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Quadrupolar contact terms and hyperfine structure
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In the interaction of two electric quadrupoles, there is at short range a contact term proportional to the second
derivative of a § function. This contact term contributes to the hyperfine splitting of bound states of two particles
with spin one or higher — for example, the bound state of 2~ and a nucleus with spin one. The contact
hyperfine splitting occurs in states with orbital angular momentum unity (P wave), in contrast to the Fermi
contact interaction, which is in § states. We find that these contact splittings will be observable with 2~ atoms
and help measure the quadrupole moment and charge radius of the hyperon.
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I. INTRODUCTION

It is well known in the context of atomic hyperfine
interactions that the magnetic dipole-dipole interaction has
a contact term, called the Fermi contact interaction [1]. A
well-known example is the splitting of F = 0 from the F = 1
states of the hydrogen atom, responsible for the microwave
radiation of interstellar hydrogen. [The quantum number F is
defined in the text below Eq. (3.6)]. It is natural to ask whether
such contact interactions occur in higher multipoles, for
example, in the interaction of two electric quadrupoles. Only
particles with angular momentum J = 1 or higher can have
quadrupoles. We consider here as an example the bound state of
an Q7 hyperon (J = 3/2) to a nucleus of angular momentum
one (say nitrogen-14), though there are other possibilities, such
as a bound state of an antideuteron to a nucleus, and so on.
We find in addition to the well-known long-range electrostatic
interaction of two quadrupoles (~1/r°) there are short-range
contributions some of which are proportional to the second
derivative of a § function such as A§(r). These contact terms
give rise to splitting in the P wave (L = 1) states of the bound
system of an 27 with a nucleus, or other systems with two
quadrupoles. As far as we know this higher contact interaction
has never been described, although it is a consequence of
ordinary electromagnetism and quantum mechanics. We find
that this splitting may be useful to determine the electric
quadrupole moment of the 27, which is not yet known
experimentally.

In an ordinary atom, an electron is bound to the nucleus.
The electron has spin, and associated with the spin there is
a magnetic moment. This magnetic moment interacts with
the magnetic fields in the atom and leads to splittings in the
energy levels which are called fine structure- if the nucleus
itself has no magnetic moment, for example a spinless nucleus
such as helium-4. However, if the nucleus itself has spin and
magnetic moment, the nuclear magnetic moment (which is
much smaller than the electronic magnetic moment) gives rise
to further splittings which are called hyperfine structure. Other
contributions to atomic hyperfine structure arise from nuclear
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electric quadrupole moment (which is sensitive to electric field
gradients at the nucleus). Higher nuclear moments tend to
produce smaller effects. In an 2~ atom where the Q27 is bound
to a nucleus, there are interesting effects coming from the
magnetic moment of the 2~ (which is known experimentally)
and the electric quadrupole moment (which is not known
experimentally but estimated theoretically). The fine structure
in an Q7 bound to a spinless nucleus was discussed by
Goldhaber and Sternheimer [2]. In the scenario of Ref. [2] the
electric quadrupole dominates over magnetic contribution to
the fine structure because the electric quadrupole is assumed
to be large. However, later estimates of the 2~ quadrupole,
using Quantum chromodynamics-inspired quark models [8]
are about 100 times smaller than assumed in Ref. [2]. This leads
to a completely different scenario, in which the fine structure
is dominated by magnetic interactions, and the effect of the
electric quadrupole is to be found in hyperfine interactions.
This is the scenario we discuss here by taking a nucleus that
has an electric quadrupole and a (small) magnetic dipole to
bind the Q7. The hyperfine effects will now be smaller than
fine structure but still large enough to be observed. As far
as we know these hyperfine effects have not been discussed
in the literature. The most interesting of these effects is in
the interaction of two electric quadrupoles, where there is a
contact term in the [ = 1 (p-wave) states. This contact term is
discussed in Sec. I and Appendixes A and B. Then in Secs. II1
and IV we discuss an application to 2~ atoms. We conclude
in Sec. V with a summary of the results.

II. CONTACT INTERACTION OF QUADRUPOLES

The long-range interaction of two quadrupoles Q" and
Q® may be written in terms of Cartesian components in the
form [4]:
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In Eq. (1) repeated indices are summed; in the first term the
two quadrupoles are fully contracted and in the next terms
n; = x;/r, etc. The interaction of two quadrupoles decreases
very rapidly with distance— such as r—>, as follows from
dimensions— much faster than the fine structure coupling,
which decreases only such as 3. As a result the quadrupolar
coupling is more important for smaller orbits, at low quantum
numbers. Therefore we focus on low-lying P states of the
atom. It can be checked that the tensor quadrupolar interaction
[Eq. (1)] is ambiguous in P states of the atom; the angular
averaging vanishes because the angular dependence of the
interaction (when expressed in spherical harmonics) involves
Y40, ¢), where the angles 6, ¢ are those of the vector
connecting the two quadrupoles [4]. The expectation value
of a spherical harmonic Y, , vanishes in a P-wave state. The
radial integral, however, diverges. This ambiguity is similar
to the case of the dipole-dipole interaction in S waves, where
the contact interaction solves the ambiguity. Similarly here,
instead of the tensor interaction of two quadrupoles we have
a contact term, involving the derivative of a § function, which
generalizes the contact interaction where there is only a § func-
tion. The quadrupolar contact coupling is a scalar interaction
coupling the two quadrupole tensors and second derivatives of
a § function (as required by dimensional considerations) to a
scalar. The precise formula for the quadrupolar contact term is
given below:

Heon = =3[ 5 (V; Vi = 3V28;)59(r)
+ 28, V250 m)] 0 0. )
Equation (2) is derived in Appendix A. In this formula
0@ are the quadrupole moments of the hyperon and the
nucleus, and V? = V,V; is the Laplace operator. This contact

term gives a finite contribution in a P-wave state where the two
spatial derivatives are taken up by the wave function squared.

III. STRUCTURE OF £ ATOM

Consider an Q7 interacting with nucleus with charge Ze. In
the first approximation this is Coulomb system with spectrum
Za?
= m,
2n?
where n and [/ are the principal and angular momentum

quantum numbers, m is the reduced mass

E, = 3)

meo
m=-———
mgq is 2 mass, and M is the mass of the nucleus. The
corresponding Rydberg constant for heavy nucleus is

m
Rq = R,—2

=44 keV. “)
e

The interaction of charge with magnetic and quadrupole
moments and of the multipole moments with each other
is smaller than Coulomb interaction of charges and can be
considered as perturbation to Coulomb levels Eq. (3). In the
case of ordinary atoms perturbations split Coulomb levels into
two main structures: fine structure (because of the interaction
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of the magnetic moment of the electron with the angular
momentum of the atom) and then fine structure levels into
hyperfine structure (because of the interaction of the electron
magnetic moment with the nuclear magnetic moment). In the
case of the Q7 atom the splitting of the Coulomb levels can be
more complicated because 2~ has spin § = 3/2 and magnetic
and quadrupole interactions can have rather different scales of
strength. It is not a big deal to write equations for splitting
for any possible case. In this article we restrict ourselves to
the case most similar to the ordinary atoms, i.e., we suppose
that there is fine structure because of the interaction of the
magnetic moment of 2~ with orbital angular momentum L.
That means in particular that the magnetic moment of the
nucleus is much smaller than the magnetic moment of 2~ and
the corresponding interaction of quadrupole moments with L
is also much smaller.

For fine structure levels we have one “good” quantum
number: the total angular momentum J that is the sum of
orbital angular momentum L and spin S of Q7:

J=L+S.

Each Coulomb level E, ; splits in general into four levels
with different total angular momentum j=1[1+43/2,j =
I+1/2, and j=1—-1/2, and j =/ —3/2. The magnetic
interaction for Q7 atoms is similar to the case of ordinary
atoms

Vmag = (g - 1DL- S, 5)

2m?3
where the g factor relates the magnetic moment to the spin
na = gS(e/2my).
The average value of 1/r3 has to be calculated with
unperturbed Coulomb wave functions
1 _ (Zam)3
P A4+ 1/2)0+ 1)
Thus the fine splitting is equal to

() jG+D -1+ —15/4
AEM.L )= —5=me = D=5

(6)

@)

Magnetic moment of Q7 is known experimentally ug =
—2.02 £0.05 uy [6]. Thus substituting these factors into Vipae
we get for fine splitting of p-wave levels into three states with
total angular moment j = 5/2,3/2,1/2:

4

12n3

This formula gives the scale and exact form of the fine
splitting.

We are interested in the hyperfine splitting of these levels
by interaction of the 2 quadrupole moment with the nucleus.
In this case only the total angular moment of the system
F=J+1is a good quantum number. (Here I is a nuclear
spin). The splitting because of the long-range interaction was
considered in Ref. [2]. But interaction of quadrupole moment
with charged system has also local terms proportional to the &
function and to it derivatives. Thus there should be additional
hyperfine structure for states with small angular momentum,

AEm,1, j) = [j(j +1)— ?} 6.64ev). (8)
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i.e., additional small shifts of s and p states. We are interested
in hyperfine structure because of these contact terms.
There are well-known local terms, such as the Fermi contact
interaction of two magnetic moments (-
) 2\:3
U = =3 1) ). ©)

l

Fermi term contributes to the s wave only and it does not
compete with the hyperfine structure because of quadrupoles
in p waves.

Interaction of charge e; , with electromagnetic radius r;
and radius-radius interaction are also local

Ux) = —erea[ £ (r} 4+ 13)80() + %rir3 V269 )]. (10)

First term in Eq. (10) contributes to s-wave states shift and the
second one to s- and p-wave states. But both of these terms do
not depend on the spin. Thus they contribute to shift but not to
splitting of states with different J and/or F.

Contact terms from Egs. (9) and (10) are well known
and their derivation can be found in text books on classical
electrodynamics (see, e.g., Ref. [5]). Similar local terms exist
also in the interaction of quadrupole moments, which we
cannot find in the literature. There are two such terms ( for
derivation see Appendix A). Interaction of quadrupole moment
Q;; with electromagnetic radius r

V(x) = —%(eirf Q) + e} 01 )Viv;69a) (1)

and quadrupole-quadrupole interaction

V) = 505 0 (Vi Vi = 15 V28)80 ). (12)

These contact terms contribute to splitting of s- and p-wave
states.

Notice that long-range interaction of two quadrupoles does
not contribute to splitting of s and p states. Any matrix element
of this 1 = 4 interaction vanishes identically for s and p states.

We are interested in determining the value of €2 quadrupole
moment from the spectrum of € atom. Thus we concentrate
on hyperfine structure of p states.

There are three sources of splitting for p states as it is seen
from Eqgs. (11) and (12).

First there is the 2 quadrupole-nuclear radius interaction.
It looks like

V(x) = (Z)Q(Q)V V,;89(r). (13)

The quadrupole moment of €2 is related to the spin operator

S of Q

30@ 2
Q
Y _"=  |S.S. I VA DS
QU 3525 - 1) |:S,S, +5; 5 3S(S—i— )8,_,:|
Q(Q) 5
= SiS;+8;8 — . 14
5 + 2 (14)

Thus the contact term Eq. (13) does not depend on the
value of spin I of nucleus. As a result the corresponding shift
of p level can depend only on the value of J = L + S, i.e., this
contact term contributes into fine splitting of Coulomb p levels,
not into hyperfine ones. According to our assumption fine
structure is mainly determined by interaction of 2 magnetic
moment with orbit. Thus interaction Eq. (13) slightly change
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this fine shift of levels with different angular momentum j but
does not split them. Here and below we use lowercase letters
for the quantum numbers j, f (formerly J, F) to distinguish
them from J;, Fj, which are operators.

There is a similar term in interaction of nuclear quadrupole
moment Ql(f) with electromagnetic radius of €2

(=e) »

V) = riey Q17 Vi V89 (r) (15)
with
(2) 2
@ 30
——= LI +LL—-=I10+1s;|.
Qi = 2121 — )[ A )’} (16)

This interaction leads to hyperfine splitting of p levels indeed.
The mathematics that helps to calculate matrix elements of
tensor operators between wave functions from multiplets with
different j and fis very similar to the case of ordinary atomic
physics [3]. The result of this calculation is

AEO(, 1 =1, j, [) = 0Pk | FOPXVNTL, ).
(17)

where f(0) is the derivative of Coulomb / = 1 wave function
at origin (see Ref. [3])

2
2
FOP =5 (18)

and T(f, j) and X(j) are spin factors
T(f, J) = Ll {Jidj + J;Ji = 37 + D3}
=2J-D’+J-D-31T+DjG+1D, (19

and

3iG+1)=77/12
X(l)(j) _ [](]Sj(j)+ 5 / ] (20)

Here
SL=J-1=3[f(f+D—IUd+1—j(+ DI

For I =1 nucleus and for p states the only interesting
states are those with j =3/2 and j = 5/2. For this cases
XD =3/2)=—4/15 and XV(j =5/2) = 1/10. For j =
1/2, T(f, j) vanishes, as it should, because one cannot have a
quadrupole at j = 1/2.

In this article we are interested mainly in Q2 quadrupole -
nuclear quadrupole contact interaction

V) = —£ 0200 (Vv — 1 V28,)5m). 21

Matrix elements of tensor operators for this interactions can
be calculated in the similar way. The result is

APYE@m,1=1,]j, ) =5 0P 0PI fOPXPNT (S, ).
(22)

with spin factor

69 49 .31

10 80j(j+ 1)

For I = 1 nucleus and for p states the only interest is in j =

3/2 and j = 5/2, as before. For this cases X@(j = 3/2) =

77/150 and XP(j = 5/2) = 1/50.
For the derivation of Egs. (20) and (23) see the next section.

X (J)__R [J(J+1)— ] (23)
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IV. CALCULATION OF SPIN FACTORS

The calculation of matrix elements of tensor operators
between states that correspond to irreducible representation
of rotation group is well known (see, e.g., Ref. [3]). In this
section we present some intermediate formulas that help to get
Egs. (20) and (23).

Matrix elements of any tensor in the subspace of multiplets
with given value of J can be represented as a matrix elements
of appropriate combination of operators J.

We start with the state with given L, namely with subspace
of p states. In the special basis where / = 1 wave function is
represented as a vector function W(x) = xf(r) (r = |x|) one
can check that

V,V;89) = | f(O)A(L28;; — LiL; — L;Ly).

Thus interaction of nuclear quadrupole moment Q,(‘f) with
the e.m. radius of €2 can be rewritten as

2
er(m

36

(The term ~§;; does not contribute to the interaction because

V)= =201 fOPLL; + LiL). (24

the tensor Ql(jz) is traceless).

The second step is to average this operator over states with
a given J. At this step any tensor can be constructed from
operators J; so that

LiL; 4+ L;L; —2/30%8; = XV(j) - (JiJ; + J; J;
—2/3J%8), (25)

where X((j) is an unknown constant. To calculate this
constant we use the following relations

To = J;(Jid; + J;Ji — 37°8;))

A (26)
Ji =4/3j( + DG — 1/2)(j +3/2);

Ty = J(LiL;+ L;L; — 2L%8;)J;
=2J-LY—-J-L)—- 210+ Dj(j + 1)
=30 —1/DG +3/2LG+D—=77/12, (27

where in the last line we take [ = 1. Thus for constant XV(j)
one gets the relation

XV =1/Tp,

that is equivalent to Eq. (20) from the previous section.
Quadrupole-quadrupole interaction for the states with given
L can be rewritten as

V) = —&IF PO O 5L — LiLy — LiLj}.
(28)

where the quadrupole tensors are

309 2
(2)
== LI+ L — I(I + 1§ 29
S 21(21—1)[ s+ Ll =3 1 +)’} 9
and
309 2

()

== |55+ 58 — =SS+ 18 | (30
o 2S(2S—1)[ i+ 88— 35S+ 1) _,} (30)
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For multiplet with given total angular moment J
V) = =gl OP QPR (5 L28 — Lile = L)),
€19}
where < .. > is average over multiplet with given J and
(01 (6L — LiLi — LiL)))
= XOG)(4id; + I 0 — 37%8). (32)
To calculate X J) we need new relations
Ty = (3,8, + 8,8 — 2828,)J,

G =120 +3/2LiG+D—7/4,  (33)

=5( —1/2G +3/DLj( + D +49/4]. (34

After some algebra one obtains Eq. (23) for X ().

V. NUMERICAL ESTIMATES

Thus for hyperfine splitting we obtain

AEm,l=1,j, )= 0PI fOPT(f, H[XV()er,

—2X@(j W], (35)
with
y_nt—1 5
[fOF = Z—=mZa)’, (36)
an

T(f=1/2)=5,
T(f =3/2) = —4, (37

T(f=5/2)=1

for j =3/2 and
T(f =3/2)=28/3,
T(f =5/2)=-32/3, (38)
T(f=17/2)=10/3

for j = 5/2. One can check that hyperfine splitting satisfies
the well-known sum rules

2T(1/2)+4T(3/2)+6T(5/2) =0 (39)
and
4T (3/2)+ 6T(5/2) 4+ 8T(7/2) = 0. 40)

Unknown quantities in Eq. (35) are electric radius ergz2 and
quadrupole moments Q?) and QY. If we take er?, ~ 10~2F?
and QY ~ 1072F? we obtain units for Z =7 hyperfine
splitting of the order of keV. We believe that such splitting
can be measured experimentally.
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The main background that interferes with hyperfine split-
ting is strong interaction of Q with nucleus.! Little is known
about strong interactions of 2. To obtain an estimate for
the shift and width of Coulomb levels in €2 atoms because
of strong interactions we looked at p levels of antiprotonic
atoms [9]. According to these data for antiprotonic hydrogen
atom I'(2p) ~ 10! eV and for antiprotonic deuterium atoms
'ep) ~5x 10~" eV. For heavier atoms widths of the states
grows rapidly. Thus I'(2p) ~ 660 eV for 6 Li.2

There is good reason to assume that €2 interacts with a
nucleus less than an antiproton. This is because of the absence
of annihilation diagrams. Thus there is a good chance that
strong interaction does not screen hyperfine structure of 2
atoms because of contact interactions. It is a challenge for
experimentalist to measure quadrupole moment of €2.

VI. SUMMARY AND CONCLUSIONS

We have discussed the hyperfine spectrum of a bound
system of 27 and a nucleus of angular momentum one, in
a scenario that corresponds to a small electric quadrupole
moment for the -, of the order of 1072 F2. We find that
there is a quadrupolar contact term that contributes to the
orbital angular momentum one states. Our discussion suggests
that contact terms are a universal property of the interaction
between multipoles and not restricted only to the interaction
of two dipoles—electric or magnetic. However, multipoles
higher than quadrupoles require two particles of spin 3/2, and
the number of such systems is quite small. We assume that
the nucleus that binds the 2~ has only an electric quadrupole
moment and no magnetic dipole, an oversimplified case, which
is approximated by the nucleus Nitrogen-14. We do not imply
that this is the optimal case to determine the quadrupole
moment of the Q7. It remains to be found by experiment
if the scenario we discuss is in fact useful.
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APPENDIX A: ELECTROMAGNETIC INTERACTION OF
TWO PARTICLES

The interaction of two multipole moments at long distances
is well known and can be found in textbooks on classical
electrodynamics. In this article we are mainly interested in
the contact interactions of the moments. These terms are less
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familiar. We derive them using a Feynman diagram technique
in nonrelativistic notations.

Consider the scattering of two particles with charges
(e1, e2),dipole moments (d;, d,), etc. The scattering amplitude
T (q) is given by one photon exchange diagram and is equal to

1
T(q) = —;[pm(q)p@(—q) —iY@i?=91,  (AD

where p(g) and j(g) are the matrix elements of the density
and of the current of the particle. In the nonrelativistic
approximation 7(q) = —U(g), where U(q) is the Fourier
transform of the potential energy. This gives a systematic
way to calculate potential energy between two particles with
different multipoles moments.

To perform the calculation we need first of all of the
expressions for the matrix element of the current operator
j(q) =< ps|j|p1 > for a particle with electric dipole moment
d, with magnetic moment g, with quadrupole moment Q;;,
etc. The expression for the matrix element of electromag-
netic current j, = (p, j) is the following (for derivation see
Appendix B):

_ 1 , 1
P@) = jolq) = e (1 - gr%f) —idigi — £ Qijdiqj + -+

. e :
Jilg) = E(vl + ) —iewpiqr + - - -, (A2)

where q = p, — p; is momentum transfer and v =p/m is
velocity of a particle. We introduced form factor F(g?) ~
1 — (r?¢*)/6 to take into account the distribution of charge.
Here r? is the electromagnetic radius of the distribution. The
expression for the current density operator j for a particle with
charge e and magnetic moment y moving in a magnetic field is
well known and can be found in courses of quantum mechanics
(see, e.g., Ref. [3]). For the derivation of other terms in
Eq. (A2) see Appendix B.

Consider now how this procedure works in the case of
charge-charge interactions. The scattering amplitude is

e|e 1 1
@) =-U@)=-—5 [1 — g (i +m)+ %r%riq“] :

In coordinate representation 1/g> corresponds to the 1/4mr,
the constant in g space corresponds to the § function in x space,
and ¢? corresponds to the second derivative of the § function:

(/4 =
Tr
1 = §9(r);
(qiq)) = —V;V,;87(x).
As aresult U(x) is given by
e|e; e|e;

Ux)= — —
x) drr 6

€16
—r

2 4 2\ sB3) )
(rf +1r7)8% () T

V28 (r).
(A3)

We get long-range Coulomb term and contact interactions of
charge with charge radius and of two charge radii.
Consider dipole-dipole interaction. In momentum space

dDa)(d?
U(q):( q;(2 9
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The product ¢;g; can be decomposed into two irreducible
tensors so that

qiqk giqe 1 1
Fa <7 - g&'k) + g&‘k (A4)
Irreducible tensors in momentum space correspond to
irreducible tensors in coordinate space. Thus the Fourier
transform of (g;qx/q> — 1/38;x) is traceless and the symmetric
second-rank tensor in coordinate space is made from the

second derivatives of 1/(4xr), i.e.,
qiqe 1

=i

—3n;ny + 8ix
9> 3

4rr3

3

where n = r/r. Using irreducible tensors we automatically
subtract contact terms ~3(x) from the long-range potential. In
spherical coordinates, the irreducible tensor of the second rank
is proportional to the second spherical harmonic Y, ,, (6, ¢).

The second term ~§;; in Eq. (A4) is a constant in ¢ space.
In coordinate space gives the § function, i.e.,

1 < %)

In this way we obtain the well-known long-range potential for
two electric dipoles in the p wave and the pointlike interaction
of electric dipoles in the s wave

(did2) — 3(din)(d2n)
473

Magnetic moment-magnetic moment interaction is very
similar to electric moments interaction. The only difference
is that p contributes to j (not to p) and p is an axial vector so
that instead of dot products we have cross products of vectors:

Ukx) =

1 3
+ §(d1d2>8< (r).  (AS)

1
Uq) = —;(e,«kzqku}”)(e,mnqmuf?)). (A6)

Transforming this expression to coordinate space we find

i =30 ) (1ne) 2
4mr3 3

(i) V).

(AT)

Ux) =

The long-range interaction is known from magnetostatics. The
result for the contact term was found originally by Fermi and
independently by Casimir in the framework of the relativistic
Dirac equation. Later it was derived using the nonrelativistic
Breit equation in Ref. [7]. Elementary derivation of contact
terms in magnetostatics is also known (see Ref. [5]).

We are now ready to derive contact terms for quadrupole
interaction.

Quadrupole-electric radius interaction in momentum space
looks as

V(g) = % (e} 0 + e2r3 01))a1q;. (AB)
In coordinate space it gives
V(x) = — % (arf 0 + e2r3 00 V;V,;69(r).  (A9)

This interaction vanishes for the s wave but is nonzero for
the p wave.
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Quadrupole-quadrupole interaction in momentum space
has the following form

qi49;9x9q!

Vig) = ——— 3642

1 H©2)
Qi Qu s (A10)
where we have to express the product of the four-momentum
factors in terms of irreducible tensors. Different tensors
represent interactions in d, p, and s waves.

We construct irreducible tensor T, i as asum of all possible

i
symmetrlc terms:

T,,kz = qiq;qkq1 + Aq*(Sijqrq + Suqiq; + Siq;q + 8;1qiqx
+8uq;qr + 8;xqiq) + Bq*(8i;8 + 88 j1 + 818 k).

The irreducible tensor Tiﬁ), has to be traceless. The constraint
T\ = 0yields A = —(1/7) and B = (1/35).

Thus Eq. (A10) can be rewritten in following form:

1) HQ2) (4
Vig) = (Q ki Tijkl)

3642

2
1) ~2) 1) H?2)
(Q,j 07499 — OQU Qij )

(Al1)

In coordinate space irreducible tensor Ti(;}()l is proportional
to fourth-harmonic Y4 ,,(0, ¢). Thus this term in Eq. (Al1)
represents the well-known long-range interaction of two
quadrupoles in the d wave [see Eq. (1)].

When we go to coordinate space

1
r

In this way differentiating 1/r we obtain the standard formula
for quadrupole-quadrupole interactions at long distances. The
second term in Eq. (All) is the quadratic polynomial in
momentum space. In coordinate space it corresponds to the
second derivative of the § function

Veo (%) = — 5 01 0 (V; Vi = 15V28,) 8 (x),
(A12)

which is equivalent to Eq. (2) used in the text. This result is
new.

APPENDIX B: ELECTROMAGNETIC VERTEX

One can find the standard derivation for the current density
operator j for a particle with charge ¢ and magnetic moment
moving in a magnetic field in quantum mechanics textbooks
(see, e.g., Ref. [3]). The matrix element of this operator
between two states with momenta p; and p; is

2 e .
(p2ljilp1) = E(Ul + v2)i +ieinqgiii, BD

where q = p, — p; is the momentum transfer and v = p/m is
the velocity of a particle. For the charge density p = jo the
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matrix element is

(p21blp1) = eF(g*) = e (1= §r’q?). (B2)

We need a similar expression for the electromagnetic
current of a particle with electric dipole moment d and
with quadruple moment Q;; (and with magnetic moment as
well). One can derive this expression classically without any
reference to quantum mechanics.

This is a two-step procedure (see also Ref. [10]). First, note
that the interaction of the particle with electromagnetic field
A, = (¢, A) is described by currents

Hine = p¢ — JA. (B3)

This is the definition of the current.

Second, note that in the static field the interaction energy
of a particle is given by the multipole expansion. By definition
of the multipole moments d, u, Q;;, etc., we have

1 9E;
Hiy >~ e¢p(0) —diE; — - Qij— — i H;
6 8xl~

1
= (8 +diVi + gQijviVj>

X ¢(x)|x=0 — €iripti Vi Aj(x)]x=0, (B4)

where E;(x) = —V;¢(x) and H; = e;;; V;A;(x) are electric and
magnetic fields, respectively.
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Comparing Egs. (B3) and (B4) we find the contribution of
electric dipole, magnetic dipole, and quadrupole moments into
an electromagnetic current.

In coordinate space it is equal to the sum of differential
operators

Jo=e+dV;+ %Qi_iviv]’ +--,

N (B5)
Ji = eixhiVi.
In momentum space
j@) = / 00 exp(—igqu)dx
it can be written as
o =e—idigi — £Qi;qiq; + -+ »
Jo qi — 59ijq:9; (B6)

Ji=—leimigr + -
Fourier transform of the classical current corresponds to the
matrix element of the quantum operator j(q) = (p2|j|p1)-
Thus we obtain the complete representation of the matrix
element of the current operator in momentum space

JO(CI) >~ e(l - ér2q2) — ldlql — éQququ + s
]l(CI) = %(Ul + vz)[ —1i ikl Miqk 4+ ...

In the language of Feynman diagrams Eq. (B7) corresponds
to the vertex operator that describes interaction of the particle
with the photon.
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