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The 112Sn(p, t)110Sn reaction was studied in a high-resolution experiment at an incident proton energy of
26 MeV. Angular distributions for 27 transitions to levels of 110Sn up to an excitation energy of ∼4.3 MeV
were measured. A distorted-wave Born approximation (DWBA) analysis of experimental angular distributions
using conventional Woods-Saxon potentials were done, allowing either the confirmation of previous spin and
parity values or the assignment of new spin and parity to a large number of 110Sn states. A shell-model study was
performed using an effective interaction derived from the CD-Bonn nucleon-nucleon potential. The energy spectra
are calculated and compared with experiment, whereas the theoretical two-nucleon spectroscopic amplitudes,
evaluated in a truncated seniority space, are used in the microscopic DWBA calculation of some cross-section
angular distributions.
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I. INTRODUCTION

Many experimental and theoretical investigations have been
carried out for the nuclei near the Z = 50 closed shell. Due
to the existence of a large number of stable isotopes, the
tin isotopes are particularly suited for studying the evolution
of nuclear structure when the 50–82 neutron shell is filled.
Both odd and even tin isotopes have been investigated. Much
information has been collected for the heavier isotopes, but the
properties of the lighter isotopes are less well known. To extend
the systematics to the lighter tin isotopes, we studied 114Sn [1]
using the (p, t) reaction in high-resolution measurements. In
the present work, we extend this program to include 110Sn.
Two-neutron transfer reactions are very sensitive to pairing
correlations in the overlap between initial and final states.
Therefore, as a specific probe of this type of correlations, the
(p, t) reactions play a fundamental role in the study of the
structure of low-spin states of nuclei.

In the tin isotope region, five active neutron orbitals
0g7/2, 1d5/2, 1d3/2, 2s1/2, and 0h11/2, contribute to the state
structure. To study the interplay and the mixing of configura-
tions associated with these orbitals, we require a large amount
of experimental data concerning both low-spin and high-spin
states. The linked use of different techniques, such as γ -ray
spectroscopy (with both selective and nonselective reactions),
β decay, and transfer reactions, allows us to achieve this
aim.

The nucleus 110Sn has been studied from β+ decay of 110Sb
[2]. γ -ray spectroscopy measurements led to the construction
of a decay scheme, including 36 transitions among 18 low-
lying states of 110Sn. Spins and parities of the states involved
in the decay were deduced.

High-spin neutron quasiparticle excitations in 110Sn nucleus
were investigated using the 108Cd(α, 2nγ )110Sn reaction [3];
spin assignments to levels of 110Sn were based on angular
distributions only. Linear-polarization measurements were not
carried out.

Nanosecond isomers of 110Sn were investigated using
110Cd(3He,3n)110Sn (5.2 ± 0.8 ns) and 104Pd(12C,2nα)110Sn
(5.6 ± 0.4 ns) at 29 and 63 MeV bombarding energies,
respectively. A partial level scheme of 110Sn was deduced [4].

In a search for collective behavior at high spin and high
excitation energy, some levels of 110Sn have been identified
using the reactions 94Mo(19F,p2nγ )110Sn at 83 MeV, together
with a γ -ray multiplicity filter [5]. A deformed intruder band in
the high-spin region of 110Sn was identified by Harada et al. [6]
using the 98Mo(16O,4nγ )110Sn reaction.

The mechanism of these fusion-evaporation reactions in-
duced by heavy ions is very selective for high spin states,
and preferably populates states with high alignment, whereas
transfer reactions are better at characterizing low-spin states.
Therefore, the two kinds of reactions complement each other
both in their degree of selecting particular states and in their
spin and energy range.
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TABLE I. Isotopic composition of the 112Sn target

Isotope 112 114 115 116 117 118 119 120 122 124

Percentage 98.9 1.0 <0.05 <0.05 <0.02 <0.02 <0.02 <0.02 <0.02 <0.02

Fleming et al. [7] performed a (p, t) study on several even
Sn isotopes at an incident proton energy of 20 MeV, with an
energy resolution of 25 keV. In the 112Sn(p, t)110Sn reaction,
only the transitions to the ground state and first excited
2+ state were observed, due to the low proton incident
energy and the severe negative Q value. A 112Sn(p, t)110Sn
experiment with a resolution of 14 keV was carried out by
Blankert [8] at a proton energy of 27.5 MeV. Levels up to
∼4.5 MeV of excitation energy were identified and L values
determined up to ∼3.3 MeV, but these results were never
published. For this reason we performed a new study of the
112Sn(p, t)110Sn reaction, using a high-resolution experiment
to characterize the low-spin states of 110Sn.

Cross-section angular distributions of 25 (p, t) transitions,
including two doublets, to the final states of 110Sn up to an
excitation energy of 4.317 MeV were obtained. This also
allows determination of the angular-momentum transfers to
27 levels and the assignment of spin and parity values to
27 levels.

In connection with the experimental work, we have carried
out DWBA microscopic calculations of cross-section angular
distributions for the ground state and some excited states of
110Sn, using two neutron spectroscopic amplitudes obtained
from a shell-model study of the 12- and 10-neutron systems
outside the N = 50 major neutron shell, in 112Sn target nucleus
and 110Sn residual nucleus, respectively. The shell-model
calculations of the motion of these neutrons have been carried
out within the framework of the seniority scheme using
a realistic effective interaction derived from the CD-Bonn
nucleon-nucleon potential [9]. The model space has been
truncated to states with seniority less than or equal to 4
to reduce the numerical work required by a complete-basis
diagonalization.

A full shell-model study of both positive- and negative-
parity spectra of 110Sn has been also performed. It is worth
noting that preliminary results of the present study were
published in Ref. [10].

The outline of the article is as follows. In Sec. II the
experimental method and analyzing procedure are described.
Section III is devoted to an outline of our shell-model
calculations and to the comparison with experiment of the
theoretical spectra and the cross-section angular distributions.
Section IV contains a summary of our conclusions.

II. EXPERIMENTAL METHOD AND ANALYZING
PROCEDURE

A. Experiment

The (p, t) experiment was carried out using the 26-MeV
proton beam delivered by the HVEC MP tandem accelerator
of the MLL (Maier-Leibnitz Laboratory of LMU Munich and

TU Munich) laboratory. The beam current intensity ranged
from 200 to 350 nA to avoid target heating. The 112Sn target,
whose isotopic enrichment is given in Table I, had a thickness
of 102 µg/cm2 on a carbon backing of 13 µg/cm2. Thanks
to the higher isotopic enrichment of our target, compared to
the one used by Blankert [8] (isotopic enrichment of 112Sn
target amounts to 83.5%), we measured triton spectra free of
contributions from the different tin isotopes.

The reaction products have been analyzed with a Q3D
magnetic spectrograph [11] and detected in its focal plane at
10 angles between 6◦ and 57.5◦ relative to the beam axis in two
different magnetic field settings to reach an excitation energy
of 4317 keV in the 110Sn residual nucleus. The spectrograph
has a solid angle acceptance of 2.98 msr for θ = 6◦ and
11.04 msr for θ�10◦.

The 1.8-m-long focal plane detector [12] for light ions
consists of an array of single-wire proportional detectors
with an additional readout structure, followed by a rest
energy plastic scintillator detector. This device provides
position determination, �E-E identification, and focal plane
reconstruction. The excellent energetic characteristics of the
accelerator, the spectrograph, and the detector enable us to
perform high-resolution measurements of the triton spectra
with a resolution of about 8 keV full width at half maximum.

The incident proton beam is stopped in a Faraday cup,
the integrated current allowing measurements of absolute
differential cross sections. The uncertainties regarding the
target thickness, solid angle, collected charge, and background
subtraction at high excitation energies give a systematic error
of ∼15%. The dead time was negligible.

The triton spectra were analyzed with the Autofit shape-
fitting code [13], using the shape of the triton peak at
2545 keV as a reference. The areas and centroids of the triton
peaks were determined.

The high resolving power of the spectrograph, the reduced
background, the large solid angle, and the spectrum energy
resolution allowed measurement of the cross sections of
rather weakly populated levels. For example, the level at
2753 keV assigned as (6)+ in the adopted level scheme [14],
which was identified up to now only in 94Mo(19F,p2nγ )
[5], 98Mo(16O,4nγ ) [6], and 108Cd(α, 2nγ ) [3] studies, is
populated in the present (p, t) reaction with a maximum cross
section of a few µb/sr.

The energy calibration of the spectra was performed
by using the adopted excitation energies of eight levels
determined in γ -decay [14] measurements and identified also
in our (p, t) experiment. The correlation between the measured
channels and the excitation energies was established with a
polynomial of rank 4. The parameters of the polynomial were
fixed in the energy range from 0 up to 4317 keV by imposing
the reproduction of the eight adopted energies. The achieved
uncertainties on our quoted energies are estimated at 3 keV.
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FIG. 1. Position spectrum of tritons measured at θ = 15◦. Some levels are labeled with their excitation energy in MeV.

Figure 1 shows an example of the measured spectra. In
this spectrum at θ = 15◦, the excitation energies of the most
prominent peaks are indicated.

We have studied 27 (p, t) transitions to the final states of
110Sn up to Ex = 4317 keV, of which 9 are identified for the
first time and their spin and parity assigned by the distorted-
wave Born approximation (DWBA) analysis reported in the
next subsection.

Table II reports the spectroscopic information on 110Sn,
deduced from the present experiment and compared with
information available in the literature [14]. The integrated
experimental cross sections, estimated with a systematic error
of 15%, are also reported in the last column of Table II, together
with the statistical errors.

B. Cluster DWBA analysis

Two-neutron transfer reactions, such as (p, t), have been
extensively used as spectroscopic tools for studying even-even
nuclei. In the case of a 0+ initial state, and assuming that the
neutrons are transferred in a relative L = 0 state with total
spin S = 0, a one-step transfer process populates only natural-
parity states in the residual nucleus. Then the Jπ of the final
states are unambiguously inferred by L-transfer identification
[Jf = L,πf = (−1)L].

For the transitions populating the 110Sn states, a DWBA
analysis has been performed, assuming a semimicroscopic
dineutron cluster pickup mechanism. Our DWBA analysis of
110Sn transitions is along the same lines of that performed
in the case of 114Sn [1], with the basic assumption that the
relative motion of the transferred spin-singlet neutron pair
has zero orbital angular momentum and no radial nodes. The
center-of-mass wave function of the transferred neutron pair
is then described by a single-particle wave function whose

angular momentum equals the total angular momentum L of
the transferred pair.

The radial dependence of the center-of-mass wave function
is obtained by solving the radial Schroedinger equation for
the dineutron, requiring that the number of radial nodes N be
given by the conservation law for three-dimensional harmonic
oscillator quanta:

Q = 2N + L =
2∑

i=1

(2ni + �i),

where ni and li are the quantum numbers of the individual
shell-model states that form the transferred pair. The calculated
angular distributions are determined mainly by L, and are only
slightly affected if N changes by one. The shapes of the angular
distributions depend very little on the detailed microscopic
shell-model components of the transferred dineutron cluster.
For these reasons, the DWBA calculations are a valuable tool
in the use of the observed angular distributions to extract the
transferred angular momenta L. However, the detailed shell-
model structure of the cluster, i.e., the ni and li values of the
component of the dineutron cluster and the relative phases with
which these components appear in the cluster, is important to
determine the magnitude of the transfer cross section.

In Sec. III, we present calculations of the shell-model
spectroscopic amplitudes and their use together with the
DWBA transfer amplitudes to obtain relative cross sections
for different states in 110Sn.

The DWBA calculations have been carried out in finite-
range approximation, using the computer code TWOFNR [15]
and a proton-dineutron interaction potential of Gaussian form
V (rp2n) = V0exp[−(rp2n/ξ )2] with ξ = 2 fm. The parameters
for the proton entrance channel are deduced from a systematic
survey of elastic scattering by Perey [16] and for the triton
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TABLE II. Column 1 gives the adopted energies of the 110Sn levels (in upright type) and the
experimental uncertainties (in italics) as reported in Ref. [14]; column 2 gives the adopted spins
and parities [14]; columns 3 and 4 the energies, spins and parities observed in the present work;
column 5 gives the integrated cross sections from 6◦ to 57.5◦. Our quoted energies are estimated
to have an uncertainty of ±3 keV. In column 5 absolute cross sections, estimated with a systematic
error of ±15%, are reported together with the statistical errors.

110Sn level scheme

Adopted Present experiment

Eexc(keV) J π Eexc (MeV) J π σint(µb)

0.0 0+ 0.0 0+ 1309 ± 14
1211.88 15 2+ 1.212 2+ 198 ± 6
2120.92 25 (2)
2196.92 15 4+ 2.197 4+ 61 ± 2
2302 0+ 2.309 0+ 12 ± 1
2455.5 3 4+

2459 (3−)
2.462 D 4+ + 3− 88 ± 2

2477.7 6 6+ 2.478 6+ 44 ± 1
2545.5 5 2+ 2.545 2+ 36 ± 1
2579 0+ 2.573 0+ 7.1 ± 0.5
2694.4 5 4+ 2.694 4+ 11 ± 1
2745 0+ 2.742 0+ 18 ± 1
2753.8 6 (6)+ 2.753 6+ 6.5 ± 0.5
2802.3 6
2821.3 4 (2,3,4,5)
2833.4 4 2+

2.857 2+ 7.7 ± 0.5
2914.7 10 2+

2948.1 3 (2+, 3+, 4+, 5+)
2964.8 6 2.965 2+ 14 ± 1
2977.0 5
2983 4+

2997 (2+)
3.059 4+ 36 ± 1

3060 0+

3.083 2+ 16 ± 1
3153 2+

3182.8 7 (2+, 3+, 4+, 5+)
3.183 0+ 17 ± 1

3222.5 4 (2+, 3+, 4+, 5+)
3252 4+

3320 2+

3357 5−

3.421 2+ 6.3 ± 0.5
3446.6 6 (2+, 3+, 4+, 5+)
3540.4 7 (2,3,4) 3.540 4+ 3.3 ± 0.4

3.609 4+ 5.5 ± 0.5
3629.7 4 (2+, 3+, 4+, 5+)
3687.0 6 (7)−

3.751 2+ 5.3 ± 0.4
3765.2 9 (8)−

3807
3.812 2+ 11 ± 1

3812.5 6 (8)+

3.844 5− 14 ± 1
3884.9 7 (2+, 3+, 4+, 5+) 3.885 3− 2.6 ± 0.3
3933.1 9 (9)−
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TABLE II. (Continued.)

110Sn level scheme

Adopted Present experiment

Eexc(keV) J π Eexc (Mev) J π σint(µb)

3971
4.132 D 3− + 5− 5.1 ± 0.4

4158
4316.8 7 (10) 4.317 4+ 4.1 ± 0.4

exit channel by Fleming et al. [7] and were adjusted slightly
to improve the agreement with the experimental angular
distributions. Alternative proton [17] and triton [18] potentials
have been tried, using the ground-state transition as a test
case, but they give poorer fits. In Table III the optical model
parameters for the proton and triton continuum wave functions,
and the geometrical parameters used for evaluating the bound-
state wave functions of the transferred dineutron cluster,
are summarized. The optical model parameters reported in
Table III have been also used to analyze the angular distri-
butions of 122Sn(p, t)120Sn measured at 20 [7] and 26 MeV
[19,20], 116Sn(p, t)114Sn [1] at 26 MeV and 123Sb(p, t)121Sb
at 26 MeV [21], giving good agreement between experimental
results and DWBA calculations. The good agreement suggests
that multistep processes, which are not taken into account in
the present DWBA calculations, are small in this region of
masses and at this bombarding energy.

The comparison between experimental and calculated
shapes of the angular distributions allows the assignment of
transferred angular momentum values. The experimental data
and the results of the calculations for different L transfers are
compared in Figs. 2–5 and generally good agreement is found.
DWBA curves are quite different for different L transfers,
and the clear structure of the angular distribution is rather well
described by the DWBA calculations. In Fig. 5 the angular dis-
tributions of the unresolved doublets at 2.462 and 4.132 MeV
are compared with the theoretical calculations. For the two
doublets the percentage of the two different L contributions
have been determined imposing the lowest value of χ2.

C. Spin and parity assignment

As shown in Table II, we have made spin and parity
assignments for all the observed levels. In particular, nine
levels have been observed for the first time and identified in Jπ .
With respect to the adopted levels (NDS) [14], 10 assignments

have been confirmed and four ambiguities removed. Two unre-
solved doublets have been observed, giving one confirmation,
one removed ambiguity, and 2 new assignments.

In the following, we propose assignments for those levels
observed in the present experiment that were not previously
observed or that are reported in the adopted level scheme [14]
with uncertain, or without, Jπ assignment. Assignments are
also proposed for the two unresolved doublets.

2.462 MeV. The NDS [14] report two levels with energies
2455.5 and 2459 keV with Jπ = 4+ and (3−) respectively.
The first one was identified in the 98Mo(16O,4nγ ) [6], and
108Cd(α, 2nγ ) [3] reactions and, together with the second one,
in the 112Sn(p, t)110Sn reaction [8] as members of a close-lying
doublet. The positive parity of the first one is attributed on the
basis of β+-decay study [2]. Jπ of the two levels are assigned
on the basis of the L transfer from the (p, t) reaction. Our
measured angular distribution is well reproduced by assuming
that this transition corresponds to an unresolved doublet of
one level with Jπ = 4+ (L = 4 transfer 30%) and another
level with Jπ = 3− (L = 3 transfer 70%).

2.753 MeV. The adopted level scheme [14] reports a level at
2753.8 keV identified in 94Mo(19F,p2nγ ) [5], 98Mo(16O,4nγ )
[6], and 108Cd(α, 2nγ ) [3] reactions with tentative (6)+ spin
assignment. In the present work, the angular distribution is
quite well reproduced by assuming L = 6 transfer. The present
assignment is Jπ = 6+.

2.857 MeV. At this energy, the adopted level scheme [14]
gives no level. The observed level, weakly excited in our
experiment, is consistent with an attribution of 2+.

2.965 MeV. In Ref. [14], a level is given at an energy
of 2964.8 keV, inferred from the 108Cd(α, 2nγ ) [3] reaction
without spin and parity attribution. In our measurement this
level is reasonably populated, and the angular distribution
is fairly well reproduced by an L = 2 transfer. The present
attribution is Jπ = 2+.

TABLE III. The Woods-Saxon optical-model parameters for the incident proton, the outgoing triton, and the geometrical parameters for
the bound state of the transferred dineutron cluster.

Vr rr ar Wv rv av Wd rd ad Vso rso aso rc

(MeV) (fm) (fm) (MeV) (fm) (fm) (MeV) (fm) (fm) (MeV) (fm) (fm) (fm)

p 50.0 1.25 0.65 10.0 1.30 0.60 3.00 1.25 0.70 1.25
t 176.0 1.14 0.72 18.0 1.61 0.82 8.00 1.10 0.80 1.30
B.S. 1.30 0.50
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FIG. 2. Differential cross sections for the excitation of 0+ states
by the 112Sn(p, t)110Sn reaction. The dots represent the experimental
data, the solid lines the theoretical estimates obtained with semimicro-
scopic DWBA calculations. The energies attributed to the observed
levels are those given in the present work.

3.059 MeV. The adopted level scheme [14] gives a 0+ level
at 3060 keV, on the basis of the (p, t) reaction measured
by Blankert [8]. This attribution is incompatible with our
findings because it would imply the typical L = 0 pattern
in the differential cross section angular distribution of a very
steeply rising cross section at very small reaction angles and
sharp minimum at the detector angle of about 20◦. This is in
conflict with the typical L = 4 transfer shape of the angular
distribution that we observed. The Jπ value assigned in the
present work is 4+.

3.083 MeV. No level is given at this energy by the adopted
level scheme [14]. The angular distribution is quite accurately
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FIG. 3. Differential cross sections for the excitation of 2+ states
by the 112Sn(p, t)110Sn reaction. The dots represent the experimental
data, the solid lines the theoretical estimates obtained with semimicro-
scopic DWBA calculations. The energies attributed to the observed
levels are those given in the present work.

reproduced by considering an L = 2 transfer. The present
assignment is Jπ = 2+.

3.183 MeV. The adopted level scheme [14] reports a level
at an energy of 3182.8 keV with tentative spin and parity
assignments (2+, 3+, 4+, 5+), deduced from 110Sb β+ decay
[2]. In our measurement, the angular distribution displays
a typical L = 0 shape, well reproduced by the DWBA
calculation. We assign Jπ = 0+ to this level, which most
probably does not coincide with the level reported in NDS [14]
at 3182.8 keV.

3.421 MeV. At this energy no level is reported in the adopted
level scheme [14]. In our experiment this level is weakly
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reaction. The dots represent the experimental data, the solid lines
the theoretical estimates obtained with semimicroscopic DWBA
calculations. The energies attributed to the observed levels are those
given in the present work.

populated. The measured angular distribution is consistent
with an attribution of Jπ = 2+.

3.540 MeV. In Ref. [14] a level is given at an energy of
3540.4 keV, derived from 110Sb β+ decay [2] with tentative
spin attribution (2,3,4). In our (p, t) measurement the level at
3.540 MeV is quite weakly populated and an L = 4 transfer
reasonably reproduces the angular distribution. The present
assignment is Jπ = 4+.

3.609 MeV, 3.751 MeV, 3.844 MeV. At these energies no
levels are given in the adopted level scheme [14]. Accurate
reproductions of the angular distributions are obtained by
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FIG. 5. Differential cross sections for the excitation of
3− 3.885-MeV and 5− 3.844-MeV states, and the two doublets at
2.462 MeV and 4.132 MeV by the 112Sn(p, t)110Sn reaction. The
dots represent the experimental data and the solid lines the theoretical
estimates obtained with semimicroscopic DWBA calculations. The
energies attributed to the observed levels are those given in the present
work.

assuming the values Jπ = 4+, J π = 2+, and Jπ = 5−, re-
spectively.

3.812 MeV. The adopted level scheme [14] reports a level
(without spin and parity attribution) at 3807 keV, observed in
the (p, t) reaction [8]. Van Poelgest et al. [3] report a level at
3812.5 keV with tentative spin and parity (8+). In the present
experiment, the 3.812-MeV level is weakly populated and the
angular distribution is consistent with an attribution Jπ = 2+.
This level probably coincides with the level reported in NDS
[14] at Eex = 3807 keV.

3.885 MeV. In Ref. [14], a level is listed at 3884.9 keV with
tentative Jπ attribution (2+, 3+, 4+, 5+) from the 110Sb β+
decay [2]. In our measurement, the angular distribution of the
tritons weakly populating the level at 3.885 MeV is reasonably
well reproduced by an L = 3 transfer. The present attribution
is therefore Jπ = 3−.

4.132 MeV. At this energy no level is given in the adopted
level scheme [14]. In our study this level is weakly populated
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and we accurately reproduce the differential cross section by
considering an unresolved doublet with Jπ = 3− (50%) and
Jπ = 5− (50%).

4.317 MeV. A level at 4316.8 keV from the 108Cd(α, 2nγ )
experiment by Van Poelgest et al. [3] is reported on the adopted
level scheme [14] with tentative spin assignment (10). A
satisfactory reproduction of the angular distribution is obtained
by assuming the values Jπ = 4+ for spin and parity.

III. MICROSCOPIC CALCULATIONS

A. Shell-model calculations and comparison with the
experimental energy spectrum

We assume that 100Sn is a closed core and let the valence
neutrons occupy the five levels 0g7/2, 1d5/2, 1d3/2, 2s1/2, and
0h11/2 of the 50–82 shell.

As input to our shell-model calculation we need the
neutron single-particle (SP) energies as well as the neutron-
neutron matrix elements of the effective interaction, which,
as mentioned in the Introduction, have been derived from
the CD-Bonn nucleon-nucleon potential [9]. This potential,
as all modern ones, contains a strong short-range repulsion
that prevents its direct use in nuclear structure calculations.
To overcome this difficulty we construct a renormalized
low-momentum potential, Vlow-k, that preserves the physics
of the original nucleon-nucleon potential up to a certain cutoff
momentum � [22]. In particular, the scattering phase shifts
and the deuteron binding energy calculated from the bare
potential are reproduced by the corresponding Vlow-k. The
latter is a smooth potential that is well suited to replace the
bare potential in many-body calculations and has proven to
be an advantageous alternative to the traditional Brueckner
G matrix.

Once the Vlow-k is calculated, it may be used to derive the
two-body effective interaction. This has been performed within
the framework of the Q̂-box plus folded-diagram method [23].
In our calculation of the Q̂-box we include all diagrams up
to second order in Vlow-k, which has been constructed with
a cutoff momentum � = 2.1 fm−1 according to the criterion
discussed in Ref. [22]. These diagrams have been calculated
within a harmonic-oscillator basis inserting intermediate states
composed of particle and hole states restricted to the two
major shells above and below the N = Z = 50 Fermi surface.
The oscillator parameter used is h̄ω = 8.5 MeV. The effective
interaction is then obtained by summing to the Q̂-box the
folded diagrams to all orders. This has been performed by
using the Lee-Suzuki iterative method [24]. A description of
the derivation of the effective interaction, including references,
can be found in Ref. [25].

Note that the interaction obtained by this procedure repre-
sents the effective interaction between two-valence neutrons
outside the doubly closed 100Sn and may be not completely
adequate for systems with several valence particles, as is
the case of 110Sn. In the present study, however, we have
not attempted to modify the effective interaction derived as
described above.

As regards the neutron SP energies, they cannot be taken
from experiment, because no spectroscopic data are yet avail-

able for 101Sn. Here we have adopted, with the only exception
of εh11/2 , the values previously determined by an analysis of
the low-energy spectra of light odd Sn isotopes in Ref. [26],
where a shell-model study of particle-hole nuclei around 100Sn
was performed. The value of εh11/2 has been increased of about
500 keV to reproduce the energy of the 11/2− state at 980 keV
in 111Sn, which is predominantly of one-particle nature. The
adopted SP energies are therefore the following (in MeV):
εg7/2 = 0.0, εd5/2 = 0.01, εs1/2 = 2.2, εd3/2 = 2.3, and εh11/2 =
3.25.

In the next section we present and compare with experiment
the excitation energies we have obtained from a calculation
performed by using the ANTOINE shell-model code [27]. In
Sec. III B the calculated cross-section angular distributions for
some states of 110Sn are reported. They have been derived from
a microscopic DWBA calculation and the needed two-nucleon
transfer amplitudes have been computed within the framework
of the seniority scheme by truncating the model space to states
with seniority less than or equal to 4. In practice, the wave
function for the 112Sn ground state as well as those of the 110Sn,
including components with v � 4, are those resulting from a
calculation based on the chain-calculation method described
in Refs. [19,28]. We resorted to this approach because the two-
nucleon transfer amplitudes are not provided by the ANTOINE

code available to us [29].
In Fig. 6 the positive-parity spectrum of 110Sn established

in the present experiment is compared with the calculated
one. All the theoretical states with Jπ = 0+, 2+, 4+, and 6+
and excitation energy up to about 4.7 MeV are included. It is
worth noting that, as it was the case for our previous results on
114Sn [1] and light tin isotopes [30], the energy of the first 2+
state is overestimated by our calculation. In fact, it is predicted
at about 500 keV above the experimental one.

We have also found, as is the case for 114Sn [1], that
the observed excited 0+ states are not well reproduced
by the theory. We see that four excited 0+ states have
been experimentally identified with the highest-lying level at
3.183 MeV. In the same energy interval only three states are
predicted by the theory, whereas other three states have an ex-
citation energy between 3.8 and 4.5 MeV. When the observed
states are associated with the four lowest calculated ones,
a good agreement between the experimental and theoretical
energies is obtained only for the first excited state. For the
other three states the discrepancy ranges from 500 to 600 keV.

Let us now turn our attention to the 2+, 4+, and 6+
states. In the present experiment seven 2+ levels have been
populated above the first excited one and the same number is
predicted by the theory in the energy interval 2.5–4.7 MeV.
We may try to establish a one-to-one correspondence between
the observed and calculated levels. It turns out that all
the corresponding energies differ by less than 300 keV,
exceeding this value only for the two highest-lying levels. The
observed level density is well reproduced also for the 4+ and
6+ states. In fact, only one more 4+ state is predicted by
the theory with respect to the seven observed levels. It is
worth noting that each of the six lowest-lying 4+ levels
can be identified with a state predicted by the theory, the
discrepancies in the excitation energy ranging from few tens
of keV to 300 keV. As for the seventh level at 4.317 MeV, it
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FIG. 6. Experimental and calculated positive-parity states in 110Sn.

may be associated with either the 4+
7 or the 4+

8 calculated
state, lying at 4.05 and 4.70 MeV, respectively. Finally,
we see that the calculated energies of the two lowest 6+
states are in good agreement with the values of the two
observed 6+ levels. It is worth noting that above 2.5 MeV
our calculation predicts four more 6+ states, which have not
been found in the present experiment.

The negative-parity states observed in the present experi-
ment are shown in Fig. 7, where we also report the calculated
3− and 5− states up to 4.3 MeV. We see that a correspondence
between the experimental and theoretical 3− states cannot be
established without ambiguity. First, we note that only two
3− states are predicted up to 4.3 MeV, the third calculated

FIG. 7. Experimental and calculated negative-parity states in 110Sn.

3− being at about 5 MeV excitation energy. If the observed
levels are identified with the lowest calculated ones, it turns
out that only the energy of the second state is well reproduced
by the theory, whereas the positions of the first and third
states are overestimated by more than 800 keV. However,
we cannot exclude that the first 3− state at 2.46 MeV has
no theoretical counterpart, because its description requires a
substantial contribution from particle-hole excitations that are
outside our model space. This latter hypothesis implies that
the second and third observed 3− state may be associated with
the two lowest calculated ones, the energies differing in this
case by about 400 and 150 keV, respectively. As for the two
5− experimental states, they can be identified with the two
lowest calculated ones, the difference between experimental
and theoretical energy being less than 260 keV for both states.

B. Form factors and comparison with the experimental
angular distributions

In Sec. II B, a cluster DWBA analysis was used to provide
(p, t) angular distributions to guide the attribution of L values
to individual final states. This analysis included geometrical
and physical features of the process, such as absorption, barrier
penetration, and angular momentum transfer. The shape of the
angular distribution was calculated for each final state, and a
multiplicative factor was chosen to produce the best visual fit
to the measured data points. However, no attempt was made
to calculate the relative cross sections in Figs. 2–5 for the
different final states. To do this, we need wave functions for
the 112Sn ground state and for each 110Sn final state. We also
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need a more detailed theory of the reaction process, specifying
whether it occurs in a single pickup of two neutrons, or two
successive one-neutron pickups. In this section, we will use
the wave functions generated in the shell-model calculation
described in Sec. III A, and the simplest microscopic transfer
theory, which assumes that the reaction occurs in one step
via an interaction which is a delta function of the vector
between the proton and the two transferred neutrons. The
details of this theory have been presented in many places
[31,32].

The main link between the reaction amplitude and the
microscopic structures of the target and residual states is the
spectroscopic amplitude SJ

n1,�1,j1;n2,�2,j2
. For a situation such as

ours, in which the (p, t) target state has angular momentum

zero, this is defined by the matrix element

SJ
n1,�1,j1;n2,�2,j2

≡
〈
�0

0 (target)
|
|
[ [

a+
n1,�1,j1

a+
n2,�2,j2

]J(
1 + δn1,n2δ�1,�2δj1,j2

)

×�J (residual)

]0

0

〉
, (1)

where the square brackets signify vector coupling and a+
n,�,j,m

creates a neutron in the single-particle shell-model state ψ
n,�,j
m .

The spectroscopic amplitudes can be calculated once the target
and residual wave functions, �0

0 (target) and �J
M (residual), are

known. The wave function of the transferred neutrons is then

∑
n1,�1,j1;n2,�2,j2

SJ
n1,�1,j1;n2,�2,j2

[ψn1,�1,j1 (r1, σ1)ψn2,�2,j2 (r2, σ2)]JM − [ψn1,�1,j1 (r2, σ2)ψn2,�2,j2 (r1, σ1)]JM
2(1 + δn1,n2δ�1,�2δj1,j2 )

. (2)

The coherence of the components associated with the different
transferred configurations is characteristic of direct theories of
multinucleon transfer. It is then required to project from this
wave function the part in which the two neutrons have relative
orbital angular momentum zero and total spin zero. The result,
which is a function of the center-of-mass coordinate of the
two neutrons, serves as the form factor of a DWBA code. The
calculated angular distributions shown below used the code
TWOFNR ( [15]). One consequence of this theory is that only
natural-parity residual states can be reached if the target state
is 0+.

Because of the physically small size of the triton, and
the fact that the total neutron spin of the triton is zero, the
(p, t) reaction is strong when the transfer wave function
(2) represents a strongly correlated neutron pair, such as is
produced by a neutron pairing force. This implies that a target
ground state will be most strongly connected to the low-lying
states of the residual nucleus. These states are low in energy
because pairing correlations are strong.

The optical parameters used for the proton and triton con-
tinuum wave functions are given in Table III. The parameters
of the well in which the neutron bound-state wave functions,
ψ

n,�,j
m , were calculated are rr = 0.65 fm, ar = 0.65 fm,

Vso = 6.0 MeV. The depth of the central well was adjusted
so that the binding energy of each of the neutrons was half the
two-neutron separation energy for the 112Sn ground state and
each 110Sn residual state.

The zero-range one-step DWBA approach used here should
give an accurate description of the shapes of the angular
distributions, and the relative cross sections for different
residual states of different angular momenta, but it is unable
to calculate their absolute cross sections. Therefore a single
multiplicative factor must be chosen before the DWBA output
can be compared to experimental data. This is in contrast
to the analysis presented in Sec. II B, where a different

multiplicative factor was used for each state. We have chosen
this single multiplicative factor to produce the best visual fit
with the ground-state cross section. The result is shown in
Fig. 8, where we have also included predictions and data
for the lowest 2+ and 4+ transitions. It is seen that our
shell-model wave functions, and the simple one-step zero-
range microscopic analysis, yield an excellent account of the
population of the lowest three states in our observed spectrum.

There are other cases, however, where these assumptions
yield predictions that are inconsistent with our measurements.
For example, the (p, t) cross section for excitation of the lowest
6+ state, and the second 0+ and 2+ states are overpredicted
by the theory when the same normalization as in Fig. 8 is
used. The calculated 6+ angular distribution has to be scaled
down by a factor 4, and the corresponding factors for the

2
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Ω
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0

FIG. 8. Comparison of microscopic DWBA calculations and
experimental differential cross sections for the lowest 0+, 2+, and
4+ states of 110Sn. A single normalization factor is used for all three
states.
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second 0+ and 2+ levels are 10 and 5, respectively. Let us
now investigate the possible origin of this discrepancy for the
0+ state (E = 2.309 MeV). We write the expression for the
differential cross section of the i th0+ state in the form

dσ i

d�
(θ ) =

∣∣∣∣∣∣
∑
n�j

Si
n�jfn�j (θ )

∣∣∣∣∣∣
2

. (3)

Here Si
n�j is the spectroscopic amplitude, calculated from

our shell-model wave functions, for the transfer of the zero-
coupled pair [ψn�j (r1, σ1)ψn�j (r2, σ2)]0

0 in the transition to the
i th0+ state of 110Sn. The associated reaction amplitude fn�j (θ )
is calculated by the DWBA reaction code. It is implied in Eq.
(3) that fn�j (θ ) is the same for the ground and excited 0+ states.
This is not strictly true, because the Q value difference means
that barrier penetration effects for the outgoing triton will be
somewhat different, but with a 26-MeV incident proton, the
difference is small.

Because the reaction is mostly confined to the nuclear
surface, the angular shapes of the fn�j (θ ) are approximately
independent of n�j , for a given set of optical parameters so
that we can write, approximately,

fn�j (θ ) ∼ Cn�jf (θ ). (4)

Then Eq. (3) becomes

dσ i

d�
(θ ) ∼

∣∣∣∣∣∣
∑
n,�,j

Si
n�jCn�j

∣∣∣∣∣∣
2

|f (θ )|2. (5)

Thus to compare the predicted cross sections for the population
of the ground and 2.309-MeV 0+ states, we need only compare
|∑n,�,j Si

n�jCn�j |2 for i = 0 and 2.309.
As mentioned above, the Si

n�j are taken from our shell-
model calculation, whereas the Cn�j can be obtained by
running the DWBA code for a pure n�j configuration, in which
case the calculated differential cross section (whose angular
dependence is nearly the same for all n�j ), will be proportional
to (Cn�j )2. With the time-reversal phases used by the code
TWOFNR, all the Cn�j will have the same sign. In this way, we
have constructed Table IV. The relative values of the Cn�j in
Table IV are meaningful, but they contain an overall arbitrary
multiplicative factor (as do all our DWBA cross sections).

C1d5/2 in Table IV is larger than C1d3/2 mainly because
[ψ1d5/2(1)ψ1d5/2(2)]0

0 has a larger L = S = 0 component than
[ψ1d3/2(1)ψ1d3/2(2)]0

0. C0g7/2 and C0h11/2 are relatively small
because their high single-particle orbital angular momenta
imply high relative momenta of the two neutrons in the surface,

TABLE IV. Spectroscopic and reaction amplitudes for the two
lowest 0+ states of 110Sn.

n�j Cn�j S0
n�j Cn�jS

0
n�j S2.309

n�j Cn�jS
2.309
n�j

0g7/2 .483 −1.1073 −.535 −.3186 −.154
1d5/2 2.91 −.7556 −2.199 .6783 1.974
1d3/2 1.96 −.4825 −.946 .0400 .078
2s1/2 2.87 −.3663 −1.051 −.0015 −.004
0h11/2 .672 −.6647 −.447 .0289 .019

which produces a poor match with the relative momenta of the
neutrons in the triton. A similar phenomenon occurs in the
f -p shell, where [ψ1p3/2(1)ψ1p3/2(2)]0

0 transfer is stronger
than [ψ0f 7/2(1)ψ0f 7/2(2)]0

0 transfer [33].
The fourth column of Table IV gives the contribution

of each orbital to the ground-state transition. The main
characteristic of the ground-state transition (if pairing effects
are important) is that all contributions have the same sign, so
we get constructive interference. This leads to

∑
n�j

Cn�jS
0
n�j = −5.178


∑

n�j

Cn�jS
0
n�j




2

= 26.81.

For the E = 2.309 MeV contribution, the contributions do not
have the same sign. We get

∑
n�j

Cn�jS
2.309
n�j = 1.913


∑

n�j

Cn�jS
2.309
n�j




2

= 3.66.

This approximate calculation implies a ratio of 26.81/3.66 =
7.3 for the cross sections of the two lowest 0+ states. A more
accurate calculation, including Q-value effects, yields a ratio
of about 10. However, the data of Table II show that we have
measured the ratio to be about 1309/12 = 110. Thus shell-
model plus DWBA strongly overpredicts the population of the
E = 2.309 MeV state relative to the ground state.

It is clear from the last column of Table IV that we
cannot resolve this discrepancy by making small changes
in the spectroscopic amplitudes for the E = 2.309 MeV
state, so as to achieve enough destructive interference to
reduce the calculated cross section by a factor of 11. The∑

n�j Cn�jS
2.309
n�j sum is dominated by the single term arising

from [ψ1d5/2(1)ψ1d5/2(2)]0
0 transfer, and so small changes in

the other spectroscopic amplitudes can have little effect.
It may be that this comparison implies that E = 2.309 MeV

state cannot be understood in terms of neutron degrees of
freedom alone. All the nuclear wave functions considered so
far confined the 50 protons to filled shells, up to and including
0g9/2. These may give a good description of the 112Sn ground
state, and the lowest 0+, 2+, and 4+ states of 110Sn, but it
is possible that the E = 2.309 MeV 0+ state contains two-
particle, two-hole proton components. In fact, there is evidence
[34] that there is a two-particle, two-hole proton component
in a 0+ state in 112Sn at a similar excitation energy. Obviously,
if the 112Sn ground state has filled proton shells, a one-step
two-neutron transfer process such as a (p, t) reaction could
only connect with components of 110Sn wave functions with
filled protons shells. It could not connect to components of
110Sn states with particle-hole proton excitations. Thus, the
transition to a real 110Sn state can be expected to be weaker
than a transition to a model 110Sn state in which there are no
particle-hole proton excitations. If this is the explanation of
the excited 0+ discrepancy, it must be that the amplitude of the
particle-hole component of the E = 2.309 MeV state is more
than three times as great as the amplitude of the component
with filled proton shells. Nevertheless, our calculation of the
energy of this state was correct to within only 60 keV. This is
likely to be related to our two-body effective interaction that,
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as discussed in Sec. III A, includes particle-hole excitations
through second-order diagrams in Vlow-k. We believe that this
example demonstrates that (p, t) cross-section measurements
can provide sensitive tests of nuclear model predictions, in
some cases more sensitive than comparison of measured and
calculated excitation energies.

IV. SUMMARY

The 112Sn(p, t)110Sn reaction has been studied in a high-
resolution experiment carried out at an incident proton
energy of 26 MeV. Cross-section angular distributions for
27 transitions to levels of 110Sn up to an excitation energy
of ∼4.3 MeV have been measured. The spin and parity
for all the observed levels have been assigned by a DWBA
analysis, assuming a semimicroscopic dineutron cluster pickup
mechanism. The calculations have been performed in finite-
range approximation.

Nine levels have been observed for the first time and
identified in Jπ . With respect to the adopted levels, 10 levels
have been confirmed and four ambiguities removed. Two unre-
solved doublets have been observed, giving one confirmation,
one removed ambiguity and two new assignments.

For a better understanding of the 110Sn nucleus, the present
(p, t) experimental data have been supplemented with zero-
range one-step DWBA microscopic calculations of cross-
section angular distributions for the ground state and some
excited states of 110Sn. These microscopic calculations have

been performed using two-neutron spectroscopic amplitudes
obtained from a shell-model study of the 12- and 10-neutron
systems outside the N = 50 neutron major shell, for the 112Sn
and 110Sn nuclei, respectively. The shell-model calculations
have been carried out within the framework of the seniority
scheme, using a realistic effective interaction derived from
the CD-Bonn nucleon-nucleon potential. The model space has
been truncated to states with seniority less than or equal to 4
to reduce the numerical work required by a complete basis
diagonalization. The shell-model wave functions used and
the simple one-step zero-range microscopic analysis yield an
excellent account of the population of the lowest three states
of the observed 110Sn spectrum. On the contrary as we move to
higher excited states, 0+

2 , 2+
2 , 6+

1 , the theory overpredicts the
(p, t) cross sections, compared to the yrast 0+, 2+, and 4+ lev-
els. In particular, the case of the 0+

2 state is discussed in detail.
A full shell-model study of both positive- and negative-

parity spectra of 110Sn has been also performed. As regard the
positive-parity states, the 0+ states are not well reproduced
by the theory. Regarding the 2+ states, a one-to-one corre-
spondence between the observed and calculated levels may be
established and the observed level density is well reproduced
also for the 4+ and 6+ states.

As regards the negative-parity states, whereas a cor-
respondence between the experimental and theoretical
3− states cannot be established without ambiguity, the two
5− experimental states can be identified with the two lowest
calculated ones.
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