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The two- and three-charged-particle nuclear scattering problems are investigated in momentum space. The
three-body equations with a short-range nuclear potential, a three-body force potential, and the long-range
Coulomb potential are presented in a mathematically rigorous way within a generalized two-potential theory.
To remove the serious singularity in the two- and three-body Coulomb problems in momentum space, we have
proposed a novel boundary condition to the phase shift that arises from a potential difference, the so-called
auxiliary potential (AP), between the Coulomb potential and the screened Coulomb one: V¢ = VE — V&,
Furthermore, we point out the importance of the off-shell amplitude for the AP, by which one can uniquely obtain
the two-body on-shell and off-shell Coulomb amplitude in momentum space. Therefore, this formulation is also
useful for atomic systems, which is another benefit. It is recalled that the traditional phase-shift renormalization
theory, in which the screened Coulomb amplitude is sandwiched by renormalized phase factors e'?, is not
consistent with two-potential theory. Some ambiguities or misunderstandings of the traditional methods for
handling the Coulomb problem are clarified. Finally, the three-body unitarity relation is proved for the amplitude
generated from these three kinds of potential. Moreover, a generalized two-potential theory is presented. It is
pointed out that the asymptotic three-body nuclear wave function with the Coulomb potential could not be
written by a product of two individual wave functions r, (x)tf/y(y) defined in terms of Jacobi coordinates x and

y, respectively.
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I. INTRODUCTION

The two-body Lippmann-Schwinger (LS) equation for the
Coulomb potential in momentum space suffers a serious
numerical difficulty caused by overlapping or coincidence
of the Green’s function singular pole and the logarithmic
singularity of the Coulomb potential [1,2]. Furthermore, the
partial wave expansion series of the Rutherford scattering
amplitude does not converge, but it does converge as a
distribution [3,4]. Although we have an analytic solution for
the two-body Coulomb wave function, the three-body analytic
Coulomb solution has not been discovered yet [5]. To avoid
such difficulties, a naive Coulomb correction was made by
sandwiching an amplitude with respect to the short-range
potential by the Coulomb phase factors ¢’ [6,7]. It is known
that a screened Coulomb potential has been widely used
for practical calculations in physics. However, in few-body
systems, the calculated results do not always converge by
increasing the screening range. One of the most promising
methods for the screened Coulomb potential was introduced
by Gorshkov in 1960 [8,9], in which the Coulomb phase
shift is considered as composed of the screened Coulomb
phase shift plus a renormalization phase [10,11]. In 1970,
Veselova applied this method to the three-body system at
energies below the three-body threshold [12—14]. Alt et al.
generalized the three-body AGS (Alt-Grassberger-Sandhas)
equation [15] for the two-charged-particle system (i.e., (p + d
scattering), in which they pointed out an additional important
Coulomb interaction between the charged pair and spectator in
momentum space [16-21]. Hereafter we denote these works as
the Mainz-Bonn model (MBM). A boundary condition method
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in configuration space was proposed by Merkuriev [22-26]. He
described the asymptotic behavior of the three-body breakup
wave function by using the eikonal approximation [27]. In
[26], numerical results for p + d scattering were compared
with previous calculations [16,17]. Furthermore, in [19], a
critical discussion was presented in comparison with [26].
Besides these three-body calculations, variational calculations
in terms of hyperspherical variables are used by Kievsky
and co-workers [28-33]. Many of the approaches for treating
three-body Coulomb scattering separate the nonsingular part
from the singular Coulomb part. It was proved that the
former part safely converges, whereas the latter singular term
results in two-body Coulomb scattering, which is composed
of two charged fragments; the p + d system is one example.
Therefore, the two-charged-particle system in the three-body
problem seems to be essentially the two-body Coulomb
problem even if the energy is above the three-body breakup.
This may be said to belong to the first generation of history
in the three-body Coulomb problem. Although many efforts
to solve the Coulomb problem were made, most few-body
scattering calculations were based on the incomplete Coulomb
method of the past half century.

Mukhamedzhanov et al. produced a painstaking work
involving three charged particles with the same sign as a
natural extension of the earlier MBM approach, although nu-
merical calculations have not yet been presented [34,35]. The
three-charged-particle problem is very important, not only
for atomic systems but also for nuclear reactions. However,
the screened Coulomb potential plus the renormalization
technique, which is the basis of their method, will encounter
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trouble when the Coulomb parameter n(k) becomes large,
which means that the charges or the masses of the charged
fragments become large or the energy becomes small i.e.,
the nuclear three clusters for instance, which were already
mentioned in [36]. However, the screened Coulomb potential
plus renormalization approach, such as the MBM, is clearer
and more straightforward in the three-body Faddeev scheme.
Therefore, we will mainly discuss our theory in comparison
with the MBM.

We will point out that the phase-shift renormalization is not
consistent with two-potential theory. This means that any effort
within the MBM method will fail to reach the exact Coulomb
amplitude even when one is on the energy shell. The traditional
renormalization phase was obtained from the modified wave
function, which is given by a screened Coulomb potential,
in comparison with the pure Coulomb one [10]. The phase
could be obtained by solving the LS equation with respect to
the potential difference between the Coulomb potential and
the screened Coulomb potential. The two-potential theory, in
this case, demands two potentials, consisting of a screened
Coulomb potential VX and the remainder potential V¢ =
V¢ — VR, The latter potential creates the renormalization
¢ matrix T?, which may generate the renormalization phase,
whereas the former ¢ matrix consists of a short-range # matrix
T®? but modified by the latter + matrix T¢. Nevertheless,
several authors persist in considering only the T®? term but
neglecting 7¢. This is one of the reasons that the traditional
renormalization method fails to reach the genuine Coulomb
t matrix. Moreover, the remainder ¢ matrix contains a serious
unsolved problem, similar to that of the Coulomb LS equation.
The equation also has a notorious overlapping singularity in the
kernel. This paper will introduce a novel method that can solve
the problem. Using this method, we can obtain not only the
Coulomb phase shift but also the off-shell Coulomb  matrix.
Although in our former papers we proposed a new definition of
the Coulomb amplitude that contained several new aspects for
handling a long-range potential, where two-potential theory
was often adopted in two- and three-body momentum space,
the renormalization amplitude still had a long-range problem
caused by the Coulomb interaction [37-39]. Our new scheme
can avoid such difficulty by introducing two- and three-body
off-shell boundary conditions for a typical auxiliary potential
V% [39].

Section II introduces an “effective auxiliary potential”
whose ¢ matrix can be completely obtained by solving the LS
equation. By utilizing the auxiliary # matrix catalyst, the fully
off-shell Coulomb ¢ matrix is obtained within the framework
of two-potential theory, although the Coulomb LS equation
cannot be directly solved. Furthermore, the off-shell # matrix
for the short-range plus Coulomb potential is also presented.
In Sec. III, the full three-body scattering formalism (the
nuclear force, the three-body force, and the Coulomb force) is
investigated in analogy with the Faddeev-type decomposition
and two-body Coulomb method. A summary and discussion
are given in Sec. IV. The unitarity for the new three-body
amplitude is proven in Appendix A. The two-potential theory
for the three-body equation is given in Appendix B. The
asymptotic behavior of the three-body Coulomb wave function
is discussed in Appendix C.
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II. TWO-BODY COULOMB ¢t MATRIX
A. Overlapping singularity

The Coulomb potential with charges Ze and Z’e is given in
configuration space by

c z7'¢?
VEer) = . (1)
The screened Coulomb potential is given generally as
VE(r) = VErEr, R), (2)

where £(r, R) is a damping function. The Heaviside func-
tion A(r — R) and the exponential functions e~"/®" (m =
1,2,...) are popular. The Yukawa-type function m = 1 and
the Gaussian function m =2 are also well known. The
momentum representation of Eq. (1) is given by introducing
a small damping parameter A for the integral in the Fourier
transformation with m = 1. Furthermore, the partial wave
expansion can be represented in the following way;

s — ) An 77 2
(PIVELP) = lim ———=—r
TUp - p P

o0
= lim IZ(;(ZZ + DVE(p, p's ) P(cosh),  (3)

with

2 72 2
+p% 4
prr ) )

2pp’
where Vo =4mwZZ'e*> = 4mwkn(k)/v with the Coulomb pa-
rameter 1(k) = ZZ'e?v/k and the reduced mass v.

Then, in the limit of A — 0, the LS equation for this
potential is written as

, Vi
VEp. pin) = 0,Q1<
2pp

(o)
T (p, plihiz) = V,C(p,p/;k)+f VE(p, p"s MGo(p'; 2)
0

% TZC(P”, p/; )\; Z)dp”, (5)
with
72
v p
Go(pi2)= —=—"F"—7—. 6
D= S e ©)

The kernel has a pole at p” =k = 4/2vz in the Green’s
function and a logarithmic singularity at p = p” for A = 0.
Since both singularities are overlapped or coincide in the
limit of A — 0, which we call an “overlapping singularity,”
the integral equation cannot be solved directly. This is one
of the well-known difficulties in solving the LS equation in
momentum space for the Coulomb problem. Hereafter, we will
suppress A in the momentum space Coulomb potential except
where essential, and we will write the LS equation omitting As
as

T (p, p'i2) = VE(p, p)
o0
+ / VE(p, PGP )T (p", s 2)dp”.
0

@)
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B. Auxiliary potential and analyticity

To avoid the difficulty associated with an overlapping
singularity, we define an “auxiliary but effectively long-range
potential” (AP), V¢(r) = VC(r) — VR(r), which describes a
difference between the Coulomb potential and a “screened
Coulomb potential” (SCP) with a critical range R = R.
The singularity at » = 0 is completely removed in V¥(r)
but the long-range property remains. One could imagine
that V?(r) is a shallow long-range potential. If we increase
the screening range, then V. (p, p') = VS (p, p') — VR(p, p)
in momentum space becomes smaller and smaller except
for the infinite value along the “blade of a knife” on the
diagonal line at p = p’. Finally, it will vanish, and the
¢t matrix Tﬁ’(p, p'sz) for Vfb(p, p’) could reach a trivial
solution that has an effectively “zero phase shift”: ¢;(R, k) =
(R, k,1) = 0. However, if we could find a very large but
appropriate finite range R = R; that satisfies ¢(R, k,[) =
+an(n =0,1,2,...), then we have a nontrivial solution
T (p. p's2).

Let us start from the Coulomb potential that consists of a
short-range SCP and the AP,

Vve=vVR4 (Ve —vRy=VR 4y, 8)

We obtain for the LS equation with respect to the potential
V¢

T =V® 4+ VPGT? = V%0? =a%V?, )
@ =1+ G,T?,

(10)
w? =1+T?G,.

Therefore, the screened Coulomb ¢ matrix #*¢ given by two-
potential theory is

tRO — YR 4 YRGORO — YRR — GRYR (1)

o® =1+ G?7?,

(12)
o =146,
with
¢ 1 ¢
G? = T H Ve = Go+ GoT?Goy. (13)
Here, the fully off-shell Coulomb ¢ matrix is defined by
TC <« Tk 4 7% =%%R0w? 4+ T°. (14)

It should be noted that the pure Coulomb ¢ matrix is not
obtained by solving the Coulomb LS equation but by summing
a short-range renormalized ¢ matrix and the long-range AP
t matrix. We will see that the on-shell Tl¢(k, k;z) does
not yield the renormalization phase ¢(R, k) = n(k)(In2kR —
y/m), which was given by the differential equation in
the traditional method [10,17] but we obtain the off-shell
Tﬁ’(p, p’; z), and on-shell Tl¢(k, k;z) = 0 is required. Then
we can calculate 8¢ with VX and G? in Eq. (11) and
complete (14). As a consequence, it will be shown that
7€ £ a?tRw?.
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Let us solve the following LS equation;

o0
T,¢(p,p’;z)—V,¢(p,p/)=/ V2 (p, pP)Go(p";2)
0

x T(p", p'; 2)dp” (15)
= / 77 (p, p":2)Go(p"s2)

0

x VP (p", phdp’, (16)

where Vl¢( p, p) is nonsingular except for p # p’. The
Go(p”;z) has apole at p” = k.
To investigate the right-hand side of (15), we define

o0
Ii(p,pls2) = / V2 (p, P)Go(p": DT (p", p's 2)dp”
0

=1 (p, pi)+ill(p, pls2)

v 00 V!P(p p//)T¢(p// p/. 2)
2 p 1 s 1 s P //2d ”
7_[2 |: /0 kz _ p//z p p
.ﬂk & ¢ /

where the integral is the principal value part and the second
term comes from the § function of the Green’s function.
Calculating the integral equation of (16) gives

o0
Ii(p,pls2) = / 7’ (p, p";2)Go(p"; )V (P, p)dp"
0

y =5

=1, (p,p2)+il(p.p's2)

v [P /°° T'(p, p"s V(" p)
0

"2 "
72 2 — pr pdp

Tk ,
—z;Tﬁ’m ks )V (k, p >] : (18)

Here, the principal parts of Egs. (17) and (18) are calculated
safely by standard procedures,

oo F " o0 F ny F k
P/ I(p ) dp// :/ l(p ) l( )dp//. (19)
0 k2 _ p//z 0 k2 _ p//2

In the §-function part in the integral I;(p, p’; z), Egs. (15)
and (16) have trouble only at p = k and p’ = k.

Lemma 1. If the on-shell t matrix Tl¢ (k, k;z) = O is given,
then the half-off-shell  matrices satisfy

T/ (p.kio) =T (k. p';2) = 0.
Proof. From Eq. (17), and T, (k, k; z) = 0, we obtain
5 vk o ¢
I)(p.k;z) = _EV’ (p, T (k,k;2) =0 (for p # k).
(20
Using Egs. (15)—(19) and (20), we have a finite value for

L(p,k;z) = 1i(p, k; 2). @21
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Since Vl¢(k, k) = o0, then the half-off shell ¢ matrix should
satisfy

T (p.kiz)=0  (for p # k). (22)

In the same way, Tl¢(k, p’;z7) = 0 is obtained.
Lemma 2. If the relations

Tk, k;z) = Tk, p's2) = T (p, k;2) = 0 (23)

are given, then the off-shell ¢ matrix Tl¢(p, p’;7) is a real

function. As a consequence, Tl¢(p, p’; z) is obtained by the
K matrix equation.
Proof. Because of the relations

[(p,k;z) = [k, p's2)
= I)(k. k:2) = I} (p., p's2) = 0. (24)
Egs. (15) and (16) are written as
1’ (p, p';2)— V. (p, P)

=1"(p,ps2)

o0
=P f V2 (p, PGo(p"s DT (p", p's 2)dp”
0

o0
- / VP (p, POGE (P DT, pls 2dp”
0

=K} (p, p'i2)— V) (p, ). 25)

Therefore, T,¢(p, p.z)= Kf’(p, p’, z) is a real function that
can be given by K matrix theory. The relation between the
¢ matrix and the K matrix is given by, for p = p’ =k,

T/(p. p'i2) = K} (p. ps2)
Kl (p. kK] (k, p';2)
1 —ip(k)K} (k, k; z)
— K/ (p. p:2). (26)

where p(k) = —vk/2m.

Lemmas I and 2 are true in the Coulomb scattering theory
in which the on-shell ¢ matrix vanishes or phase shifts are
+rn(n=0,1,2,...) at specific k. The auxiliary amplitude
has two parameters R and £, at least, to satisfy the phase shift
¢1(R, k) = 0 at points (or on the line) R = R (k) for a fixed /.
Hence, the off-shell auxiliary LS equation can be safely solved
for all energies but by different ranges. Then we can obtain
the fully off-shell Coulomb amplitude at any energy not by the
Coulomb LS equation but by the two-potential formula.

Consequently, the screening range R = R (k) has to be
sought to obtain Tl¢(k, k, z) = 0 by aproper method. The range
will provide “a unique boundary value”’; otherwise the off-shell
Tl¢ has no solution as the original Coulomb LS equation has
none.

+ip(k)

C. The boundary range and a solution method

One of the methods for obtaining Tf’(k, k,z) =0 could
be given by solving the Schrodinger equation with respect
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to V(R r) = V/(r) = VE(r) — VR(r) in which the phase
shift satisfies ¢;(R, k) = x7n(n =0, 1,2, ...). We can solve
the differential equation for the auxiliary potential ‘/I¢(Rc,, r)
with the Coulomb asymptotic wave function

(z — Hoy!l(r) = V2wl o). 27)

From the equation, the auxiliary phase shift ¢;(R, k) could be
easily obtained.

We can also propose another method to solve Eq. (15)
in momentum space directly. For a practical calculation, we
recall the parameter X in Eq. (5), taking the limit A — O for
0 < A < 1/R; then Eq. (15) becomes

o0
T (p, p'ihiz) = ‘G¢(p,p’;k)+/ V2 (p, p's )
0
x Go(p"; )T (p", p's A 2)dp”,  (28)
with
93 /. o C /. R /
Vii(p, p's M) =V (p, p's M) = V7 (p, p), (29)

where the limit of the auxiliary potential exists,
lim V2 (p, p's2) = V(. ). (30)

Therefore, we can calculate Eq. (28) for a sufficiently small
A except for the overlapping singularity at A = 0 and obtain
R (k; \) to satisfy Tl¢(k, k; A; z) = 0; then we can perform

lim Tk, ki 2:2) — T/ (k. ki2) = 0, €20
with

lim Rei(k; ) — Rei(k), (32)

where we will find a specific range R = R;(k) that satisfies
Eq. (31).

Once we find R (k), the K-matrix equation is verified with
respect to Vld’( p, p') by using Lemmas I and 2; that is, putting

T1¢(p, phiz)= Kf’(p, p’; 2), we have

oo
T/ (p.p'i2) =V (p, p/)+/ V7 (p. PG (p":2)
0

x T (p", p'; 2)dp"

"2
p

=Vl (p. )+ 2p /OO VP (p, p")
7.[2 0 k2 p//2

x T (p", ps 2)dp’, (33)

where no overlapping singularity exists in the kernel of
Eq. (33). Using such a unique range R, we can represent
the off-shell Tﬁ’(p, p';z) or Kf’(p, p'; z) without a singular
pole of the free Green’s function.

Finally, we can conclude that the Coulomb ¢ matrix is not
obtained by solving the LS equation (5), but by using (14) and
the off-shell solution of (33).
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Here, we have to solve (11), that is,
i (p. p's2) = Vi (p. p) + /0 VR oG ()
x1f(p", p's2)dp” (34)

o0
= VlR(p,p’)Jr/ K (p, p"; 2)Go(ps 2)

< tf(p", py dp’, (35)
with
R o
K ¢(p,p”;z)=/ V(. P8 = P+ GE (P 2)
0
x T¢(p/// P Z)} /// (36)

where the new resolvent is given by G;ﬁ(z) =
Go(T (9)Go(2) = o ()Go(2) =
K z¢ (z) is used in the integrand.

The kernel IC,R¢ is a real function, because in Eq. (36)
the §-function part of Gy(z) ensures that the half-on-shell

K (k, p";z) = 0 owing to (23), (26).
Furthermore, the Coulomb phase shift is given by

Im [5¢t ¢ ¢]
oy(k) = tan™! ( L1
’ Re[af 1 of ]
R
= tan~ ( E‘IR }) = 5R¢(k) (37)
!

where we have used a half-on-shell relations for ' (z) and
5,¢(z), which follow from (23),

Go(2) +
Go(2)@! (z), and T (z) =

zlvif}ﬁf(p, p'sz) =8k — p"),

;},iinkwfp(p, phiz)=8(p—k),
(38)
hma) (p,pli2) =38k —p,

hm L @y 2(p, p's2) = 8(p — k).

In this process, the specific range R(k,[) that satisfies

Tl¢(k, k; z) = 0 should be searched for. It is known that the
first approximation for such a range is

1 [CGkD
RiD=op e p[ n(k)

where C(k, ) = Co(k, ) = nm is a factor that depends on the
SCP shape and n. This is a kind of boundary condition at
r = R = R that is not comparable with the usual differential
equation. The AP phase shift is taken as +mn.

Finally, one can conclude

¢(R, k)= (R, k,l)=xmn

Merkuriev developed practical boundary conditions for dif-
ferential equations in coordinate space. He investigated the
asymptotic behavior of the three-body Coulomb wave function
in which the eikonal approximation was widely used [27].
It should be recalled that the asymptotic behavior of the

} = Ry (k), (39)

n=0,1,2,..)).  (40)
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Coulomb three-body breakup wave function is very important
because the asymptotic behavior offers a new six-dimensional
spherical wave that is completely different from the usual
two-body boundary condition framework in the hyperspherical
coordinate. The numerical p + d calculation by Merkuriev
was critically discussed in [19].

In the Jacobi coordinate, the three-body Coulomb wave
function cannot be separable with respect of the coordinates
x and y (see Appendix C). If the separable approximation
of the three-body wave function is adopted, then it should
be admitted that the method contains a screened Coulomb
approximation. Therefore, only for limited cases such as the
short-range potential, or below the p + d breakup threshold
in the Coulomb field, can one adopt the particular boundary
condition for the wave function of x, and that for the wave
function of y, respectively [29]. Generally, the boundary
condition for the three-body Coulomb wave function: ¥ (x, y)
above the p + d breakup threshold as well as the intermediate
state could not be separable with respect to x or y. In other
words, the x-y separated form: ¥, (x)lﬁy(y) is equivalent to a
screend Coulomb potential case [40].

In this paper, we are not concerned with the boundary
condition of the differential equation in coordinate space, but
we introduced a new boundary condition in momentum space
for the integral equation.

In the conventional nuclear reaction calculation within the
boundary condition model, it is said that the major wave
function is obtained by using a particular long-range SCP that
is smoothly continued using the Coulomb asymptotic wave
function at a specified range. However, the screened Coulomb
wave function should be distorted by the AP with the defined
long-range behavior. That is, the SCP wave function could not
be connected smoothly with the pure Coulomb wave function
at finite range, but it can be done at infinite range. This will be
seen in the following discussion.

The Schrodinger equation for the Coulomb potential and
the asymptotic behavior of the wave function are given in the
AP formalism by V,’(r) = V,C(r) — V,R(r), and so

[z = Ho— V' Ou L) = VEOWE o), (41)

W (r) — exp {i |:kr — %l — (k) In 2kr —i—a;(k)}
(for r — o0) 42)

= exp {i [kr — %l — (k) In2kr 4 8 (k) + ¢(R, k, ) } )

(43)
The SCP of range R gives
(z — Hoy (r) = VR )y (), (44)
UR(r) — exp { [kr 71 + af(k)“ .45

Recall that 8?(k) # 8f(k) is already confirmed by the

existence of the Tﬂ’—modiﬁed resolvent G}”(z) in Eq. (34).
This idea is not a new one, having been mentioned in

the textbook of Jackson [41]; for instance, see Eq. (3.26) on
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p- 40. Equation (44) generates & IR (k) in (45), which refers to the
resolvent Go(z). The smooth matching of the wave function
(42) to that of (45) at r = R is given by I/flC(R) = wlR(R)
and [wlC(R)]’ = [1//ZR(R)]’, which lead to a phase-shift condi-
tion oy(k) = (SZR(k) 4+ n(k)In2kR and a momentum relation
k =k —n(k)/R. These relations are only allowed at r =
R — oo. This method is inadequate for our present purpose.
Therefore the relation (39) gives a unique screening range
R = R(k,l) = R at which the asymptotic wave function (42)
is smoothly continued with the wave function (43) along with
the relation o;(k) = (SZR ¢(k) + ¢(R, k, I). Here the phase shifts
¢(R,k, 1) =*xmn(n=0,1,2,...) are satisfied. Then these
give o7(k) = 8[R ¢ (k) £ mn. Many nuclear reaction calculations
have been performed without care being taken to define a
unique range.

D. Off-shell Coulomb ¢ matrix

Finally, our main purpose is ready for harvest in this
subsection. The Coulomb potential is separated into two parts,

VE=VR4 (Ve —vRYy=VR Ve (46)
Then one can use two-potential theory and obtain by means of

Eq. (14)

TC(p, pls2) = / / o) (p, p"s 20" (p", p"s2)
0 0
x wlqﬁ(p///’ pr;z)dp//dp/// + T[¢(p’ p/;z)
o0 p OO ¢
=/ f [8(p — P+ T (p. p":2)
0o Jo
x GE(p"s D (p", p"s 2[8(p” — P
+ G(})’(p///; Z)Tllﬁ(p///’ p/; Z)]dp//dp///
+T0(p, p's2), 47)

where 7}¢(p, p’;2) is already given in the previous section,

and th¢( p, P'; 2) is calculated numerically by Egs. (11), (34),
and (35), but the details will be shown in the next section.

E. A short-range force and a Coulomb force

Let us consider the system with nuclear and Coulomb
forces. The potential is given by

VO =V vE =S+ VR + (Ve - VF
=V® e, (48)

where V¥ is a short-range nuclear potential. By analogy with
Eq. (9) and Eq. (11), the ¢ matrix is given as

TR — y® 4 yRGITE
=Rk 4 1R? (49)

with

R =vS 4 VvSGRIR, (50)
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where tR¢ was given by (11). Then we easily deduce by using
Egs. 9), (11), (14), (48), and (49)
TO = T® W L T¢

= 2% @ RoR + t7)? + T?

= E‘Z’ERtSRa)Ra)"’ + E¢tR¢w¢ + T¢

=00 + T, (51)
where the Coulomb Mgller operators are defined by w® =
ofw? and o€ = @?®". Here we can prove that % = ¢°C by
using the resolvent; that is,
1

G* =
z—Hy—VE— V¢
1 — ~C
S m-ve ¢ 6
= Go + GoT*Gy. (53)

Here it should be stressed that Eq. (52) contains an “important
proof” from the screened Coulomb to the pure Coulomb
Green’s function (i.e., GR? = G at a “finite given range R”).
If we miss V?, then we have to take R — oo to reach G€.
Therefore, all other calculations should be done at infinite
range. If the numerical results converge at finite range, they
are inconsistent [40,42,43].
Then Eq. (50) becomes

PR =V + V3G =rC (54)
= VS 4+ KC5C Gk, (55)
with the kernel
K€ = v + GoT©). (56)
Therefore Eq. (51) gives
TO =5 *Cw 4+ T°. (57)

For the term @w<r*“w® of Eq. (57), we obtain by using

Egs. (49)
Ectscwc — E¢(5RtSCwR)w¢
=T — 1*)0?. (58)

Here, the on-shell (T® — tR?) converges because of the
operators @” = w? = 1. The off-shell amplitude will be
directly calculated from Eq. (58). In the MBM, @ =¢?
and w? = e'? oscillate very rapidly when R — oo. However,
(TR — tR)ei? instead of Eq. (58) seems to be converged
because the oscillations of both terms could be canceled at a
certain range R. Since the later (T® — ¢®) is not the same as
Eq. (58), then the converged values are not proper amplitudes,
because they approximate G by G,, which are seen in
Eq. (21b) in [43] and Eq. (27) of [40].

We will see that the renormalization, which was inferred
from Ref. [19], is not correct but is completed only by using
Eq. (14),

TP w? = @ Rk + 17%)w?
=o?R Rl w?® + @17 w?
=o'’ + 0% w?
=0t +TC - T?
=70 719, (59)
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where the existence of T¢ is emphasized. Finally, we obtain
the following relations from Eq. (59);

5¢T(R)w¢ 7,5 7O = ECISCCL)C + TC, (60)
@tRw? £ TC, (61)
o RoRw? =2+ CwC. (62)

To investigate Eq. (61) practically, let us consider the two-
body on-shell amplitude, putting Tlc(k, kiz) = —2m/v flc(k).
Now, if we adopt the MBM'’s renormalization technique [17],
then w? = @? — €'? is given. Therefore, the left-hand side of
Eq. (61) becomes

. R$
. i 27 . [T — 1\ .
lim 5¢IIR¢a)¢’ = lim ——¢¢® | — ] ¢
R—o00 R— o0 Vv 2ik

o [ 2161+ _ L2ig
= lim —-— | ————— ],
R—o0 v 2ik

where 81R ¢(k) is the phase shift from Eq. (34). However, the
MBM takes (SZR (k) instead of BIR ¢ (k) in which G is adopted for

G? in Eq. (34); that is, the MBM employs 7f instead of 1%¢.
Therefore, if and only if 8% (k) + #(R, k) — o;(k) is admitted,
it gives

R—o0 R—o0 V

2 2io; _ L2i¢
lim o’tfw? = lim = (%) # T,° (k)

where ¢(R, k) = n(k)[log(2kR) — y] and y = 0.5772... is
the Euler constant. Since limg_, ¢(R, k) — 00, then e
oscillates very quickly and never converges to the Coulomb ¢
matrix TIC (k).

It is also seen that there exists the same confusion in
the three-body AGS equation, Eq. (2.17) of [19], which
corresponds to our Eq. (59) after making the following
replacements;

o’ — Z, 1 (qa), (63)
@ — Zgp (gh), (64)
T® - T (g}, qu). (65)
TC = 8pabaat (a). Qo). (66)

@10 — (dy T E +i0|q) ©7)

Then, one can compare Eq. (59) with Eq. (2.17) of [19] in the
elastic scattering limit, using Z, r(qs) = exp[2i¢y r(ga)] =
Zr(q.). First, let us consider Eq. (60) by using the replace-
ments (63), (64), and (65);

Jm 7 2 @ T (Ge. gt E +i0)
= lim Z5' @[T e ge: E +i0)
+15(qe, 4o 3¢2 /4my +i0)]
= lim Z3' @)™ (Ge. g3 E +i0)

pr— exp(—2ipr)[exp(2idg,.) — 11}
Timyg.

= lim Z3'q0)7aa*"*" e, 4es E +i0)
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3
+ lim ————{exp[2i(—¢r + Sr.1)]
R—oo 4wimygq,

— exp[—2i¢r]} (68)

# Taa' " (Ge, 4o; E +10). (69)

The second term on the right-hand side of Eq. (68) oscillates
very quickly by e~%%% when R goes to infinity, although
the sum [—@y r(qy) + Sg.1] may converge. Therefore, the
renormalization of this formula never converges. The same
relation appears also in other articles; Eq. (2.21) of [17],
Eq. (3.29) in [18], Eq. (4) in [20], Eq. (17) in [21], Eq. (21a)
in [43], etc. This is a misunderstanding of the traditional
screening method, which is clear from Eq. (59) and the related
discussion.

Second, Eq. (62) for the on-shell limit corresponds to
(in [19])

dim 7 31q0)Taa**" (e, g1 E +i0)

) -3 .
= lim —— exp[2i(—¢r + Sr.L)]
R—o0 47Tlqug

x [exp(2i®5 855 1) — 1]

= ———— %% [exp(2i* 1 85c.1) — 1]
4mimng.

= T0a°5"(qe, qo; E + i0). (70)

It converges. This contradiction is only resolved by the
definition of Eq. (14) with the “auxiliary ¢# matrix,” which
is seen in Egs. (60)—(62).

In [19], the renormalization phase —¢gr = op — L. i
obtained by the Yukawa-type screened Coulomb potential
[m=1:&( R)=e'"/% in Eq. (2)], which appears in the
textbook of Goldberger-Watson [10] (p. 265),

‘M,
ba.R(Ga) = — [log(2g«R) — ¥1
40 <log(qaR)> . a1
quR

Unfortunately, Eq. (71) is not a good representation for a large
Coulomb parameter 7(qy) = ZZ'e> M, /q,, with heavy masses
and large charges and at very low energies [36]. Another
attempt with respect to m > 1 in Eq. (2) exists, for which
ba.r(qe) = —1(ge)[In2q, R — y /m] is obtained, but it is still
an approximation.

Another way finding ¢, g may be possible with the aid
of relations —¢, r(qs) = 01(qs) — 81.r(qy) in Which 8 g is
given numerically for proper R, and o}, is obtained analytically.
However, this attempt will also fail, because é; g should be
distorted by ¢, g or G? in Eq. (34).

In our theory, we use the notation (R, go) instead of (R, ¢4)
in [19], and we take 8X®(qo) for 8, (gy) and ®(R, go, L) for
—da.r(qa), respectively. Here, three phases are linked by the
relation between (42) and (43); that is, o7(qo) = qu’(qo) +
O(R, qo, L) [41]. To cut the linkage, we have to adopt the
on-shell three-body auxiliary matrix X;Da, (g0, q0; E)(=0)
in (134) with the phase shift d(R, qo, L)(=£mm :m =
0, 1,2...)in Eq. (153). However, the off-shell auxiliary matrix
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X® (q,q'; E) (0) takes an important part to make the
threé—body off-shell # matrix as well as the two-body auxiliary
matrix T} (p, p'; 2)( 0) did.

Therefore, the off-shell extension of the three-body scatter-
ing amplitude by the phase-shift renormalization of the MBM
is not correct. Then any calculations for the breakup amplitude
by the traditional phase-shift renormalization will fail. Details
will be given later.

III. THREE-BODY SCATTERING EQUATION

A. The three-charged-particle  matrix in nuclear systems

Our “regulation” for the two-body Coulomb ¢ matrix in
Eq. (14) and (51) is obviously written for the three-body
transition # matrix T‘© for a nuclear system in which the
full potential is given by

VO =vS+ w04 v€
=(WVS+ W+ VB (vE —VvE
=vR v, (72)
where VS, W0, and V €are a nuclear force, a short-range three-
body force, and the Coulomb force, respectively. Here we
introduce the three-body Jacobi-coordinate channels «, 8, and
y orl,2,and 3. The two-body potentials V are given by V,,, Vg,

and Vg, whereas the three-body force W° could be presented
by W,,. Therefore, Eq. (72) indicates

Vogg) = Vasaaﬂ + Wu(t)ﬂ + Vac&w
= (Vasaﬂlﬁ + Wo(z)ﬂ + VaRaaﬁ) + (Vac - VaR)Saﬁ
= Vg + Vap. (73)
Hereafter we suppress the indices for simplicity except when

necessary. Then the formal equation for such a three-body
¢t matrix could be represented by

TO = y©O V(C)GOT(C)
= (VO +VH+ VR 4L VHGTO. (74

However, the three-body ¢ matrix can also be decomposed
using two-potential theory as

TO) — G¢TR gyt 4 T
=’ @ " T**o® + T®e’” + T? (75)

— 2[R Q°TQ + Tk + TRjw? + T¢
=R T  +a°T°C + 7€, (76)

where these ¢ matrices are given by the three-body Jacobi
channels «, 8, and y;

T = Tjy = Visap + ) Vidbay GoT} (77)
14

= T08up + Y _ T84, GoTy (78)
14

= TYwl, = ol T), (79)

TR = TS = Vs + > VEGE TE. (80)

14
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TR = T8 = (Visap + Wap)

+ > (Vibay + W0, G, TR
y.8

—0
= Q,, T + Ty, (81)
V.0

0 0 0 0 C 70
TO= Top = Woy + ) W, G Ty
V.0

_ 0 60 _ a0 w0
=D W@ =3 %, Wy, (82)
Y Y

T =T =VSsup+ > ViGE Ty (83)
y
where Saﬁ =1 — 8up is defined. Equation (78) is the three-

body Faddeev equation for the AP in which wfﬂ and E(fﬂ are
defined.
The resolvents of the operator forms are given by

1
Go = . 84
0=F_ o (84)
G? = o Go+ GoT?G, (85)
E—Hy— V¢ ’
oo 1 _ 1
E—Hy—VR—_VvV¢  E—Hy—VC
= Go + GoT Gy, (86)
1
G" =
E—Hy—VC — WO
=G 4+ G°T°G°. (87)

These are also represented by the matrix elements of the
Jacobi-channel notation,

G® = Gl = Godup + GoT 2, G, (88)
G" = Gl =G5+ > GE, TGS, (90)
y,8

Here, TaRﬁ can be obtained from Eqgs. (80) and (88) and by
adopting TR = 1*? of Eq. (11);

TR = VEsap + ) VEGE TS
14

=TRs,5 + Z TS (GY, — G98uy) TS,
Y

= TR + Z TFGoU?, GoT S, 1)
Y
= TaRw(fﬂ = 55/3 TﬁR, 92)
TR = VR VRGOTR = VE 4 TRGOVE
= VEok =k vE, 93)

where U O‘f s 1s a completely connected amplitude that is related
to the AGS operator uzﬁ for the AP,

Udy = T — T28us = T Gouly GoTy . (94)

af — T«
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The pure three-body Coulomb ¢ matrix or the Rutherford
transition matrix, defined by analogy with two-body case, is

3

c — (4 ¢

TS =) @b, Thoj, + T (95)
y,0=1

where the three-body AP # matrix Tf could be solved using the
Faddeev equation (78) with the two-body boundary condition,
and also with the three-body boundary condition, which will
be shown later.

Now the Coulomb Mgller operators with «, 8, and y
channels are defined by

3
C — HRp? C _ R ¢
W =Wt = O = wawyﬂ’ (96)
y=1
where 0, and a)gy are matrix elements of the three-body

renormalization Mgller wave operator and the screened
Coulomb one, respectively. Therefore, we can solve Eq. (91)
by using (78). Then, Ta% of (95) can be obtained as well as
a)gﬂ of (96).

Finally, the three-body channel representation of Eqgs. (75)
and (76) with «, B, and y becomes

3 3 3
¢ = Z Z Z [Egn(ﬁr(;)yTVﬁQgc + Ty )ogs + Tyg).

7)

By solving (82) and (83), and substituting into (97), we obtain
the three-charged particle amplitude with the nuclear force and
the three-body force.

More details about Eq. (97) will be discussed in the next
section.

B. A new Faddeev-type equation

In this section we derive a new Faddeev-type three-body
equation with a short-range potential

VS =Vi+Va+ Vs, (98)

where V) stands for a short-range two-body potential V3, V;
for V3, and so on.
Let us start from Eq. (83),

T=WVi+V,+ V) +(Vi+V,+ V3)GHT. (99)

Consequently, the Faddeev-like reduction can be carried out
by separating the three-body T matrix into three channels:

3
T=T'+T*+T°=)"T"=%"T,. (100)
a=1 o,B

Then we have
3

T = Va—i—VaGHZTﬂ, (101)
B=1
Tup = VaSup + Y Vu Gl Typ, (102)

Y

PHYSICAL REVIEW C 73, 054001 (2006)

where « and 8 stand for the particle channels, which run from
one to three, respectively.

Two-body amplitudes in the three-body Hilbert space in
the Coulomb field satisfy (54), by putting +*¢ — T,, VS —
V., etc.;

T, = Vo + Vo GET,

=Vo(1+GST,) = (1 4+ T,GE) Ve, (103)
with a resolvent for the « channel of
GS = (E - Hy—VE) ™' = Go+ GoTEGy. (104)

Multiplying the factor (1 + T,,GS) to Eq. (101) from the left,
we obtain

T = Ty + T,Gy T + T.G™ Y 857", (105)
B
Tup = Tubop + Tou(Glty — GO Tup + Y Ty G Bay Typ,
' (106)
where we use the notation GZS in (90) and
Gl =61 —G¢, (107)
Sap = 1 — 8up. (108)

It should be noted that T,z is the same ¢ matrix seen in
Eq. (97). Now we define a new matrix Uyg by

Usp = Tup — Tubap. (109)

Then the Faddeev-like equation (106) is reduced to the
following form:

Uep = Tu (G 8 + GLi305) Ty

+ Y Tu(Gy 8y + GH 5uy) Uy, (110)
Y

where the Born term and the kernel are reduced by using the
relations

Gly =G+ G, TGSy, (111)

af — aytys
GS = Gos GoTSG
ap = G0oap + Gol,5Go

= wiGo = Gobyy. (112)

—H —
G, 8up + Glidop = GS, TGS,

+ (Ggﬁ - GS)‘Saﬁ + Go(iﬁgaﬂ
= Go[Gy'Sup + (T — T, Sap)

+ s, Thwss|Go. (113)
where, in Egs. (111) and (113), we used dummy indices
without summation signs “»_ , > ;" for the inner channels
between two operators, and hereafter we will use the same
notation for simplicity without further indication. We define

the new AGS operator ug by

Uaﬁ = TaGouaﬁG()Tf;. (114)
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Then we obtain 7,4 from (109)
Taﬁ =T, Gouaﬁ G()T,s + Taaaﬂ. (115)

Therefore, by using Egs. (110) and (113), anew AGS equation
is given as follows;
Uap =[Gy 8ap + (Toy — T 8up) + 03, Tyswi]
—13 c c —C 70 C
+ [Go Say + (Tay - T, ‘Say) + a’aaTagwcy]GO
X TyGouy/g. (116)

For the two-body # matrix T, substituting V,, = |)7)Asy (y] into
Eq. (103), then we obtain

T, =V, +V,G, T, = 175,571, (117)

where 2], denotes a matrix of specified rank and |y) is the
corresponding vector.
SC . .
Now, 7, is a two-body propagator given by

t;c(zy) = ‘L’;C (E - q§/2uy)

=[1=-RFIGSEHP] A (18

§3€(zy)
= 119
zy(ky) — zy (k3) ()

53€(zy)
= (120)
[E =2 (k)] - a3 /20,

SSC(Z )
=__r= 121
E(g9) — Ho(qy) (2

with
8 (@) = tim [2,(6) = 2, (ky) ][5 Ky, (122)
E(q;)) =E- Zy(kg)’

Ho(qy) = q; /211y, (123)

where it has a two-body pole at energy z,, = zy(kg). Further-
more, the two-body wave function in the three-body Hilbert
space is given by |;) = Gy|y). Therefore, by substituting
(117) into Eq. (115), the three-body ¢ matrix is given by

Tup = |6) T3 (W3 |uap [ W3)T5C (Bl + 18) TS (@180p.  (124)

Finally, we obtain the integral equation for the transition
matrix by sandwiching the new AGS operator between the
wave functions:

(aluas | v5)
= (Val[Go '0up + (Tap — T 8ap) + @, Tysis] | W75)

+(¢2|[G613‘1)’ + (Taff - Totc(sa}’) +5(§3T60(wgcy]|w;>

x (e |¥5) (125)

In Eq. (125), the Born term as well as the kernel contains a

weakly connected Coulomb-like potential VS between a pair

and the third particle. We can separate the Born term into two
parts by using Egs. (107) and (113):

(Val[Gg "bup + (Tyy — T 8up) + @, Ty ]| Wr5)
= (@|GgdaslB) + (@|(Gos — Gg)dap| B)

= BSy + Vg, (126)
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where the first term of Eq. (126) is a nondiagonal term, and the
second term is a diagonal one and manifests a Coulomb-like
potential, which was pointed out in the MBM [16,17]. That is,
we have

BS, = (|Gl 1B)8s

s -1 C —C 0 C s\¢
= (Yol (Gy' + Ty + @, Tysogy) [W3)8ap.  (127)
where we can easily confirm that the term is completely
connected. While, the diagonal term is given by

Ve Sap = (] (Gals = G} B
= (Wal(Ts — T + @, TYs0iy) [W5)80p

= [VE+ (VS = VD) bus = (VE+V2)8us.  (128)
where V2 is the three-body AP with a screening range p = R
in which p is the coordinate between the c.m. of a pair and the
spectator particle. VX stands for a harmless screened Coulomb
term but V¥ has a Coulomb-like structure. The three-body
long-range behavior can be treated the same way as those in
the two-body case.
Let us separate the Born term of Eq. (126) into two parts;

Bl + VS8 = (BS + VEbup) + (VS = VE)ows (129
=B + V8. (130)

B = B, + ViEbus, (131)

Ve =1VC PR, (132)

The three-body rearrangement amplitude (Y, luqg|¥g) is
also separated into two parts in the same way as Eq. (14),
by using two-potential theory (see Appendix B). We define
(Wiluasl¥y) = X'5; then we have in Eq. (125)

X = (B +V28us) + (BR +V25,,) X, (133)
where the three-body AP r matrix satisfies

X, = VP 4 VOrCx® = pPQf =GOV, (134)

with
X = Qu X + XS, (135)
Xx® = B + BRcox®
= (BS; + VEsup) + (BS, + VFs0, )X R (136)
= QS QF + XE bup, (137)

where the submatrices, sub-Mgller operators, and the extended
propagators are defined by

XR = YR yRpsCoxR _ YROR _ GRYR — (138)

o
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with
sCP __ S}ic (za)
¢ E(q9) — Ho(ga) — V&

_ vC sC v @
- +T onaoz'

(139)

The core ¢t matrix X&'ﬂ satisfies

S = B + BT 0.

where a new resolvent, given by using Eq. (139), is
$i€(z))

Ho(gy) —Vy — Vg

(140)

7€ =
" E(q)) -

85 (zy)
E(q%) — Ho(gqy) — VS

_ vC sCyC _sC
- +T wa'

(141)

Here the resolvent TC is nonsingular at the singular point of

VC therefore, Eq. (140) is solvable.
The three-body rearrangement ¢ matrix, given by a sand-
wiched form by substituting (137) into (135), is

xS = ﬁ‘f(sza 1S 4+ XF 8.5)Q2 + X2, 845

= Qx5S + (2 XE Q2% + X2, )dup

=Q, Xagszc + XS, 84, (142)

where the Coulomb Mgller wave operators are defined by
Q¢ = ofa?,
B (143)
Q. =a,q..
Then the pure three-body Coulomb ¢ matrix is given by
X6, = xR Qf + X2, (144)

Finally, we obtain the three-body rearrangement ¢ matrix
from

(Vo luap|w5) =

Therefore, the t matrix in Eq. (124) can be rewritten as

QSR+ xS0 =XG. (149
> sc(=C e =\ _sC /2

Tup = 1@)75 (R Xog 2 + X000p) T (Bl 4 10) 70 (0| 8p.-

(146)

Consequently, the [3] — [3] ¢ matrix is obtained by
substituting (146) into (97);

sC sCoC
(_J/ Xys 5 25

-y Yy (e

o,B=1n,c=1y,6=1

+ XE,8,0) T (81 + 7)1 (716,519, + Tt}

c c
X wgg+ Taﬂ)
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T5C ATy (8195, wf,

33
= Z Z Zawcnﬁr?y' )T
(147)

where the first term originates from the new AGS term, the
second one is the Rutherford term, and the last one is the direct
propagation. One finds that an onion-like structure appears in
a multipotential # matrix. The label A, ; is defined by

Ays = 0, 05+ X5,8,5+ (,€) '8,5. (148

This term stands for the [2] to [2] rearrangement amplitude in
terms of the full interaction.

More clearly explicating this formula term by term, one can
show that by using implied summations over indices, and also
by (97), (115), (95), (124), (96), (146), and (143),

T©) — 50‘25“9 T, Gotys GoTs 25, 0 @0l

0 LR
+wa€w$n9 TQ)/C ¢p pﬂ+wa5wérzTn§ ¢p aﬁ

+ a)agTRa)(b + Tofi‘3

Ep~pp
=0y gy(h/) “(y|GouysGol8) Ty (8] + T, ) QY w5y
oy Thoy+ T (149)

=358, V)59, 65T
+17358,5) (8195, 05 + B, Trswgy + Ty

C+ X0, 8,1
(150)

=05 §y|y) € ATy ¢ <<S|Q5; WSy + oy, V5w55+
(151)

The amplitude in the core of the onion-like structure satisfies
a Faddeev-type integral equation with a screened Coulomb
potential that is completely prescribed by the three-body
boundary conditions, which will be seen in the next section.
Therefore, all of the calculations are performed without any
ambiguity using short-range potential scattering methods.

C. Three-body boundary condition

In the three-body system, we must define two boundary
conditions, not only for the two-body relative coordinate r
but also for the Jacobi coordinate p between the c.m. of two
particles and the spectator to make a specific range p = R.
Here, the Coulomb phase shift of the « channel, (qo), is
not given by the screening phase shift plus the renormalization
phase, 5 1.(q0) = §X%(qo) + ®(R, qo, L), but by the phase shift
Sfd’(qo) with respect to the on-shell # matrix of Eq. (138)
under the condition that the on-shell auxiliary ¢ matrix of (134)
vanishes, where g, and L are the corresponding momentum and
the orbital angular momentum, respectively.

Furthermore, in Eq. (134), we demand that the on-shell and
half-on-shell auxiliary X‘D(E) matrix vanish; that is,

X2 (g0, q0; E) = 0,
X2 (q0,9; E) =0,
X? (g, 90, E) =0,

(152)
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where ¢( stands for the on-shell momentum of the « channel.
This leads to the auxiliary phase that satisfies

®R, qo, L) =Frm (m=0,12,....), (153)

and also the half-on and half-off-shell operators satisfy 5: =
Q2 = 1. Therefore, we obtain the phase shift from Egs. (138)
and (144);

5

QX5,02)
Re (2, XX, Q2)

1| Im
= tan —_—
R

= 55%(q0).
Therefore, Eq. (134) is rewritten as

X2(q.45E) = Vg, 4 E)

o0
_p / V2(q. 4" EYCq" E)XSq" ¢ E)ig"
0

51(qo) = tan™" [

B

~ D

(154)

(¢
—|—~
Qx )
g8 =l

~ | ~—
| I

(155)

= J5(q.9 E), (156)

where P stands for the principal part of the singular integral that
comes from the pole of 7€ (¢"; E). Therefore, Jof; (q.q;E)is
free from the singularity coincidence, and it is converged as
well as that in the two-body case which, is given by Lemmas
1 and 2.

From (153) and (154), one could say that the three-body
renormalization formula of the MBM is an approximation
because, for instance, in Eq. (70), Z;l (ge) 1s not fixed at unity
but oscillates for R — oo.

Here, one can obtain an energy-dependent range for the
« channel of

— 1
R(go, L) = —exp

C(qo, L)
240

— = Rer(qo). (157)
1(qo)

At this boundary, the effective Coulomb ¢ matrix between
a charged cluster and the charged spectator is obtained. We
can obtain the inverse functions for Egs. (39) and (157), as
k=R, '(R) and qo = f: (R), respectively. A closed-circuit
relation between the two- and three-body boundary conditions
exists;
L[R*I(R)]2 + LF“(E)]2 —E (158)
Zl)a cl 2 U cL - ’
where E is the three-body energy and v,, and i, are the reduced
masses for the corresponding channel, respectively.

If we have a simple energy-dependent form such as R =
A;/k and R = B /qo with constants A; and By, then energy
conservation for the three-body system defines a boundary

region
1 (AN 1 (B
(A L (B g
2v, \ R 2e \ R

On the closed circuit (158) or (159), the two- and the
three-body renormalization phases ¢(R, k, /) and ®(R, qo, L)
become £rm(m =0,1,2,...).

(159)
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Finally, we can conclude that the two- and three-body
boundary conditions are mutually linked in the long-range
Coulomb field.

IV. SUMMARY AND DISCUSSION

To obtain a rigorous Coulomb ¢ matrix in momentum space,
we have divided the Coulomb potential into a major screened
Coulomb potential and a minor but effectively long-range
auxiliary potential. We proposed a new boundary condition
model on-shell and half-on-shell AP ¢ matrix which is zero at
the range r = Ry, but the off-shell # matrix is not. Then the AP
phase shift becomes zero or = n. Here the off-shell K-matrix
equation for the AP is solved easily at this boundary because no
singularities coincide in the integral kernel. It should be noted
that the LS equation for the SCP has a T?-modified resolvent
that is not that of the free Green’s function. Therefore, the SCP
phase shift is not the phase shift resulting from the pure SCP. As
a result, our boundary condition allows the SCP amplitude to
yield the rigorous Coulomb phase shift. Hence, the long-range
difficulty in obtaining the Coulomb amplitude is completely
removed within any required accuracy. Furthermore, the fully
off-shell Coulomb # matrix is given by the off-shell K matrixes
of the AP and the SCP using two-potential theory. One could
say that the Coulomb LS equation cannot be solved but
that the solution can be obtained by using the AP K matrix
and the specified boundary condition, although it is not the
typical boundary condition of the differential equation in
I space.

As a consequence, we can reliably calculate the amplitude
without any difficulty after we have required zero on-shell and
half-on-shell amplitudes.

For the practical calculation in two-body problems, it is
useful to recall our algorithm:

(i) Find the screening range R (k) of Eq. (39) and obtain the
fully off-shell #- or K matrix T% with R.; and calculate
the kernel (36) as well as G®.

(i) Solve the LS equation (34) for the short-range amplitude
tR? with potential V&,

(iii) Find the on-shell amplitude to obtain §*¢, which becomes
the Coulomb phase shift.

(iv) Calculate Eq. (47), which is the fully off-shell Coulomb
¢ matrix.

(v) Substitute (47) into (56) to generate this kernel.

(vi) By using the kernel, solve Egs. (54) and (55), and
substitute into (51). Then we obtain the two-body nuclear
amplitude.

In the case of a separable short range potential, the
nuclear two-body propagator is also represented by a Coulomb
modified form, but it has no trouble with the long range
difficulty. This fact is mathematically proved by using the
AP-formulation.

In the three-charged particle system, the three-body Fad-
deev equation is only verified for the AP, but the major SCP
leads to another Faddeev-like equation. This equation is also
calculated with the results of the AP-Faddeev amplitude. As
a consequence, the three-charged particle Coulomb ¢ matrix is
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obtained by using the generalized two-potential theory which
is mentioned in Appendix B.

The previously proposed phase shift renormalization
method [16-19] can not improve the precision, in principle,
because the phase of (71) has no unique value for a large
Coulomb parameter. Moreover, such a method can not supply
arigorous off-shell amplitude. Furthermore, the method is not
adequate for the three-body break-up reaction because of the
missing Coulomb three-body break-up Mgller operator a)gﬁ
even if the three-body force break-up operator Qg s 1s omitted.
Therefore, our formulation presents the entire three-body
amplitude for the first time, which has ever been seen before.

It may be useful to summarize the algorism advocated to
obtain the pure Coulomb three-body ¢ matrix in practice:

(i) Prepare To‘f from Eq. (33). Substitute it into (78) to obtain
Ty
(ii) Solve (11) or (34) to obtain t*¢ = TX. Substitute it into
(91) to obtain Ta’;.
(iii) Calculate (95) to obtain the pure Coulomb three-body
¢ matrix Ta%.

This process is for the pure three-body Coulomb problem.

Next for the three-charged “nuclear problems”, we have to
take into account the above results and the nuclear short range
forces by the following routine;

(iv) Obtain |7 > and r)‘ﬁc(z) from (117), and (118).
(v) Obtain XS, by Eqgs. (134), (138), and (144).
(vi) Substitute X C and rsc(z) into (141) to obtain TC
(vii) Calculate T, from (82). Substitute T,
of (96) into (127) to obtain BC
(viii) Solve (140) using BC and TC to obtain X;g
(ix) Obtain (uqg) from (145) by using Qg of (143).
(x) From (150) and (151), one can calculate any physical
amplitude.

and T anda) f

Finally, our three-body ¢ matrix formalism is presented
in a universal style following the mathematically rigorous
manner to use it in practical applications involving the
Coulomb force, a three-body force, and a short-range force.
It includes the three-particle to three-particle amplitude
[31 — [3], two to three [2] — [3] (breakup), or vice versa
[3] — [2] (absorption), two to two [2] — [2] (rearrangement),
and cascade [1] — [2] and [1] — [3] (photo-disintegration),
respectively. These amplitudes include the initial- and final-
state interactions exactly, interactions in which the two-
and three-body forces and the Coulomb force mutually
interfere.

One can include interference effects in Coulomb breakup
problems, for instance. Furthermore, it could be applicable
even for photoabsorption, photoemission, and photodisinte-
gration problems, that are frequently occurring three-body
problems. This paper includes some points from previously
published articles [37] and [38] by the author that are very
useful in terms of highlighting new aspects of physics, but the
author must admit that some parts in the articles [37] and [38]
involve an approximation with respect to the Mgller operator
and its phase-shift representation ¢’?. Consequently, these
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approximations are corrected in the present article. Practical
calculations will be presented elsewhere.
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APPEENDIX A: THE UNITARITY RELATION

Let us prove the unitary relation for the new three-body
AGS-like Eq. (116). Consider the matrix form of Eq. (116),

[u(E)]ep = uap(E), (A1)
[uo(E)lap = (G '8ap) + (Top — T Sap) + (@35 Ty5055)
(A2)
(Dap = GoTuGodag. (A3)
Then Eq. (116) becomes
u(E) = ug(E) + uo(E)L (E)u(E). (A4)

Let us multiply ual(E) from the left in Eq. (A4) and u™!(E)
from the right to obtain

u '(E) =u, ' (E) — T(E). (A5)

Here the amplitude operator u(E) stands for £ = E* = E +
ie, and u(E)' = u(E — ig). Therefore, we have

[0 &N = [u5'®)] - [r®)]'". (A6)
Now we define
A = [u(B)] - [u'(B)], (A7)
Auy' = [0 (B)]" = [uy'(E)], (A8)
AT =T'-T. (A9)
Consequently, we obtain from (A5) and (A6)
Au"' = Au,' — AT. (A10)
Sandwiching the equation between u' and u, we get
uT(uT_l —u Hu=u-—u
=u'(Auy')u—u'ATu
= —Au. (A11)
In the same way, we can calculate Auy, 1.
ug(ug_l —u;)ug = — ug = —Auy. (A12)
Therefore (A11) becomes
Au=u'(u;") Aug(u;")u + u' AT (A13)
Before we calculate Auy we must redefine uy (A2);
(ug)ep = GO aﬁ T Sop + T, ﬁ + o w Tyaa)sﬁ
= Gy'0up — T 8up + 1,5 (A14)
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with
T =T +2°T%"
= (VE + Wo) + (VE + Wo)GoT €.

Then we replace the discontinuity of uy by

(A15)

(Aug)ep = (ll(T) — Up)yp
= — (T = T )bup + (T = Ty
= —27iTE 8(E — Hy)T 84
+2mi[TCT8(E — H)T€],,. (A16)

Finally, we obtain AT'. Because of Eq. (117) and Eq. (A3),
I' satisfies the following equation, with (C)aﬂ = GoV,;Godugp
and (K)up = GOVOfa)gb‘aﬁ;

I' =C+KT. (A17)

Multiplying C~! from the leftin (A17) and T' ' from the right,
we get

r'=c'-c'k (A18)
Here, C~'K becomes
(C"K)op = (GoVEGo) ' GoV.wCbup
=Gy '8up + T 80p. (A19)
Then we obtain
(T Dap = (C71),5 — Gy 'Sup — Ty Sap- (A20)
Therefore, we have
(AT Dgp = (AC Dgp — AT 8. (A21)
Sandwiching AT ! between I'" and T', we obtain
riat™ —r-Hr = —Ar, (A22)

AT =rf(cHfaccc™hHr
+2mi T [TE S(E — Ho)TE 84]T.
(A23)

Since AC is zero for the real potential V;, the new AGS
operator satisfies the unitarity condition

Au = 2ziutug " T S(E — Hy)TCug'u
— it (g™ Y [TETS(E — Ho)TE 845 ]ug 'w
+2min T [TETS(E — H)TC8,5]Tu.  (A24)
APPENDIX B: GENERALIZED TWO-POTENTIAL THEORY

To derive the generalized two-potential formulation, let us
start from the following LS-type equation:

Xap@a 453 E) = [Vap(@a- 443 E) + Vigp(qa 453 E)]
[o¢] o0
+/ dq’y’/ dqs'[Vay(qa> 4,3 E)
0 0

+Vy (a4, E)|Gs(qy. 45 E)
x Xs(a3 . q}: E). B1)
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We can put this in matrix form by omitting the momentum
variables as well as the signs of the integral and the summation;

X = (V+V)+(V+ V)GX, (B2)
with
X = Xop(as 953 E), (B3)
V = Vop(qo. 441 E). (B4)
V0 = V3(qa- qj: E), (B5)
G” = Gos(qu. qp: E). (B6)

Here we take a LS-type equation for V°,

X% = v° 4+ voGox° (B7)
= V'@’ ="V, (BS)
with
2’ =1+G6X",
. (BY)
2 =1+XG"

Or, we can rewrite these in the concrete form

0 _ 0 30
S2ap = Oap + Gy Xyp

(B10)
a0 _ 0 ~0
Qaﬂ = 8up + XWGV[,.

Multiplying Eq. (B2) by @’ from the left, and defining
X = X% +Y, we obtain
Y =2'V+2'Ve (X +Y)

—2've' + 2°vGly. (B11)

If we adopt a sandwiched form for Y(i.e., Y = ﬁoyszo), we
have a symmetric equation,

o'ye =a've' + 2've'a’ye’.  (B12)
Then Y satisfies a kind of LS-type equation,
Y=V+VG), (B13)
with
G =G'2’ = 6" + G°X°G". (B14)
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Finally, we obtain the solution X by

X=Y+X =0y’ +X°. (B15)

APPENDIX C: THE ASYMPTOTIC BEHAVIOR OF
THE THREE-BODY WAVE FUNCTION

To prove that the asymptotic three-body wave function is
not always separable, let us recall the three-body kinematics
in the three-body c.m. system:

X=X3=1I7 —TI,

_my(my +my +m3)
m3(m + my)

ma(my + my + m3)

- r27
m3(my + my)

y=y:= r, 1)

where r (o = 1,2,3) and m, are the coordinates of the
individual particles and masses, respectively, and x and y
are the Jacobi coordinates. Then the individual coordinates
and two-body relative one are given with 13" = m3 ' + (m; +

—1

my)”,

—M3y — mpX

rH=——
mi +my

—ms3 niy
= y— X7
my + my +ms3 my + myp

(C2)
M3y +miX
mi + my
—ms3 nj

= y + X
my + my 4+ mj my + my

and

XI]=r3—Ip;=y— X = ay + BX, (C3)

nmj
m; + my
ny

X =r| —I3=-y— x=yy+dix. (C4)

my + my

By using Eqs. (C3) and (C4), the three-body potential is
represented as follows:

Vixy) + Va(xz) + V3(x3)
= Vix,y) + Va(x,y) + V3(x)
= Vi(ay + Bx) + Va(yy + 6x) + Vi(x). (C5)
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Then, the three-body Schrédinger equation is given by

Ay A,
5 o +Vix, y)+ Wy + W) | vEy)
v3 o 2u3

= Ey(x,y), (Co)
where v3 and w3 are the reduced masses with respect to the
Jacobi coordinates x and y, respectively.

Now, the asymptotic forms of the potentials are given by
three cases.

Case 1: {x — 00,y < oo}. The potential becomes

Vi, y) + Va(x, y) + V3() = Vi(6%) + Va(Bx) + V3(%);
(o))
then, the asymptotic wave function will be given by multiply-
ing the two-body wave function with respect to the coordinate

x and the plane wave for the relative momentum q regarding,
the Jacobi coordinate y,

Y (x,y) = ¢.(x) exp(iqy). (C8)

Case 2: {y — 00, x < oo}. This leads to the asymptotic
potential

Vix,y) + Va(x,y) + V3(x) = Vi(ay) + Va(yy) + V3(%);
(C9)
then, the asymptotic wave function will be
Y, ) = PO ).

This case lead a separable wave function in the asymptotic
region.
Case 3: {x — 00,y — 00 }. Here the potential becomes

Vl (X’ Y) + VZ(Xv Y) + V3(X)
— Viay + Bx) + Va(yy + 8x) + V3(x).

One finds that the potential does not change on one side of
the coordinates. This fact leads to a nonseparable but mixed
asymptotic wave function

V(X Y) # POV (Y.

Finally, one can conclude that the relative coordinates x; and
X, cannot be separable with respect to x and y; only the cases
{x > 00,y < oo} and {y — o0, x < oo} leads to a separable
wave function. This situation will occur not only for the three-
charged-particle systems but also for a two-charged-particle
system in the three-body problem.
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