The results
also indicate a strong evidence of a IVGQR state, leading to a
realistic description of the total photoabsorption cross section
in this mass range.
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