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High-resolution study of 0* and 2* excitations in '*Er with the (p, t) reaction
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Excited states in the deformed nucleus '*Er have been studied with high-energy resolution, in the (p, t)
reaction, with the Munich Q3D spectrograph. A number of 25 excited 0% states (four tentative) and 63 27 states
have been assigned up to 4.0 MeV excitation energy. This unusually rich characterization of the 0 and 2" states
in a deformed nucleus, close to a complete level scheme, offers a unique opportunity to check, in detail, models
of nuclear structure that incorporate many excitation modes. A comparison of the experimental data is made with
two such models: the quasiparticle-phonon model (QPM), and the projected shell model (PSM). The PSM wave
functions appear to contain fewer correlations than those of the QPM and than required by the data.
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I. INTRODUCTION

The full microscopic description of low-lying excitations
of well-deformed nuclei, such as in the rare earths, is still
not achieved, since they may arise from complicated mani-
festations of different collective and single-particle degrees of
freedom. For example, even the nature of the lowest excited
0" states in such nuclei has been discussed as a rather
controversial subject (see Ref. [1] and references therein).
The lowest collective 0" and 21 modes expected in a simple-
minded picture in a deformed nucleus are those due to the two
types of quadrupole vibration about the equillibrium shape, the
so-called B and y vibrations, which lead to the well-known
K™ =0" and K™ =27 bands. At higher excitation, one
expects multiphonon states built on these § and y phonons.
Above the pairing gap there will be many states composed of
quasiparticle excitations. The real situation may be rather more
complicated, since the nuclear residual interactions will mix
these excitations. Detailed experimental data on the properties
of many excited states in deformed nuclei require, for their
understanding, the use of microscopic models that can handle
in a realistic manner such a complicated many-body problem.
A full quantum-mechanical treatment of a many-body system
is difficult because of the large number of degrees of freedom.
In the terminology of the shell model, the configuration space
in which the Hamiltonian is to be diagonalized is extremely
large in heavy nuclei. A more limited realistic goal is to identify
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the main components of the low-lying, low-spin states and
understand their mixing. Thus, if we limit our interest to
a certain class of states (e.g., moderate excitation energies
and low spins, as discussed in this paper), a shell-model-type
calculation may be carried out by using a set of a few
well-selected configurations. This is the basic idea behind the
methods we apply in this study. The two models used in this
paper represent two different shell model truncation schemes.

This situation was rather dramatically emphasized by the
improvement of experimental techniques. For example, sen-
sitive y-ray measurements have allowed identification of the
long-sought multiphonon states, and their measured properties
have been important for the improvement of the nuclear
models. Another example is the use of high-precision transfer
reaction experiments, which can identify a large number of
states. Such an experiment, using the (p, t) reaction, disclosed
13 excited 0" states in the deformed nucleus '¥Gd [2], up to
3.1 MeV excitation, a number that exceeded the expectations
of most current theoretical estimations. This stirred consider-
able interest and several theoretical approaches attempted to
explain these findings: the spdf interacting boson model (IBM)
[3], the projected shell model (PSM) [4], the quasiparticle-
phonon model (QPM) [5], and a model including monopole
pairing, quadrupole-quadrupole, and spin-quadrupole forces in
the framework of the random phase approximation (RPA) [6].
A similar study in the actinide nuclei also revealed large
numbers of excited states [7]. Recent experiments of the
same type were systematically made on many nuclei between
152Gd and '">Hg and revealed a large number of excited 0%
states, whose systematics is not yet understood in detail [8].
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New theoretical investigations of some of these data, based on
the QPM, followed soon [9].

The experimental data reported here for the nucleus '*Er
are part of the above mentioned extended (p, ¢) reaction study
campaign [8] but are the best studied case. The experiments
on '®Er differed from those on the other nuclei in that
detailed angular distributions were measured at seven angles
and up to an excitation energy of about 4.1 MeV. The
richness of the data obtained from these measurements, which
provides an impressive number of 0™ and 2% states, means
that this nucleus remains one of the best known deformed
nuclei.

The nucleus '®Er has been considered one of the best ex-
perimentally studied deformed nuclei and therefore a prefered
ground for testing nuclear models. The ENSDF (Evaluated
Nuclear Structure Data File, maintained by the National
Nuclear Data Center, Brookhaven National Laboratory)
database lists indeed an impressive number of well-
characterized levels and an equally impressive number of
rotational bands deduced from the data [10]. We shall quote
only a few of the experimental papers (with relevance to
the present work) that contributed to this knowledge. In an
early study with the (p,¢) and (¢, p) reactions [11] three
excited 0" states were identified up to 1.833 keV excitation
energy; our present study confirms both the energy and the
excitation strengths of these states. Very important for a
complete determination of the level scheme at low spins and
up to low-to-moderate level density, corresponding to about
2 MeV excitation, was the series of three (n,y) studies
[12—14]. These studies, however, have many difficulties above
~2 MeV of excitation energy, and completeness is rapidly lost
(see the comparison in refs. [12—14] relative to Ref. [15]).
These works emphasized the usefulness of such detailed
knowledge of the level schemes in several directions that are
of current interest, such as the study of multiphonon states,
the onset of chaos at energies above the pairing gap and the
extension of nuclear structure model interpretations into the
region above the pairing gap. The question of the onset of
chaos in this nucleus has generated much debate, revealing the
importance of having a reliable ensemble of levels [16,17].
168Er is also the first nucleus in which definite evidence for
the existence of a two-phonon collective state was found (the
4% yy vibration state) [18], based on lifetime measurements
with the GRID technique in the (n, y) reaction. The positive
anharmonicity of this 2y mode [E(4§”y)/E(2;“) = 2.52]isone
of the largest known in the rare-earth region [19]. Other sub-
sequent GRID lifetime measurements with the (n, y) reaction
precisely characterized the K™ = 0T band based on the 0}
state at 1217 keV and ruled out a pure S-vibrational mode [20].
Finally, the (y, ') photon scattering work [21] established
the low-lying dipole excitations (11 and 1~ states) in this
nucleus. It is worth mentioning that detailed experimental
studies are also very important to identify and exploit different
paradigms of nuclear structure, such as dynamical symmetries
or critical point symmetries. In this respect, '*Er has been
discussed as a possible good candidate for the Y(5) symmetry,
which represents the critical point of a shape transition in
the y degree of freedom (axially to triaxially deformed shape
transition) [22].
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The present work reports the results of a high-precision,
high-resolution (p, t) reaction study of '®Er. Only the results
concerning 0" and 27 states up to 4.1 MeV excitation will be
discussed (close to 100 excited states). It would be impossible
to present exhaustively both the experimental knowledge
and the theoretical understanding of this rather well studied
nucleus. The more restricted purpose of this paper is twofold.
First, the experimental results of the two-neutron transfer
reaction study will be presented, and the outstanding potential
of such an approach for a quasi-complete determination of
low-spin levels (01 and 21) is emphasized. We stress that a key
element in achieving the experimental goals of this study is the
high-energy resolution and precision of the spectrometer used
to detect the outgoing tritons. Second, a comparison of these
detailed data is presented with two state-of-the-art theoretical
approaches: the quasiparticle-phonon model (QPM) [23], and
the projected shell model (PSM) [24].

II. EXPERIMENTAL DETAILS

A. Measurements

The experiment was performed with an unpolarized proton
beam of 25.0 MeV delivered by the Tandem accelerator of
the Meier Leibnitz Laboratory of the University and Technical
University in Munich. The Er,O3 target was 98% enriched
in ""9Er, with a thickness of 120 ug/cm?, deposited on a
13 pg/ecm? carbon backing. The most important impurity
of the target was '"®®Er (1.1%), from which only the peaks
corresponding to the ground and 2] states of '®Er were clearly
identified.

The reaction products were analyzed with the Munich Q3D
spectrograph [25] and then detected in a 1 m long cathode strip
focal plane detector [26,27], which made AE-E particle
identification and position determination. The acceptance
of the spectrograph was 11.1 msr (horizontal x vertical of
420 mm x 20 mm), except for the most forward angle (5°),
where it was 6.1 msr (£10 mm x £20 mm). Typical beam
currents were from 0.5 to 1.3 pA.

Spectra were measured at 7 angles: 5°, 10°, 14°, 17.5°,23°,
30°, and 37.5°. For each angle, three spectra were collected,
with three different magnetic settings of the spectrograph, such
as to cover the excitation energy range from 0 to ~4.1 MeV,
the magnetic field values being chosen in such a way that
these runs had overlaps in energy. The energy calibration was
performed by using well-known peaks from '*Er [10] and by
measuring the reactions 172yb( p,t) [28] and 208ppy( p,t) [29]
under the same magnetic settings. The different runs were
normalized to the beam current integrated into a Faraday cup
placed behind the target.

Figure 1 shows, as an example, the three spectra measured
at the laboratory angle of 10°. A FWHM energy resolution
of 4-6 keV, depending somewhat on the position in the
focal plane, was obtained for the whole measured energy
range. The spectra were virtually background free. Under
these conditions, more than 200 excited states were observed
up to 4.07 MeV excitation, and angular distributions were
determined for most of them.
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FIG. 1. Spectra measured at an angle 8; = 10° for the '"°Er(p, 1) Er reaction at 25.0 MeV. The spectra have been measured for three
different magnetic field settings of the Q3D spectrograph, for integrated charges of 7.8 mC (above), 10.8 mC (middle), and 13.6 mC (bottom),
for a 20 mm x £20 mm opening (solid angle 11.1 msr). Peak labels represent excitation energies in keV. The states assigned as 0 are marked.

B. DWBA analysis and experimental results

The determination of the value of the transferred angular
momentum (L) and spin (J = L) for each level in the final
nucleus '®Er relies on a comparison of the experimental
angular distributions with predictions of DWBA calculations.
The assignment of the L = 0 transfer (O states) is particularly
straightforward, since in the (p, t) reaction at our incident
energy, for a direct, one-step process, the angular distribution
is strongly forward peaking and has a sharp minimum
around 17°, rather different from that of L # O transitions
whose first maximum shifts systematically toward higher
angles with increasing L. Rather unambiguous assignments
could be made for 0 and 2 states, and these will be discussed
below.

The DWBA calculations were performed with the code
CHUCK3 [30]. The optical model parameters for these DWBA
calculations were taken from Ref. [31]. In principle, the
transfer of the two neutrons coupled to spin 0 should contain
the contribution of different j values of the two particles.
However, we do not know the relative contributions of different
j% neutron pair transfers to the final state of interest. Therefore
our approach is more limited: we performed calculations
with the simplest form factor, which assumes just one j>
configuration. This will limit the information that we can get
about the structure of the excited states, which is contained in
the intensity with which each state is populated in our reaction.

Typical angular distributions calculated in this way for the
different neutron orbitals expected to contribute in our case

(lhg/z, 1i13/2, 2f7/2, 2f5/2, 3p3/2) are shown in Flg 2. There
are two effects to be considered in the discussion of the results
of such an analysis. First, as shown in Fig. 2, the shape of the
L =0 and L = 2 angular distributions does not practically
depend on the chosen form factor, whereas the absolute value
of the calculated cross sections does. Second, the excitation
energy of each state was explicitly taken into account, such that
the binding energies of the two neutrons matched the energy
of the outgoing triton, thus obtaining a kinematic correction of
the cross section. This kinematic correction, shown in Fig. 2,
depends on the form factor, too.

By normalizing the calculated cross sections to the experi-
mental data, we obtain, in principle, a kind of “spectroscopic
factor”; however, since we do not know the dominant transfer
for each state, for any chosen form factor the corresponding
spectroscopic factor obtained may differ strongly from the
actual one. To minimize the errors we make in this way, we
have used for all states an f72/2 form factor that provides an
average behavior (see Fig.2). Since, undoubtedly, different
excited states have quite different structures, the strengths
obtained in this way can only qualitatively remove the
kinematics effects of the reaction and give only a crude guide to
transition matrix elements. One should keep these limitations
in mind when comparing model predictions: the quantities that
we extract from our data in this way are in fact Q-independent
cross sections—that is, we roughly compare the cross sections
at a constant Q value, but they can give only a rough indication
of the spectroscopic factors.
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FIG. 2. (Color online) Upper part, L =0 and L =2 angular
distributions predicted by DWBA calculations with a form factor that
assumes the two neutrons coming from only one orbital, as specified.
Lower part, kinematic correction for the same DWBA calculations.
This is defined as the relative cross section values at the same angle
(5° for L = 0 and 15° for L = 2, respectively), as a function of the
excitation energy of the final state.

Figure 3 shows the states for which a 0% assignment
was established. The assignment of all these states is rather
direct, even without DWBA curves, by comparison with the
angular distributions of the ground state (g.s.) and a few
other known 07 states, at 1217, 1422, and 1833 keV. Above
1833 keV there was no other known 07 state [10], therefore
all assignments above 2 MeV excitation energy made in the
present work are new. The four graphs in the bottom of Fig. 2
present tentative O assignments: the angular distributions
have forward peaking, but in general are more flat than the rest
in the figure, which may indicate contribution from two-step
processes (which do not peak forward). These states have
rather low cross sections, below 5 ub/sr at 5°. In the case
of the 2392.1 keV state, the angular distribution may be
more flat due to the contribution of the known 2% state at
2393.6 keV [10] which could not be separated. Table I gives
a detailed account of all the assigned 07 states, including the
relative spectroscopic strengths.
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FIG. 3. (Color online) Angular distributions for ' Er states
assigned as O*. The states are labeled with their energy in keV
(see also TableI). Parentheses indicate tentative assignment. Two
different symbols occuring for some states indicate different runs
(measurements with different magnetic settings). The continuous
curves represent DWBA calculations with a f7, form factor,
normalized to the data.

Figure4 shows, in addition, another 7 excited states,
at 3116.8, 3147.2, 3312.8, 3529.0, 3581.1, 3682.5, and
3696.7 keV, which are also forward peaking. Since for both
one- and two-step L > O transfers there is no increase at
forward angles, these might represent also 0" states. These
states also have rather small cross sections, around 2-3 ub/sr at
5°; therefore their spectroscopic strengths would be at most of
the order of ~0.2%—0.3% (with the g.s. transition normalized
to 100%).

As a paranthesis, we add a comment related to the 17
states. Such states cannot be populated in a L = 0 one-step
process, since the two transferred neutrons are in a spin O state
(s state), and for a two-step process we do not expect forward
peaking. Nevertheless, since there are many 17 states known in
168Er [21], we checked whether any of the 0% states assigned
by us coincides with a known 1% state. A few of our states
have energies that are not far from the values (with unknown
error) given in Ref. [21]: thus, the tentative 2643.2 keV state
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TABLE 1. 07 states of '®Er observed in the present experiment
(see also Fig. 3). Tentative 0" assignments are indicated by parenthe-
ses. Other possible 0% states, with forward peaking but not typical
angular distributions are shown in Fig. 4. The last column gives values
of relative reaction strength (“spectroscopic factors™) as extracted
from the data by normalizing the DWBA calculations performed

with a simple f7, form factor (see the discussion in Secs. IIB

and I1 C).
E, (keV) E. (keV) 99.(5°) (L2) Relative
NNDC [10] present data strength
0 0 693(10) 100
1217.160(14) 1217.1(1) 10.4(5) 0.91
1422.10(3) 1421.9(2) 9.5(5) 0.65
1833.54(11) 1833.7(2) 6.7(4) 0.46
2114.1(4) 2.1(2) 0.11
2200.6(4) 0.75(14) 0.10
2366.2(2) 17.4(6) 1.06
2392.1(2)* 5.2(3) 0.30
2572.5(2) 78.6(12) 3.39
2617.4(2) 43.0(17) 1.71
2644.1(6) 3.2(4) 0.22
2789.2(4) 15.4(4) 0.59
2842.1(3) 49.1(11) 1.62
2872.2(3) 53.009) 1.95
2947.4(4) 72.3(11) 3.15
2998.3(6) 9.3(3) 0.23
3028.6(6) 10.2(3) 0.33
3065.0(7) 1.6(2) 0.09
3157.5(7) 2.2(2) 0.06
3569.4(10) 5.5(3) 0.20
3586.3(10) 4.7(12) 0.12
3663.9(10) 16.93) 0.40
3714.9(10) 2.4(2) 0.08
3734.4(10) 9.1(3) 0.27
3760.1(10) 12.3(3) 0.24
3928.9(10) 5.2(4) 0.12

*The angular distribution could be affected by the known 2+ state at
2393.6 keV [10].

(Table I) coincides in energy with the 17 state at 2643 keV [21];
2789.2 keV is close to 2792 keV; 3586.3 keV to 3591 keV;
and 3663.9 keV to 3657 keV. Assuming errors of 1-2 keV
for the energies of Ref. [21], and also considering the angular
distribution shape and the relatively large cross sections of our
states, it is very unlikely that any of these assigned 0" states
is one of the known 1% states.

Figure 5 displays the angular distributions of the states that
have been assigned as 2*. The L = 2 DWBA calculated curves
compare quite well with the measured shapes. Comparison
with both calculated and empirical (for well-known 2% states)
angular distributions have been used to make new L =2
assignments. The possibility of incorrectly assigning L = 2
to a state with L 7 2 must also be considered. While the
L = 2 transitions are rather different from those with L =0
and L =4, they are closer in shape to the L =3 ones.
However, the L = 3 angular distributions peak at a larger
angle (about 18°, compared to approximately 15° for L = 2)
and their maximum is broader. We have carefully compared
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FIG. 4. Angular distributions of states in '®Er that have not been
assigned, but, because of the forward peaking, may be 07 states.

the shapes of our L = 2 assigned angular distributions with
those of well-known 3~ states (clean angular distributions
were observed for the states at 1431, 1633, 1914, 2022, and
2263 keV [10]) and with the calculated ones (Fig.5), and
the 2% assignments listed in Table II look reasonably safe.
Mixing of configurations and coupled channels effects may
lead to more complicated angular distributions, which make L
assignments for states with flatter angular distributions more
difficult. Therefore the cases without a clear diffraction like
pattern were left out. The observation made above with the 17
states applies also to the L = 2 states. There are a few states
assigned as 17 [21] (energies 2827, 3048, 3341, 3357, 3457,
and 3806 keV [10]), that are close to states that we assigned
as 2% (see, for comparison, Table II), but, since our states
have relatively large cross-sections and rather clean L =2
type angular distribution, it is unlikely that the 2% assignment
is wrong.

There are 66 states assigned as 27 up to 4.075 MeV
excitation (including the state at 2450.5 keV with tentative
assignment). As mentioned above, the known 27 state at
2393.6 keV [10] could not be resolved from a 0" state with
about the same energy. There is an excited state at 2174.0 keV
that could correspond to the 2177.8 (21) state [10]; however,
its angular distribution is rather structureless and we could not
confirm a 2% assignment. Out of the 2% states known up to
2.4 MeV, only the state at 2137.1 keV [10] was not observed.
The level observed at 2424.1 keV has been considered the same
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FIG. 5. (Color online) Same as Fig. 3, for states assigned as 2.

with the known 2 state at 2425.4 keV [10], but, since the shape
of its angular distribution appears to contain some unknown
contribution, the spectroscopic strength given for this state in
Table Il is only an upper limit. A last comment concerns a state
observed by us at 2322.2 keV, which has a rather clean L = 2
pattern (Fig. 5), so that it appears to have very little influence
from the known 3~ level at 2323.2 keV [10]. Table II gives
details concerning the 27 states.

In summary, up to 4 MeV excitation, 26 states have been
assigned as 0" (4 only tentatively) and 63 states have been
assigned as 21 (one not observed due to superposition with
a 0% state). Several other states between 3.1 and 3.7 MeV
might be also O states. Altogether, from more than 200 states
identified in this work up to 4.07 MeV, about 100 are 0" and
2%, Most of the 0 states are newly observed, while from
the known 27 states up to about 2.4 MeV only one was not
observed.

Since such a large number of states has been observed,
a legitimate question is, how close are we to a “complete”
determination of the 0% and 2% states up to the investigated
excitation energy of 4.1 MeV. The (p, t) reaction has features
that dictate characteristic selection rules for the observed
transfers: states that do not contain pairing correlations as
in the ground state of the target should, in principle, not be
excited. However, owing to mixing effects that are always
present, we do not expect that such selection rules are strictly
obeyed, except in very special cases. Since we were able to
measure rather weakly populated states, with cross sections
as low as ~1 ub/sr (around 0.1% of the ground state), in
spectra practically without background, and with a very good
energy resolution, close to that of y-ray spectroscopy with
Germanium detectors, it is very likely that we have observed
most of the 0T and 27" states in the energy region from 0—
4 MeV. This is partly confirmed by a comparison with the
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TABLE II. 27 states of ' Er observed in the present study (see
also Fig. 5). Tentative assignments are indicated by parentheses. The
last column gives values of relative reaction strength (““spectroscopic
factors”) as extracted from the data by normalizing the DWBA
calculations performed with a simple f72/z form factor (see the

PHYSICAL REVIEW C 73, 064309 (2006)

TABLE II. (Continued.)

discussion in Secs. II B and I1 C).

E, keV) E, keV) 5—5(140) (%) Relative
NNDC [10] present data strength
79.804(1) 79.8(1) 126(2) 100
821.169(2) 821.2(1) 24.9(4) 15.1
1276.274(2) 1276.3(1) 2.6(2) 1.55
1493.135(4) 1493.2(1) 6.0(5) 2.88
1848.351(5) 1848.2(2) 3.7(2) 1.56
1893.102(5) 1893.0(2) 1.4(1) 0.70
1930.392(4) 1930.1(3) 0.6(1) 0.25
1952.2(7) 0.7(1) 0.34
2137.08(9) — not obs. —
(2177.790(15)) —
2193.20(4) 2193.0(1) 15.34) 5.77
2322.2(2) 11.14(26) 4.03
2349.3(3) 15.93) 7.33
2393.60(9) —* — —
2425.42(6) 2424.1(2) 7.5(2) 2.90
(2450.5(3) 4.4(2) 1.61)
2461.8(2) 5.6(2) 1.98
2538.2(3) 1.3(3) 4.59
2552.2(3) 2.6(2) 1.03
2741.9(4) 12.9(5) 4.15
2825.0(4) 4.1(4) 1.11
2878.9(4) 6.8(7) 2.01
2906.0(4) 8.7(6) 2.54
2934.1(5) 13.5(7) 3.90
2961.2(6) 3.403) 1.04
3009.0(3) 525.5(5) 7.60
3020.0(5) 2.0(2) 0.59
3042.4(5) 12.03) 3.57
3049.9(5) 5.7(3) 1.72
3055.1(5) 1.93) 0.55
3081.3(6) 4.3(3) 1.46
3098.4(6) 2.92) 0.88
3139.6(6) 8.8(3) 2.70
3172.5(7) 10.7(3) 3.35
3183.7(8) 16.4(4) 4.45
3194.4(8) 2.8(2) 0.78
3237.2(8) 6.7(3) 1.83
3269.4(8) 2.012) 0.57
3286.8(8) 5.0(2) 1.35
3342.9(10) 2.3(2) 0.64
3361.9(10) 4.9(2) 1.32
3429.2(10) 6.6(3) 1.79
3441.7(10) 4.9(2) 1.29
3451.6(10) 3.3(2) 0.81
3459.9(10) 3.6(2) 0.95
3471.6(10) 4.02) 1.15
3482.6(10) 4.7(2) 1.34
3493.3(10) 15.8(3) 4.35
3506.3(10) 8.9(3) 2.52
3515.7(12) 3.3(2) 0.88
3561.9(12) 3.9(2) 1.00

E, (keV) E, (keV) 49.(14°) () Relative

NNDC [10] present data strength
3617.6(12) 1.9(2) 0.49
3629.9(12) 2.6(3) 0.69
3720.0(15) 3.9(3) 0.99
3725.2(15) 2.1(2) 0.53
3740.4(15) 3.7(3) 1.07
3789.5(15) 2.2(2) 0.54
3808.5(15) 4.512) 1.11
3819.4(15) 5.7(2) 1.33
3861.9(15) 2.2(2) 0.52
3868.7(15) 6.7(3) 1.56
3876.3(15) 3.6(2) 0.93
3933.0(15) 3.2(3) 0.76
3964.9(15) 4.6(3) 1.13
4033.5(15) 3.0(2) 0.68
4055.9(15) 2.9(3) 0.74
4075.6(15) 2.6(3) 0.67

2The known 2393.6 keV level [10] could not be resolved from the 0™
state at 2392.1 keV (see Table I and Fig. 2).

states known before from different studies [10], and especially
those determined with the nonselective reaction (n,y) [12—14].
Only three 0" excited states were known up to 1833 MeV,
so all the states above this energy are newly observed. The
observation of very weakly excited O states at higher energies
presents a rather delicate problem, as shown by the seven
states between 3.1 and 3.7 MeV that do not seem to have
transfers with L > O but are still difficult to assign surely
as L =0, since their shape, though forward peaking, is not
typical. From the 2% states known up to about 2.4 MeV only
the one at 2137 keV [10] was not populated in our reaction
(almost unobservable). On the other hand, in a representation
of the number of 2% states versus the excitation energy,
the data start deviating from an exponential curve around
3.3 MeV. An exponential behavior is expected on the basis
of simple formulas of the level densities, such as the constant
temperature model, which are known to describe very well
the data at low excitation energies [32,33]. Therefore, it is
likely that above approximately 3.3 MeV we have missed
some very weakly excited 2% states (see also the discussion
below). With these observations, one may conclude that, for
the 0™ and 27 states, the (p, t) reaction study performed with
high sensitivity and energy resolution may be considered a
tool with a rather valuable contribution to the general quest
of performing complete spectroscopy up to a medium density
of states. Thus, the present data are interesting for a detailed
testing of structure models.

C. Spectroscopic information

As outlined above, the experimental angular distributions
were compared with DWBA calculations that assumed the
same simple form factor for all states, corresponding to the two
neutrons in the 2 f7/, orbital. This ensures a roughly correct
treatment of both the kinematic (Q value) and configuration
dependence effects, especially if the main neutron orbitals
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FIG. 6. (Color online) Relative (p, t) reaction transfer strengths (corresponding to a f72/2 DWBA form factor; see discussion in the text) to
0% and 27 states in the '®*Er nucleus. The values for the 0* ground state and the 2] state at 79.8 keV, respectively, were normalized to 100

(Tables I and II).

involved in the transfer are, as expected, 2 f7/2, 2 f5/2, and 3 p3 >
(see Fig.2). The normalization of these calculated angular
distributions to the experimental ones provides some relative
(p, t) reaction transfer strength values. Naming these values
“spectroscopic factors” is rather improper, but we may use
these quantities just to have a rough image of how the (p, t)
reaction strength is distributed over the experimental states.
With this warning about the meaning of the experimental
values that we extract from our data, we show in Fig. 6 the
energy distribution of these quantities. The distribution of the
0" strength is rather different from that observed in 1583Gd 2]
and other nuclei between ’°Sm and '®90s [8]. There is no
strongly excited 0T state at lower energies, and the integrated
strength of the excited 01 states amounts to roughly 20%
of the ground state strength. The 27 state at 821 keV is
strongly populated. For both 0" and 27 states we observe some
relatively larger strength with fragments distributed around
2.75 MeV excitation energy.

III. COMPARISON WITH MODEL CALCULATIONS

A. Quasiparticle-phonon model calculations

In the QPM model [23], microscopic phonons are generated
in the random-phase approximation (RPA). Then, a Hamilto-
nian composed of a sum of separable two-body potentials
with different multipolarities is diagonalized in a basis of
multiphonon states. In the multiphonon basis, both collective
and noncollective RPA phonons are included, and thus the
model offers the possibility to determine the nature of the
nuclear states. In QPM, one adopts a Hamiltonian composed

of a deformed axially symmetric Woods-Saxon potential plus
a two-body interaction of general separable form, acting
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I ® ]
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10 £ X possible f ‘? ]
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FIG. 7. (Color online) Comparison of experimental and calcu-
lated (QPM) 0* and 2* levels in '*Er (note the logarithmic y-axis
scale).
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FIG. 8. (Color online) Comparison of experimental and calculated (QPM) 0" and 2" relative level reaction strengths for the (p, 1) transfer.

The values for the 0f and 2} states are normalized to 100.

in both particle-particle and particle-hole channels. The
particle-particle interaction consists of a monopole plus a
sum of A multipole proton-proton and neutron-neutron pairing
potentials. The particle-hole interaction is composed of a
sum of proton-proton, neutron-neutron, and proton-neutron
separable potentials of different multipolarity A, including,
among others, quadrupole-quadrupole and octupole-octupole
pieces.

Following the QPM prescriptions [23], we express the
above Hamiltonian in terms of the quasiparticle random-phase
approximation (QRPA) phonon operators

1 )
0l =52 (Wi,

q192

P
92

iv

T
g 9192

q1

og,0g,) M
where the quasiparticle creation (annihilation) operators
Ol(]; (@tq) are obtained from the corresponding particle operators
a; (aq) through a Bogoliubov transformation.

The resulting Hamiltonian is then diagonalized in a space
spanned by one- and two-phonon states, so that the QPM
eigenstates as a result have the structure

Vg = chn)ijK 10) + Z [QI‘ ® Qiz]’( 0

1

cm

V12
)

@

where A =2, K =0, 1,2, and v; labels the phonon quan-
tum numbers. Each of these states represents the intrinsic
component of the total wave function

vl (I +06k0)2I + 1)
nMK 1672

x [DyxWak + ()DL W,k ],

3

0643

where D}, is the Wigner matrix. The observed levels with
angular momentum / are described by the / = K bandhead
states of positive parity with projection K onto the symmetry
axis.

We use these wave functions to compute the (p, t) transfer
normalized spectroscopic factors

LCu(p, 07
Fo(p, 1)
where, following Ref. [34], the amplitudes are given by
Lu(p.t) = (Wpyx. N =2| Y r'Yigaga,|%. N). (5

q192

The amplitude I'y(p, t) refers to the transition to the / member
of the ground state rotational band. More details of the
calculations are given in Ref. [9].

The QPM yields more 01 and 2 excited states than the ones
observed experimentally. The 0" and 27" states generated up
to4 MeV are 44 and 125, respectively, considerably more than
the observed 25 (or 32, eventually, if we count also the possible
07 states shown in Fig. 4) and 66 corresponding experimental
levels (Fig.7). The excess states, however, lie above 3 MeV
and carry too little strength to be detected experimentally.
Figure 8 presents a comparison of the theoretical spectroscopic
factors with the experimental reaction strengths. As was
discussed above, the later quantities are only very crude
approximations for the spectroscopic factors, so that this
comparison should be taken only very qualitatively. As shown
in Fig. 8, the calculation reproduces fairly well the magnitude
and distribution of the two-nucleon transfer strength for both
0" and 27 states. As was remarked in Ref. [9], for the O
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TABLE III. Phonon structure of selected 2T QPM states. C,-2 is the weight of the one-phonon ([A];) or the two-phonon ([(Au); (Au);]2+
components, denoted [v;]. S(p, 1) is the (p, 1) transfer spectroscopic factor normalized to the 2} state.

n E, S(p, 1) [vi] C3(%) n E, S(p,t) [vi] CH (%)
K=0 K=2

1 1.274 0.0571 [20], 55 1 0.813 0.182 [22]; 94
[20], 20 1.793 0.0051 [22], 86
[(22)1(22))] 10 3 1.886 0.0099 [22], 8
2 1.651 0.0112 [20], 28 [22]5 44
[20], 63 [(20)1(22)1)] 19
3 1.842 0.0026 [2015 88 [(22),(44))] 7
4 2.121 0.0753 [20]4 73 4 2.098 0.0612 [22]5 90
5 2.212 0.023 [20]4 12 5 2.309 0.0397 [22]4 83
[2015 80 6 2.715 0.0405 [22]6 70
6 2.383 0.0278 [20]4 9 [(20),(22))] 7
[20]s 7 7 2.768 0.0025 [22]5 10
[20]6 48 [22], 49
[(22)1(22)1)] 15 [(32)1(54)1)] 20
10 2.819 0.0863 [20]o 86 8 2.924 0.0104 [22]s 66
13 3.081 0.0049 [2011» 7 [(32)1(54))] 11
[GD (B3] 78 9 3.045 0.0043 [22], 14
K=1 [(20):(22)1)] 10
1 2.142 0.0145 [21] 82 [(22):(44)1)] 13
[21]3 7 [(32)1(54)1)] 17
2 2.277 0.0002 211> 93 10 3.054 0.0015 [22]s 10
3 2.356 0.0022 211 12 [(20);(22))] 10
[21]3 65 [(22),(44)1)] 14
4 2.625 0.0013 2114 81 [(32)1(54))] 33
5 2.659 0.0108 [2115 7 11 3.107 0.0002 [(31)1(33))] 81
[21]s 72 13 3.190 0.0488 [22]1; 29

[(20)4(22)1)] 35

states the QPM reproduces rather correctly the total spect-
roscopic strength, although there are discrepancies concerning
the strength of the strongest excited state and the centroid of the
strength distribution (the predicted centroid is about 0.8 MeV
lower in energy than observed). The truncation to no more than
two phonon basis states may alter the predicted distribution and
centroid, although it should not affect the integrated strength.
For the 2% states, the distribution of the strength is rather
well predicted up to about 3.0 MeV excitation. Above 3 MeV
the calculation appears to start underestimating the collected
strength, although the number of calculated states is much
higher than that of the experimentally observed states. Again,
inclusion of higher phonon states could shift some strength
into this region via mixing.

It is of interest to examine the structure of the more
strongly populated states. For the 0T states this has been
done in detail in Ref. [9]; the main conclusion was that
the O* states in '®Er below 3 MeV are mostly one-phonon
states, sometimes fragmented, while above 3 MeV the weight
of two-phonon components increases; all these states lack
quadrupole collectivity. For the 2% states, we show some
examples of phonon structures in Table III. One can see that
these are dominantly fragmented one-phonon states with two-
phonon admixtures. The one-phonon component is in general

a linear combination of a dominant RPA component plus few
other RPA configurations. The dominant RPA components are
linear combinations of several two-quasineutron and (or) two-
quasiproton states (Table IV). The structure of the predicted
(p,t) spectra is the result of the phonon fragmetation on
one hand, and, on the other hand, of the level of coherence
of the two-quasiparticle amplitudes in each dominant RPA
phonon.

B. Projected shell model calculations

A second theoretical calculation is performed with the
projected shell model (PSM) [24], which is a truncated shell
model based on deformed bases. The PSM calculation begins
with a set of deformed Nilsson single-particle states [35]
with a quadrupole deformation &;. Pairing correlations are
incorporated into the Nilsson states by the BCS calculation.
The Nilsson-BCS calculations define a set of quasiparticle (qp)
states corresponding to the qp vacuum |0). One then constructs
the shell model bases by building multi-qp states from those
Nilsson orbitals that lie close to the Fermi levels. The broken
rotational symmetry in the multi-qp states is recovered by
exact angular momentum projection [24] to form a shell model
basis in the laboratory frame. Finally a two-body shell model
Hamiltonian is diagonalized in the projected space.
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TABLE IV. Quasiparticle structure of the low-lying RPA quadrupole phonons.

n E S(p, 1) Structure % n E S(p, 1) Structure %
K=0 K=1
1 1.647 0.0703 35120, 35120 61 4 2.719 7.107 2521v, 1521v 91
1633v, 26330 22 35120, 3521 6
2 1.695 0.0003 1521v, 1521v 61 5 2.753 0.011 35120, 3521v 39
3
1633v, 1633v 25 2521v, 3521v 6
2512v, 3512v 13 K=2
3 1.901 0.0003 14117, 14l 45 1 0.945 0.1822 25230, 1521 23
3
1523w, 15237 27 2521v, 3521v 14
3 3
2411w, 24117 11 25120, 1510v 7
4 2.130 0.1502 2523, 3523v 33 24117, 1411n 17
1633v, 2633 22 34137, 1411 5
26420, 3642v 18 2 1.952 0.0009 25120, 3521v 98
1521v, 1521v 9 3 2.198 0.0649 2523v, 1521v 60
2521, 3521v 6 24117, 1411 36
5 2.265 2.107° 2512v, 3523v 98 4 2.438 0.0859 2521v, 3521v 59
6 2.509 1.107° 14047, 14047 32 25230, 1521v 11
2514m, 35147 28 24117, 1411 26
1411m, 1411 17 5 2.743 0.0031 2512v, $510v 34
2411x, 34117 11 2521v, $521v 21
7 2.571 8.10° 2411w, 24117 53 15140, 35120 7
9 S
15237, 15237 34 2624v, 2642v 6
8 2.753 0.0094 $624v, 3624v 55 2411, 3411n 10
1514v, 15140 27 6 2.942 0.0307 1633v, 36510 86
2512v, 3512v 8 2512v, $510v 6
9 2.812 0.0807 2523v, 3523v 48 7 3.063 0.0033 2624v, 3642v 33
26420, 3642v 43 25120, 510v 11
K=1 24137, 1411 43
1 2.199 0.0184 1633v, 36420 80 8 3.111 0.0101 2624v, 36420 58
2624v, 26331 13 34137, J411m 39
2 2.338 2.107° 3411w, 34117 98 11 3.759 0.1432 36420, 1660v 76
3 2.539 0.0011 2624v, 16330 62 25320, 1521v 5
2512, 3521v 7
3514, 15237 24
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The PSM wave function is a superposition of projected
multi-qp states that form the shell model basis

(i) =D FLPhk 1) )

K

Here, « labels the basis states and f! are determined by
the configuration mixing implemented by diagonalization.
Pl k. is the angular-momentum projection operator [36],
which projects an intrinsic configuration |¢,) onto states
with good angular momentum. As in many previous PSM
calculations for the rare-earth nuclei, particles in three major
shells (N = 4, 5, 6 for neutrons and N = 3, 4, 5 for protons)
are included in the present calculation. The construction of | ¢, )
follows the spirit of the Tamm-Dancoff approximation [36], in
which one builds the model space by including 0-, 2- and 4-qp
states:

— i P T T ot
@) = {10), ol 10}, o, 10) a0 oo, 0] D

where o is the creation operator for a qp and the index n (p)
denotes neutron (proton) Nilsson quantum numbers, which run
over the low-lying orbitals. The model space is truncated by
excluding those multi-qp states having energies higher than
4.4 MeV.

One then diagonalizes the Hamiltonian in the projected
multi-qp states given in Eq. (6). In the calculation, we employ
a quadrupole-plus-pairing Hamiltonian, with inclusion of the

PHYSICAL REVIEW C 73, 064309 (2006)

TABLE V. Main components in the 0" states (below 4 MeV) in
1688Er as calculated by the projected shell model.

Order E qp Configurations
number (MeV) states

1 1302 2-qp —115211v, 1521w

2 1.503  2-gp —1[5231, 21523]n

3 1521 2-qp —21633]v, 2[633]v

4 1735 2-qp —1[411, 1411

5 1.838  2-qp —3[512]v, 3[512]v

6 2038  2-qp —3[523]v, 3[523]v

7 2094  2-qp —3[512]v, 3[523]v

8 2139 2-gp —1[40417, 2140417

9 2281 2-gp —3[41117, 3[411]n
10 2.822  4-qp  —3[5211v, 3[521]v, —2[523]r, 1[523]%
11 2920  2-gp —3[402], 3[402]7
12 2946  4-qp  —3[521]v, §[521]v, —1[411]7, 1[411]7
13 2953 4-qp  —1[633]v, 2[633]v, —2[523]r, 1[523]%
14 3.005 4-qp  —2[633]v, 2[633]v, —1[411]7, 1[411]7
15 3.071  2-gp —4[505]v, L [505]v
16 3130  2-qp —3[413]x, 3[413]7
17 3196 2-gp —3[642]v, 3[642]v
18 3223 2-qp —1[5141v, 2[514]v
19 3235 2-qp —3[402]r, 3[413]7
20 3365  4-qp  —3[512]v, 3[512]v, —2[523]m, 1[523]x
21 3437 4-qp  —3[512]v, —3[512]v, 1[411]m, §[411]7
22 3462 4-qp  —3[5211v, $[521]v, —2[404]7, 2[404]
23 3488  2-qp —2[514], 2[514]x
24 3530  4-qp  —3[5211v, 3[521]v, —3[411]7, 3[411]7
25 3540 4-qp  —3[512]v, 3[523]v, —2[523]x, 1[523]%
26 3582 4-qp  —2[523]v, 3[523]v, —2[523]r, 1[523]%
27 3.601  4-qp  —2[633]v, 2[633]v, —2[404]7, 1[404]7
28 3.647  4-qp  —1[633]v, 2[633]v, —3[411]x, 3[411]x
29 3647  4-qp  —3[512]v, 3[523]v, —1[411]7, L[411]7
30 3.667  2-qp —3[532]x, 3[532]
31 3712 4-qp  —1[5211v, —3[512]v, —1[411]x, 2[404]x
32 3.961  2-qp —3[521]v, 5[510]v
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FIG. 10. (Color online) Comparison of experimental and calculated (PSM) 0" and 27 relative level reaction strengths for the (p, 1) transfer.

The values for the 0f and 2} states are normalized to 100.
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In Eq. (8), I:IO is the spherical single-particle Hamiltonian,
which contains a proper spin-orbit force. The quadrupole-
quadrupole interaction strength x is determined by the self-
consistent relation with deformation &;, and &, = 0.273 in the
present calculation for '®Er. The monopole pairing strength
Gy istakento be Gy = [21.24 — 13.13(N F Z)/A] /A with
a — sign for neutrons and + sign for protons. Finally, the
quadrupole pairing strength G o is assumed to be proportional
to Gy, the proportionality constant being fixed to 0.16 in
the present work. These interaction strengths are the same as
the values used in the previous PSM calculations for many
rare-earth nuclei [4] and, in particular, are the same as the
early theoretical work on '®8Er [37], although the physical
phenomenon (multiphonon y vibrational states) discussed
there is quite different.

The PSM calculations are compared with data in Fig.9
in a plot of the number of states versus excitation energy.
Good agreement seems to be obtained. In particular, there is
a remarkable similarity between the theoretical results and
experimental data for the 27 states. (The calculation does not
show the first excited 2 state, which is the y -vibrational band-
head, because the vibrational degree of freedom is not included
in the present PSM model space). This similarity tends to
suggest that the number of observed states in the present (p, t)
experiment is very close to the number of possible multi-qp
states that can be constructed in the PSM model space. In
Table V we list the configurations for the theoretical 2- and

4-gp states from the 0T calculations. Two remarks are in
order. First, these multi-qp states are built on top of the qp
vacuum plus angular momentum projection that effectively
accounts for the couplings between the rotating body and
the quasiparticles in a quantum-mechanical way. Second,
the projected multi-qp states are mixed in the subsequent
procedure of solving the eigenvalue equation. Therefore
the configurations listed in Table V mean solely the main
component in each state. The states finally obtained in the
PSM calculations thus should not be regarded as single-particle
states in the mean-field sense.

We comment on the total number of the states below 4 MeV.
Of course, one can speculate that there may be states that are
insensitive to the (p, t) excitation and that therefore are not
seen in the present experiment. In fact, as shown above, the
QPM predicts more states in the higher excitation region than
the data show (and more than the PSM prediction). In this
regard, it should be mentioned that in the current PSM model
space in Eq. (7), we do not consider the 4-qp states with four
like particles. This is, the configurations {aiialjaik Olj” |0)} and
{a;ia;foe;ka;, |0)} are not included. These configurations lie
generally higher, but for an excitation close to 4 MeV, some
of the missing states may fall into that energy range. If these
states were taken into account, the total number of states would
increase.

We use the obtained wave functions to calculate the
normalized spectroscopic factors of Eq. (4), and the results are
compared with the data in Fig. 10. We recall again that because
of the way we extract the experimental reaction strengths,
this comparison must be considered only at a very qualitative
level. With the present model space it is difficult to describe
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the observations. The main discrepancy is that the theoretical
strengths concentrate incorrectly in a few low-lying states.
This suggests that, although the PSM energy levels match the
data reasonably well, the content of the wave functions is in-
correct. The space truncation that allows multi-gp states below
4.4 MeV in the configuration mixing excludes the possibility
of any influence from the large body of the higher-lying
states, resulting in an insufficient coherence in the low-lying
states. On the other hand, as seen in the discussion of the
previous section, the QPM, whose states are highly coherent
by construction, can describe the experimental spectroscopic
factors much better. Comparing the results of QPM and PSM,
one may conclude that many low-lying 0T and 2" states
in 'Er are coherent in nature. This property is missing in
the present PSM calculation that uses only a small set of
quasiparticle states in its model space.

IV. CONCLUSIONS

We have presented a detailed investigation of excited
states of the deformed nucleus '®®Er with a high-resolution
(p, t) transfer reaction experiment. Clear assignments of a
large number of 0" and 2" states have been made up to
4.1 MeV excitation. It is argued that up to about 3.3 MeV
excitation a practically complete determination of the 0" and
2% excitations was achieved. This shows that such a high-
resolution, background-free experiment, although performed
with a reaction that has a certain selectivity in the structure of
the populated final states, is able to provide a quasi-complete
determination of such low-spin levels up to excitation energies
with a moderate to high level density.

The large number of observed 01 and 27 levels allows a
detailed comparison with predictions of microscopic structure
models. Two such approaches are discussed and compared
with the data: the quasiparticle-phonon model (QPM), and
the projected shell model (PSM). The QPM predicts well the
number and distribution in energy of both the 0" and 2 states.
In the case of the 2% states, the number of states predicted
above 3.2 MeV is larger than observed, many of these
states being predicted with rather small (p, f) spectroscopic
strengths. The reaction strengths for the 0% states are qualita-
tively reproduced: the main discrepancy is a shift, of about
0.7 MeV toward lower energies, of a group of stronger
populated levels that are experimentally observed around
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2.7 MeV. The distribution of the 2% strengths is well
reproduced up to about 3 MeV, after which they may be
underestimated by the calculations. Thus, in the present QPM
calculations there are still missing configurations that are
important up to 4 MeV excitation. The PSM calculations,
which do not explicitly include vibrational degrees of freedom
in the present approach, also describe reasonably well the
number and energy distribution of the 0% and 2% levels.
However, the predicted distribution of the reaction strength
is concentrated mostly in several low-lying (up to about
2 MeV) excited states, which does not fit the experimental
observations, where it is fragmented over a larger number of
states. This indicates that the PSM states, which have correctly
reproduced the energy levels, lack the higher coherence
required by the data.

Because of the fragmentation in the phonon and quasipar-
ticle structure of the QPM states, it is very difficult to state
a relation between QPM and PSM. We can only say that
the QPM states are highly correlated, though not necessarily
collective, linear combinations of two- and four-quasiparticle
states. The PSM states, unlike the QPM ones, do not contain
such correlations before configuration mixing, and any of such
correlations can only be brought in by diagonalization. Thus
the present work has revealed the interesting fact that in order
to describe the coherence discussed in this paper the PSM
should consider the contribution from many more qp states
than it is usually taken.

In conclusion, the detailed experimental knowledge of the
0% and 21 excitations in a deformed nucleus, '°3Er, has been
enormously extended by the present measurements. The data
extend up to a rather high excitation energy. Comparison with
microscopic models clearly indicates some of their limitations.
These data therefore constitute a valuable checkpoint for future
calculations.
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