
PHYSICAL REVIEW C 72, 024315 (2005)

New band mechanism of doubly-odd nuclei around mass 130
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The nuclear structure of the �I = 1 doublet bands in doubly-odd nuclei 130Cs, 132Cs, 132La, and 134La is
studied in terms of a pair-truncated shell model, in which the collective nucleon pairs with angular momenta
of zero and two are its basic ingredients. The effective interactions consist of single-particle energies and
monopole and quadrupole pairing plus quadrupole-quadrupole interactions, whose strengths are determined so
as to describe the level schemes of even-even nuclei in the mass A ∼ 130 region. The calculation reproduces
well the energy levels of the doublet bands and the electromagnetic transitions, especially the staggering of the
ratios B(M1; I → I − 1)/B(E2; I → I − 2) for the yrast states. Through the analysis of the wave functions, the
doublet bands turn out to be made of different angular momentum configurations of an unpaired neutron and an
unpaired proton, weakly coupled with the quadrupole collective excitations of the even-even part of the nucleus.
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I. INTRODUCTION

The nuclei in the mass A ∼ 130 region that have just
more than 50 protons and just fewer than 82 neutrons show
various intriguing phenomena, one of which is the γ instability
caused by the prolatelike mass distribution of valence proton
particles and oblatelike mass distribution of valence neutron
holes, respectively. The γ instability of the A ∼ 130 even-even
nuclei is manifested by the energy staggering of even-odd
spin states in the quasi-γ bands and by some forbidden
transitions between the yrast and the quasi-γ bands [1,2].
Another interesting phenomenon is the backbending [3–6].
The Fermi level lies in the 0h11/2 orbital for neutrons, and a
weak rotation causes the spin alignment of quasiparticles in
this orbital. In addition, we observe a number of high-spin
isomers [7–9], which are related to the validity of the seniority
scheme for the single-0h11/2 orbital.

In the past two decades, a number of systematic studies
on these nuclei were performed. The interacting boson model
(IBM) has been widely used for the study of the low-lying
states [10]. In this model, quadrupole collective excitations
are described in terms of angular momenta zero (s) and two
(d) bosons. Extensive studies were carried out for the low-
lying states of the A ∼ 130 even-even nuclei [1,2,11–16], and
the energy spectra and the electromagnetic transitions were
well approximated by the IBM Hamiltonian with the O(6)
dynamical symmetry.

The pair-truncated shell model (PTSM) [17–24] provides
another practical scheme for a microscopic description of
collective motion in medium and heavy nuclei in terms of
fermionic collective pairs. In the simplest version of the PTSM,
i.e., the SD version of the PTSM, even-even nuclear states
are constructed by angular momenta zero (S) and two (D)
collective pairs. Based on this framework, systematic studies
were carried out for the even-even and the odd-mass nuclei in
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the mass A ∼ 130 region [23]. In this work, energy spectra of
both the yrast and the quasi-γ bands for even-even isotopes
54Xe, 56Ba, 58Ce, and 60Nd were well reproduced, along with
the intraband and the interband B(E2) values. The same set of
interactions was applied to odd-mass nuclei, and an excellent
agreement with experimental data was achieved for both the
energy spectra and the magnetic moments.

One of the most intriguing phenomena in medium and
heavy nuclei is the systematic appearance of the �I = 1
doublet bands, which are observed to be almost degenerate
in energy as the low-lying bands in some doubly-odd nuclei.
For instance, the bandhead states of these �I = 1 doublet
bands appear at excitation energies of 0.975, 1.131, and
0.775 MeV in 130

55Cs [25], 132Cs [26,27], and 132
57La [27,28],

respectively. Such pairs of bands built on the single-particle
states of a valence neutron and a valence proton in the
same unique-parity orbital 0h11/2 were observed in recent
experimental studies of doubly-odd nuclei around the mass
130. In Ref. [29], new sideband partners of the yrast bands
were identified for the doubly-odd N = 75 isotones. Later
the �I = 1 doublet bands and the even-odd staggering of the
ratios B(M1; I → I − 1)/B(E2; I → I − 2) were observed
for 136

61Pm and 138
63Eu [30]. Furthermore, for many doubly-odd

nuclei, several members of the doublet bands have been
accumulated, and a similar trend has been ascertained for both
the energy levels and the B(M1)/B(E2) ratios [31–37].

These doublet bands had been interpreted as the
manifestation of “chirality” by Frauendorf and Meng, based
on the three-dimensional tilted axis cranking (TAC) model
[38]. In their picture, the chiral mechanism is explained
as follows. When three angular momenta of the even-even
core, the unpaired neutron, and the unpaired proton are
perpendicular to each other, they can form either a left-handed
or a right-handed geometrical configuration, which cannot be
transformed into one another by rotation. These left-handed
and right-handed configurations constitute the chirality in the
intrinsic body-fixed frame. Restoration of the chiral symmetry
in the laboratory frame results in two bands in which the states
of the same spin and parity are almost degenerate in energy.
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Among many theoretical studies on the �I = 1 doublet
bands, the TAC model was first employed to calculate
the excitation-energy patterns and electromagnetic properties
of the doubly-odd nuclei in the mass A ∼ 130 region
[29,30,36,38,39]. The calculations reproduced rather well
the experimental excitation energies, but could not explain
the staggering of the experimental B(M1)/B(E2) ratios
in the yrast band. Theoretical investigations of the doublet
bands were carried out also within the framework of the
phenomenological core-particle-hole coupling model [34,35]
and the particle-rotor model (PRM) [32,40,41], and these
results supported the interpretation of the doublet bands of
the chiral structure. These models, however, disregarded the
intrinsic degrees of freedom of the even-even core, i.e., in these
models, an even-even core was assumed to be “a triaxial rotor”
with definite triaxial deformation and irrotational-flow-like
moment of inertia, and a doubly-odd nucleus was described
by an unpaired neutron and an unpaired proton in the 0h11/2

orbitals, surrounding the triaxial rotor. In contrast, it is well
known that the even-even nuclei in the mass A ∼ 130 region
are γ unstable in low-lying states, and a proper treatment
of the core is essential for a description of their structures.
Our attempt in this paper is to take an explicit account of the
single-particle degrees of freedom of the even-even core in
order to describe such a variety of band structures in these
doubly-odd nuclei.

For the description of doubly-odd nuclei, the IBM was
extended to include the single-particle degrees of freedom
for both neutrons and protons [42]. The extended model, the
so-called interacting boson fermion-fermion model (IBFFM),
was applied to the doubly-odd nuclei in the mass A ∼ 130
region to reproduce the complicated level schemes and the
electromagnetic properties [43–45]. The IBFFM was applied
also to the doublet bands in 134

59Pr [46]. Through the analysis of
the wave functions and the transitions, it was concluded that the
yrast band was fundamentally built on the ground-state band
of the even-even triaxial core, whereas the yrare band was
mainly built on the quasi-γ band of the core. The IBFFM was
successful in describing the low-lying states of the doubly-odd
nuclei, though the model cannot explicitly deal with the effect
of the Pauli principle between the boson core and the fermionic
unpaired particles.

Like the IBM, the PTSM was extended for a microscopic
description of doubly-odd nuclei. The �I = 1 doublet bands
for 132La [47] and 134La [48–50] were analyzed in terms of the
extended PTSM, and a good agreement with experiment was
achieved for the energy levels of the bands. The calculation
reproduced well the observed B(M1)/B(E2) ratios for 134La.
Through the analysis of the behavior of the wave functions, it
was found that the level scheme of the �I = 1 doublet bands
does not arise from the chiral structure, but from different
angular momentum configurations of the unpaired neutron and
the unpaired proton in the 0h11/2 orbitals, weakly coupled with
the quadrupole collective excitations of the even-even core. If
we follow the �I = 1 sequence from the ground state with
the νh11/2 ⊗ πh11/2 configuration, the angular momenta of
the neutron and the proton open and close like scissors. This
scissorslike motion is called “chopsticks motion” hereafter.
The chopsticks motion, representing the restless movement of

two angular momenta of the unpaired neutron and the unpaired
proton, is quite different from the shears mechanism. In the
latter picture, the blades of the shears, representing two angular
momenta of valence neutrons and valence protons, gradually
close as spin I increases, and the B(M1) transition strength
monotonically decreases with increasing spin I. On the other
hand, in the chopsticks motion, the chopsticks open and close
repeatedly as spin I increases, and it provides the characteristic
feature of the staggered M1 transitions along the yrast band.

In this paper, we perform systematic analysis of the
�I = 1 doublet bands with excitation energies of about
1 MeV for the A ∼ 130 doubly-odd nuclei in terms of the
PTSM. We employ the monopole and quadrupole pairing plus
quadrupole-quadrupole (P+QQ) interaction as an effective
interaction, and take the full shell-model spaces from the
nucleon number 50–82 configuration for both neutrons and
protons. The optimum set of the interaction strengths was
already determined from the experimental energy levels for
the even-even nuclei, 128−132Xe, 130−134Ba, and 132−136Ce [23].
Carrying out systematic calculations for the doubly-odd nuclei,
130Cs, 132Cs, 132La, and 134La, we compare the theoretical
energy spectra and the electromagnetic properties with the
corresponding experimental data and examine the physical
contents of the theoretical wave functions.

The paper is organized as follows. In Sec. II, we give a
brief outline of the PTSM and its effective interactions in the
model space. In Sec. III, we present numerical studies on the
even-even nuclei, 130Xe, 132Xe, 132Ba, and 134Ba. In Sec. IV,
the same set of the interactions determined from the even-even
nuclei is applied to the doubly-odd nuclei, 130Cs, 132Cs, 132La,
and 134La. In Sec. V, we analyze the wave functions of the
�I = 1 doublet bands. In Sec. VI, we conclude the paper
with a summary. In the appendix, we give explicit expressions
for some important physical quantities in a one-neutron and
one-proton system in the same single-j orbital.

II. THEORETICAL FRAMEWORK

The impressive success of the IBM suggests that nucleon
collective pairs with low angular momenta play dominant roles
in the nuclear collective motion. It is natural to expect that the
SD pair-truncation scheme works well in describing low-lying
states. As such an approach, the SD version of the PTSM
was proposed [17–24]. In this model, the shell-model basis is
restricted to the SD subspace with S and D collective pairs.
The S and D pair-creation operators, as building blocks of the
model, are defined as

S† =
∑

j

αjA
†(0)
0 (jj ), (1)

D
†
M =

∑
j1j2

βj1j2A
†(2)
M (j1j2), (2)

where the structure coefficients α and β are determined by a
variation in each nucleus as in Ref. [18]. The creation operator
of a pair of nucleons in the orbitals j1 and j2 with a total
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angular momentum I and its projection M is written by

A
†(I )
M (j1j2) =

∑
m1m2

(j1m1j2m2| IM) c
†
j1m1

c
†
j2m2

= [
c
†
j1
c
†
j2

](I )
M

, (3)

where c
†
jm represents either a neutron-hole creation operator

or a proton-particle creation operator in the orbital jm. Using
the S and D pair-creation operators, we construct a many-body
SD pair state by applying creation operators on the closed-shell
core |−〉 as

|Sns Dnd Iη〉 = (S†)ns (D†)nd |−〉, (4)

where I is an angular momentum of the nuclear state and η an
additional quantum number required for completely specifying
the state. Here, the necessary angular momentum coupling is
exactly carried out, but abbreviated for notational simplicity.
The ns and nd represent the numbers of the S and D pairs,
respectively. Thus the number of valence nucleons, 2ns + 2nd ,
is a fixed constant for a given nucleus. To describe open-shell
nuclei, we use the preceding SD pair states in both neutron and
proton spaces and couple them to the state with a total spin I.
Thus the many-body wave function of the even-even nucleus
can be written as

|�(Iη)〉 = [∣∣Sn̄s

ν Dn̄d

ν Iνην

〉 ⊗ ∣∣Sns

π Dnd

π Iπηπ

〉](I )
, (5)

where n̄s and n̄d represent the numbers of neutron-hole
S pairs and D pairs, respectively, and ns and nd correspond
to those for proton pairs. The 2n̄s + 2n̄d (=N̄ν) and 2ns +
2nd (=Nπ ) are the total numbers of valence neutron holes
and proton particles, respectively. Later the state in Eq. (5)
will constitute the even-even core of the doubly-odd nuclear
state.

To describe an odd-nucleon state, we need to extend the
model to include an unpaired nucleon in addition to the
SD pair state [21,23]. When the nucleon creation operator
c
†
jm is applied to the SD pair state, the odd-nucleon state, i.e.,

the SD pairs plus one particle state, is constructed as

|jSns Dnd Iη〉 = [c†j |Sns Dnd I ′η〉](I ), (6)

where I and η denote the same as before, and 2ns + 2nd + 1 is
the number of valence nucleons. Because of this extension, the
PTSM can treat even-even, odd-mass, and doubly-odd nuclei
on the same footing. As in the case of the even-even nucleus,
the many-body wave function of a doubly-odd nucleus is
expressed as follows:

|�(Iη)〉 = [∣∣jνS
n̄s

ν Dn̄d

ν Iνην

〉 ⊗ ∣∣jπSns

π Dnd

π Iπηπ

〉](I )
, (7)

where 2n̄s + 2n̄d + 1 (= N̄ν) and 2ns + 2nd + 1 (= Nπ ) are
the total numbers of valence neutron holes and proton particles,
respectively. In the present calculation, the number of proton
pairs is fixed at two (ns + nd = 2) for Xe and Cs isotopes
and three (ns + nd = 3) for Ba and La isotopes. Similarly,
the number of neutron pairs is fixed at two (n̄s + n̄d = 2) for
N = 78 isotones and three (n̄s + n̄d = 3) for N = 76 isotones.
Through a Schmidt orthonormalization procedure, the states
with a total spin I are orthonormalized to each other.

In the present study, we employ the P+QQ interaction as
an effective interaction, which is frequently used for medium
and heavy nuclei. The effective shell-model Hamiltonian is
written as

H = Hν + Hπ + Hνπ, (8)

where Hν,Hπ , and Hνπ represent the neutron interaction, the
proton interaction, and the neutron-proton interaction, respec-
tively. The interaction among like nucleons Hτ (τ = ν or π )
consists of spherical single-particle energies, monopole-
pairing (MP), quadrupole-pairing (QP), and quadrupole-
quadrupole (QQ) interactions:

Hτ =
∑
jm

εjτ c
†
jmτ cjmτ − G0τP

†(0)
τ P (0)

τ

−G2τP
†(2)
τ · P̃ (2)

τ − κτ : Qτ · Qτ :, (9)

where :: denotes normal ordering. The monopole-pairing
operator P †(0)

τ , the quadrupole-pairing operators P
†(2)
Mτ , P̃

(2)
Mτ ,

and the quadrupole operator QMτ are defined as

P †(0)
τ =

∑
j

√
2j + 1

2
A

†(0)
0τ (jj ), (10)

P
†(2)
Mτ =

∑
j1j2

Qj1j2A
†(2)
Mτ (j1j2), (11)

P̃
(2)
Mτ = (−1)MP

(2)
−Mτ , (12)

QMτ =
∑
j1j2

Qj1j2

[
c
†
j1τ

c̃j2τ

](2)
M

, (13)

[c̃jmτ = (−1)j−mcj−mτ ],

Qj1j2 = −〈j1||r2Y (2)||j2〉√
5

, (14)

where A
†(I )
Mτ stands for the pair-creation operator given by

Eq. (3). We assume that the interaction between neutrons and
protons Hνπ is just expressed as the QQ interaction:

Hνπ = −κνπQν · Qπ, (15)

where Qτ is written in terms of proton-particle or neutron-
hole operators. As for the single-particle basis states, we
employ the harmonic-oscillator basis states with the oscillator
parameter b = √

h̄/Mω. The detailed framework of the PTSM
is presented in Ref. [23].

III. NUMERICAL RESULTS OF EVEN-EVEN NUCLEI

In the mass A ∼ 130 region, several valence proton parti-
cles and valence neutron holes are coupled to the doubly magic
132Sn core. Because they occupy the 0g7/2, 1d5/2, 1d3/2, 0h11/2,
and 2s1/2 orbitals, the shell-model space used in our
calculation includes full one-major shell-model spaces from
the nucleon-number 50–82 configuration for both neutrons
and protons, in which valence neutrons are treated as holes
and valence protons as particles. The adopted single-particle
energies, listed in Table I, are extracted from experimental
excitation energies in Refs. [51–53].
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TABLE I. Adopted single-particle energies (in MeV) for neutron
holes and proton particles, which are extracted from experimental
data [51–53].

j 2s1/2 0h11/2 1d3/2 1d5/2 0g7/2

εν 0.332 0.242 0.000 1.655 2.434
επ 2.990 2.793 2.708 0.962 0.000

For these valence spaces, we use the P+QQ interactions,
whose strengths were determined by a least-squares fit of the
low-lying energy levels as for the even-even nuclei, 128−132Xe,
130−134Ba, and 132−136Ce in Ref. [23]. To reproduce overall
spectra of the preceding nuclei, the linear dependence of the
interaction strengths on the valence neutron and/or proton
numbers was introduced. The determined set of interactions
is as follows (G0 of MP interaction in MeV and G2 of QP
interaction and κ of QQ interaction in MeV/b4):

G0ν = 0.160 − 0.010N̄ν,

G2ν = 0.017 + 0.0005Nπ,

κν = 0.075 − 0.0015Nπ,

G0π = 0.200 − 0.010N̄ν − 0.005Nπ, (16)

G2π = 0.010 + 0.001Nπ,

κπ = 0.014 + 0.006Nπ,

κνπ = −0.044 − 0.002N̄ν.

Here N̄ν represents the number of neutron holes and Nπ the
number of proton particles.

In Fig. 1, the theoretical energy spectra of the PTSM are
compared with experimental data for even-even nuclei, 130Xe,
132Xe, 132Ba, and 134Ba, up to spin 8. The energy levels of
the even-spin yrast band for 130Xe, 132Xe, and 134Ba are well
reproduced. The staggering patterns of the energy levels in
the quasi-γ bands are also described well, indicating the γ

instability in the low-lying states. For 132Ba, the model gives
good agreement with experimental data, including high-spin
states. The theoretical E2 transitions and branching ratios also

agree well with experimental data. Some other details were
presented in Ref. [23].

IV. NUMERICAL RESULTS OF DOUBLY-ODD NUCLEI

A. Energy spectra

The �I = 1 doublet bands reported in recent experiments
of the doubly-odd nuclei in the mass A ∼ 130 region are
assigned to be built on the νh11/2 ⊗ πh11/2 configuration.
Thus we take into account the νh11/2 ⊗ πh11/2 configuration
coupled with the SD pair states. As for the single-particle
energies and the strengths of the effective interaction, we use
the same values that were determined from the energy spectra
of the even-even nuclei as in Table I and Eqs. (16).

In experiment three �I = 1 bands are assigned to be built
on the νh11/2 ⊗ πh11/2 configuration for 132Cs (even-even
core: 132Xe). In Fig. 2, the experimental energy spectrum
is compared with the PTSM result. The PTSM reproduces
quite well the energy levels for bands 1 and 2. However,
the theoretical result is not satisfactory enough to desc-
ribe the energy levels of band 3, where level spacings between
the �I = 1 states are smaller compared with those of the other
bands (bands 1 and 2). The nucleus 132Cs has fewer valence
neutrons and protons compared with the other nuclei, 130Cs,
132La, and 134La. The quadrupole collectivity is not so
pronounced, and the single-particle nature still dominates. For
an accurate description of band 3, we may need to take into
account some other effects such as a hexadecapole degree of
freedom.

In Fig. 3, the experimental energy levels for 130Cs
(even-even core: 130Xe) are compared with the PTSM results.
Concerning the yrast states, calculated energy levels are in
good agreement with experiment. There is no experimental
evidence for the 8+

1 state, but the theoretical 8+
1 state is in

between 9+
1 and 10+

1 states. For the yrare states, the PTSM
calculation reproduces the observed levels at correct positions,
though the model predicts a few low-spin states that are not
experimentally observed.
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FIG. 1. Comparison of the experimental en-
ergy levels (expt.) with those of the PTSM
for 130Xe, 132Xe, 132Ba, and 134Ba. The level
sequences on the right represent the quasi-γ
band, and the level sequences on the left the
yrast band. Experimental data are taken from
Refs. [6,54–57].

024315-4



NEW BAND MECHANISM OF DOUBLY-ODD NUCLEI . . . PHYSICAL REVIEW C 72, 024315 (2005)

0

1

2

3

4

5

(12)+

(11)+

(12)+
(13)+

(10)+

(12)+

(14)+

(10)+
(11)+

(15)+

(9)+

14+

18+

16+

16+

13+

11+

15+

13+

16+

11+

12+

15+

17+

11+

expt.

E
(M

eV
)

(17)+

14+

10+

PTSM

19+

17+

(15)+

(13)+
12+

9+

18+

8+ 10+

9+

132Cs

8+

10+

8+

13+

15+

12+

18+

9+

14+

(11)+

(13)+

(15)+

17+

Band1Band2Band3

YrastYrare

FIG. 2. Comparison of the experimental energy levels (expt.) with
those of the PTSM for 132Cs. The two level sequences of �I = 1 on
the right represent the yrast band, and the two level sequences of �I =
1 on the middle, the yrare band. The two levels on the left denote the
third lowest energy states for each total spin I. Experimental data are
taken from Ref. [35].

The energy spectra for 134La (even-even core: 134Ba) are
shown in Fig. 4. The model reproduces well the energy levels
of low-energy states, and the level sequence of 8+

1 , 9+
1 , and

10+
1 states is predicted similarly to those of 130Cs and 132Cs.

For the higher-energy states with spins greater then 18, the
theoretical level spacings between �I = 2 states are larger
compared with those of experiment. Such high-spin states may
be complicated in structure, so that the S and D collective pairs
are insufficient to describe the even-even cores of the high-spin
states. For a more accurate description of these states, we
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FIG. 3. Same figure as in Fig. 2, but for 130Cs. Experimental data
are taken from Ref. [35].
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FIG. 4. Same figure as in Fig. 2, but for 134La. Experimental data
are taken from Ref. [33].

may need higher-spin pairs, such as the H pairs, which are
composed of two nucleons in the 0h11/2 orbitals [22,24].

Figure 5 shows the energy spectra of 132La (even-even core:
132Ba). The level ordering of the 8+

1 and 9+
1 states is reversely

predicted in the PTSM, though the ground state of 8+
1 and the

first excited state of 9+
1 with the νh11/2 ⊗ πh11/2 configuration

are almost degenerate in experiment. For the other yrast and
yrare states, the PTSM reproduces well the energy levels.
Especially, for high-spin states we obtain a better agreement
with the experimental data compared with the other nuclei.
More numbers of the S and D pairs are available for this
nucleus, so that high-energy states are now well described.
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FIG. 5. Same figure as in Fig. 2, but for 132La. Experimental data
are taken from Ref. [34].
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FIG. 6. Comparison of the experimental en-
ergy levels (expt.) with those of the PTSM for
130Cs, 132Cs, 132La, and 134La. Experimental data
are taken from Refs. [25–27,58,59].

B. Energy spectra of other low-lying positive-parity states

In this paper our main concern is the structure of the yrast
and yrare states built from the νh11/2 ⊗ πh11/2 configuration.
However, one of the advantages of our framework is to
simultaneously describe the low-lying states that are not built
from the νh11/2 ⊗ πh11/2 configuration. In Fig. 6, theoretical
energy levels with positive parity are compared with the
experimental data up to 700 keV excitation for 130Cs, 132Cs,
132La, and 134La. In experiment, the ground states are assigned
to have positive parity for 130Cs, 132Cs, and 134La, whereas
in 132La the ground state is assigned to have negative parity,
and the lowest state with positive parity, the (2)+ state, has an
excitation energy of 155 keV.

Concerning 132Cs and 134La, calculated energy levels are
in good agreement with experiment. In particular, spins of
the ground states are exactly reproduced. For 130Cs, the
1+

1 state appears higher in energy than the experimental one,
but there exists a one-to-one correspondence between the
theoretical and experimental levels for the 1+

1 and 2+
1 states.

For 132La, the ordering of the 1+
1 and 2+

1 states is reversely
predicted, but the PTSM calculation reproduces quite well
the positions of the energy levels for the 2+

1 , 1+
1 , 2+

2 , and
1+

2 states.
The PTSM also gives the relative energies between

the ground states with positive parity and the states with
the νh11/2 ⊗ πh11/2 configuration, which are not shown
in the figure. The experimental yrast bands based on the
νh11/2 ⊗ πh11/2 configuration start at excitation energies of
0.975, 1.131, and 0.775 MeV in 130Cs [25], 132Cs [26,27], and
132La [27,28], respectively. In the PTSM, the ground states
with the νh11/2 ⊗ πh11/2 configuration are located at excitation
energies of 1.79, 1.75, 1.34, and 1.29 MeV in 130Cs, 132Cs,
132La, and 134La, respectively, which are rather high in energy
compared with experiment.

Through the analysis of odd-mass nuclei, we have already
noted that our model Hamiltonian is not satisfactory enough to
reproduce the low-lying energy levels of odd-mass nuclei [23].
For a reproduction of the relative positions of the states with
the νh11/2 ⊗ πh11/2 configuration, we may need either to shift
the single-particle energy of the 0h11/2 orbital relative to the

other orbitals and/or to include an octupole interaction, which
is missing in the present study.

C. Relative M1 and E2 transitions

In what follows we calculate the ratios B(M1; I →
I − 1)/B(E2; I → I − 2) for the yrast states with the
νh11/2 ⊗ πh11/2 configuration and the ratios B(M1; I →
I − 1)In/B(M1; I → I − 1)Out for the transitions from the
yrare states, as these are the only measured transitions in
experiment.

The M1 transition operator is defined as

T (M1; µ) = µN

√
3

4π

∑
τ=ν,π

[g
τ j τ + (gsτ − g
τ )sτ ]µ, (17)

where µN (= eh̄/2mc) is the nuclear magneton, g
τ (gsτ ) is the
g factor for orbital angular momentum (spin). The operators
j τ and sτ stand for the angular momentum and the spin
operators, respectively. The adopted gyromagnetic ratios for
the orbital angular momentum are g
ν = 0.00 and g
π = 1.00
and those for spin are gsν = −2.68 and gsπ = 3.91, which are
free nucleon g factors attenuated by a factor of 0.7.

The E2 transition operator is defined as

T (E2; µ) = eνQνµ + eπQπµ, (18)

where eτ represents the effective charge of the nucleon and
the operator Qτ is the quadrupole operator defined by Eq. (13)
with the oscillator parameter b = 1.005A1/6 fm. The effective
charges are assumed to follow the conventional relation eν =
−δe and eπ = (1 + δ)e [60], and the adopted values are δ =
0.60 + 0.05(N̄ν + Nπ ), which are taken from Ref. [23].

In Fig. 7, the theoretical B(M1)/B(E2) ratios for the yrast
states are compared with experiment. The large-amplitude
staggering of the B(M1)/B(E2) ratios are in excellent
agreement with experimental data, except for the 16+

1 state of
134La and for the 17+

1 state of 132Cs. The anomalous behavior at
spin 16 of 134La may be attributed to a band crossing between
the yrast and the yrare bands. As an indication, irregular level
sequences in the yrast bands were reported on the neighboring
Pr isotopes [44,45,61]. In particular, the positive-parity yrast
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FIG. 7. (Color online). Comparison of the calculated
B(M1)/B(E2) ratios for the yrast states of 130Cs, 132Cs, 132La,
and 134La with experiment. Experimental data are taken from
Refs. [33,35,36]. No experimental data are available for 132La.

bands with the νh11/2 ⊗ πh11/2 configuration in 134Pr exhibit
the irregular level sequences because of a band crossing at
spin 15 and 16 [61]. The anomalous behavior at spin 17 of
132Cs may also be explained by the band crossing between the
yrast and the yrare bands. As 132Cs shows a complicated level
structure arising from the excitations of both single-particle
and collective degrees of freedom, this anomalous behavior
might be caused by another mechanism.

In Fig. 8, the theoretical B(M1)In/B(M1)Out ratios for the
transitions from the yrare states are compared with experiment.
The B(M1)In indicates the M1 transition between yrare states,
and B(M1)Out indicates the M1 transition from yrare to
yrast states. In 130Cs the model reproduces the staggering
feature, but slightly underestimates its value at spin 13. In
132Cs there is a large disagreement between the experimental
and calculated B(M1)In/B(M1)Out ratios, but this discrepancy
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FIG. 8. (Color online). Comparison of the calculated
B(M1)In/B(M1)Out ratios for the yrare states of 130Cs, 132Cs,
132La, and 134La with the experimental data. Experimental data are
taken from Refs. [33,35]. No experimental data are available for
132La.
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FIG. 9. (Color online). The theoretical B(E2) values for 132Cs,
130Cs, 134La, and 132La. The filled circles, open squares, open circles,
and filled squares represent the transitions between yrast states,
between yrare states, from yrast to yrare states, and from yrare to yrast
states, respectively. Solid curves indicate the transitions between the
odd-spin states, and dotted curves, the transitions between even-spin
states.

may be understood by consideration of the fact that both the
B(M1)In and the B(M1)Out values are sensitive to a change of
structure in the wave functions and that both values are small
after all. It is known that in 128Cs and 130Cs the staggering
patterns of the experimental B(M1)In/B(M1)Out ratios are in
phase with those of the B(M1)/B(E2) ratios for the yrast
states [35]. The present calculation supports this experimental
fact.

D. E2 and M1 band structures

To clarify the band structure with the νh11/2 ⊗ πh11/2

configuration, we calculate absolute values of B(E2; I →
I − 2) and B(M1; I → I − 1) in the following text. In Fig. 9,
the calculated B(E2) values of the yrast and the yrare states
are shown as functions of spin I. All the nuclei have the similar
behavior of the B(E2) values for the transitions between the
even-spin yrast states (I � 10) and between the odd-spin yrast
states (I � 11). The strong E2 transitions with spins greater
than 12 indicate that the odd-spin and the even-spin yrast
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states, respectively, form two �I = 2 bands starting from the
bandhead states of 11+

1 and 10+
1 .

The B(E2) values between the yrare �I = 2 states are
smaller than those between the yrast �I = 2 states. However,
because the yrare states are linked by the strong E2 transitions
between the �I = 2 states, quadrupole collectivity plays an
important role in describing the even-spin and the odd-spin
yrare states for I > 11. In 132Cs it is not easy to identify
which of the 15+

2 and 15+
3 states belongs to the E2 band,

starting from the bandhead state of 9+
1 . The B(E2; 15+

3 →
13+

2 ) value of 0.0337 e2b2 is close to that of the 15+
2 → 13+

2
transition (0.0377 e2b2), and the 15+

3 state is also a candidate
as a member of the �I = 2 band. Concerning the transitions
from the yrare states to the yrast states, the B(E2; 11+

2 → 9+
1 )

and B(E2; 10+
2 → 8+

1 ) values are the largest compared with
other transitions for all the nuclei 130Cs, 132Cs, 132La, and
134La.

On the basis of the preceding argument, we conclude that,
for any nucleus, the following members form five �I = 2
E2 bands, each starting from the first member as the band-
head state: (1) 11+

1 , 13+
1 , 15+

1 , 17+
1 ; (2) 10+

1 , 12+
1 , 14+

1 , 16+
1 ;

(3) 9+
1 , 11+

2 , 13+
2 , 15+

2 (15+
2 or 15+

3 for 132Cs); (4) 12+
2 , 14+

2 ,

16+
2 ; and (5) 8+

1 , 10+
2 , 12+

3 (12+
4 for 132Cs and 134La).

The calculated B(M1) values of the yrast and the yrare
states for 132Cs, 130Cs, 134La, and 132La are shown as functions
of spin I in Fig. 10. For the yrast states of all the nuclei, the
B(M1) values (I � 11) are large for the transitions from odd
spin to even spin and small for the transitions from even spin to
odd spin. On the other hand, all the B(M1) values between the
yrare states (I � 12) are found to be small for any nucleus. This
fact implies that the structure of the yrare band differs from
that of the yrast band. Furthermore, with respect to the other
�I = 1 transitions, large B(M1) values ( � 0.40 µ2

N ) are pre-
dicted for the 10+

1 → 9+
1 → 8+

1 , 12+
1 → 11+

2 → 10+
2 , 14+

1 →
13+

2 , and 16+
1 → 15+

2 transitions in 130Cs, 134La, and 132La
(16+

1 → 15+
3 for 132Cs). [B(M1; 16+

1 → 15+
3 ) = 1.67µ2

N for
132Cs.]

The preceding results concerning M1 transitions are sum-
marized as follows. The strong M1 transitions (I � 11) connect
the odd-spin yrast states (I ) to the even-spin yrast states
(I − 1), connect these (I − 1) states to the odd-spin states
(I − 2), and connect these (I − 2) states to the even spin
states (I − 3). These large B(M1) values indicate that the
�I = 1 M1 bands are composed of the following four level
sequences: (1) 8+

1 , 9+
1 , 10+

1 , 11+
1 ; (2) 10+

2 , 11+
2 , 12+

1 , 13+
1 ;

(3) 13+
2 , 14+

1 , 15+
1 ; and (4) 15+

2 (15+
3 for 132Cs),

16+
1 , 17+

1 .
As an example, the partial level scheme of 134La constructed

from the results of the M1 and E2 transitions is shown in
Fig. 11. We do not display other figures, but similar band
schemes are deduced also for 132Cs, 130Cs, and 132La. Our
model gives five �I = 2 bands with the bandhead states of
8+

1 , 9+
1 , 10+

1 , 11+
1 , and 12+

2 . The states within four bands with
the bandhead states of 8+

1 , 9+
1 , 10+

1 , and 11+
1 are connected by

the strong E2 transitions to the same members of the �I = 2
E2 bands and by the strong M1 transitions to the states in the
neighboring �I = 2 E2 bands. Here it should be mentioned
that the structures of the even-spin yrare states (12+

2 , 14+
2 , 16+

2 )
are quite different from those of the other �I = 2 E2 bands,
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FIG. 10. (Color online). The theoretical B(M1) values for 132Cs,
130Cs, 134La, and 132La.

as these states are not connected by the strong M1 transitions
to any member of other �I = 2 E2 bands.

The IBFFM approach [46] concluded that in 134Pr the
even-spin and the odd-spin yrast bands were based on the
ground-state band of the even-even triaxial core and that
the even-spin and the odd-spin yrare bands were based on
the quasi-γ band. As for the yrast bands, the result is similar
to ours. The PTSM shows that the odd-spin and the even-spin
yrast states form two �I = 2 E2 bands with the bandhead
states of 11+

1 and 10+
1 . However, in the PTSM, the odd-spin

and even-spin yrare states are very different in their structure.
The odd-spin yrare states, i.e., the 11+

2 , 13+
2 , and 15+

2 states,
form a �I = 2 E2 band as the bandhead state of 9+

1 , whereas
even-spin yrare states, i.e., the 12+

2 , 14+
2 and 16+

2 states, form
a �I = 2 E2 band as the bandhead state of 12+

2 . There exist
very weak E2 transitions between the 10+

2 and 12+
2 states.

E. Microscopic origin

To search for the microscopic origin of the theoretical
prediction of the large M1 transitions, we analyze the absolute
values of reduced matrix elements of the M1 operator. The
total reduced matrix elements M and the contributions from
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FIG. 11. (Color). Partial level scheme of
134La suggested by the PTSM calculation. The
width of the green arrows indicates the abso-
lute E2 (�I = 2) transition strengths [B(E2) �
0.02 e2b2], and that of the orange arrows
indicates the absolute M1 (�I = 1) transition
strengths [B(M1) � 0.40 µ2
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the B(E2) values (in 10−2 e2b2), and those
beneath the M1 transitions denote the B(M1)
values (in µ2

N ). Schematic illustrations of the
chopsticks configurations are presented below
each �I = 2 E2 band. The red and the blue
arrows indicate the angular momenta of the
neutron and the proton for the bandhead state,
respectively. Their vector sum is indicated by
black arrows. Four �I = 2 bands and the band
with the bandhead state of 7+

1 have the configura-
tions shown by the schematic illustrations below.

only the 0h11/2 orbitals Mj are defined as

M = |〈�(Iη)‖T (M1)‖�(I − 1η′)〉|, (19)

Mj = |〈�(Iη)‖Tj (M1)‖�(I − 1η′)〉|, (20)

where Tj (M1) is the M1 transition operator acting on only the
nucleons in the 0h11/2 orbital. Figure 12 shows the calculated
values of M and Mj . It is seen that, for all the nuclei 130Cs,
132Cs, 132La, and 134La, the main contribution to the M1 matrix
elements comes from the 0h11/2 orbitals.

To pin down their detailed microscopic origin, we consider
a two-nucleon system of one neutron and one proton, both
in the same 0h11/2 orbital. A detailed description is given in
the appendix. From a simple geometrical consideration, the
8+ state of the two-nucleon system is built by perpendicular
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FIG. 12. Absolute values of reduced matrix elements of M1
operators: the total reduced matrix elements (M) and the contributions
from only the 0h11/2 orbitals (Mj ); (a) 9+

1 → 8+
1 ; (b) 10+

1 → 9+
1 ;

(c) 11+
1 → 10+

1 ; (d) 13+
1 → 12+

1 ; (e) 15+
1 → 14+

1 ; (f) 17+
1 → 16+

1 ;
(g) 12+

1 → 11+
2 ; (h) 14+

1 → 13+
2 ; (i) 16+

1 → 15+
2(3) for 130Cs, 134La,

and 132La (for 132Cs); (j) 11+
2 → 10+

2 .

coupling of two angular momenta of the neutron and proton,
whereas the 11+ state is built by parallel coupling. The B(M1)
values are given by 1.5, 2.8, and 4.1 µ2

N for the 11+ → 10+,
the 10+ → 9+, and the 9+ → 8+ transitions, respectively, as
shown in Table II in the appendix. When these B(M1) values
are compared with those of the actual calculations for all the
nuclei 130Cs, 132Cs, 132La, and 134La (see Fig. 10), it turns out
that for 11 � I � 17 the B(M1) values from the odd-spin yrast
states (I ) to the even-spin yrast states (I − 1) are close to the
two-nucleon B(M1; 11+ → 10+) value (1.5 µ2

N ).
Similarly, in 132Cs and 134La, the two-nucleon

B(M1; 10+ → 9+) value (2.8 µ2
N ) is close to those from

the even-spin yrast states (I − 1) to the odd-spin states
(I − 2) except for the B(M1; 16+

1 → 15+
3 ) value (1.67 µ2

N )
in 132Cs and the B(M1; 16+

1 → 15+
2 ) value (1.83 µ2

N ) in
134La. The reduction of the M1 strengths comes from the
mixing between the 15+

2 and the 15+
3 states, as we obtain

the large B(M1; 16+
1 → 15+

2 ) value (0.568 µ2
N ) for 132Cs and

the B(M1; 16+
1 → 15+

3 ) value (1.29 µ2
N ) for 134La. Concerning

130Cs and 132La, the behavior of the B(M1) values from the
even-spin yrast states (I − 1) to the odd-spin states (I − 2)
is also analogous to that of 132Cs and 134La. However, the
B(M1) values of the 10+

1 → 9+
1 transition and the 12+

1 →
11+

2 transition for 130Cs and 132La are not so close to the
two-nucleon B(M1; 10+ → 9+) value. This may be caused
by the configuration mixing of the pure two-nucleon states
with other states.

On the basis of the preceding considerations, the excitation
mechanism of the doubly-odd nuclei in the mass A ∼ 130
region can be interpreted in terms of the single-particle
configurations of two angular momenta of the unpaired
neutron and the unpaired proton, coupled with the quadrupole
collective motion of the even-even core. Such single-particle
configurations are called chopsticks configurations hereafter.
The odd-spin yrast states (I ) (I � 11) are the members of the
�I = 2 band with the bandhead state of 11+

1 , which has the
parallel chopsticks configuration with angular momentum 11.
Similarly, the yrast states of 10+

1 , 9+
1 , and 8+

1 are built mainly
from the chopsticks configurations with angular momenta
10, 9, and 8, respectively. In particular, the state 8+

1 has the
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FIG. 13. (Color online). The calculated g factors in the PTSM.
Solid curves indicate the g factors for the yrast states, and dashed
curves indicate those for the yrare states; dotted curves indicate the
g factors contributed from only the 0h11/2 orbitals for the yrast states,
and dot-dashed curves indicate those for the yrare states.

perpendicular chopsticks configuration. In the case of 134La,
the relation between the �I = 2 E2 bands and the chopsticks
configurations is presented in Fig. 11.

We conclude that, for all the nuclei 130Cs, 132Cs, 132La,
and 134La, the basic structure of the �I = 2 E2 bands is
interpreted as arising from a weak coupling of the chopsticks
configurations with the quadrupole collective excitations of
the even-even part of the nucleus.

F. Magnetic moments

The g factors are calculated and predicted in the PTSM,
although none of them are observed yet in experiment. The
magnetic dipole operator is given by

µ = µN

∑
τ=ν,π

[g
τ j τ + (gsτ − g
τ )sτ ], (21)

where µN, g
τ , gsτ , j τ , and sτ are as previously defined. The
theoretical predictions for the g factors of the yrast and the
yrare states are presented in Fig. 13, together with the g factors
contributed from only the 0h11/2 orbitals. It is seen that for any
nucleus the g factors are similar for the yrast and the yrare
states. The mechanism of generating the magnetic moments
changes with total spin I. In low-spin states such as the
8+

1 state, the effect of the 0h11/2 orbitals is clearly dominant,
but it gradually decreases as spin I increases. The rest is
compensated for by the contribution from the core.

V. CHOPSTICKS MOTION AND CORE EXCITATIONS

A. Effective angles between proton and neutron angular
momenta and squares of the core angular momentum

To deepen our understanding of the excitation mecha-
nism of the yrast and yrare states with the νh11/2 ⊗ πh11/2
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FIG. 14. (Color online). The effective angles of two angular
momenta calculated in the PTSM. Solid curves indicate the effective
angles for the yrast states, and dotted curves indicate those for the
yrare states.

configuration, we calculate effective angles between two
angular momenta of neutrons and protons in the 0h11/2 orbitals
and squares of the core angular momentum. The effective angle
θ is defined as

cos θ = 〈�(Iη)| j νj · jπj |�(Iη)〉√
〈�(Iη)| j2

νj |�(Iη)〉〈�(Iη)| j2
πj |�(Iη)〉

, (22)

where the operator j τj (τ = ν or π ) stands for the angular
momentum operator of the nucleon in the 0h11/2 orbital. It
should be mentioned that the effective angles never become
zero because of quantum fluctuations, even though two angular
momenta point toward the same direction. For example, we
consider the two-nucleon system that consists of a neutron and
a proton in the 0h11/2 orbitals. The effective angles turn out to
be 32◦, 57◦, 75◦, and 90◦ for the 11+, 10+, 9+, and 8+ states,
respectively, as given by Table II in the appendix. Because a
realistic nuclear state is expressed as a superposition of several
configurations, the effective angles become larger than 32◦.

The square of the core angular momentum 〈R2〉 is defined
as

〈R2〉 = 〈�(Iη)|R2|�(Iη)〉, (23)

where the core angular momentum operator R is defined by

R = I − j νj − jπj . (24)

In Fig. 14, the effective angles θ for the yrast and yrare
states of 130Cs, 132Cs, 132La, and 134La are shown as functions
of spin I. The calculated values of 〈R2〉 are plotted as functions
of spin I in Fig. 15. We note the following facts: (1) For the
8+

1 states of all the nuclei, two angular momenta of the neutrons
and protons in the 0h11/2 orbitals are almost perpendicular
to one another. The effective angles θ along the yrast states
decrease monotonically as spin I increases up to spin 11.
(2) The values of 〈R2〉 for these states are close to each other
(see Fig. 15), although their values are not zero because of a
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FIG. 15. (Color online). The squares of the core angular momen-
tum calculated in the PTSM.

small admixture of other angular momentum states. Thus it is
inferred that the cores are made mainly of the 0+ component,
representing the ground state of the even-even core (even-even
part of the nucleus). These two facts clearly show that the large
interband M1 transitions in the yrast states for I � 11 come
only from the closing of two angular momenta of the neutron
and proton in the 0h11/2 orbitals.

The yrast states with spins greater than 11 exhibit the
even-odd staggering of the effective angles θ , and their values
are smaller than 60◦. Considering the fact that the 10+ state of
the pure two-nucleon system has a near-parallel configuration
of two angular momenta (θ = 57◦), in these four nuclei two
angular momenta point toward almost the same direction,
and repeat the opening and closing movement with a small
difference in their angle (by only one unit in spin). In Fig. 15
the values of 〈R2〉 show staircaselike behavior. Because the
values of 〈R2〉 for the even-spin yrast states (I − 1) and the
odd-spin yrast states (I ) are close to one another, it is inferred
that their even-even cores have the same structure. The strong
interband M1 transitions from the states (I ) to the states
(I − 1) are interpreted to come from the closing of two angular
momenta of the neutron and proton. In contrast, the values of
〈R2〉 are different for the odd-spin yrast states (I ) and the
even-spin yrast states (I + 1). Although two angular momenta
of the neutron and proton open for the transitions from the
states (I + 1) to the states (I ), the M1 transitions are basically
hindered because their cores are different in structure and are
almost orthogonal to one another. Therefore it is concluded
that the even-odd staggering of the B(M1) values arise from a
combination of the configurations of the unpaired neutron and
the unpaired proton in the 0h11/2 orbitals and the quadrupole
collective excitations of the even-even cores.

The difference between the chiral scheme and that of the
PTSM is stated as follows. In the picture of the chiral structure,
the angular momenta of the unpaired nucleons are assumed to
be always perpendicular to one another. In the PTSM case, a
similar situation is realized for only the first excited states of
8+ with the νh11/2 ⊗ πh11/2 configuration as the perpendicular
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FIG. 16. (Color online). Effective angles of two angular momenta
calculated in the PTSM for the yrast states. Solid and dotted curves
indicate the effective angles between the core and the neutrons in the
0h11/2 orbitals and those between the core and protons, respectively.

coupling of two angular momenta of the unpaired nucleons,
though the even-even core has very small angular momentum.
However, the physical situation deviates from the chiral
picture for the other high-spin states. In view of the chiral
interpretation, the angular momentum of the even-even core
also points toward a direction perpendicular to both angular
momenta of the unpaired nucleons, and the left-handed and
the right-handed chiral geometries can be formed from three
angular momenta, which are all perpendicular. This implies
that the unpaired neutron and the unpaired proton are strongly
coupled to compose the characteristic configuration of their
angular momenta, even for the high-spin yrast states. On
the other hand, the PTSM provides a weak coupling of the
unpaired nucleons both in the 0h11/2 orbitals with quadrupole
collective excitations of the even-even core. This weak mutual
coupling allows the chopsticks of two angular momenta of
the unpaired nucleons to open and close repeatedly as spin
goes up, and it produces the large-amplitude staggering of the
B(M1)/B(E2) ratios along the yrast level sequences.

B. Effective angles between core’s and nucleons’
angular momenta

The effective angle between the angular momenta of the
core and the nucleons in the 0h11/2 orbitals ϕτ (τ = π or ν) is
defined as

cos ϕτ = 〈�(Iη)|R · j τj |�(Iη)〉√
〈�(Iη)|R2|�(Iη)〉〈�(Iη)| j2

τj |�(Iη)〉
. (25)

In Fig. 16, the effective angles ϕτ for the yrast states of 130Cs,
132Cs, 132La, and 134La are shown as functions of spin I.
Concerning the low-spin states, two angular momenta of the
core and the neutrons in the 0h11/2 orbital and those of the
core and the protons are roughly perpendicular to one another
for all cases. However, because their core angular momenta R
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FIG. 17. Band scheme predicted by the
PTSM calculation in the weak coupling limit.
The narrow arrows indicate E2 transitions, and
the dashed narrow arrows denote M1 transitions.
Schematic illustrations of two angular momenta
of the unpaired neutron and the unpaired proton
are presented below the band scheme. The gray
wide arrows indicate the angular momenta of
the neutron and the proton. Their vector sum is
indicated by black wide arrows. The �I = 2
bands have the corresponding configurations
shown by the schematic illustrations below
(chopsticks configurations).

are very small compared with that of a high-spin yrast state
with spins I greater than 14, their effective angles should have
quantum fluctuations. Thus no definite argument is drawn
for their mutual angle of the core and the nucleon angular
momenta. With respect to the high-spin states (I � 14), the
effective angles between two angular momenta of the core
and the neutrons are smaller than 55◦ for any nucleus. The
effective angles between two angular momenta of the core and
the protons show the staggering pattern. As spin I increases,
their average angles gradually decrease and reach the region
where the effective angles are too small to avoid quantum
fluctuations. The behavior of the effective angles suggests that
two angular momenta of the core and the nucleon eventually
point toward the same direction at high spin. Considering the
effective angles between the neutron and the proton at high
spin, it is surmised that the high-spin states are built by totally
parallel coupling of three angular momenta of the even-even
core, the unpaired neutron, and the unpaired proton in the
0h11/2 orbitals.

C. Schematic illustration

Our new interpretation leads to a schematic illustration of
the band structure shown in Fig. 17, which is expected to occur
in the weak coupling limit of the chopsticks configurations
with the core excitations. The bandhead states of the �I = 2
E2 bands are built on the unpaired nucleons both in the
0h11/2 orbitals, coupled with the even-even core of angular
momentum 0. The spin of the bandhead states corresponds to
one of the possible chopsticks configurations with angular
momentum 0–11, whose schematic illustrations are shown
below for each �I = 2 E2 band in Fig. 17. In this schematic
figure the �I = 2 E2 bands are vertically formed, whereas the
�I = 1 M1 bands are horizontally formed. This is an ideal
situation. In reality the configuration mixing washes away this
ideal band structure, especially at high energy. In the actual
calculations the PTSM provides four �I = 2 E2 bands with
the bandhead states of 8+

1 , 9+
1 , 10+

1 , and 11+
1 .

VI. SUMMARY AND CONCLUSIONS

In the present study we applied the PTSM to the calculation
of the energy levels and the electromagnetic transitions for

the yrast and the yrare states based on the νh11/2 ⊗ πh11/2

configuration in 130Cs, 132Cs, 132La, and 134La. The shell-
model basis states were restricted to the SD pairs plus one-
neutron and one-proton space. A prominent advantage of the
PTSM is that even-even, odd-mass, and doubly-odd nuclei
are treated on an equal footing. The effective Hamiltonian
employed in this study consists of the single-particle energies
and the P+QQ interaction, whose strengths were determined
so as to describe the energy levels of the even-even nuclei in
a previous paper [23]. It is emphasized once again that we
applied the same set of interactions fixed by the even-even
nuclei to doubly-odd nuclei without any further modification.

For all the nuclei 130Cs, 132Cs, 132La, and 134La, our cal-
culation reproduced quite well the experimental energy levels
of the yrast and the yrare states. The PTSM also described well
the large-amplitude staggering of the B(M1)/B(E2) ratios for
the yrast bands.

Through the analysis of electromagnetic transitions, it was
confirmed that strong M1 transitions connect the odd-spin
yrast states (I ) (I = 11, 13, 15, 17) to the even-spin yrast
states (I − 1) and connect these (I − 1) states to the odd-spin
states (I − 2), and they form four �I = 1 M1 bands. To find
the microscopic origin of the electromagnetic properties, we
calculated the two different kinds of reduced matrix elements
of the M1 operator. We also compared the B(M1) values
for two-nucleon system with those of actual calculations.
It turns out that the chopsticks motion of two angular
momenta of the unpaired nucleons enhances the B(M1) values
and the odd-spin yrast states (I � 11) have their parallel
configuration. Furthermore, the E2 character of the strong
transitions indicates that four �I = 2 E2 bands are formed
starting from the 8+

1 , 9+
1 , 10+

1 , and 11+
1 levels as the bandhead

states, and their even-even cores have the quadrupole collective
excitations.

The physical situation revealed in the preceding text is
supported by further analyses, i.e., by calculation of the
effective angles between two angular momenta of neutrons
and protons in the 0h11/2 orbitals and the squares of the
core angular momentum. The calculated effective angles show
that the chopsticks of two angular momenta of the unpaired
nucleons close with increasing spin I within each �I = 1 M1
band. For the yrast states (I � 11), the chopsticks open and

024315-12



NEW BAND MECHANISM OF DOUBLY-ODD NUCLEI . . . PHYSICAL REVIEW C 72, 024315 (2005)

close repeatedly as I increases, causing strong M1 transitions
between the odd-spin states (I ) and the even-spin states
(I − 1). However, there exist very weak transitions between
the even-spin states (I + 1) and the odd-spin states (I ), as their
cores are different in structure.

In conclusion, the experimentally identified yrast and yrare
states with the νh11/2 ⊗ πh11/2 configuration in 130Cs, 132Cs,
132La, and 134La are interpreted as arising from the chop-
sticks configurations, which represent two angular momenta
of the unpaired neutron and the unpaired proton, weakly
coupled with the quadrupole collective excitations of the
even-even core. The chopsticks motion along the yrast line
(I � 10) provides the staggered strong M1 transitions. This
new aspect arises naturally from our theoretical framework,
which incorporates the intrinsic degrees of freedom of the
core particles with the unpaired neutron and the unpaired
proton.
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APPENDIX: TWO-PARTICLE STATE OF
NEUTRON AND PROTON

In this appendix, we consider a two-nucleon system of
one neutron and one proton in the same orbital j, where
j symbolically represents the quantum numbers (n, 
, j ). The
wave function of the two-nucleon characterized by the total
spin L and its projection M is written as

|�(jj ; LM)〉 =
∑
m1m2

(jm1jm2|LM)|jm1〉ν |jm2〉π

= [|j 〉ν ⊗ |j 〉π ](L)
M , (A1)

where |jm〉τ (τ = ν or π ) denotes a single-particle state
and (j,m) represents a set of quantum numbers necessary
to specify the state (n, 
, j,m). Here, we adopt j = 11/2, 
 =
j − 1/2 = 5, and n = 0 to represent the intruder orbital 0h11/2

in the 50–82 major shell.

1. Excitation energies

The matrix elements of the P+QQ interactions are given
for the two-nucleon system in the following. We consider
only the QQ interaction between neutrons and protons given
by Eq. (15), as this is the only interaction that contributes
to the excitation energies of the two-particle system for the
Hamiltonian given by Eq. (9). Then the matrix element of the
QQ interaction becomes

〈�(jj ; LM)|Hνπ |�(jj ; LM)〉
= −κνπ (−1)L+1

{
j j L

j j 2

}
〈j ||Qν ||j 〉ν〈j ||Qπ ||j 〉π . (A2)

TABLE II. Energies (in MeV), B(M1; L → L − 1) values (in
µ2

N ) and effective angles (in degrees) for two-nucleon system of one
neutron and one proton.

Lπ Energy B(M1) Effective angle

0+ 4.11 180
1+ 3.77 6.5 166
2+ 3.11 7.6 156
3+ 2.19 7.9 146
4+ 1.11 7.7 136
5+ −0.03 7.3 125
6+ −1.06 6.8 114
7+ −1.82 6.0 103
8+ −2.10 5.1 90
9+ −1.66 4.1 75

10+ −0.23 2.8 57
11+ 2.49 1.5 32

Using the reduced matrix element of the quadrupole operator
for a neutron or proton single-particle state,

〈j ||Qτ ||j 〉τ = 〈n
|r2|n
〉〈j ||Y (2)||j 〉 (A3)

with

〈n
|r2|n
〉 = 1

b2

(
2n + 
 + 3

2

)
= j + 1

b2
, (A4)

〈j ||Y (2)||j 〉 =
√

5(2j + 1)

4π

(
j 1

2 20
∣∣j 1

2

)

= −1

4

√
5(2j − 1)(2j + 1)(2j + 3)

4πj (j + 1)
, (A5)

and{
j j L

j j 2

}
= −(−1)L

[3X(X + 1) − 4j 2(j + 1)2]

2(2j − 1)j (j + 1)(2j + 1)(2j + 3)
(A6)

with

X = L(L + 1) − 2j (j + 1), (A7)

we can rewrite Eq. (A2) as

〈�(jj ; LM)|Hνπ |�(jj ; LM)〉
= −κνπ

5

32π

(j + 1)2

b4

[
3X(X + 1)

4j 2(j + 1)2
− 1

]
. (A8)

The energies are numerically given in Table II with κνπ =
−1.0 and b = 1 and j = 11/2. A straightforward calculation
gives the energy minimum at

L =
√

8j 2 + 8j − 1 − 1

2
. (A9)

This gives L ∼ 8 for j = 11/2.

2. B(M1; L → L − 1) values

The B(M1; L → L − 1) values are given for the two-
particle state as follows. The reduced matrix element of the
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M1 operator in Eq. (17) becomes

〈�(jj ; L′)||T (M1)||�(jj ; L)〉
= µN

√
(2L′ + 1)(2L + 1)(−1)L

{
L j j

j L′ 1

}

×
√

3

4π
[(gsν − g
ν)〈j ||sν ||j 〉ν + g
ν〈j || j ν ||j 〉ν]

+µN

√
(2L′ + 1)(2L + 1)(−1)L

′
{

L j j

j L′ 1

}

×
√

3

4π
[(gsπ − g
π )〈j ||sπ ||j 〉π + g
π 〈j || jπ ||j 〉π ].

(A10)

Using the reduced matrix element of a proton or neutron
one-body state for orbital angular momentum and that of
spin,

〈j || j τ ||j 〉τ =
√

j (j + 1)(2j + 1), (A11)

〈j ||sτ ||j 〉τ = 1

2

√
2j + 1

j (j + 1)

[
j (j + 1) + 3

4
− 
(
 + 1)

]

= 1

2

√
(2j + 1)(j + 1)

j
, (A12)

and {
L j j

j L − 1 1

}

= (−1)L+1

2

√
(2j + L + 1)L(2j − L + 1)

(2L − 1)(2L + 1)j (2j + 1)(j + 1)
,

(A13)

we can express the B(M1; L → L − 1) value as

B(M1; L → L − 1)

= 1

2L + 1
|〈�(jj ; L − 1)||T (M1)||�(jj ; L)〉|2

= 3

16π
µ2

N

L(2j + L + 1)(2j − L + 1)

2L + 1

×
∣∣∣∣ 1

2j
(gsν − g
ν − gsπ + g
π ) + (g
ν − g
π )

∣∣∣∣
2

. (A14)

The numerical values for j = 11/2, g
ν = 0.00, g
π =
1.00, gsν = −2.68, and gsπ = 3.91 are given in Table II.

3. Effective angles between neutron and
proton angular momenta

Here we calculate the effective angle θ between the neutron
and the proton angular momenta. The matrix element of
the scalar product of neutron and proton angular momenta

is

〈�(jj ; LM)
∣∣ j ν · jπ

∣∣ �(jj ; LM)〉

= (−1)L+1

{
j j L

j j 1

}
〈j || j ν ||j 〉ν〈j || jπ ||j 〉π . (A15)

Because of Eq. (A11) and{
j j L

j j 1

}
= (−1)L+1

2

L(L + 1) − 2j (j + 1)

j (j + 1)(2j + 1)
, (A16)

the matrix element is just given as

〈�(jj ; LM)| j ν · jπ |�(jj ; LM)〉
= 1

2L(L + 1) − j (j + 1). (A17)

Because the matrix element of the squared angular momentum
operator of neutrons or protons becomes

〈�(jj ; LM)| j2
τ |�(jj ; LM)〉 = j (j + 1), (A18)

the effective angle is given by

cos θ = L(L + 1)

2j (j + 1)
− 1. (A19)

The numerical values of θ for j = 11/2 are given in
Table II.

4. Magnetic moments

The magnetic dipole moment of the two-particle state,
µ(L), is defined as

µ(L) = 〈�(jj ; LL)|µm=0|�(jj ; LL)〉

=
√

L

(L + 1)(2L + 1)
〈�(jj ; L)||µ||�(jj ; L)〉.

(A20)

Using the relation between the magnetic dipole operator and
the M1 transition operator,

µ =
√

4π

3
T (M1), (A21)

and Eqs. (A10)–(A12), we can express the magnetic dipole
moment as

µ(L) = µNL

2

[
1

2j
(gsν − g
ν + gsπ − g
π ) + (g
ν + g
π )

]
.

(A22)

5. Quadrupole moments

The electric quadrupole moment of the two-particle state,
Q(L), is written as

Q(L) = 〈�(jj ; LL)|Qm=0|�(jj ; LL)〉

=
√

L(2L − 1)

(L + 1)(2L + 1)(2L + 3)

×〈�(jj ; L)||Q||�(jj ; L)〉. (A23)

Here, the electric quadrupole operator is given by

Q = 1

e

√
16π

5
(eνQν + eπQπ ), (A24)
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where eτ and Qτ are as previously defined. Using
Eqs. (A3)–(A5), we can express the reduced matrix element
of the quadrupole operator as

〈�(jj ; L)||Q||�(jj ; L)〉

= −eν + eπ

4eb2

√
L(L + 1)(2L + 1)

(2L − 1)(2L + 3)

×3[L(L + 1) − 1] − 4j (j + 1)

j
. (A25)

Thus, the electric quadrupole moment is given by

Q(L) = −eν + eπ

4eb2

L

2L + 3

× 3[L(L + 1) − 1] − 4j (j + 1)

j
. (A26)
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