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The photon-proton scattering reactions γp → πop, γp → γp, and γp → γπop are investigated in the
framework of the three-dimensional time-ordered approach using different models of the on-shell � propagators.
These � propagators are taken from the unitary separable models of the πN elastic-scattering amplitude and
from the relativistic Breit-Wigner shape representation of the nonunitary πN amplitude in the tree approach. The
numerical calculations are performed with the complete set of the one-particle (π -, ω-, and ρ-meson, nucleon,
and �) exchange diagrams. It is found that the numerical calculations of the above reactions in the �-resonance
region are very sensitive to the model of the � propagator. This sensitivity is explained by the difference between
the input πN elastic-scattering observables used for the construction of the � propagator. It is shown, that after
additional approximation our calculations reproduce the tree-level model calculations with the Breit-Wigner
shape � propagator. This model is in good agreement with the γp → πo ′p′ reaction and with the preliminary
data for the γp → γ ′πo ′p′ reaction. Conversely, it is demonstrated, that the relativistic Breit-Wigner shape �

propagators, obtained from the nonunitary πN amplitudes in the tree approximation, is inconsistent to apply
for reproduction of the γp scattering observables because they do not describe the πN scattering data in the �

resonance region. It is emphasized, that to extract the magnitude of the �+ magnetic moment from the cross
sections of the γp → γ ′π ′N ′ reaction it is necessary to fix the form of the � propagator based on the unified
description of the two body πp → πN, γp → πN basic channels together with the essential γp → ππN and
γp → γp reactions.
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I. INTRODUCTION

This article concerns an investigation of the role of the
propagator of the � resonance in the γp → πN, γp → γp,
and γp → γπop reactions and an estimation of the possibility
to extract the value of the magnetic dipole moment of the
�+(1232) resonance from the γp → γπop reaction. Interest
in investigation of reactions with the three-body final γπp

states originated by the proposal to determine the magnetic
moment of the �++ resonance in the π+p → γ ′π+′

p′
reaction [1]. The basic idea of this investigation is to separate
the contribution of the � → γ ′�′ vertex function, which,
in analogy to the N − γ ′N ′ vertex, contains at threshold
the magnitude of the � magnetic moment. The first nu-
merical estimation of the contribution of the �+ → γ ′�+′

vertex function in the γp → γ ′πo′p′ reaction was done in
Refs. [2–4]. The first data about the γp → γ ′πo′p′ reaction
were obtained in a recent experiment by the A2/TAPS
collaboration at Mainz Microtron (MAMI) [5] and future
experimental investigations of this reaction are planed by using
the Crystal Ball detector at MAMI [6].

The investigation of the coupled πN − NN − πNN scat-
tering reactions based on the separable model of the two-body
amplitudes [7] has demonstrated that the difference between
the corresponding cross sections calculated with the different
� propagators is not larger as ∼20%. In contrary to this
the high sensitivity of the γp − πN and γp − γp scattering
amplitudes on the off shell behavior of the � propagators was
underlined in Refs. [8,9]. Therefore the problem of sensitivity

of the γ p scattering reactions on the choice of the separable
model of the � propagators appears.

In our previous article [10] we have obtained the three-
body relativistic equations for the coupled πN ⇐⇒ γN ⇐⇒
ππN ⇐⇒ γπN reactions in the framework of the three-
dimensional time-ordered field theoretical approach. This
formulation enables us to avoid a number of approximations
that are usually done in the other field-theoretical equations.
For instance, this formulation is free from the ambiguities that
arise in the Bethe-Salpeter equations by the three-dimensional
reduction and the effective potentials of the suggested equation
are constructed from the one-variable vertices with two
on mass-shell particles. Moreover in the Coulomb gauge
any term of the effective potential is invariant under the
gauge transformations. In the present article we restrict our
calculation by the Born approximation and we compare our
results with the recent appropriate calculations performed in
the tree approximation.

In this article we consider also the explicit relation between
the � resonance part of the πN Green function in the separable
representation and the microscopic � resonance propagator in
the Rarita-Schwinger form. This allows us to examine and to
analyze the dependence of the cross sections of the γp →
γ ′p′, γp → πop, and γp → γπop reactions in the different
models of the � propagators.

The article contains seven sections. In Sec. II the construc-
tion of the amplitude of the γp → γ ′π ′N ′ reaction in the old
fashioned perturbation theory [or in the spectral decomposition
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method over the asymptotic (Fock space) states] is briefly
considered and the complete set of time-ordered diagrams is
presented. The main advantage of this formulation is that in
the input vertex functions nucleons and �’s are on mass shell.
Unlike in our recent three-body equations for the description
of the γp ⇐⇒ πN ⇐⇒ ππN ⇐⇒ γπN reactions [10], in
this work we have extracted the three particles γ, γ ′, π ′ from
the asymptotic states of the S-matrix of the γp → γ ′π ′N ′
reaction. We have further restricted our calculation to the Born
approximation as it is usually assumed in the models based
on the effective Lagrangian method. Section III deals with the
application of the Coulomb gauge to our three-dimensional
time-ordered formulation. It is shown, that this gauge insures
the validity of the current conservation condition for every
diagram if the input vertex functions are gauge invariant.
Section IV is devoted to the problem of the construction of
the on-mass shell � propagator from the intermediate πN

interactions in the old perturbation theory. Section V deals
with a generalization of the separable model of the resonance
πN t matrix for the case of the spin-3/2 particle propagators.
In Sec. VI the numerical results of our calculations are given.
The conclusions are presented in Sec. VII. In the appendix all
of the input vertices with the corresponding parametrization
are listed.

II. ONE-PARTICLE EXCHANGE FIELD-THEORETICAL
MODEL OF THE γ N → γ ′π ′ N ′ REACTIONS

In the multichannel formulation [10] the interesting � →
�′γ ′ vertex function arise in the perturbation series in the
intermediate stage. In this article we use more transparent
way of representation of the Born terms for the γp →
γ ′πo′p′ amplitude with the all possible one-particle exchange
contributions. In particular, unlike to Ref. [10] starting from the
standard reduction formulas [11,12], we extract three off-mass
shell particles: initial and final photons and the final pion.
Therefore the γN → γ ′π ′N ′ scattering amplitude takes the
following form:

Tµν = 〈out; p′
Np′

πk′
γ µ|Jν(0)|pN 〉

=
∑

permutation γ γ ′π ′

∫
d4x

∫
d4yeik′

γ x+ip′
π y

× 〈p′
N |Jµ(x)θ (xo − yo)jπ ′(y)θ (yo)Jν(0)|pN 〉

+ equal time commutators, (1)

where kµ, εν(k, λ) and k′
µ, εν(k′, λ′) indicate the four-

momentum and polarization vector of the initial and
the emitted photon, pN = (EpN, pN), p′

N = (Ep′
N
, p′

N), and
p′

π = (Ep′
π
, p′

π ) denote the on-mass shell four-momentum
of nucleons and the pion in the initial and final states
and(

∂2

∂xν∂xν
+ m2

π

)
�π (x) = jπ (x),

∂2

∂xν∂xν
Aµ(x) = Jµ(x).

Substituting the completeness condition
∑

n |n; in〉
〈in; n| = 1 in Eq. (1), we get after integration over x

and y

Tµν = (2π )6
∑

permutation γ γ ′π ′

{∑
n,m

〈p′
N |Jµ(0)|m; in〉

× δ(k′
γ + p′

N − Pm)

Ek′
γ
+ Ep′

N
− P o

m + io
〈in; m|jπ ′ (0)|n; in〉

× δ(k′
γ + p′

N + p′
π − Pn)

Ek′
γ
+ Ep′

N
+ Ep′

π
− P o

n + io
〈in; n|Jν(0)|pN 〉

}
+ equal time commutators, (2)

where Pn = (P o
n , Pn) denotes the total four-momentum of

the n-particle intermediate states |n; in〉 Pn = (P o
n , Pn) =∑n

i pi . The diagrammatic representation of Eq. (2) without
equal-time commutators is given in Fig. 1. There only
on-mass shell particle exchange propagators with the total
four-momentum Pn = (P o

n , Pn) = ∑n
i (

√
m2

i + p2
i , pi) shown

in the intermediate states. Therefore the three-dimensional
diagrams in Fig. 1 are not Feynman diagrams. In the time-
ordered diagram 1a firstly the incident photon is absorbed
on the incoming nucleon and the intermediate on-mass shell
state n = N,πN, . . . is arised. Afterwards this intermediate
n-particle state emits the final photon and transforms into other
set of the on-mass shell m-particle states. At last this m-particle
state transforms in the final pion (π ′) and nucleon (N ′) state.
This diagram with the intermediate πN, π ′N ′, or �,�′ states
contains the sought � → γ ′�′ vertex function. The diagram
b in the Fig. 1 is obtained after permutation of the final photon
and pion (i.e., first the final pion is emitted and afterwards
the final photon is radiated). This permutation procedure is
denoted by the operator Pab of particles a and b in Eq. (2). In
diagrams c, d, e, and f of Fig. 1 all other possible permutations
of γ, γ ′, and π ′ of digram a in Fig. 1 are given. This basic
diagram is referred as the s-channel diagram [s].

In the processes depicted in the Fig. 1, the initial nucleon is
absorbed first and after some intermediate transformation the
final nucleon is emitted as the last. After transposition of the N
and N ′ states we get s-channel diagrams with the antiparticle
s,m, intermediate states.

Other source for the construction of the coupled diagrams
is the cluster decomposition procedure [22,13], which allows
us to take into account other chronological sequences of the
external particle emission and absorption. This procedure is
well described in Ref. [22,13] and in our previous article.
Therefore here we present only eight diagrams in Figs. 2B–I
that appear after cluster decomposition shown in diagram a in
Fig. 1.

The second part of Eq. (1) or Eq. (2) with the equal-time
commutators have the following form:

Y ≡ equal time commutators

=
∑

permutation γ γ ′π ′

∫
d4x

∫
dyoe

ik′
γ x〈p′

N |Jµ(x)θ

× (xo − yo)δ(yo)[apπ ′ (yo), Jν(0)]|pN 〉 (3a)
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FIG. 1. Diagrammatic representation of the first part of the scattering amplitude for the γN → γ ′π ′N ′ reaction in the Eq. (2) with
the complete set intermediate on mass shell states |m; in〉 and |n; in〉 with m, n = N, πN, . . . . These diagrams correspond to all possible
permutations of the γ, γ ′, and π ′ source operators in Eq. (2).

or

Y =
∑

permutation γ γ ′π ′

{ ∑
n=N ′′,π ′′N ′′,...

〈p′
N |Jµ(x)|n; in〉

× (2π )3δ(k′
γ + p′

N − Pn)

Ek′
γ
+ Ep′

N
− P o

n + io
〈in; n|[apπ ′ (0), Jν(0)]|pN 〉

}
,

(3b)

where the operator

apπ ′ (yo) = i

∫
d3y exp(ipπ ′y)

←→
∂yo

�π ′(y) (4)

transforms into the pion annihilation operator in the asymptotic
region y0 → ∞.

The diagrammatic representation of Eq. (3b) is given in
Fig. 3, where the dashed circle denotes the equal time
commutator Yab between the operators of the particle a and of
the source operator of the particle b. In diagrams a, b, and c the
equal-time commutators comes first and afterwards the final
nucleon is emitted. In diagrams c, d, and e the target nucleon
is absorbed first and after this appears the term with the equal
time commutator. To take into account the connected parts of
the transition amplitudes in diagrams i and e we must carry
out the cluster decomposition of Eq. (3b). After this procedure
every diagram in Fig. 3 produces three additional skeleton
diagrams. The three additional diagrams, which appear after
the cluster decomposition of the diagram in Fig. 3(a), are given
in Fig. 4.

The exact form of the equal time commutator is depending
on the choice of a Lagrangian model. For example, if we take

the interaction Lagrangian with intermediate vector V = ρ, ω

mesons

Lint = gV /mπεµνγ δA
µ(x)∂ν�π (x)∂γ V δ(x), (5)

where the photon source operator is Jµ(x) =
gV /mπεµνγ δ∂

ν�π (x)∂γ V δ(x), then for the equal time
commutator we get

〈p′
N |[JV

µ(x), ap′
π

(xo)
]
θ (xo)Jν(0)|pN 〉

=⇒ the one nucleon exchange part

= −i(2π )3
∑
p′′

N

gV

mπ

εµβγ δp
′
π

β(p′
N − p′′

N )γ

×〈p′
N |V δ(0)|p′′

N 〉 δ(k′
γ + p′

N − p′′
N)

Ek′
γ
+ Ep′

N
− Ep′′

N

〈p′′
N |Jν(0)|pN 〉,

(6)

where

〈p′
N |V δ(0)|p′′

N 〉 = −gδσ + pV
δpV

σ /t

m2
V − t

〈p′
N |jV

σ (0)|p′′
N 〉

and mV is the V-meson mass, pV
µ = p′

N
µ − pN

µ, t =
pV

µpV µ and the V-meson source operator is (∂2
x + m2

V )
Vµ(x) = jV

µ (x). An illustration of Eq. (6) is given in Fig. 5. It
is important to note that the γπ → V = ρ, ω vertex function
in Eq. (6) and in Fig. 5 is in the tree representation.

In Refs. [20,23] it was shown, that the equal time
commutators reproduces exactly the off-mass shell σ, ρ, and
ω-meson-exchange diagrams for the πN and NN interactions.
In addition to Eq. (3b) contain the contact (overlapping) terms.
For instance, if we take Lagrangian LI = e2AµAµφ2

π (x),
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FIG. 2. Skeleton diagrams that appear after the cluster decomposition of the three-dimensional diagram A which is the s-channel diagram
a in Fig. 1. Diagram B corresponds to the transposition of the initial nucleon N from the first γN → n vertex function in A to the second vertex
nγ ′ → m. This transposition is denoted as N1. C corresponds to the transposition of N to the third m → π ′N ′ vertex in A and it is denoted as
N2. D and E are result of the transposition of the final nucleon N ′ into the second and into the first vertex functions of A. These transpositions
of N ′ are denoted as N ′1 and N ′2 correspondingly. E, F, G, H, and I are generated after simultaneous transposition of N and N ′ with the one
or two positions into the vertex functions of the initial A.

then the equal time commutator generates the contact term
4ie2〈out; p′

Nk′
γ |Aν(0)φπ (0)|p′

N 〉, which cannot be reduced
to the particle exchange diagrams. The amplitudes of the low-
energy NN and πN scattering reactions were calculated in the
framework of the one off- and on-mass shell-particle-exchange
interactions together with the contact (overlapping) terms in
our previous articles [20,23]. In Refs. [20,21,24] was shown
that in the quantum field theories with quark-gluon degrees of
freedom the form of the scattering Eq. (2) does not change and
all effects of the pure quark-gluon exchange are contained in
the equal time commutators.

Diagrams in Figs. 1 and 3 after corresponding cluster
decomposition reproduce the complete set of the one-particle-
exchange diagrams in Fig. 11 for the γp → γ ′πo′N ′ reaction
without the antinucleon degrees of freedom.

III. COULOMB GAUGE: CURRENT CONSERVATION
CONDITION AND GAUGE INVARIANCE

In the present three-dimensional time-ordered formulation
that is often called “old-fashion Perturbation theory,” the

Coulomb gauge is the natural way to exclude the nonphysical
degrees of freedom of photons and to ensure the validity of
the current conservation condition separately for every term or
corresponding diagram of Eq. (4) for the scattering amplitude.
This property follows from the three-momentum conservation
in the intermediate states for every term in the considered
formulation. In the Coulomb gauge it is necessary to introduce
transversal field operators that satisfy the modified commu-
tation relations. Afterwards one can build the corresponding
S-matrix reduction formulas given by Bjorken and Drell [11].
In particular, the photon current operator must be replaced by
the following transversal operator:

Jµ(x) =⇒ J tr
µ=i=1,2,3(x) = Ji(x) − ∇i∂o

∇2
Jo(x). (7)

The time component µ = o of the transverse current oper-
ator J tr

µ (x) [Eq. (7)] is excluded from the exact consideration.
The replacement [Eq. (7)] generates the following redefinition
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FIG. 3. Diagrammatic representation of the second part of Eq. (2) with the equal-time commutators for the photon and pion operators
(a, c, d, and f) and the γ, γ ′ operators (b and e). 3a corresponds to the expression in the curly brackets of Eq. (3b).

of the nucleon electromagnetic vertex function

〈p′
N |J tr

i (0)|pN 〉 = 〈p′
N |Ji(0)|pN 〉

− (p′
N − pN)i(Ep′

N
− EpN

)

(p′
N − pN)2

× 〈p′
N |Jo(0)|pN 〉. (8)

The current conservation condition ∂µJµ(x) = 0 implies
the condition for the modified current ∂iJ tr

i (x) = 0. In the
considered formulation the complete three-momentum of an
arbitrary transition matrix element between the n and γ + m

particle states 〈n|Ji(0)|m〉 is conserved kγ = Pn − Pm. There-
fore the relations ∂µJµ(x) = 0 and ∂iJ tr

i (x) = 0 generate the
current conservation condition in the matrix form:

ki
γ 〈n|J tr

i (0)|m〉 = 0. (9a)

This condition simplifies the proof of the current conservation
in Eqs. (2) and (4). In particular, using Eq. (9a) we get the

following:

kj
γTij = kj

γ 〈out; p′
Np′

πk′
γ i|J tr

j (0)|pN 〉 = 0

= (2π )6
∑

permutation γ γ ′π ′

{∑
n,m

〈p′
N |J tr

i (0)|m; in〉

× δ(k′
γ + p′

N − Pm)

Ek′
γ
+ Ep′

N
− P o

m + io
〈in; m|jπ ′(0)|n; in〉

× δ(k′
γ +p′

N + p′
π−Pn)

Ek′
γ
+Ep′

N
+Ep′

π
−P o

n +io
kj

γ 〈in; n|J tr
j (0)|pN 〉

}
+ kj

γ {equal time commutators}ij = 0, (9b)

because k′
γ + p′

N + p′
π = Pn = kγ + pN . Taking into ac-

count that

kj
γYij =

∑
permutation γ γ ′ π ′

∫
d4x

∫
dyoe

ik′
γ x〈p′

N |

× J tr
i (x)θ (xo − yo)δ(yo)

[
apπ ′ (yo), i∂jJ tr

j (0)
]|pN 〉

(10a)

FIG. 4. New types of skeleton diagrams that appear after the cluster decomposition in Eq. (3b).
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FIG. 5. One off-mass shell ρ-, ω-meson exchange diagram that is generated by the equal-time commutator [Eq. (6)] and calculated using
the Lagrangian [Eq. (5)].

we see that

kj
γ {equal time commutators}ij = 0. (10b)

Thus the current conservation conditions (10b), (10c) are
automatically satisfied if Jµ(0) and Jν(0) are replaced by J tr

i (0)
and J tr

j (0).

k′i
γTij = 0; k′i

γ {equal time commutators}ij = 0. (10c)

For the simplest Lagrangian (2.9), the corresponding current
operators and equal-time commutators satisfy the conditions
[Eqs. (10b) and (10c)] if Jµ(0) and Jν(0) are replaced by J tr

i (0)
and J tr

j (0).
This completes the proof of the gauge invariance in the con-

sidered formulation. Other details of the current conservation
condition in the same formulation are given in Ref. [10].

We note that in this three-dimensional time-ordered formu-
lation for every diagram from the corresponding perturbation
series the current conservation condition is fulfilled. Therefore
here it is not necessary to use some additional approximations
such as the tree approximation with a gauge invariant combi-
nation of terms [25], the construction of approximate auxiliary
gauge-invariance-preserving currents [29,27,30], or to use the
special representation of the off-mass shell � propagator
and the corresponding construction of the gauge invariant
electromagnetic � vertex function [7,18,4] to achieve the
gauge invariance (current conservation) condition. Moreover,
we have not to apply the four-dimensional Ward-Takahashi
identities to get the current conservation condition and the
problems concerning with the robustness of the seagull
(overlapping or contact) terms [28] does not arise in the
considered three-dimensional formulation.

Finally, we note that the Coulomb gauge simplifies the
practical calculations in the three-dimensional time-ordered
field-theoretical formulations (see, for example, the last para-
graph of chapter 3 in Ref. [17]). Comparing this gauge with
the Lorentz gauge in the four-dimensional exact covariant
formulations, we see that for the Coulomb gauge it is not
necessary to redefine the scalar product (i.e., to introduce
an indefinite metric). These redefinitions are important for
the calculations in Lorentz gauge for the four-dimensional
Bethe-Salpeter-type equations in higher order than the tree
approximation. Besides, in the Lorentz gauge the current
conservation condition is often determined only for the special
combinations of the diagrams in the tree approximation.

IV. ON-MASS SHELL � EXTRACTION FROM THE
INTERMEDIATE π N INTERACTIONS

The extraction of the � resonance from the intermediate
πN states may be carried out by replacement of the Green
function of the interacting πN system

GπN (E, p�) =
∫

d3p

∣∣�πN
p

〉〈
�̃πN

p

∣∣
E − EπN (p, p�) + io

, (11)

with the equivalent formula with the intermediate � resonance
state

GπN (E, p�) =
∑
�

∣∣�p�

〉〈
�̂p�

∣∣
E − Ep�

− ��(E, p�)

+ nonresonant part, (12)

where Ep�
=

√
p2

� + m2
� and m� denote the energy and the

mass of the intermediate � resonance. The � mass operator
��(E, p�) has a different form in different models of the off-
mass shell � propagators. The symbols �̃ and �̂ stands for the
properly normalized wave functions of the πN and � states.
This normalization is generated by the energy dependence of
the effective πN potential U (E) = A + EB [20,23,2].

The replacement of the complete Green function [Eq. (11)]
by the spectral decomposition formula [Eq. (12)] with the
intermediate �-resonance state can be considered a definition
of the propagator of the intermediate off shell �. The
�-propagator [Eq. (12)] is given off mass shell because the
mass operator ��(E, p�) is depending on the off shell energy
parameter E. The accuracy of the replacement GπN (E, p�) in
Eq. (11) by GπN (E, p�) in Eq. (12) determines the accuracy of
the model for the off-energy shell � propagator [Eq. (12)]. In
the center-of-mass (c.m.) frame p� = 0 and in the � resonance
region the mass operator ��(E, p�) generates the � decay
width at E = m� = 1232 MeV for the on shell πN amplitude.
In this region the on-shell amplitude for the πN P33 partial
wave has the Breit-Wigner form. This property can be used as
the general normalization conditions for the � propagator [32]:

Re[E − Ep�
− �πN (E, p�)]p�=0

E=m�
= 0 (13a)

Im[E − Ep�
− �πN (E, p�)]p�=0

E=m�
= ��/2. (13b)

According to the modern πN phase shift analysis [34]
the Breit-Wigner mass and width m� = 1232 MeV,

�� = 120 MeV, differ from the �-pole mass and width
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m
pole
� = 1210 MeV, ��

pole = 100 MeV. In Sec. VI we demon-
strate the sensitivity of our calculations to the above difference
of the � mass and width for the γp − πop and γp − γp

reactions.
In the quantum field theory any transition between the n + a

and m + b particle states (n + a ⇐= m + b) with intermediate
πN state is described by the following formula:∑
πN

〈n|ja(0)|pπpN 〉 δ(pa + Pn − pπ − pN )

Pn
o + Epa

− Epπ
− EpN

+ io

×〈pπpN |jb(0)|m〉 =
∑
πN

〈n|ja(0)||pπpN 〉πN irreducible

×GπN
(
E = Pn

o + Epa

)〈pπpN |jb(0)|m〉πN irreducible,

(14)

which after replacement of Eq. (11) with Eq. (12), can be
rewritten as follow:∑

πN

〈n|ja(0)|pπpN 〉 δ(pa + Pn − pπ − pN )

Pn
o + Epa

− Epπ
− EpN

+ io

×〈pπ pN |jb(0)|m〉 
∑
�

{〈n|ja(0)}πN irreducible|�p�
〉

× δ(pa + Pn − p�)

P o
n + Epa

− Ep�
− ��(E, p�)

< �̂p�
{|jb(0)|m〉}πN irreducible, (15)

where we have neglected the nonresonant part of P33 πN

partial-wave contributions.
In Eq. (15) is given the recipe of substitution the inter-

mediate πN P33 partial-wave state for the intermediate �

state. Unlike other formulations, we have not used an effective
spin 3/2 Lagrangian to introduce the intermediate �′s. Any
spin 3/2 Lagrangian has free parameters corresponding to the
off-mass shell degrees of freedom for the massive spin 3/2
particles. Therefore in the approach based on the effective
spin 3/2 Lagrangian’s, additional conditions are necessary to
determine the actual off-mass shell behavior of the amplitude.

V. SEPARABLE MODEL OF THE π N AMPLITUDE AND
PROPAGATOR OF THE INTERMEDIATE

� RESONANCE

Equation (12) allows us to represent the propagator of the
intermediate � in the following form

S
αβ

� (E, p�) = uα(p�)uβ(p�)

E − Ep�
− �πN (E, p�)

m�

Ep�

, (16)

where uα(p�) is the spinor of the spin 3/2 particle with the real
mass m� = 1232 MeV. In Eq. (16) and everywhere below we
use the normalization condition for fermions from Ref. [12].

In this section our purpose is to determine the πN scattering
amplitude through the propagator [Eq. (16)] in the framework
of the separable model of the πN amplitude for the P33

partial wave. In the c.m. frame the πN amplitude with the
intermediate �-isobar propagator has a separable form

Aπ ′N ′−�−πN (p′s ′, ps; E)

= gπ ′N ′−�(p′)
D�(p′s ′, ps)

E − m� − �πN (E)
g�−πN (p), (17a)

where p′, s ′ and p, s stands for the nucleon momenta
and the spin in the final and in the initial states. In
the c.m. frame p� = 0, p

µ
� = m�δµ0, p′2

N = p2
N ≡ p2, Ep′ =

Ep =
√

p2 + m2
N and

D�(p′s ′, ps) = u(p′)(p� − p′
N )αuα(0)uβ(0)(p� − pN )βu(p).

(17b)

Conversely, the πN scattering amplitude in the usual
separable model for the resonance P33 partial waves has a
form

T (p′s ′, ps; E) = v(p′)
P3/2

1 (p′s ′, ps)

λ−1 − K�(E)
v(p), (18a)

where

K�(E) =
∫

d3q
(2π )3

mN

2Eqπ
EqN

v2(q)

E + io − Eqπ
− EqN

(18b)

and P3/2
1 is the well known quantum-mechanical projection

operator on the πN state with the angular momenta L = 1
and the total momenta J = 3/2 [11,13]

P3/2
1 (p′s ′, ps) = 3(p′p)

4πp2
χ+

f χi − 1

4πp2
χ+

f (p′σ )(σp)χi

= 3mN (p′p)

4πp2(Ep + mN )
u(p′s ′)(1 + γo)u(ps)

−P1/2
1 (p′s ′, ps), (19a)

where u(ps) is the spinor function of nucleon, u(0s ′) =
χf , u(0s) = χi , and

P1/2
1 (p′s ′, ps) = 1

4πp2
χ+

f (p′σ )(σp)χi

= mN (Ep + mN )

4πp2
u(p′s ′)(γo − 1)u(ps) (19b)

P1/2
0 (p′s ′, ps) = 1

4π
χ+

f χi

= mN

4π (Ep + mN )
u(p′s ′)(γo + 1)u(ps). (19c)

These projectors satisfy the idempotency condition∑
s ′′

∫
d�p′′

[
PJ ′

L′ (p′′s ′′, p′s ′)
]+PJ

L (p′′s ′′, ps)

= δL′LδJ ′JPJ
L (p′s ′, ps). (19d)

Using the identity (pσγσ + m)γ0(pδγδ + m) =
2Ep(pσγσ + m) it is easy to derive the following relation:

D�(p′s ′, ps) = 4πp2(Ep + mN )

6mN

P3/2
1 (p′s ′, ps), (20)

where we have used the following representation for the spin
3/2 particle projection operator [14–16,19]
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uµ(p�)uν(p�) = −pσ
�γσ + m�

2m�

[
gµν − 1

3
γ µγ ν − 1

3m2
�

× (
γσpσ

�γ µpν
� + γ µpν

�γσpσ
�

)]
, (21a)

which involves only the contributions of the L = 1 and J =
3/2 partial state.

Equation (21a) differs from the other representation of the
spin 3/2 particle projection operator that is often found in the
literature [17,18,4]

uµ(p�)uν(p�) = −pσ
�γσ + m�

2m�

[
gµν − 1

3
γ µγ ν

− 2

3m2
�

p
µ
�pν

� − 1

3m�

(
γ µpν

� − γ µpν
�

)]
,

(21b)

which can be decomposed over the other kind of the projection
operators [14,16]

[P3/2]µν = gµν − 1

3
γ µγ ν

− 1

3m2
�

(
γσpσ

�γ µpν
� + γ µpν

�γσpσ
�

)
(22a)

[
P1/2

11

]µν = 1

3
γ µγ ν − 1

m2
�

p
µ
�pν

�

+ 1

3m2
�

(
γσpσ

�γ µpν
� + γ µpν

�γσpσ
�

)
. (22b)

[
P1/2

22

]µν = 1

m2
�

p
µ
�pν

� (22c)

[
P1/2

12

]µν = 1√
3m2

�

(
p

µ
�pν

� − γσpσ
�γ µpν

�

)
(22d)

[
P1/2

21

]µν = 1√
3m2

�

(
γσpσ

�γ νp
µ
� − p

µ
�pν

�

)
. (22e)

These projection operators satisfy a useful relations

[P3/2]µν + [
P1/2

11

]µν + [
P1/2

22

]µν = gµν (23a)[
PJ ′

ij

]µσ
gσδ

[
PJ

kl

]δν = δJ ′J δjk

[
PJ

il

]µν
, (23b)

[P3/2]µνpσ
�γσ = pσ

�γσ [P3/2]µν. (23c)

In analog with the Dirac propagator for the spin 1/2 particle

S1/2(E, p) = u(ps)u(ps)

E − Ep − �(E, p)

m

Ep
,

the spin 3/2 particle propagator [Eq. (16)] contains the
projection operator uα(p�)uβ(p�) on the positive energy
states. Therefore, the propagator [Eq. (16)] has no inverse
operator. Nevertheless, one can consider(

P3/2
µνp

σ
�γσ − m�gµν

)
�ν = 0

as equation of motion of the spin 3/2 particle that is equivalent
to the equation (

pσ
�γσ − m�

)
�ν = 0.

To proof this statement, one can use the relations [Eqs. (23a)–
(23b)] and the property of operators �ν = [P3/2]νµ�µ that is

result of the definition of these operators in the subspace for
the free spin 3/2 particles. This allows us to avoid the criticism
given in Ref. [16] for the propagator

S
µν
� (E, p�) = −pσ

�γσ + m�

2m�

[P3/2]µν

E − Ep�
− �πN (E, p�)

m�

Ep�

.

(24)

Using the Eq. (20), one can express the propagator
[Eqs. (16) and (24)] through the spin 3/2 projection operator
[Eq. (19a)] and the � propagator

p′N
µ S

µν
� (E)pN

ν = 4πp2(Ep + mN )

6mN

P3/2
1 (p′s ′, ps)

E − m� − �πN (E)
,

(25)

where �πN (E) = −E + m� + λ−1 − K�(E) for the separa-
ble models. Next if we define the relations between the form
factors as follows:

v(p′)v(p) = 4πp2(Ep + mN )

6mN

gπ ′N ′−�(p′)g�−πN (p), (26a)

then we obtain that the amplitude [Eq. (17a)] and the amplitude
[Eq. (18a)] coincide

Aπ ′N ′−�−πN (p′s ′, ps; E) = T (p′, p; E). (26b)

Equations (26a) and (26b) are our final result for the
relation between the � separable amplitude [Eq. (18a)]
with L = 1; J = 3/2 and the microscopic πN amplitude
[Eq. (17a)] with the � propagator [Eq. (16)]. According to
the well-known procedure in the separable model the form
factors v(p) as well as λ and K�(E) can be determined
through the πN phase shifts [9]. It is important to note that the
amplitude in the separable model [Eq. (18a)] is scale invariant,
because the variation of the λ scale parameter λ′ = δλ can
be compensated by the corresponding variation of the form
factors v′(p) = δ−1/2v(p).

To calculate the amplitude of the multichannel γp scattering
reactions we have used the normalization condition of the �

propagator [Eqs. (13a) and (13b)] because in the opposite case
intermediate � propagators do not have the observed � decay
width and the � pole position. Equations (13a) and (13b)
violated the scale invariance of the separable πN t matrix.
In our calculation we have used the following models of the
πN propagator [Eqs. (16), (24), and (25)] and πN − � form
factors g(p) in the c.m. frame.

A. Scale-invariant separable model (Model A) [23]

In this model the πN scattering amplitude reproduce the
the P33 partial wave πN phase shifts up to 300 MeV. The
propagator of the � has the following form:

S
αβ

� (E) = uα(0)uβ(0)

λ−1 − K�(E)
, (27)
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FIG. 6. (Color online) The integral cross sections of the π+p scattering reaction calculated in the framework of the one � exchange
model according to the Eqs. (35b) and (36b). Curve B is generated by the π+p amplitude [Eq. (34)] with the � propagator in the relativistic
Breit-Wigner shape model B [Eq. (29)]. Curves A and C are obtained using the unitary π+p scattering amplitude [Eqs. (17a) and (18a)] and
they coincide with the cross section constructed from the corresponding pion-nucleon phase shifts in the next figure. The data are taken from
the SAID analysis [33].

where K�(E) is defined in Eqs. (18a) and (18b) and

λ−1 = Re[K�(E = m�)]; g(p) = η

p2 + µ2
(28)

with the following choice of the fitting parameters µ = 9mπ,

η = 15.85mN .
The form of the λ−1 insures the validity of Eq. (13a) and

the adjustable parameter η is fixed according to Eq. (13b).

B. Breit-Wigner shape � propagator (Model B) [2]

In this model Ep�
+ �πN (E) ≈

√
(m� − i��/2)2 + p2

�

and the � propagator has the following form:

S
αβ

� (E, p�) = uα(p�)uβ(p�)

E −
√(

m� − i ��

2

)2 + p2
�

m�

Ep�

. (29)

The form factor g(p) is obtained from the effective πN�

Lagrangian in tree approximation (i.e., it is equal to the gπN�

coupling constant):

g(p) = gπN�, (30)

where we have taken the same coupling constant as in
Ref. [4]gπN� = 1.95/mπ .

C. Heller-Kumano-Martinez-Moniz separable
potential (model C) [32]

This model was used for the calculation of the �++
magnetic moment in the π+p → γ ′π+p reaction and it
reproduces the πN P33 phase shifts up to 300 MeV. In this
model the following parametrization is used:

m� + �πN (E) ≡ M� + �̃πN (E)

= M� + 1

3

∫
d3q

(2π )3

q2h2(q)

E + io − Eqπ
− EqN

,

(31)

where M� = 1322 MeV is the “bare” � mass

h(q) = g(
1 + q2

α2

)2 (32)

and α = 2.20 fm−1 and g = 1.79 mπ
−3/2. Thus the � propa-

gator in the Heller-Kumano-Martinez-Moniz separable poten-
tial model has the following form:

S
αβ

� (E) = uα(0)uβ(0)

E − M� − �̃πN (E)
. (33)

Before we compare the cross sections of the γp →
γ ′p′, γp → πo′p′, and γp → γ ′πo ′p′ reactions in the �

resonance region, calculated with the above � propagators,
we have to examine the sensitivity of the πN scattering
observables to the choice of the models of the � propagators.
Unlike to the separable models of the πN amplitude with
the � propagators A and C, the π+p scattering amplitude
constructed with the Breit-Wigner shape � propagator (5.12)

Tπ+p(p′, p; E) = g2
πN�

Ep + mN

2mN

×
[
χ+

f (p′p)χi − 1
3χ+

f (p′σ )(σp)χi

]
E − m� + i ��

2

(34)

does not satisfy the unitarity condition. Therefore this ampli-
tude as well as a number of the other Breit-Wigner-type πN

amplitudes often used for the description of the γN reactions
(see, for example, Refs. [7,4]) are not able to reproduce
πN scattering experimental observables without an additional
unitarization procedure. In particular, for the π+p scattering
cross with the amplitude [Eq. (34)] the following explicit
expression is valid [11]

dσB
π+p

d�
= g4

πN�p4 (Ep + mN )2

(24πE)2

1 + 3cos2θ

(E − m�)2 + �2
�

4

, (35a)
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FIG. 7. πNP33 phase shifts used in Ref. [23] (A) and in Ref. [32]
(C ). These curves describe well the πN phase from the corresponding
phase-shift analyses.

σB
π+p = g4

πN�p4

2π

(Ep + mN )2

(6E)2

1

(E − m�)2 + �2
�

4

. (35b)

This integral cross section, obtained in the framework of
the Breit-Wigner shape model for the � propagator [Eq. (29)]
is depicted in Fig. 6 together with the cross sections calculated
with the π+p separable amplitudes in model A [23] and model
C [32]. For the cross sections, calculated in the framework of
the separable models A and C are valid the analogical to the
Eqs. (35a) and (35b) expressions

dσ
A,C
π+p

d�
= [gπN−�(p2)p]4 (Ep + mN )2

(24πE)2

× 1 + 3cos2θ

|E − m� − �πN (E)|2 , (36a)

σ
A,C
π+p = [gπN−�(p2)p]4

2π

(Ep + mN )2

(6E)2

× 1

|E − m� − �πN (E)|2 . (36b)

Unlike curves A and C, curve B presents the essentially non-
realistic description of the π+p integral cross section. In order
to improve the relativistic Breit-Wigner shape model it was
suggested the different unitarization procedures [20,22,23]
these procedures use the special separation of the resonance
and the non-resonance parts of the P33 πN partial phase
shifts with the additional fit of the adjustable parameters. In
the separable model of the πN amplitude (17a) or (18a) the
unitarity condition is satisfied and the form factors as well as
the ��(E) or K�(E) functions are explicitly determined via
the observed πN P33 partial wave shifts (see for example [7]
and the references therein).

It is seen that at the peak of the � resonance the difference
between curves A and C is small. But after the Tπ > 200 MeV

the difference between curves A and C is essential. This
difference is generated by the difference between the πN

phase shift analyses (see the next figure), which was used
in the construction of the g(p) and h(p) form factors curves A
and C.

The resonance P33 πN phase shifts for curves A and C
are presented in Fig. 7. These curves practically coincides
with the corresponding data from the phase-shift analyzes
performed in Ref. [45] (model A) and in ref. [32] (model C)
correspondingly. The difference between the curves is visible
after Tπ = 150 MeV. This difference is more transparent for
the πN total cross section depicted in Fig. 6. Because of the
unitarity breaking for the πN amplitude [Eq. (34)] (B), it is not
possible to extract the phase shifts from this expression. The
generalized relativistic Breit-Wigner shape � propagator and
the corresponding π+p scattering amplitude, which satisfy
the unitarity condition and which reproduce the correct P33

phase shifts and the πN cross section was constructed in
Refs. [16,18,19].

VI. THE RESULTS FOR THE γ p → γ ′ p′, γ p → π o′ p′,
AND γ p → γ ′π o′ p′ OBSERVABLES IN THE

� RESONANCE REGION

In this section we examine the dependence of the ob-
servables of the γp → γ ′p′, γp → πo′p′, and γp → γ ′πo ′p′
reactions on the above referred � propagators to study the
sensitivity of the cross sections of the γp → γ ′πo′p′ reaction
to the magnitude of the �+ magnetic moment in different
kinematical regions.

Our numerical calculation is restricted to the one-particle
N, �,π , and ρ-, ω-exchange model that was applied in the
most of the numerical calculations of these reactions. We
will study the γp − γp, γp − πop, and γp − γπop reactions
in the unified manner with the same input vertex functions
to compare with the preliminary experimental data [5]. The
already well-investigated proton Compton scattering reaction
is the same order as the γp − γπN reaction (in nb). Therefore
inclusion of the γp − γp reaction in our consideration is
consistent. In the � resonance region the γp → γp reaction
separately was well described in the tree approximation in
Ref. [7]. In the same approximation the unified description of
the γp → πop and γp → γπop reactions was achieved in
Ref. [4]. Our calculations are performed in the Born approxi-
mation that is more general as the tree approximation. In the
Born approximation it is possible to examine the sensitivity
of the calculated cross sections to the separable model of
the � resonance. The separable model insures the validity
of the unitarity condition for the �-exchange πN − πN

amplitude, but in the considered Born approximation of the
γN − γπN amplitude the unitarity condition is violated.
Nevertheless this approximation is more complete as the tree
approximation, where the unitarity condition is broken by
description of the πN − πN, γp − πp, γp − γp, and γp −
γπp reactions. Generalization of the three-dimensional time-
ordered equations for the πN scattering amplitude [20,23] is
given in Ref. [10] for the coupled πN − γN − ππN − γπN
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FIG. 8. Diagrams for the πo photoproduction on the proton. One-particle N,� and ρ-, ω-exchange diagrams taken into account in the
numerical calculation of the γp − πo ′p′ reaction.

channels, where the two-body and the three-body unitarity
conditions are satisfied. Therefore the present investigation
can be considered as a preliminary step for the unified and
the quantitative description of the multichannel γp and πN

scattering reactions. On this stage of our calculations we have
not taken into account the contributions of the nonresonant πN

partial waves and the antinucleon degrees of freedom in the
intermediate states of the πN interaction (i.e., in the present
article we are able to consider only a qualitative effects in the
multichannel γp reactions).

A. Pion photoproduction reaction

Our calculation of the γp → πo′p′ reaction based on
the same set of diagrams as in Ref. [25], but our calcu-
lation is performed in the three-dimensional, time-ordered
form in the Coulomb gauge and without neglection of the
off-mass shell variables in the vertex functions. Therefore
we have two-type ρ-, ω-exchange diagrams with the linear
propagators that differ in the chronological sequences of the
intermediate ρ, ω emission and absorption as it is shown in
diagrams c and d in Fig. 8. The corresponding vector-meson
V ≡ ρ, ω exchange diagrams have the different propagators
(EpN

− Ep′
N

+ EpV
)−1 and (EpN

− Ep′
N

− EpV
)−1. These t

and t channel terms with the ρ-, ω-meson exchange (dia-
grams c and d) are important for our calculation. The N,�

exchange diagrams (a and b) relate to the s-, and u-channel
interaction terms. The s-, and u-channel terms with N,�

exchange include the propagators (EpN
+ Ep′

N
± Epπ

)−1 and
(EpN

+ Ep′
�

± Epπ
)−1. These propagators are small in the �

resonance region and they can be safely neglected.
The s- and u-channel diagrams (a and b) together with the

t, t-channel diagrams (c and d) are used for the calculation
of the amplitude of the γp → πop reaction in the Born
approximation. The corresponding vertex function are listed
in the appendix. With respect to the �-resonance propagator,
the calculation was performed as follows: (curve A) for
the scale-invariant separable model of the P33 πN ampli-
tude [Eq. (27)] [23], (curve B) with the Breit-Wigner form
of the �-resonance propagator [Eq. (29)], and (curve C) with
the the separable model of the πN potential [32]. The resulting
integral cross sections are presented in Fig. 9, where the curves
A,B and C denote the calculations of all of the diagrams in

Fig. 8 with the corresponding models A,B, and C of the
� propagators.

As shown in Fig. 9, the peaks of curves A and C are removed
from the position of the peak of the π+p − π+p reaction at
Tπ = 154 MeV (or Eγ = 340 MeV or E = m� = 1232 MeV)
into the position of the experimentally observed peak of
the γp − πop integral cross section at Eγ = 320 MeV (or
Tπ = 140 MeV or E = m� = 1218 MeV). The � propagators
of the considered curves A,B, and C satisfy Eqs. (13a) and
(13b) (i.e., they have the same � pole position at E = m� =
1232 MeV and the � decay width �� = 120 MeV). The curves
Ash and Csh are obtained in the framework of the above sepa-
rable � propagator models A and C, but with the removed �

pole position at E = m� = 1210 MeV and the � decay width
�� = 100 MeV. In Fig. 9 it is shown, that the peak of the Ash

and Csh is again removed left at Eγ = 285 MeV. Thus despite
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FIG. 9. (Color online) The integral cross sections of the pion
photo-production reaction with models A [Eq. (27)], B [Eq. (29)], and
C [Eq. (33)] of the � propagator. Curves A, B, and C are calculated
with the � pole position at E = m� = 1232 MeV and with the �

decay width �� = 120 MeV. Calculations for curves Ash and Csh

are performed with E = m� = 1210 MeV and �� = 100 MeV. The
experimental points are taken from Ref. [4].
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FIG. 10. (Color online) Comparison of our calculation of the
γp → πop integral cross section in model B with the analogical
calculation in the three approximation [4]. The experimental points
and curve B are the same as in the previous figure. Curve B ′ denotes
the same calculation as for the case Bborn, but without �-exchange
crossing term and without ρ-meson exchange term. Curve B ′

sh is
obtained in the same approximation as B ′ but with the shifted � pole
parameters m� = 1210 MeV and �� = 100 MeV. The curve labeled
tree stands for the calculation in the tree approximation as it was
performed in Ref. [4]. This curve is obtained from B ′

sh after tree
approximation for all form factors and with the special model for
the � propagator and the current conservation for the �-exchange
term [18].

the same � pole position at E = m� = 1232 MeV and the
� decay width �� = 120 MeV for the � propagator models

A,B, and C, the corresponding peaks of the γp − πop integral
cross section are removed. The displacement of the � pole
position can be explained by the kinematical factors that appear
together with the � propagator in the corresponding amplitude
with the different form of the considered � propagators. Other
example of the such type � pole position replacement is
given in Fig. 6 for curve B, which is calculated according to
Eq. (35b).

The magnitude of the calculated γp − πop integral cross
section in curves A and C in Fig. 9 is sufficiently worse
as curve B. Conversely, if we taken into account only
the leading s-channel � exchange from diagram a in
Fig. 8 then γp − πop scattering amplitude takes the separable
form

T µ
γp−πop(p′, p; E)  u(p′)FM (t)�µα

M (t)

× uα(0)uβ(0)

λ−1 − K�(E)
p

β

Ng�−πN (p)u(p),

(37)

where FM (t) and �
µν

M (t) are given in Eq. (A2). Equation (37)
satisfies the unitarity condition. Moreover, in the separable
model K�(E) function and the form factor g�−πN (p are
determined via the πN P33 phase shifts in the πN energy
region mN + mπ,∞). Thus the K�(E) function and the form
factor g�−πN (p are essentially dependent on the asymptotic
behavior of the πN scattering amplitude or on the πN phase
shifts. We note that one can use the different separable models
of the � propagators to estimate the accuracy of the performed
calculations.

To compare our model with the calculations performed in
the tree approximation, we make the same set of approxima-
tions as in Ref. [4] for reproduction of the γp → πo′p′ integral
cross section. The calculation in Ref. [4] was performed in the
framework of the phenomenological Lagrangian model with
the Breit-Wigner shape � propagator. Therefore we start from
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FIG. 11. (Color online) The differential cross sec-
tions for the pionphotoproduction reaction for the A
[Eq. (27)], B [Eq. (29)], and C [Eq. (33)] � propagators.
The experimental results indicated by triangles are from
Ref. [36].
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FIG. 12. Diagrams used for the calculation of the Compton scattering γp → γ ′p′ in the � resonance region: (a) N, �-exchange s-channel
terms, (b) u-channel terms, and (c and d) the t-channel πo exchange diagrams with the different chronological sequence of the intermediate
pion emission and absorption. In the “old fashioned” perturbation theory the sum of diagrams c and d is equivalent to the Feynman one-π -
meson-exchange diagram.

model B with the Breit-Wigner type propagator, and we fulfill
a following approximations:

(i) First we omit the u-channel �-exchange diagram in
Fig. 6(b), the ρ-meson exchange diagram in Figs. 6(c),
and 6(d) and we will omit the electric and charged parts
of the γN − � vertex function [Eq. (A1)]. Then we obtain

the curve B ′ from the curve Bborn, which is identical to
the curve B in Fig. 9.

(ii) Next we replace the � pole position (i.e., we take Er =
1210 MeV and �� = 100 MeV as in Ref. [4]). As result
the curve B ′ transforms into Bsh).

(iii) In the last stage we replace all form factors with the
corresponding tree approximation and we use the model
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FIG. 13. (Color online) Variation of the differential cross section of the proton Compton scattering reaction for the different propagators
of the �+. Curves A, B, and C relate to the expression of the �+ propagator [Eqs. (27), (29), and (33)]. The data are from Ref. [35]. Curve
B ′ is obtained after neglection of the � exchange crossing term from the calculations with the Breit-Wigner propagator (model B). The same
calculations as for the curve B ′, but with the shifted parameters of the � resonance position, are presented by curve B ′

sh. The curves with the
label tree denote the calculations in the tree approximation of the vertex function and in the same model of the s-channel � exchange term as
in Fig. 10.
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FIG. 14. Diagrams for the γp → γ ′πo ′p′

reaction with one-particle N, � and πo, ρ, ω

exchange that are taken into account in our
numerical calculation. For diagrams b and e
contributions of the π -meson creation from
the intermediate N or � in the transitions
(N,N ), (N,�), and (�, N ) are included, but
not the πo creation in the (�,�) transition. In
Ref. [38] it is shown that this contribution is
weak. In the ρ-, ω-meson exchange diagrams
g, h, i, and j only nucleon but not the � exchange
is taken into account. In the one-πo-exchange
diagrams k and l the dashed circle indicates the
πN scattering t matrix.

of the current conservation condition from Ref. [18,4]
with the intermediate s-channel N,� states. Then curve
Bsh transforms into the curve labeled as tree, which has
the same form as the resulting cross section calculated in
Ref. [4] and with all these approximations agrees nicely
with the data quoted in Ref. [4].

It is well known [9] that the three-body models of the πd
scattering cross sections are much less sensitive (∼15−25%)
to the choice of the separable model of the πN interaction
as the present calculation of the γp → πop cross sections.
This sufficient sensitivity of the γp → πo′p′ reaction can be
explained by the different scale of the considered amplitudes.
Thus the πN − π ′N ′ cross section is given in mb, the γN −
π ′N ′ cross section is determined in µb and the scale of the
γp → γ ′p′ and γp → γ ′πo′p′ cross sections is determined
in nb. Therefore the relative small difference between the πN

phase shifts or cross sections can generate a large difference for
the calculated γp → γ ′p′ and γp → γ ′πo′p′ cross sections.
In addition, the three-body equations for the πd − πNN scat-
tering reactions contain the whole πN amplitude [Eq. (17a)]
in opposite to the γp → πo′p′ scattering amplitude

[Eq. (37)], where the form factor g�−πN (p) from the complete
πN amplitude [Eq. (17a)] is absent. Therefore in the scale
invariance of the separable πN amplitudes in Eq. (37) is
broken twice: first by the normalization condition of the �

propagator [Eqs. (13a) and (13b)] and second because of
absence of g�−πN (p′) in Eq. (37).

The four-momentum transfer t is small in the low and
intermediate energy region. Therefore one can ask the ques-
tion: why was it important to take into account the vertex
functions in the Born approximation from the numerical point
of view?

To answer this question, let us consider the usual γN vertex
function

〈p′
N |Jµ(0)|pN 〉
= u(p′

N )

[
γµF1(t) + i

gM

2mN

σµν(p′
N − pN )νF2(t)

]
u(pN ).

(38)

In the tree approximation F1,2(t) = 1 and Ep′
N

−
EpN

is replaced by kγ . For kγ  350–450 MeV t is small
and F1,2(t) ≈ 0.9–0.96 but Ep′

N
− EpN

 40–50 MeV. Thus
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FIG. 15. Cross section dσ/dEγ ′d�γ ′
c.m.[nb/MeVsr] of the γp → γ ′πo ′p′ reaction with the � propagator of the Breit-Wigner shape

[Eq. (29)] and for different energies of the incoming photon |kγ | ≡ Eγ . The dashed line corresponds to our calculation without p − γ ′p′ or
p′ − γ ′p. The long-dashed line is our result with only the diagram with the � − γ ′�′ transition. The full curve includes the contributions of
all diagrams in Fig. 14.

the difference between the zero component of the vertex
function [Eq. (38)] and the same vertex function in the tree
approximation may be great enough. This difference is larger
for the γN� vertex [31] [Eq. (A.1)] than for the γN vertex
function (3.9). Therefore we see that the kinematical structure
of the magnetic part of the vertex functions can generate the
essential difference between the cross sections calculated in
the tree and in the Born approximations.

The differential cross section of the γp → πo ′p′ reaction
for the two energies (Eγ

lab = 260, 320 MeV) are depicted in
Fig. 11 with models A, B, and C of the � isobar propagators.
As in the case for the integral cross sections in Fig. 9, the
curves with the different � propagators in Fig. 11 differ greatly
and no one is preferable for description of the experimental
observables.

B. Compton scattering on the proton

We consider the elastic γp scattering reaction in the
� resonance region in the Born approximation using the
diagrams depicted in Fig. 12. Diagrams a and b in Fig. 12
correspond to the γp → γ ′p′ reaction in the s and u channels
with intermediate N and � states. Diagrams c and d show
the one-πo-exchange interaction in the elastic γp scattering
reaction. The calculation of the proton Compton scattering in
Ref. [7] was based on the same diagrams, but it was performed
in the framework of the tree approximation.

Figure 13 shows the differential cross section for the
elastic Compton scattering reaction on the proton with
the different energies of the incoming photon (Eph

lab =
149, 182, 230, and 286 MeV) and with the different � isobar
propagators. The sensitivity of these cross sections to the
form of the � propagators increases in the � resonance
region. To continue the comparison of our calculation with
the calculations in the tree approximation we fulfill the same
set of approximations as for the case of the πo photoproduction
reaction. We start from the Breit-Wigner shape model for the
� propagator and on the first stage we omit the contributions
from the u channel � exchange term [Fig. 12(b)]. After
this we obtain the curve B ′. The same calculation with the
shifted values of the � pole parameters m� = 1210 MeV and
�� = 100 MeV gives us the curve B ′

sh. The curve labeled
tree results after the use of the tree approximation of the all
vertex functions using the model of the � propagator with the
corresponding model of the current conservation [18].

The difference between the curves B,B ′, B ′
sh, and tree

indicates the importance of the above approximations also
for the proton Compton scattering reaction. Moreover, from
the comparison of the calculations with the three different
models of the � propagator (A [Eq. (27)], B [(29)], and C
[Eq. (33)]), it is seen that non among these calculations are
preferable with respect to the experimental data [35]. We note
that the approximations indicated as B ′, B ′

sh, and tree (i.e., the
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FIG. 16. dσ/d�γ ′
c.m.[nb/sr] cross section of the γp → γ ′πo ′p′ reaction with the averaged energy of the emitted photon 30 MeV < Eγ ′

c.m. <

130 MeV and variations of the final photon angle. The dotted line by the θ
γ ′
[c.m.] = 0 grad corresponds to µ� = 2.79 µN and solid line relates to

µ� = 2 × 2.79 µN .

approximations used in Refs. [4,18]) generate a description
worse for these data than for the pion photoproduction reaction.

C. The γ p → γ ′π o′ p′ reaction

We have calculated the γp → γ ′πo ′p′ reaction with the
same vertex functions as the γp → γ ′p′ and γp → πo ′p′
reactions (see the appendix). This calculation includes the
4 × 6 = 24 N,� exchange diagrams a–f in Fig. 14. That is
the complete set of the one-particle N,�-exchange diagrams
that arise in the three-dimensional time-ordered formulation
with the double N,�-exchange interaction. We have omit-
ted the meson � − � and heavy − meson N − � couplings.
Therefore in the next four diagrams (g–j) in Fig. 14 we have
only one-nucleon exchange contributions. Two last diagrams
with one-πo-exchange term (k and �) are important for the
γp → γ ′p′ reaction. The πN scattering t matrix in the k and
1 is approximated by the N,�-exchange s, u-channel terms.
Because of the small πo decay coupling constant [see Eq. (A9)
in the appendix], contributions of the πo exchange diagrams
(k and �) are small (less than 1% in our calculation of the
corresponding cross section).

The goal of our calculation of the reaction γp → γ ′πo ′p′
is to estimate the contributions of the background diagrams
that are mixed with the double-� exchange diagram with
the � − �′γ ′ transition (diagram a in Fig. 14). This diagram
contains the interesting value of the �+ magnetic moment µ�

[see Eq. (A.7) in the appendix) and gives the most important
contribution for the determination of the magnetic moment of
the �+ resonance. An other diagram with a �γ − �′ transition
is depicted in c, d, and f. Nevertheless the contribution of these
diagrams is not large, only a few percentages. The complete
number of the calculated diagrams is 38 (24 diagrams in
a–d, −2 diagrams with the � − π� coupling in b and e
2 × 4 = 8 diagrams in g–j, and 2 diagrams in k and � with
s-, u-channel N,� exchange instead of the πN interaction;
4 × 6 − 2 + 2 × 4 + 2 × 4 = 38).

To separate the contribution of the double �-exchange
diagrams (a in Fig. 14) with the � − �γ ′ vertex we have first to
separate the contributions of the diagrams that have the infrared
singularity for the emitted slow final photons when Ek′

γ
=

|k′
γ | → 0. This singularity arises in the intermediate proton

propagator at the p′′ − γ ′p vertex function. All diagrams in
Fig. 14 except the last four diagrams contains the p′′ − γ ′p
transition. These diagrams generate a 1/Eγ ′ energy depen-
dence behavior in the cross sections of the bremsstrahlung
reactions. The terms with the �′′ − γ ′� transitions in
Figs. 14(a) and 14(f ) have the � propagators (see
Eq. (6) in Ref. [2]) [Ep′

N
+ Ep′

π
− Ep�

− �πN (E, p�)]−1 and
[Ek′

γ
+ Ep′

N
+ Ep′

π
− Ep�

− �πN (E, p�)]−1 with real ener-
gies and complex �πN (E, p�). Therefore the � propaga-
tors at the �′′ − γ ′� transitions are free from the infrared
singularity. In the calculation of the γp → γ ′πo′p′ reaction
in the framework of the effective Lagrangian method with
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FIG. 17. (Color online) Cross section
dσ/dEγ ′

c.m.[nb/MeV] as function of the energy
of the emitted photon γ ′ for the incident photon
energies Eγ = 348, 398, and 449 MeV and for
the different � propagators A [Eq. (27)], B [Eq.
(29)], and C [Eq. (33)]. Curves B ′, Bsh, and tree
denote the calculations with the same modifica-
tions of the Breit-Wigner shape propagator as
in Fig. 10. For the magnetic moment µ�+ =
2.79 [nuclear magnetons] has been assumed.

the Feynman diagrams in the tree approximation [4] the
�-propagators at the � − γ ′� vertex are also free from the
infrared singularity. The set of diagrams in Fig. 14 includes all
of possible infrared singularities generated from the emission

of final photon from the external protons. Only diagram
a in Fig. 14 corresponds to the emission of γ ′ from the
internal protons. To take into account the complete set of the
internal mechanisms of the emission of the low-energy final

0 20 40 60 80 100 120 140 160 180

θc.m.

γ’
(grad)

0

3

6

9

12

15

18

0 20 40 60 80 100 120 140 160 180
0

3

6

9

12

15

18

0 20 40 60 80 100 120 140 160 180
0

3

6

9

12

15

18

B
A

A

A

B

B

C

C

C C(2x2.79) S 1/2
=1239MeV

S 1/2 =1277MeV

S 1/2 =1318MeV

FIG. 18. (Color online) Angular distribution dσ/d�γ ′
c.m.[nb/sr] of the final photon γ ′ with the averaged final photon momentum 30 MeV <

Eγ ′
c.m. < 130 MeV. The different curves represent the three different approaches for the � propagator and three different initial photon energies

as in the previous figure. For s1/2 = 1239 MeV and � propagator of model C [Eq. (33)] the angular distribution of the emitted γ ′ is calculated
for two magnetic moments (2.79 and 2 × 2.79) [nuclear magnetons] of the �+ resonance.
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FIG. 19. (Color online) Variation of the an-
gular distribution dσ/d�γ ′

c.m.[nb/sr] of the final
photon γ ′energies, for different energies of the
initial photon γ , for different propagators of
the � (A, B, and C; see text) and for different
values of the magnetic moments of the �+. The
dashed line corresponds to µ� = 0. The full
curve for the values µ� = 3 , µN and dotted line
relates to the µ� = 6 µN . The energies of the
final photons Eγ ′

c.m. are integrated over different
intervals: 60 < Eγ ′

c.m. < 150 MeV, 80 < Eγ ′
c.m. <

150 MeV, and 100 < Eγ ′
c.m. < 150 MeV for two

initial photon energies: Eγ
lab = 400 MeV and

Eγ
lab = 450 MeV.

photons it is necessary to include the complete form of the
two-body πN − γN and γN − γN amplitudes in equations
for the three-body γN − γπN amplitudes as is done in
Ref. [10].

To estimate the contribution of the diagrams with
infrared singularities at the N − γ ′N transition in
Fig. 14, we consider Fig. 15, where the cross sections
dσ/dEγ ′d�

γ ′
c.m. with Elab

γ = 348, 398, and 449 MeV, θ
γ ′
c.m. =

110 grad; φγ ′
c.m. = 0 with the Breit-Wigner type propagator

[model B, Eq. (29)] are shown. The full curve includes the

contributions of all diagrams from Fig.14, the dashed curve
corresponds to the contribution of the single diagram with
the � − γ ′� transition [Fig. 14(a) with the intermediate
�′s] and the long-dashed curve includes the contributions of
all diagrams without the infrared p − γ ′p′ transition. From
Fig. 15 we see, that the contribution of the interesting double-
�-exchange diagram (a from Fig. 14) is comparable with the
contributions of all other diagrams only after 80 MeV of the
energy of the emitted photon (i.e., when Ec.m.

γ ′  80 MeV).
The contribution of this diagram is further increased by
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increasing of the energy of the initial photon. The major
contributions of diagram a with the � → �′γ ′ vertex function
were observed for the following direction of the emitted photon
θ

γ ′
c.m. = 110 grad; φγ ′

c.m. = 0. Therefore the most preferable
kinematical region for the investigation of the role of the
� − γ ′� transition in the γp → γ ′πo′p′ reaction is Ec.m.

γ ′ >

80 MeV and θ
γ ′
c.m. ∼ 110 grad; φ

γ ′
c.m. ∼ 0 grad.

In Fig. 16 the same cross sections as in Fig. 15 are displayed
but with different µ� = 2.79 µN and µ� = 2 × 2.79 µN

magnetic moments of the �+ resonance. The difference
between corresponding curves by Elab

γ = 348 and 398 MeV
is quantitative and roughly no more than 10%. But for the
Elab

γ = 449 MeV this difference is more significant.
In Fig. 17 and 18 the cross sections dσ/dEγ ′

c.m. and
dσ/d�γ ′

c.m. for different energies of the initial photon (Elab
γ =

348, 398, and 449 MeV corresponds to s1/2 = 1239, 1277,
and 1318 MeV) and with the different � propagators from
models A, B, and C of Sec. V are depicted. The difference
between corresponding curves is large and, most important,
in the small emitted photon region (i.e., the sensitivity of the
amplitude of the γp − γ ′π ′op′ reaction on the form of the
� propagator is larger for the small E′

c.m.). Unfortunately,
the sensitivity of these curves on the different values of the
�+ magnetic moment is small (<10%). The exception is in
Fig. 14 for the total energy s1/2 = 1239 MeV corresponding
to Eγ

lab = 348 MeV, where the � propagator of model C
[Eq. (33)] was used for magnetic moments µ�+ = 2.79 and
2 × 2.79 [nuclear magnetons].

The curves in Fig. 17 and in Fig.18 qualitatively describe
the preliminary experimental data that has been measured
by the A2/ TAPS collaboration at MAMI [5]. The sensitivity of
the calculated cross section dσ/dEγ ′

c.m. and dσ/d�γ ′
c.m. on

the magnitude of the �+ magnetic moment is even smaller as
in the corresponding calculation in Ref. [2,4]. This difference
can be explained different gauge conditions, different number
of included diagrams, different vertex functions, and so on.
Only more complete calculations of the multichannel γp

scattering equations with unitarity and a more consistent
model of the � propagator, with rescattering effects in the
nonresonant πN interactions and antinucleon degrees of
freedom can quantitative determine the interesting differential
cross sections. Keeping in mind that the cross sections of the
γp → γ ′πo′p′ reaction are more sensitive to the form of the �

particle propagator as to the magnitude of the �+ resonance,
the following question appears: is the present sensitivity of
these differential cross sections enough for determination of
the magnetic moment of the �+ resonance? Or, in other words,
does a kinematical region exist where results of our calculation
qualitatively depend on µ�+? To find the kinematical region
where the the dependence on µ� is sufficient, we consider the
following cross sections.

In Fig. 19 the sensitivity of the angular distribution
dσ/d�

γ ′
c.m. for model A [Eq. (27)], B [Eq. (29)], and

C [Eq. (33)] of the � propagators with three different
magnitudes of the �+ magnetic moment µ�+ = 0, 3µN, 6µN

is demonstrated. Calculations are performed for two values of
the initial photon energy Eγ

lab = 400 and 450 MeV, where the
energies of final photon are integrated over the following in-

tervals: 80 < E
γ ′
c.m. < 150 MeV and 100 < E

γ ′
c.m. < 150 MeV.

For Eγ
lab = 400 MeV the variation of µ�+ gives an essential

difference of about ∼20%, for model C of the � propagator.
This difference decreases for Eγ

lab = 450 MeV. In this case
the cross sections for the µ�+ = 0 and 3µN practically
coincide. This is different in the case with Eγ

lab = 400 MeV,
where the curves with µ�+ = 0 and 6µN are close to each
other. But one obtains a different result for µ�+ = 3µN . The
values of the cross section with the propagators A and B are
close to the experimental data [5], but these curves are less
dependent on µ�+ . In addition the behavior of cross sections
A are quantitatively different for the Eγ

lab = 400 MeV and for
the Eγ

lab = 450 MeV.
The sensitivity of the cross sections to different models

of � propagators and to the �+ magnetic moments µ�+ =
0, 3µN, 6µN is examined also in Fig. 20, where the five fold
cross sections d5σ/d3k′γ ′

c.m.d�π ′
c.m. with fixed values of the

scattering angles φγ ′ , θπ ′
lab, φπ ′ and the emitted photon energy

are shown. Unlike in the previous figure, here the difference
between the curves with different µN is more visible. Most
promising is the quantitative difference between differential
cross sections for the model B with Eγ

lab = 450 MeV and
µ�+ = 0, µ�+ = 3µN and µ�+ = 6µN . This difference is not
only very large, but also quantitatively different as for the
incident photon energy Eγ

lab = 400 MeV.
Thus we see that in special kinematical regions the sensitiv-

ity of differential cross sections of the γp → γ ′πo ′p′ reaction
to the magnitude µ�+ can be large and this difference can have
a qualitative nature. The corresponding kinematical region is
different for the different � propagators. But the region with
the Eγ

lab > 400 MeV, Eγ ′
lab > 80 MeV, and θγ ′

c.m.  110◦
is most preferable for the determination of the �+ magnetic
moment µ�+ .

VII. CONCLUSION

In the present article we consider the possibility of
extracting the � magnetic moment in the γp → πo′p′ reaction.
Our calculations are performed in the Born approximation
using the complete set of one-particle N,�, π, ρ, ω-exchange
diagrams in the time-ordered field-theoretical approach. In this
formulation the intermediate � propagator is on mass shell and
we examine different models for the � propagators. These
propagators are obtained from two different unitary separable
models of the πN scattering amplitude and from the tree-level
model of the relativistic Breit-Wigner shape representation of
the πN amplitude that does not satisfy the unitarity condition.
It is well known that the one-� exchange model reproduces
well the πN scattering data in the � resonance region.
Therefore the difference in the description of the multichannel
γp reactions with the different on shell � propagators can be
explained only by the different description of the πN scattering
data in the � resonance region. The corresponding descriptions
of the π+p scattering data for the applied models of the �

propagators are demonstrated in Fig. 6 and in Fig. 7.
The main result of our work is that the numerical description

of the coupled γp → πo ′p′, γp → γ ′p′, and γp → γ ′πo ′p′
reactions in the �-resonance region is very sensitive to the
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model of the on mass shell �-propagator. From this result
follow conclusions:

(i) The use of the relativistic Breit-Wigner shape � prop-
agator with the nonunitary representation of the πN

amplitude for the calculation of the coupled γp → πN

and γp → γπop reactions is inconsistent because this
nonunitary model gives a nonrealistic description of the
leading πN scattering amplitude.1

(ii) The relatively small difference in millibarn (mb) by
description of the leading πN scattering cross section
with two � propagators can generate the large difference
between the calculated γp − πop cross sections in
microbarn (µb) and for the γp − γπop cross sections
in nanobarn (nb).

(iii) In order to fix the form of the on shell � propagator it is
necessary to achieve a unified description of the πN ⇐⇒
γN ⇐⇒ ππN reactions together with the weak γp −
γ ′π ′N ′ channel.

(iv) The unified description of the πN ⇐⇒ γN ⇐⇒ ππN

reactions together with the γp − γ ′π ′N ′ channel implies
the determination of the sought value of the �+ magnetic
momenta.

It must be noted that the other kind of the large sensitivity
of the observables of the πN and γp elastic scattering on the
off shell behavior of the microscopic � propagator was also
indicated in the papers [8,7].

Despite of the strong dependence of the calculated cross
sections on the � propagators, one can indicate the most
convenient kinematical region for the determination of the
magnetic moment of the �+-resonance with any considered
model of the � propagator. For instance, from Fig. 15 it
is seen that the contributions of the interesting � → γ ′�′
vertex can be extracted in the region Ecm

γ ′ > 80 MeV and

θ
γ ′
cm ∼ 110◦; φγ ′

cm ∼ 0◦.
The sensitivity of the cross section of the γp → γ ′πo′p′

reaction to the different values of the �+ magnetic moment
µ�+ is unfortunately smaller then the dependence of these

1After preparation of the present text new articles about the
extraction of the �+ magnetic moment from the γp → γ ′π ′N ′

reaction [46,47], where the improved version of Ref. [4] was used,
were published. Unfortunately in these investigations the pion-
nucleon phase shifts were considered also independently from the
Breit-Wigner type � propagator.

Moreover, these investigations are based on the low energy
theorems for the small momentum of the emitted photon. But for
the small k′

γ ∼ 1 − 10 MeV the contribution of the diagram with
the interesting � → γ ′�′ transition is small comparing to the
background diagrams with the photon emission from the initial or
from the final nucleon (see Fig. 15). On the other hand in the
k′

γ ∼ 30 − 90 MeV region the contributions of diagrams a, b, and
c in Fig. 14 with the � ⇐⇒ γ ′N transitions are important beginning
from the Born approximation. These diagrams are omitted in the
calculations based on the theorems low energy theorems. Therefore
the theorems concerning low energy do not work in the experimentally
observed energy region k′

γ ∼ 30−90 MeV. The same conclusion was
given also in Ref. [32].

cross section on the model of the � propagator. Thus the
sensitivity of most differential cross sections is less than 10%
if the magnetic factor changes by a factor of 2. However,
it was demonstrated (see Figs. 19 and 20) that for every
� propagator one can find a special kinematical region,
where differences between calculated cross sections with
different µ�+ are qualitative or yield an effect of more
than 25%. These findings make it possible to extract in the
future with more improved calculations of the magnitude of
the µ�+ from the experimental data of the γp → γ ′πo ′p′
reaction. Certainly, for this aim it is necessary to solve more
general three-body field-theoretical equations for the coupled
πN ←→ ππN ←→ γN ←→ γπN amplitudes which sat-
isfy the three-body unitarity condition [10]. Therefore the
present work can be considered a preliminary investigation
of the preliminary experimental data of the γp → γ ′πo ′p′
reaction [5].

It was shown that, starting from our calculations with the
Breit-Wigner propagator for the � resonance, after performing
the additional set of approximations and redefinitions of
parameters, we reproduce exactly the tree-level calculation
done in Ref. [4] for the γp → γ ′πo′p′ and the γp → π ′N ′
reactions. These result of the tree-level calculations [4] are
in good agreement with the preliminary data [5] for the
γp → γ ′πo′p′ and the γp → π ′N ′ reactions [4]. But as it was
noted above, this model is in contradiction with the leading πN

scattering data.
Another result of the present work is the recipe of

construction of the microscopic propagator of the � resonance
[Eqs. (16) or (24)] in the framework of the separable model of
the πN P33 partial amplitude [Eqs. (18a) or (17a)]. Using the
relation [Eq. (20)] between the projection operators on the πN

P33 partial states and the projection operator uµ(p�)uν(p�)
[Eq. (21a)], we have obtained the relations [Eqs. (26a) and
(26b)] between the � exchange amplitude [Eq. (17a)] and the
πN P33 partial amplitude [Eq. (18a)]. The suggested procedure
allows us to obtain the microscopic πN → � form factor
and the microscopic � propagator directly from the πN P33

partial-wave phase shifts. The separable representation of the
� exchange amplitudes for the πN − πN and γN − πN

reactions follows from the general analytical structure of
these amplitude, which automatically satisfy the unitarity
condition.
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APPENDIX: VERTEX FUNCTIONS

In the considered formulation nucleon and � isobar are
defined on mass shell (i.e., N and � are included only in the

024002-20



PROPAGATOR OF THE � RESONANCE AND DETERMINATION . . . PHYSICAL REVIEW C 72, 024002 (2005)

bracket vector as ordinary one-particle states). Therefore, the
three particle vertex functions with nucleons and � isobars
are depending only on the four-momentum transfer t. In our
calculation we have used the following vertex functions:

The γN − N vertex function in the Coulomb gauge is
given in Eqs. (8), (10a), and (10b) [11]. The exact form
of the formfactors F1,2(t) is considered, for example, in
Ref. [39]. In our calculation for the photon-proton vertex func-
tion we have taken F1(t) = F2(t) ≡ f (t) = (1 − t/a2)−2; a =
0.249 fm; µN = 1.79.

πN − N vertex function is taken from the dispersion
relation analysis [13]

〈p′
N |jα(0)|pN 〉 = iG(t)u(p)γ5ταu(p);

G(t) = gπN

[
1 + t

(
t − 4m2

N

)
4m2

Nm2
o

]−1

(A.1)

where mo = 8.6mπ ; gπN = 12.78.
In the γN − � vertex function of Jones-Scadron [31], p�

is the four-vector the spin 3/2 particles with the real mass m�,
i.e.,

p� =
(√

m2
� + p2, p

)

and

〈p′
N |Jµ(0)|p�〉 ≡ {〈p′

N |Jµ(0)}πN irreducible|�p�
〉

= u(p′
N )

[
FM (t)�µν

M (t)FE(t)�µν

E (t)

+ FC(t)�µν

C (t)
]
uν(p�), (A.2)

where t = (p′
N − p�)2 and magnetic �

µβ

M (t), electric �
µβ

E (t),
and charged �

µβ

C (t) Lorentz-invariant combination are defined
as follows:

�
µν

M (t) = − 3(mN + m�)

2mN [(mN + m�)2 − t]
εµνασ

× (p′
N + p�)α(p� − p′

N )σ (A.3a)

�
µν

E (t) = −�
µν

M (t)

− γ5
3i(mN + m�)

mN [(mN + m�)2 − t][(mN − m�)2 − t]

× εµλαβ(p′
N + p�)α(p� − p′

N )βε
νγ δ

λ

× p�γ (p� − p′
N )δ

(A.3b)

�
µν

C (t) = −γ5
3i(mN + m�)(p� − p′

N )µ
[
t(p′

N + p�)ν − (p� − p′
N )ν

(
m2

� − m2
N

)]
2mN [(mN + m�)2 − t][(mN − m�)2 − t]

. (A.3c)

Charge form factor �
µν

C (t) contributes in the calculation
with the vertex functions. But in the tree approximation,
where the four-vector qµ = (p� − p′

N )µ is replaced with the
real photon four-momentum q2 = 0, contributions of �

µν

C (t)
disappears.

For the electric, magnetic, and charge formfactors we take
the same cut-off function f (t) as for the γ -proton vertex
function

FM (t) = FM (0)f (t); FE(t) = FE(0)f (t);
(A.4)

FC(t) = FC(0)f (t),

where FM (0) = 3.2 [40], FE(0) = 0.025FM (0) [42], and
FE(0) = (m� − mN )/2m�FC(0) [31]. For our numerical cal-
culation most sufficient is the magnetic part of Eq. (A2). The
recent overview of the unified N∗ − Nγ vertex functions is
given in Ref. [41].

The πN − � vertex functions are defined in the standard
way

〈p′
N |jπ (0)|P�〉= u(p′

N )g�[(p′
N − P�)2](p′

N − P�)σ uσ (P�),

where the vertex function g�[(p′
N − P�)2] in the model

A πN − � is g(p) [Eq. (28)], in model B it coincides with the
coupling constant [Eq. (30)] and in model C πN − � vertex
function is h(p) [Eq. (32)].

The γ�′ − � vertex functions are the same as in
our previous article [2]. In this case Q = P ′

� − P� and

R = P ′
� + P� and the γ�′ − � vertex function is as

follows:

〈P′
�|Jµ(0)|P�〉 = uσ (P′

�)Vσµρ(P′
�, P�)uρ(P�), (A.5)

where

Vσµρ(P′
�, P�) = gρσ

[
F1(Q2)γµ + F2(Q2)

2M�

Rµ

]
+QσQρ

×
[
F3(Q2)

M2
�

γµ + F4(Q2)

2M3
�

Rµ

]
. (A.6)

The form factors Fi(Q2) are simply connected with the
charge monopole GC0(Q2), the magnetic dipole GM1(Q2),
the electric quadrupole GE2(Q2), and the magnetic octupole
GM3(Q2) form factors of the �+ resonance. In the low-energy
region we can neglect the terms ∼Q2/4M2

�, and we keep only
terms ∼1/M�. Then the previous formula can be rewritten in
a similar form as the γ -proton vertex function:

Vσµρ(P′
�, P�) = gρσGC0(Q2)

Rµ

2M�

+ igρσ

GM1(Q2)

2M�

σµβQβ.

(A.7)

In our case of soft photon emission we have approximated
the form factors in Eq. (A7) with their pseudothreshold values
GC0(Q2) → GC0(tptr = 1 and GM1(Q2) → GM1(tptr) = µ�+ ,
where tptr = (m� − mN )2, and µ�+ denotes the magnetic
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moment of the �+ resonance and it is simply connected
with the k�+ anomalous magnetic moment of �+ µ�+ =
(1 + k�+)/2m�.

The V ≡ ρ, ω-meson-nucleon vertex functions in
Eq. (2.11) have the following form:

〈p′
N |jV

µ (0)|pN 〉 = u(p′
N )

[
γµFV

1 (t)

+ i
kV

2mN

σµν(p′
N − pN )νF V

2 (t)

]
u(pN ),

(A.8)

where kω = 0 and kρ = 3.7. Form factors FV
1 (t) are replaced

with their threshold values FV
1 (t) =⇒ gV NN and gωNN = 3 ×

gρNN = 15 [43]. And for the ρ(ω) decay constant we have
taken the value gωγπ = 3 × gργπ = 0.374 [25,44].

The πo decay vertex function in Figs. 10(k), and 10(I)
is taken in the standard form on the tree approximation
[37,7]

�
µν

γ ′−πoγ ∼
∫

d4x〈0|T [jµ(x)jν(0)]|pπ

= kγ − kγ ′ 〉eikγ ′x ≈ −i
0.035

mπ

εµναβkγ α
kγ ′

β
. (A.9)
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