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Relativistic calculation of the width of the �+(1540) pentaquark
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We calculate the width of the �+(1540) pentaquark in a relativistic model in which the pentaquark is considered
to be composed of a scalar diquark and a spin 1/2 triquark. We consider both positive and negative parity for
the pentaquark. There is a single parameter in our model which we vary and which describes the size of the
pentaquark. If the pentaquark size is somewhat smaller than that of the nucleon, we find quite small widths for
the pentaquark of about 1 MeV or less. Our model of confinement plays an important role in our analysis and
makes it possible to use Feynman diagrams to describe the decay of the pentaquark.
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There has been a great deal of interest in the recent
observation of a quite narrow resonance which decays to a
nucleon and a kaon [1–9]. These states have been interpreted
as pentaquarks which are likely to have a ududs̄ structure [10].
(The extremely narrow width of the state, the �+(1540), has
led some to question whether the state exists in nature.) In the
present work, we will describe the calculation of the width
of the �+(1540) in a relativistic quark model which includes
a model of confinement that we introduced previously in our
study of meson and nucleon structure.

Several studies have attempted to calculate pentaquark
widths. The work of Ref. [11] was based upon a diquark-
triquark model (as is our present work) and used a QCD
sum rule approach with operator product expansion and direct
instanton contributions. They find stable triquark states that
support the diquark-triquark model of the pentaquark. Other
studies using the QCD sum rule approach are to be found
in Refs. [12] and [13]. In Ref. [13] the authors find a light
uds̄ triquark cluster with mass of about 750 MeV and a light
diquark configuration containing a u and d quark with mass of
440 MeV. They claim that they can understand the small width
of the pentaquark in their model.

A number of reviews have appeared. Reference [14] reviews
the experimental evidence for the pentaquark. Theoretical and
experimental developments are reviewed in Refs. [15–18]. A
number of theoretical papers have also appeared [10,19–24].
We are particularly interested in the work of Ref. [24] in
which a diquark-triquark model is introduced to describe the
pentaquark. We will make use of a variant of that model in the
present work, since that model lends itself to the analysis of
the pentaquark decay using Feynman diagrams. The diagram
we consider is presented in Fig. 1. There the pentaquark
is represented by the heavy line with momentum P. The
pentaquark is composed of a diquark of momentum −k + PN

and a triquark of momentum P + k − PN . The triquark emits
a quark (u or d) which combines with the diquark to form a

∗email: cshakin@brooklyn.cuny.edu

nucleon of momentum PN . The final-state kaon of momentum
P − PN is emitted along with the quark at the triquark vertex.

We have studied the structure of the nucleon in a quark-
diquark model in Ref. [25]. In that work we considered both
scalar and axial-vector diquarks; however, in this work, we will
limit our considerations to a nucleon composed of a quark and
a scalar diquark. The nucleon vertex is described in Ref. [25]
for the case in which the diquark is placed on mass shell. (We
remark that in Fig. 1 only the quark of momentum k and the
triquark of momentum P + k − PN will be off mass shell in
our analysis.) The mass of the scalar diquark was taken to
be 400 MeV in Ref. [25]. We use that value here and also
take the triquark to have a mass of 800 MeV. Therefore, it is
clear that we need to introduce a model of confinement for the
pentaquark which has a mass of 1540 MeV. Our (covariant)
confinement model, which we have used extensively in other
works [26–28], will be useful for this work.

In earlier work, we introduced a confining interaction that
served to prevent the decay of mesons or nucleons into their
constituents. Our covariant confinement model is described in
a series of our papers [26–28]. In that model we solve a linear
equation for a confining vertex function �. This function has
the following property. Consider the decay A → B + C, in
which the hadrons A and C are on mass shell. If we include the
confining vertex, we find the amplitude is zero when particle
B goes on mass shell, so that the amplitude for A to decay into
two on-mass-shell particles (B and C) is zero.

For the decay A → B + C, we may introduce a wave
function that may be expressed in terms of the momentum
of the off-shell particle B. If B is a scalar, we have

�B(k) = 1

k2 − m2
B

�B(k) . (1)

Note that the ratio of �B(k) to (k2 − m2
B) is an ordinary

function which may often be well represented by a Gaussian
function. [It is not necessary to include an iε in the denominator
of Eq. (1).]
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FIG. 1. Heavy line denotes the pentaquark; line of momentum
−k + PN denotes an on-mass-shell diquark; line of momentum k
represents the quark; and P + k − PN is the momentum of the
triquark. In the final state, we have a nucleon of momentum PN

and a kaon of momentum P − PN .

In the case of the nucleon, we may consider the decay
into a quark and a diquark. In Ref. [25], we considered both
scalar and axial-vector diquarks, but for simplicity we will
limit ourselves to only the scalar diquark. The relevant wave
function in this case was given in Eq. (3.3) of Ref. [25] as

�S(P, k, s, t) = �̃(1)(P, k)
2mq�

(+)(�k)√
2E(�k)[E(�k) + mq]

uN (P, s)χt ,

(2)

which we will simplify for the present work to read

�N (PN, k, s, t) = �̃N (PN, k)�(+)(�k)uN (PN, s)χt . (3)

The function �̃N (P, k) is represented in Fig. 5 of Ref. [25]
by a dashed line. That function is well approximated by a
Gaussian function, which we will record at a latter point in
our discussion. The factor of �(+)(�k) = (k/on + mq)/2mq arises
from an approximation made in Ref. [25]. Here kon = [E(�k), �k]
with E(�k) = [�k 2 + m2

q]1/2. In Ref. [25], the quark propagator
was written as

−iS(k) = mq

Eq(k)

[
�(+)(�k)

k0 − Eq(�k)
− �(−)(−�k)

k0 + Eq(�k)

]
. (4)

The second term was neglected in our formalism when
we studied the nucleon. (Thus we limited our analysis to
positive-energy quark spinors.) Since we wish to make use
of the nucleon wave function determined in Ref. [25], we will
continue to include the projection �(+)(�k) in our formalism.
Here k is the quark momentum.

As stated earlier, the diquark of momentum −k + PN in
Fig. 1 will be placed on mass shell, so that k0 = EN ( �PN ) −
ED( �PN − �k), where ED( �PN − �k) = [( �PN − �k) 2 + m2

D]1/2 and
EN ( �PN ) = [ �P 2

N + m2
N ]1/2. That approximation is achieved by

writing

1

(PN − k)2 − m2
D + iε

→ −2πiδ(+)
[
(PN − k)2 − m2

D

]
, (5)

as described in detail in Ref. [29]. Note that

δ(+)
[
(PN − k)2 − m2

D

] = 1

2ED( �PN − �k)

× δ
[
P 0

N − k0 − ED( �PN − �k)
]
. (6)

The on-mass-shell specification used here arises when per-
forming an integral in the complex k0 plane [29].

We consider the diagram shown in Fig. 1, where the heavy
line of momentum P denotes the pentaquark. The line carrying
momentum −k + PN is the on-mass-shell scalar diquark and
the line with momentum P + k − PN is the triquark. The
momentum k is that of an up or down quark, P − PN is
the momentum of the nucleon. The pentaquark, nucleon, and
kaon are on mass shell. In our analysis the diquark is also
on mass shell, so that only the triquark and quark propagate
off mass shell, as noted earlier. (As stated earlier, the on-shell
characterization of the diquark arises when we complete the
k0 integral in the complex k0 plane.)

We now make use of the formula [30]

d� = |M|2 d3k1

(2π )3

mN

EN (�k1)

d3k2

(2π )3

1

2EK (�k2)

× (2π )4δ4(P − k1 + k2), (7)

where �k1 and �k2 are the momenta of the outgoing particles. We
may put �k1 = �PN and �k2 = �P − �PN = − �PN for a pentaquark
at rest. (It is convenient to take �PN along the z axis when
calculating the width.)

In writing our expression for � we will represent the
product of the quark propagator and nucleon vertex function
by the nucleon wave function of Eq. (3). In a similar fashion,
we will represent the product of the triquark propagator and
the pentaquark-triquark vertex function by a triquark wave
function. (In the vertex, the diquark is on mass shell.) We
then have to specify the vertex function of the triquark which
describes the decay into the quark of momentum k and the
kaon. That scalar part of the vertex is usefully written as

�T (k) = �T (k)
(
k2 − m2

q

)
. (8)

Thus, the wave functions �N (k), �T (k), and ��(PN − k) will
appear in our expression for ��. Note that

�P 2
N =

(
m2

� − m2
N + m2

K

2m�

)2

− m2
K, (9)

which yields �P 2
N = 0.0722 GeV2, or | �PN | = 0.269 GeV.

We find that the width is given by

�� = 1

2

∫
d�k

(2π )3

1

2ED(�k − �PN )

∫
d�k ′

(2π )3

1

2ED(�k ′ − �PN )

× 1

N�NT NN

1

(2mN )(2m�)
�N (�k) �N (�k ′) ��( �PN − �k)

×��( �PN − �k ′)
(
k2 − m2

q

)
�T (�k)

(
k′2 − m2

q

)
�T (�k ′)

× Tr[(k/ − P/N + P/ + mT )(k/on + mq)(P/N + mN )

× γ 0(k/′
on + mq)(k/′ − P/N + P/ + mT )γ 0(P/ + m�)]ρ,

(10)

where ρ is the phase space factor. We find ρ = 1
2π

mN

m�
| �PN | =

0.0261 GeV, since | �PN | � 0.269 GeV.
The factors (1/N�)1/2, (1/NT )1/2, and (1/NN )1/2 serve to

normalize the wave functions. We determine that NN = 0.316
and, NT = 0.0982 and calculate N� for each choice of the
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FIG. 2. Width of negative-parity pentaquark as a function of
the parameter w�. (The quite small values in the vicinity of the
minimum have rather large uncertainties because of the limitation
of the number of points used in our five-dimensional integral which
determines the width.) The triquark had negative parity and mass of
mT = 0.800 GeV. The diquark mass was 0.400 GeV.

pentaquark wave function. We write, with k = |�k|,

�N (�k) = 1√
NN

(
y0 + A

w
√

π
2

e
− 2(k−kc )2

w2

)
(11)

and a similar equation for �T (�k). We have determined
y0, A, kc, and w from a fit to the wave function given in
Fig. 5 of Ref. [25]. We find y0 = −3.66, kc = −0.013 GeV,
w = 0.660 GeV, and A = 27.73 GeV. For the pentaquark we
write

��(�k − �PN ) = 1√
N�

A

w�

√
π
2

e
− 2(�k− �PN )2

w2
� , (12)

where w� is a variable in our analysis. (Note that N� depends
upon the choice of w�.) Here �k − �PN is the relative momentum
of the diquark and triquark when �P = 0.

In Fig. 2, we present the results of our calculation of ��

as a function of w�. The minimum values are very small, and
it is quite difficult to make an accurate calculation of widths
significantly less than 1 MeV. [We calculated five-dimensional
integrals with 40 points for each variable. Thus the number of
points calculated was (40)5 ∼ 108.]

In the case of a positive-parity pentaquark, we assume
that the pentaquark decays to a positive-parity diquark and a
positive-parity triquark. (We note that the triquark and diquark
have zero relative angular momenta.) In this case, we need
to insert factors of iγ5 at the triquark-kaon vertex where the
quark of momentum k is emitted. In addition, the calculation

FIG. 3. Width of the positive-parity pentaquark as a function
of the parameter, w�, which governs the extent of the pentaquark
wave function in momentum space. (In the case of the nucleon we
found w = 0.66 GeV for the wave function calculated in Ref. [25].)
In this calculation, the triquark had positive parity with mass
mT = 0.800 GeV. The diquark mass was 0.400 GeV.

of the normalization factor NT is modified. In Eq. (10), the
trace becomes

Trace = Tr[(k/ − P/N + P/ + mT )(−k/on + mq)(−P/N + mN )

× (−̃k/
′
on + mq)(̃k/

′ − P̃/N + P̃/ + mT )(P/ + m�)],

(13)

where k̃/ = γ 0k/γ 0, etc.
In this case, we find NN = 0.316 and NT = 0.0201, where

only the second value has changed relative to the values given
above. Figure 3 shows the values obtained for the width of the
positive-parity pentaquark.

Some researchers question the existence of the pentaquark
because of its very small width [17]. We have shown in the
present work that very small widths are obtained in our model
if the pentaquark wave function parameter w� is somewhat
larger than that found for the nucleon (wN = 0.66 GeV) in
Ref. [25].

There have been recent lattice QCD studies of the pen-
taquark [31–34]. A pentaquark was not found in the work
described in Refs. [31,32]; however, pentaquarks were found
in Refs. [33,34]. In Ref. [33], a positive-parity pentaquark was
found with a mass of m� = 1562(121) MeV. In Ref. [34], the
negative-parity pentaquark had the smaller mass.

It is clear that further experimental studies are needed to
determine whether various pentaquarks are present in nature.
Further theoretical studies which improve upon the work
described here are desirable.
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