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We develop polarization observables for the processes y N — 7w N and 1 N — wz N, using both a helicity
and hybrid helicity-transversity basis. Such observables are crucial if processes that produce final states consisting
of a spin-1/2 baryon and two pseudoscalar mesons are to be fully exploited for baryon spectroscopy. We derive
relationships among the observables, as well as inequalities that they must satisfy. We also discuss the observables
that must be measured in “complete” experiments and briefly examine the prospects for measurement of some

of these observables in the near future.
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I. INTRODUCTION AND MOTIVATION

Polarization asymmetries are an essential ingredient in the
interpretation of various meson production reactions in terms
of the various resonances that contribute to the processes as
real or virtual intermediate states. For instance, much of the
information that we have on the light baryon resonances has
been garnered from pion-nucleon and kaon-nucleon scatter-
ing experiments. In addition, photoproduction experiments
have augmented the database of measurements that provide
information on these resonances. The differential and total
cross sections for these reactions, together with various
polarization observables, are used to extract the amplitudes
for the process, and these are then interpreted as arising
from a number of resonant and nonresonant contributions
[1,2].

For processes in which the final state consists of a nucleon
(or a spin-1/2 baryon, in general) and a pseudoscalar meson,
the polarization observables, their relationship to helicity or
transversity amplitudes, and the measurements needed to
extract each observable are all well documented [1-6]. For
processes in which the final state contains two pseudoscalar
mesons (along with a nucleon), the state of development is
much less complete. For the most part, the final state with
two pseudoscalar mesons and a nucleon (mainly Nz ) has
been treated as arising from either of the quasi-two-body
states Am or Np, followed by the decay of the A or the
p [4,7]. The Np channel in particular, or more generally,
the NV channel, where V is a vector meson, has received
some attention in recent years [8]. A number of authors have
formulated treatments based on more general quasi-two-body
approaches [9].

This approach has been reasonably successful in the
past, as the available data came from high-energy experi-
ments. With today’s facilities running at all energies from
threshold up to relatively high energies, a more complete
description of polarization observables for the three-body
final state such as we have been describing is warranted.
Indeed, such a description is essential to fully exploit
the high-precision data that will be forthcoming. It must
be stressed that experiments with more than a single
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pseudoscalar in the final state have been touted as our best
hope for finding the so-called missing resonances [10]. It is
therefore timely and crucial that the polarization observ-
ables for such processes be elucidated in a more gen-
eral framework, one that goes beyond the quasi-two-body
assumption.

The importance of polarization observables cannot be
overstated. In the case of photoproduction of a single pseu-
doscalar meson, four complex amplitudes of some sort—
helicity, transversity, or Lorentz covariant, for example—are
required to describe the process. Because one phase will
always remain ambiguous, this means that seven “numbers”
are required at each kinematic point. The differential cross
section provides information only on the sum of the abso-
lute squares of these amplitudes. Polarization observables
allow extraction of more information, including phases. For
production of two pseudoscalar mesons, the same holds
true. The process is described in terms of a number of
amplitudes, and the differential cross section, in the form
of mass distributions, angular distributions, or even fivefold
differential distributions, provides information only on the
sum of the absolute squares of these amplitudes. This is woe-
fully inadequate for arriving at an unambiguous description
of the process. As with the processes in which a single
pseudoscalar meson is produced, polarization information is
crucial.

The rest of this article is organized as follows. For
definiteness, we refer to the final state that we treat as Nz,
but the formalism we present is valid for any final state that
consists of a spin-1/2 baryon and two pseudoscalar mesons. In
addition, we also discuss final states with a single pseudoscalar
meson in the final state, for the sake of comparison and
completeness. In the next section we discuss the kinematics
for the two- and three-body final states that we consider. In
Sec. III we introduce the formalism and notation by discussing
the processes TN — N and 7N — aw N. In Sec. IV, we
turn our attention to the processes yN — N and yN —
mrN. In Sec. V, we discuss the prospects for measurements
of some of these observables at present facilities, especially
the Thomas Jefferson National Accelerator Facility, as well as
our conclusions.

©2005 The American Physical Society



W. ROBERTS AND T. OED

II. KINEMATICS AND CROSS SECTIONS

A. Introduction

For all of the processes we discuss, we work in the center-
of-mass (c.m.) frame and define the momentum of the beam
particle (pion or photon) to be

k= (w,0,0, K) = (0, K), ey
with the momentum of the target nucleon being

P =Ks—,00 -K). @)

For the recoil nucleon, we choose

p2=(E,—Qsind,0,—Qcosh) = (E, —Q). 3)

The momentum of the single pion (for Nm final states)
or the pair of pions (for Nmm final states) is chosen
to be

q=Ks—E,Q. “

For the N final state, the pion momenta are denoted ¢,
and ¢,, with ¢ = ¢q; + ¢»>. The x,y, and z axes are then
defined as

N K x
z=K, }7=7Q,
K x Q|

It is also useful to define a set of axes in which the 7’ axis is
parallel to the momentum of the recoil nucleon. In this system,
the y axis coincides with the y axis of the collision plane. In
terms of momenta, the axes for this system are

£=9x2. )

=P y’zﬁ =9 xz (6)
’ P x K|’ '
B. aN - nN

In the c.m. frame, we choose the momenta of the initial
pion and nucleon as in Egs. (1) and (2), whereas those for the
final pion and nucleon are, respectively,

q = (w, Osin6, 0, O cosb),
p2=Ks—w,—0sinb, 0, —Q cosb),

@)
0=K,

and /s is the total center-of-mass energy. The Mandelstam
variables of interest are

s=(k+p) =(q+p)
t=(q—k?=(i—p)
=2m? — 2(y/s — w)*> + 2K? cos 6
= —2K?(1 — cosh),

®)

where m is the nucleon mass. The energies and momenta
are
s+ p2 —m?
2Js
Q =K =" m* 1*)/2V5),

where A(a, b,c) = a> + b> + ¢* — 2ab — 2bc — 2ac is
Kllen’s function and p is the pion mass.

®
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The cross section for the process is

|/\/lfi|2 404
do = Qm)' 8" (p1+k—pr—q)
4 (pr K2 — g2 1 ’
d3 d3
xtP 44 (10)

(2n)3R2E 2n) 2w’
After integration, this yields

2
do — |M i [2d 2
16(2m)2%s

C. yN - N

In the c.m. frame, for real photons, the beam and target
momenta are again as in Egs. (1) and (2), but now K = w.
For the pion and nucleon in the final state, the momenta
are

q = (o', QOsind, 0, O cosb),
P2 = (/s — o', —Qsin, 0, — 0 cosb).

The Mandelstam variable s has the same definition as before,
but ¢ now takes the form

)

t=(q—k’=(pi—p)
=2m? = 2(/s — 0)(/s — &) + 20K cos#,

, (12)
K:w:s_m

25

2 .2
dzfi%??ﬁﬂ 0 = 2"2(s,m*, u*)/(2Vs).

After phase-space integrations, the cross section for this
process is

0 M2 d2,

do =
16(27)2sK

D. tN - nnN

For this process, k, p;, and p, are defined asinthe 7 N —
7 N process. g1 and g, are the momenta of the two final state
pions, and momentum conservation gives

pi+k=p+q+q. 13)
The momentum of the recoiling nucleon is taken to be
S — Sy +m? .
=|—= _  _—Qsinf,0,—Qcosb |, 14
P2 < NG Qsi 0 > (14)
where
Sor = (q1 +42)° (15)
and
0— MP2(s, Sz, m?) (16)
= NG .
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Here, we are using the recoiling nucleon, or, more pre-
cisely, the recoiling pair of pions, to define the colli-
sion plane. The momentum of one of the pions may be
written

g1 = Q1(sin 0y cos ¢y, sin Oy sin @1, cos Oy), (17)

where Q1, 61, and ¢ can be written in terms of s, s, , 8, and
the angles describing the motion of the pair of pions in their
c.m. frame. The complicated expressions that result are not
not reproduced here, particularly as they are not crucial for the
discussion that follows.

We define the Mandelstam variables s and ¢ as

s=k&+p):,  t=(pi—p) (18)

In addition, we may define a number of other Mandelstam
variables as

SNﬂz = (p2 + 612)2’
h=(k—q).

SNT[] = (p2 + 611)27

) (19)

=k —q1),
Note that s, , Sy, and sy, are not all independent, as they
satisfy

Sz + SNm + Snm, =5 +m” + 2%, (20)

The differential cross section for this process is described
in terms of five kinematic variables. These may be, for
instance, two Lorentz invariants and three angles. One obvious
choice for one of the invariants is s. The choice of the
other four quantities can be fairly arbitrary and will depend
on what information is being presented. One choice is the
scattering angle of the nucleon, 6, or equivalently, ¢. For the
other three variables, we can choose, for example, s,, and
d2r  =d6; d¢; ., consistent with the way we define the
momenta. Another equally valid choice would be sy,, and
dS2y,, , where the solid angle is defined in the rest frame of
the nucleon-pion pair. In this work, we choose the kinematic
variables s, t, Sy, and d2% .

The differential cross section is

|M|?
4y/(k - p1)* —m?u?
x 2m)*8* (pr+k—pr—q1 — @)
d*py &g d*q>
X 9
2m)32E, 27)32w; 2m)3 2w,

do =

2

where M is the amplitude for the transition, E; is the energy
of the recoiling nucleon, and w; is the energy of the ith
pion. Carrying out the integrations using standard techniques
yields

o 1 1
dsp d dcosf 412821 )*s32K s,
X IMPAE (S 12, KOAI(S, S, m?),  (22)

where 4% < s, <(s —m)? and K = A'2(s, m?, u?)/(2/5).
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E. yN - anN

The kinematic treatment of this process is very much the
same as for the process # N — wwr N. The main difference
arises in the fact that, for the initial photon, k2 =0. We
therefore do not discuss the kinematics of this process any
further at this point, except to write down the form for the
differential cross section. This is

dc _ 1 1
dsp d _dcos® 412827 )4 (s — m2)ssn
X IMPA (S 12, 1A (S, Sm s m2). (23)

III. OBSERVABLESIN 2N — N ANDaN — anN

For the processest N — 7N and 7 N — mm N, the matrix
element M can be written

iM=xI(A+5 B, 24)

where x and ¢ are the Pauli spinors representing the final gnd
initial nucleons, respectively. Here, the quantity A + o - B is
the most general 2 x 2 matrix that can be constructed, and
A and B are quantities that will contain all of the details
of the “model” used to describe the particular reaction being
considered. At this point, their exact form is of no consequence.
For both processes, we choose the nucleon momenta as defined
in Egs. (2) and (7).

These two processes may be described in either the
helicity or transversity basis. In the helicity basis, the axis
of quantization of the spin of each nucleon is its direction
of motion. For the initial nucleon, the helicity spinors

are
so() o) e

whereas for the final nucleon, they are

-0 0

—Sin = COS 5
x+=< 92), x‘=(.§). (26)

COSE Slnz

In the transversity basis, the axis of quantization of the
spin of each nucleon is the y axis, which is as previously
defined. For either initial or final nucleon, the transversity
spinors are

¢$=%(‘1"), ¢T=%(i), @)

where the plus and minus refer to the spin projection relative
to the y axis.
For either of the processes being discussed,

> _’_ A+B3 B_ _ A+ B_
des 5 (A58 ) (0. o

where we have defined
Ai E.AZEB_%, Bi EB] :biBz, (29)

and the B; are the Cartesian components of B.
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In terms of these, the four possible helicity amplitudes,
i M AnNyo are

0 0
iM++ = A_COSE — B_sin — EM],

2
. .0 0
iM,_=A_ sin 5 + B_ cos o = Mo,

0 0 (30)
iM_, =—A,sin > + B, cos 5= Ms,

0 0
iM__ = Ajcos 5 + By sin 5= M,.

In these equations, Ay is the helicity of the target nucleon,
whereas Ay is that of the recoil nucleon. Note that in the
form written above, A_ and B_ occur in one block of helicity
amplitudes, whereas A and B, occur in another block, with
no “mixing” between the blocks. This makes inverting the
equations very easy, yielding

1T % %
.A=§ (M1+M4)cos§+(./\/lz—/\/l3)sin§ ,

1 - % . 9:
Bl=§ (M2+M3)COS§+(M4—M1)SIHE s

. - @3y

i 0 .0
B, = —|(My— Mj3)cos — — (M| + My)sin — |,

2L 2 2 |

17 % .07
B; = 5 (My — M1)COS§ — (M, +./\/l3)sm§

At this point, we have not yet used the parity properties of the
helicity amplitudes. This is discussed later.

Two sets of transversity amplitudes may be defined. The
first set are obtained by direct application of the transver-
sity spinors defined above. We define these to be iby,./,
where 7; = £ is the projection of the spin of the state i
along the y axis (with the 1/2 suppressed), and these take
the form

ibiy = A+ B, =by,
ib,_ = —(B3+iB) = by,
ib_, = —(B3 —iB) = bs,
ib__ =A— B, =b,.

(32

The block structure is again apparent, and inverting these
gives

1 i
A= §(b1 + by), Bl = §(b2 — b3),

1 1
B, = E(bl — by), By = —E(bz + b3).

For observables defined in terms of these transversity am-
plitudes, the x’,y’, and 7z’ axes that define the Cartesian
components of polarization observables coincide with the axes
that define the initial state. This is because the transversity
spinors contain no explicit information about the angles
defining the motion of the recoil nucleon.

We can write the reaction rate [ as

prl = L[1+A; - P+5 - P + A%" Ouy], (33)
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where P represents the polarization asymmetry that arises
if the target nucleon is polarized, py = %(1 +0- f”) is the
density matrix of the recoiling nucleon, and O, is the ob-
servable if the Cartesian o component of the target polarization
is known and the 8’ component of the recoil polarization is
measured. The primes indicate that the recoil observables,
defined in terms of helicity amplitudes, are measured with
respect to the set of axes x’, y’, and 7/, previously defined. If
the observables are defined in terms of transversity amplitudes,
the x’, y’, and 7’ axes are the same as the x, y, and z axes. A;
is the polarization of the initial nucleon.

The 16 polarization observables that are possible are shown
in Table 1. These 16 quantities are not all independent, as a
number of relationships can be obtained among them. We
first list six relationships that arise from considering the
absolute magnitudes of the transversity amplitudes. These
are

(P £ Oy ) + (Py £ 0y0)* = (1 £ P’ —(Py £ Oy)
(P £ 0y + (P, £ 0,) = (1 £ Py)*—(P, £ 0,3
Oxx £ 0.0 + (Oxy F O’ = (1 £ Oy —(Py £ Py
(34)
These six identities may be used to place limits on the absolute
magnitudes of some of the observables. Because the left-hand

sides of all six of these equations are positive definite, we
obtain the inequalities

[1£ Pyl > [Py £ Oyyl,
1+ Pyl > [P, £0,,],
14Oy > Py & Pyl.

These are similar to the inequalities usually reported in the
literature for pion photoproduction, for instance. In fact, simple
rearrangement of the equations above allow a larger set of
inequalities to be written. These are

|1 + P’| = {|Py’ ioyy’L |Px’ :l:ny/L |Pz’ :toyz’l}’
[1£ Pyl > {IPy £ Oyyl, [Py £ Ocyl, [P, £ Oy},
|1 :toyyr| 2 {|Py Zl: P_\”" |Oxx/ :I:OZZ"’ |Oxz’ :FOZ)C’”'

Further manipulation of these inequalities leads to

1+ P} > (P} + 0}, Pl +0;.. P+ 0.}
14+ P >{P}+0;, P} +0;, Pl + O},
1+ Oi}" Z {Pvz + P)?” 0)2cx’ + Ozzz” Ozzcz’ + Ozzx’}'

Of the 16 observables, ten are therefore independent. We
can further reduce the number of independent observables
by using the relationships that exist among the phases of
the transversity amplitudes. Because there will be one overall
phase that is unmeasurable, only three of the relative phases
are independent. This means that three relative phases can
be eliminated, providing three more relationships among the
observables, leaving seven independent observables. The three
identities obtained this way can be displayed in a number
of different ways, depending on, for instance, which phases
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TABLE I. Polarization observables in single- and double-pion production using a pion beam, expressed in terms of helicity and transversity
amplitudes. Variables labeled with a T require a polarized target with recoil polarization unmeasured, whereas those labeled with an R require
an unpolarized target, but the recoil polarization is measured. Those denoted TR require polarized targets, with recoil polarization measured.
The measurements required are shown by the pair {t, r}, which denote the component of the target (t) or recoil (r) polarization that must known
or measured. For the target polarization, the x, y, and z axes are as defined in the text. The x’, y’, and 7" axes are also defined in the text, as is

the notation for the transversity amplitudes.

Observable Helicity form Transversity form Expt. required Type
Iy IMi? 4 IMa? 4 IMs] 4 |IMy)? b1|* + |ba|* + |b3]* + |bal? {——-}

Iy P, 2RM M + Mo M) —23(b1b3 + by2b}) {x; -} T
IoPy —23(M M5 + Mo M) b1 17 + 1b2]* — [b3]* — [bal? {vi—}

Iy P, =M = Mo + IM5 P+ M, —20R(b1b5 + bab}) {z -}

IyPy —2RM M + M M) 23(b1b3 + b3b3) {—5x) R
lo Py 23(M M3 + Mz M) b1 1? = 1b2]* + 1b3]* — [bal? {—}

Iy Py IMi? = Mo + M5 — Ml —20(b1b5 + b3b}) {—:7}

10O,y 2R (M M5 + M M) 20N(—byb5 + b1 b}) {x;x'} TR
1,0,y 23(= MM + MM ~23(b1b3 — bb}) fx1y')

1)O,y 2RM MG — Mo M) 23(b,b5 + b1 b)) {x;2'}

1Oy 23(Mo M5 + MM 23(b1b3 — b3by) {yix}

1O,y ZR(=Mo M3 + MM b1 1? = 1b2]* — [b3]* + [bal? {y:y}

IOy —2J3(M M — Mo M) 2R(=b, b3 + bs3b}) {y;7}

1,0, 2RMGME — M3 M) 23(byb5 — bib}) {z;x'}

IO,y —23(M M5 — M3 M) 20N(—=b, b} + byb}) {z;y'}

1Oy —MP + Mo + M — My 29(b2b3 + bib}) {z; 2}

(or phase differences) are chosen to be the independent ones.
Writing b; = p;e'? and defining all phase differences relative
to ¢4, we obtain

Py + Oy
P+ O,
_ (Oxz’ - Ozx/)(ozy’ - Pz) - (Oxx’ + Ozz/)(oxy’ - Pz)
B (Oxx’ + Ozz’)(ozy’ - Pz) + (Oxz’ - Ozx’)(oxy’ - Px) '
P, + O,y
Pz + Ozz’
_ (Oxz’ - Ozx’)(oyz’ - Pz’) - (Oxx’ + Ozz’)(Px’ - ny’)
B (Oxx’ + Ozz’)(oyz’ - Pz’) + (Oxz/ - Ozx’)(Px/ - ny’)’
Oy + O
Ozz’ - Oxx’
_ (Oxy’ - Px)(oyz’ - Pz’) - (Px’ - ny’)(ozy’ - Pz)
Oz = POy = Po) + (Ory = P)(Pe = Op)’

(35)

We emphasize here that we have considered only the rela-
tionships among the observables. The number 7 does not
necessarily represent a “minimal set” that must be measured
for the so-called “complete” experiment. We postpone such a
discussion until later in this section.

It is interesting to note that we can obtain a different set of
relationships among the observables by consideration of the
helicity amplitudes instead of the transversity ones. Proceeding
in this way, the relationships obtained are

(Pet O +(Py £ 0,0 = (1 £ Py)> — (P, £ 0,),

(Oxx/j: Oyy/)z + (Oxy’ + (9)'x’)2 = (1 + Ozz/)z - (Pz =+ Pz’)z’

(Pot O0) + (Py £ O,) = (1 £ P — (Po £ O0)
(36)

The corresponding obtained from these

are

inequalities

11 £ P Z{IP. £ O, [Py £ Oxzl, [Py £ Oy},
|1 + Ozz’| = {le + Pz’|’ |Oxx/ =+ Oyy“'v |Oxy’ + ny’l}’ (37)
|l + P"| >{|Pz’ + Ozz’|a |Px’ + Ozx’lv |Py’ + Ozy’|}

4

and
1+ Pzz’ = {Pzz +Ozzz” sz +O)2cz” P)? +O§z’}’
14+02, > {P2+P,0;.+ 05,05, + 05}, (38)

we
14+ P> {P;+ 0. P+ 0., P+ 0O}

In a similar manner, a set of relationships may be obtained by
considering the phases of the helicity amplitudes.

A. Required experimental measurements in t N — xa N

Information on baryon spectroscopy is obtained from
processes such as 7N — m N by extracting the helicity or
transversity (or partial wave) amplitudes for the process. These
amplitudes are then interpreted in terms of baryon resonances.
There is therefore a great deal of interest in knowing how
many measurements must be made at each kinematic point to
extract the amplitudes. For this discussion, we focus on the
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process t N — mm N, because such discussions have already
been documented for tN — 7 N.

If we write b; = p;e'?, then the quantities Iy, Py, Py, and
O, must be measured at each kinematic point to provide
the information needed to extract the p; unambiguously. In
the bilinear combinations of transversity amplitudes, there are
six phase differences that occur, but only three of these are
independent. Any three can be chosen, so we discuss ¢y =
&1 — D2, P34 = ¢3 — P4, and ¢z = Py — ¢3.

To access @12, two of the four quantities P/, P/, O,,, and
O, should be measured at each kinematic point. The pair of
measurements Py and O, or P, and O,,, would provide
“cleaner” solutions for ¢,. Note that these measurement
would also provide ¢34, and both of these phase differences
would be subject to the well-known “quadrant ambiguities”
[6].

This leaves one more phase difference to be determined.
If we choose this to be ¢,3, then measurement of one of
Oyxys Oy Oy, or O will allow its extraction. To do this,
however, the other phase that occurs in these observables, ¢4,
will have to be written in terms of the two phases already
extracted and ¢»3 as

Qu=¢1—Ps=¢1 — P2+ 2 — 3+ ¢35 — Pa
= ¢12 + $23 + Pa. (39)

Then the only unknown in the measured quantity would
be ¢a3.

A similar analysis can be made in terms of the helicity
amplitudes. In this case, Iy, P,, P,, and O,, must be measured
at each kinematic point to determine the magnitudes of
the helicity amplitudes. Two measurements from among
Py, Py, O, and O,y will provide enough information to
determine two of the relative phases, for instance, and one
measurement from among Py, Py, O/, and O, will provide
enough information to determine the last phase needed.

The bottom line is that to extract reliable information on
baryon properties, the helicity or transversity amplitudes must
be extracted with some degree of certainty, and this can be done
only if at least seven judiciously chosen measurements are
performed at each kinematic point. This also means that both
single and double polarization measurements will be essential.
This is similar to the conclusion of Ref. [6] in their analysis
of pion photoproduction and is independent of whether the
observables are described in terms of helicity, transversity, or
other amplitudes.

B. Parity conservation

The properties of the helicity and transversity amplitudes
for a process a +b — c +d are well known. For 7N —
N, the relationships among the helicity amplitudes are
written [11]

My (0) = (=1 N M3, (6), (40)

where 6 is as defined in Eq. (7). The corresponding relation-
ships for transversity amplitudes are [12]

beye, (0) = (=)™ Wby, 1 (6). (41)
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Parity conservation therefore means that some of the transver-
sity amplitudes vanish exactly.

In general, a minimum of three angles are needed to
describe the scattering amplitude for a process a + b —
¢ + d + e. For the specific case of 1N — w N, we choose
these angles to be as defined in Egs. (14) and (17). The
relationships that arise among the helicity amplitudes may
then be written

Mz, 0,01, 1) = (=1 VM 0 (0,61, 2 — ).
(42)

These relations cannot be used to decrease the number of

independent helicity amplitudes, but they can be used to

determine which of the observables are even or odd under
the transformation ¢; <> 2w — ¢;.

C. Construction of transition amplitudes

1. aN - N
For this process, .4 must be a scalar and B an axial vector.
With the kinematics for this process as previously defined, we
can write A and B as

A=aq,
43)

o

X

(o>
Q>

=p

k]

=

X

where « and B are scalar quantities that contain all of the details
of whatever model is constructed to describe the process. These
can be compared to the form usually written for this process
[1], namely

BN

iM=x'(f+ g5 -, (44)

wherei = k x §/|k x §|. This means that we can identify o =
f and B = g. With these kinematics, 3} = B3 = 0, leading
to

My =My, My = —-M; (45)
in the helicity basis or
by=b;=0 (46)

in the transversity basis. Two of the transversity amplitudes
(the “transversity-flip” amplitudes) vanish identically (as
expected), meaning that this process is exactly “transver-
sity conserving.” The relationships among the helicity am-
plitudes expected from considerations of parity symmetry
are therefore obtained. Many of the polarization observables
now become redundant or vanish identically

Pr=P =Py=Pr =0,y =0y =0y =0, =0,
Iy = |My | + [ Maf” = b1 + [baf* = Oy,
Py = 23(MM3) = |b1]* — b2 = Py, 7
O = =M + | Ma]? = 20(b1b}) = O,
Ory = =2R(M M3 = 23(b1b}) = — Oy,
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and at this point there are four observables left. From consid-
eration of the transversity amplitudes, it is “obvious” why O,/
and [, are equal. The relationships among observables reduces
to a single relationship in this case, namely
2 2 2
PI+ 0, +0, =1 (48)

xx’

This last equation means that only three of the remaining four
observables are independent.

We note that the convention has been to choose both sets
of axes for this process to be the same. This introduces
explicit factors of cos 6 and sin 6 into the observables. If we
choose unrotated primed axes, the relationships among the
observables we have defined and those found in the literature
are

R = Oy cosf — O, sinb,
A = Oy sinf + O, cosb.

In terms of A and R, the identity that must be satisfied
is

PI+ R+ A =1 (49)

2. aiN > anN

For this process, there are three _independent three-
momenta, which we can choose to be k, p,, and g;, where
g1 is the momentum of one of the final pions. These have all
been defined previously. In this case, A must be a pseudoscalar
quantity, whereas B must be a vector. The only possibilities
are

.A=Ol7€’p’\2 quy
B = pik + Bap2 + Badu,

where « and the 8; depend only on scalar products of the vec-
tors in the problem. For this case, B has x,y, and z compo-
nents and all of the four helicity amplitudes are independent.
Furthermore, none of the polarization observables vanish
exactly, and none are redundant. However, using the proper-
ties of the helicity amplitudes, we can predict that the obser-
vables Py, P;, Py, Py, Oyy, Oy, Oyy, and O,y are all
odd under the transformation ¢; <> 2w — ¢,. The other eight
observables are all even under this transformation.

(50)

IV. OBSERVABLESIN N —- N ANDnN — nxN

We can treat these two processes in a framework sim-
ilar to that used for tN — 7N and =N — nxN by
writing

iM=x"(A; +0:B)pe;, (51)

where ¢ is the polarization vector of the initial photon, A;
are the components of a vector (YN — nwrN) or an axial
vector (yN — nN), and B;; is a tensor (yN — nN) or
pseudotensor (y N — s N). The amplitude takes the form
Ay, B_;
iM =yt +J j .
iM=y (B+j A )(;Sej, (52)

—-J

PHYSICAL REVIEW C 71, 055201 (2005)

where

Arj=A; £ By, Byj =B £ibB;, (53)

in analogy with our treatment of 7N — 7N and 7 N —
naN.
Defining the helicity amplitudes

My, = M;,
iMi_ =M,
o . 54)
iM: = Mj,
iM-_ = M,

where A is the helicity of the photon and the transversity
amplitudes

ibj\r+ = b%,
bt =0bk,
N i (55)
ib: | = b3,
ib* Ebi,

we find

1 0 0
Ajei(n) = > |:(/\/l’1\ + M) cos 2 + (M5 — Mj) sin §j|

1
L)
1 [ A A 9 A A : 0_
Bujej(0) = 5 (M5 + M3) cos >+ (M — M7) sin 5
i
S
4 [ A A 0 A A : 6_
8218]()\.) = E (M2 _M3) COoS E — (Ml +M4) Slnz
1
= g(bT—bi)’

1 0 p
B0 = 5 | (M = M) s 5 = (M5 + M) sin’ |

= %(bg + b%). (56)

Note that the amplitudes b* are not strictly transversity
amplitudes, as the photon spin is still quantized along its
direction of motion. Quantizing along the transverse direction
requires construction of the combinations D = b;" & b;".

The transversity spinors of Eq. (27) can be written as linear
superpositions of the helicity spinors of Eqgs. (25) and (26).
The expressions are
bF = =@ —i97) = —=e "t —ix")
V2 V2

1 1 .
¢r = =" +ipT) = —=e P +ixD).
NG V2
This allows yet another set of amplitudes, i ’T:V ., to be defined
NTyN

in terms of the helicity amplitudes. These are

(57)
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iTEH =TF = %eﬂ")/z[Mf + My +i(My = M3)],
ITE = T = oMY~ M~ (M5 + M) .
T =T = 2o MY - MG+ (M 4 ME)],
ITE =T = SO IME 4 MG - (M - M3)]

Full transversity amplitudes can be constructed from these as

D; " =T+t +7T~. For yN — N, the resulting amplitudes

are similar to those found in the literature, but the phases e*%/2

are absent from the published forms (see Ref. [3], p. 270).
We can write the reaction rate [ as

{(1 —+ K,‘ . ﬁ +5' . [-;/ + A?O"B/Oaﬂ’)
+06(I® + Ai - PO+ - PO + A%? O,
+8[sin2B(I° + A; - P* +5 - P+ Alo? O,

+cos2B(I° + A; - PC+G - P+ A%o? 05)]),

[Po+EO0,0 + (P2 +EOS

yx'

)
= [1+‘§P)*+§(1®+§Py®)]2_[R\"+§OYY’+§(P>9+SO,VOV)
+[PZ+§OZY/+§(PZ®+$OS,)]2

[P+ 800 + ¢ (P2 +50,)]

)+ [P +£0, + ¢ (PO +£0°,

PHYSICAL REVIEW C 71, 055201 (2005)

where P represents the polarization asymmetry that arises
if the target nucleon is polarized, p; = %(1 +0- ﬁ/) is
the density matrix of the recoiling nucleon, and Oup is
the observable if both the target and recoil polarization
are measured. The primes indicate that the recoil observables
are measured with respect to a set of axes x’, y’, andzZ, in
which 7z’ is along the direction of motion of the recoiling nu-
cleonand y’ = y. 8 is the degree of circular polarization in the
photon beam, whereas §; is the degree of linear polarization,
with the direction of polarization being at an angle § to the
X axis.

The polarization observables that arise for these two
processes are given in Tables II-V. Note that there are 64
polarization observables in general.

As was the case with the pion-induced reactions, there
are a number of relationships among these 64 polarization
observables. In fact, there are 28 relations that arise from
consideration of the absolute magnitudes of the helicity or
transversity amplitudes and another 21 that arise from con-
sideration of their phases, leaving 15 independent quantities.
We list here the relations that arise from considerations of the
absolute magnitudes of the amplitudes b;:

2l
]2

)

= [1+&P, +¢(I°+§PO)] — [P, +£0,y + £ (P2 + 50T,

[Oxz’ - Eozx’ + {(O?z’ - é:(onx’)]z + [O’”, + EOZZ’ - Z(O?x’ T SOO

)

z7

= [1+§Oyy’_§(I®+$O%/)]2_[P)'+‘§Py’_g(PyO"i_EPyQ)]Z’

[I° + 605, + (P +EP)] 4+ [I+ 505, + ¢ (P + &

o))

(39)

—[14+£0, + (P, +£P)] = [I°+£02, + ¢(PO +£PO)T.
[P +EO, +¢(PS+E0S) +[P2 + 605, — (P +805)]
=[1 48P, + (PP + 500 = [1° +£P0 + 2(Py +£0,)]"

[P} +505, + 5 (P +505)] + P2 +50%,

— (P + 505

=[1+&P, — ¢(PC+£OS)) = [1° + P2 — (P, +50,,)],

(05, +805, +¢ (05, —£05,)
=[14+£0,y + ¢ (P +EPP)

In each of these equations, & and ¢ can independently take
either of the values 41, meaning that the seven equations
shown above actually represent 28 identities. We can also
obtain another 21 identities from considering the phases of
the transversity amplitudes, but we do not display these
here. We also point out that the equations above were
obtained from considering the transversity amplitudes. Had we
considered the helicity amplitudes instead, we would obtain a

2

2

+[05 —£08, — £ (05, + 505

—[1° +£0%, + ¢(P, +£P))]’.

vy

different set of 28 identities among the observables from the
magnitudes of the amplitudes and another 21 identities from
their phases. In either case, we are left with 15 independent
observables.

As was done in the case of 7N — 7w N, we can use the
identities above to write a number of inequalities that the
polarization observables for y N — wr N must satisfy. These
inequalities are
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TABLE II. Polarization observables of single- and double-pion photoproduction in terms of the helicity and transversity amplitudes. These
observables arise with an unpolarized photon beam. Variables labeled with a T require a polarized target with recoil polarization unmeasured,
whereas those labeled with an R require an unpolarized target, but the recoil polarization is measured. Those denoted TR require polarized
targets, with recoil polarization measured. The measurements required are shown by the set {b, ¢, r}, which denote the component of the beam

(b), target (t) or recoil (r) polarization that must known or measured. For the target polarization, the x, y, and z axes are as defined in the text.
The x', y’, and 7’ axes are also defined in the text, as is the notation for the transversity amplitudes.

Observable Helicity form Transversity form Expt. Type
Iy MU+ IMPP 4 MG 1P+ MG P by > 4 b 1> + by > + by |? {(—— -}
FIMG P+ M P+ MG P+ M 13 P+ b3 1P + 16y P + 165 1
L P, 2RMT MG + MTMT* + MM+ MFM) =23y by 4+ b by + b b + BB {—x—) T
LyPy “23(M MG+ MM + My M+ MM by > + b >+ 1by | + b5 |7 (==}
— b3 > = 161> — by P = 16 2
Lo P —IMPP = IM{P = IM P = IMG P “2R(Dy by + b0y + by b+ 0 B (i)
+ M52+ IMTPE A+ ML+ M
Iy Py —2R(MTM* + MTMF* + M5 M* + MEMF) 23(by by * + b b3 + by byt + bib™) {——x} R
loPy 23M M+ MM + MM+ MM by 1>+ 1671 — 167 > — [y |? {(= =y}
+ 163>+ b3 1P = by I — b7 17
Iy Py M2+ M2 = M5 12— IMS1? —20(by by + b b + byb " + b b) {(— —:17}
MG P+ MG = |IM PP = MG
1O,y —2R(MG MF* + MFTMT* + MT M+ MTMT) 2R(=by by — bbb + by b  +b1bf*)  {—xx’} TR
1O,y 23(— My MT* — MFMT* + M7 M+ MM —23(by by* + b b — by by — b b™) {(—:x3y')
O, 2RMT M + MFMT* — MEM* — MFMT) 23(by by + b b + by byt + b b {(—x:7}
1yOyv (MG MF* + MFMT* + MTM + MM 23(by by * + b by — by byt — bIbf™) {—;y:x'}
1O,y 2R(=My M5 = MG M + MM + MM by I + by 1> — 16 > — b7 2 {=»}
— b3 1> = 161> + by > + 167 2
1O,y —23(M] M5+ MM — MM — MIMF) 2R(—by by * — b b +byb* + bTb™) {—; vz}
1O,y 2RMT MG + MEMF* — MG M — MIME) 23(by by + b bt — by by — b b {—z;x'}
1O,y —23(MT M+ MMF* — MM — MIMT) 20(=by by* — b bI* + by b * + b bl*) (=29}
1,0 — M2 = M+ M+ M1 20(by by * + by b + byby* + b b (=27}
FIMG P+ M = M P = IMP
[1+&P, + (19 +EP?)| > {|Py + 0,y + L (PP +£05)],
‘Px’ + “;:ny’ + C(PXQ' + 508{’) ’ ’PZ’ +€:O}’Z’ + é‘(Pz/e +$O?z’)}}’
O] © O] ©
|1+ &Py + (I +EPD)| > {|Py + 6Oy + £ (PP +£05,)].
|Pe+£0,y +¢(P2+E05,)|,  |P.+80. +¢(PP+£05)|},
[1+£0,, —¢(1° +E00)| > {[Py+&Py — c(Py +$Pyc?))|s
|Oxe = §0u0 + (05, —£03))|. |Oww + 800 — £ (O3, +£02))[},
11+ EOyy + ¢(Py + EP)| > {|I° +£OF, + ¢ (PP +£PY)|, )

|1+ 605, + ¢ (P +£P))
|1+&P, +¢(Py +s(9§?y,)
|P)‘:/ + SO;X’ + é‘(PZC’ +EO;Z’)}’

L g0 Py PY)
{19+ EPP + L(Py +£0,y)|,
| P2 +£0;, — ¢(PE+£05,)]}

},

U £Py = 6(BY +EO5)[> (19 +£ PP — 6(P, +£0,0)],

|PS + EOy, +L(PE+£05)

|1+ E0,y + (PP +EPP)| = {|1° +£EOZ, + ¢(Py

|Ofcx’ + EOEZ’ + E(Oiz’ - Eogx/) ’
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W. ROBERTS AND T. OED PHYSICAL REVIEW C 71, 055201 (2005)

TABLEIII. Polarization observables of single- and double-pion photoproduction in terms of the helicity and transversity amplitudes. These
observables arise with circularly polarized photons. The notation is as in Table II. By indicates that a circularly polarized photon beam is
needed for these measurements.

Observable Helicity form Transversity form Expt. Type
Ih1® —IMP A+ M = IMG PP+ MG —1by P4 167 1P = [by I + 1By 1P {;—-}  Bo
— M P+ IMGP — M+ MG — by [* + b5 1> = 1by 1> + by |?
IyP® 2R(—MT M+ MIMGT* — MM+ MIMP 23 by — b b + by by — bI b)) {c;x;—) BT
LPY XMy MG = MM + My M — My M) —1by P4 167 1P = [by I + 1By P ey =}
+b3 P = b3 1 + by 1> — by P
LpP? M = M+ My P = M 20(by by" = byby" +by by = byb)  {eizi—)
—MFP A+ M= MG+ M
IhPS 2RMT M — MIME* + M5 M — MFME) =23(by by* — b b +b7b* — bbb {c;—:x’}  BgR
LPy —2J(MyM* = MEMG* + M5 M — MIM) —by 1>+ 1B + by > — |by | {e; =y}
—1b3 P 4+ b3 1 + by 1> — by P
LhPY —IMP M+ M P = MG 2Ry by — bibT* + byby* —bIbl) (e -7}
— MG+ MG+ MG = IMP?
0%, 2RMG M — MFMT* + M7 M — MM 20(by by* — b bI* — by by * + b b) {c;x;x') BeTR
LO3, 2J(MG MG — MFMT* — MM + MM 23(by by* — b bi* — by byt + bbb {c;x5¥')
1,02, 2R(—MTMT* + MIMP + MM — MM =230y b3  — b3 b 4+ bbb, " — bbb {cx;7)
L0}, (MG MG = MFMT + MEME = MIMP =23y by — b b — by b  +b3b5) e y;x'}
1Oy, 2RM MG™ = My MG = My M + MM =[BT P+ 161+ by I = 1by P {3y ¥}
+b3 P = b3 1* — by 1> + by P
LOY, 2J(MT MG — MTIMT* — MM + MFMT) 2R(by by * — b b3 — byby* + bib™) {c;y: 7))
LO?, 2R(=MI MG + MIMT* + MEMT = MIMT) =23, b3* — bibi™ —biby™ + b6 {c;z5x')
LOS, 2J(MT M — MEMT* — M5 M + MIMS) 2R(by by* — by bi* — by by * + b b}™) {c;z:y)
L,O2, M = IMP = IMG P+ MG P 2R(—byby* + bIb}* —byb* +bb)  {ciz:7))

— M5 P+ IMGP + M = MG

These inequalities can also be manipulated (as was done for tN — m N) to lead to

2

L+ P2+ (197 + (PO)* > (P2 + 02, + (P2)* + (09,)%,
P2+ 0%, + (P2)* + (

1+ P2+ (I + (P?)’ >

PI+ 0%, +(P) + (0 (
L+ 0%, + (O +(09,) > (P2 + P2+ (PP) + (PE),
O + 0% + (02) + (02, 02+ 0%+ (0%,) + (02)*),
1+ 0% + P2+ P22 {U%)? + (0%,) + (PO)" + (PY)’.

o)
0%)°, P2+ 0% +(P?) +(02)%).
2
[P2+ 02+ (P2) +(02,),
2 2
). P2+ O, +(PP)

4

/

yy

z
2
05)°}:

+

NQO \

V4 (O (B + (B3 U+ (05 + (7) + (). o
L PY A (PR) 4+ (05,)7 2 (U0 + (PP) + P} + O3,

(P2 4 () + (B (OL), (B + (00 + (PO + (05 )

L+ P2+ (PO +(02,)* 2 U + (PS)’ + P2+ O,

(P +(03,)" + (P)+( W) (P) (03,)" + (PO)* + (05,)7),
> + (05,

L4+ O+ (PE) + (PR) = [ + (0%,)" + P2+ P,
(O3)7 + (05,) + (05.) + (05,) (Oiz/)2+(Oix/)2+(Oix/)2+(0§zf)2}-
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PHYSICAL REVIEW C 71, 055201 (2005)

TABLEIV. Polarization observables of single- and double-pion photoproduction in terms of the helicity and transversity amplitudes. These
observables arise with linearly polarized photons, and are proportional to sin 28 in the cross section. The notation is as in Table II. B, indicates
that a circularly polarized photon beam is needed for these measurements. L(6;, 6,) indicates that the measurements require photon beams that

are linearly polarized at angles 6, and 6, to the scattering plane.

Transversity form Expt. Type

Obs. Helicity form
LI* =23(MIMT* + MM+ MIMS™
+ MIM)
LPS  2J3(MFIMG* — My M + MG M*
- My M)
P} 2R(—M]M* + M] MF* — MIM*
' + M5 M)

LP: 23(MIM* + MIM* — MIMG* + MIM™)
P 23(MTI MG — M ME* + MEMT — M M)

P 2RMIM™ — MTMES + MEM*

' — M5 M)
P, =23(M M7 = MM+ MIMT?
- MEM)
O, 23(MF M — My M+ MM — My M)
IO, 2R(—MF M+ My M+ MIM*
MM
1,03, —23(M1+M+;* - MyMP — MIM*
+ MM
1O Zﬂi(M;M;: - My M3+ MM
- Msza*)
105, 23(MFMG* — My M — MM 4+ My M)
L0, 2RMIMG + MM+ MM
- My M)
LOL, =23(MI MG = My MG — MIM”
+ MM
L0, 2RMEMT + MM+ MEM”
- MM
1O, 23(MIMT* — MT M — MM+ MM

—23(b{ b + b3 by 4+ bIby* + b by)

2R(=bby* + by bi* — by b + by b))

23(b3by* — by b — b by * + b b}*)
2R(—byby* + by bi* + by b — by bl™)

290(by by — by by* + b b — by b))
20(bf by * — by b — biby* + by b)

—23(b{by* — bby* — biby* + b}b™)
23(biby* — by b — biby* + by bl*)

2RI by — by b — b by + by b
23(by by * — by by* — byby* + by ™)

—23(bTb3* — by by + b by — by b

{L(£%)——-} B¢

{L(xF)x;—} BT

—23(by by + b by — bYb* — b b™) {LEED);y: -}
23(bT by — by byt + biby* — byb™) (L(ED)sz )
2R(b by — by b + biby* — by b {L(ED);—x'} BR
—23(by by — by by + bi byt — b b™) {L(ET); =)
23(bby* — by b + bbby — by bl*) {L(EF);—:7)

{L(E7); x5 x)
{LE5); x5y}

B,TR

{L(E7);x:7}
{L(ED); v x)

{L(E5);y: ¥}
{L(£%);y:2'}

(L) z:x'}
{L(x5)zy)

{(L(E7);z:7)

A. Required experimental measurements in yN — zx N

As in the case of 7N — 7w N, we can examine which
observables need to be measured to extract information on
the helicity or transversity amplitudes. As there are eight such
amplitudes, a minimum of eight measurements must be made
at each kinematic point (recall that these observables depend
on five kinematic variables) to obtain the absolute magnitudes
of the helicity or transversity amplitudes. In terms of our choice
of transversity basis, these measurements are the differential
cross section, along with Py, Py, O,y I°, Py@, Py(? ,and O;Dy,.

The eight phases of the transversity amplitude mean that
there are seven independent phase differences that can be
extracted, and seven measurements are needed for this. For
instance, the relative phases (in what should be an obvi-
ous notation) ¢, — ¢, ¢ — @y, 3 — ¢, , and ¢f — ¢
require measurement of any four of the eight observables
Py, Py, Oy, Oy, PO, PP, OF,, and OF,. ¢ — ¢, and
¢ + ¢>; may then be extracted from measurement of any two
observables from among Py, P;, Oy, Oy, PXQ, PZG, C’)g,,

and (’)8/, along with use of the identities qb;t — ¢f = (q152i —
¢f) + (¢f[ — ¢§E) + (q‘);[ — qbf). The remaining independent

phase can then be extracted from one of the observables that
arise from linearly polarized photons. A “complete” set of
experiments will therefore require measurement of single,
double, and triple polarization observables, in addition to the
differential cross section.

B. Parity conservation

For the process y N — m N, parity conservation leads to
the relationships

—Ay _ , Ay

M @)= (=DM 0). (62)
The relationships that arise among the helicity amplitudes

foryN — ma N are

—hy

—An—Ry

MY, (0,601, ¢0) = (1) PN (0,601,270 — ).

(63)
As was the case with 7 N — 7t N, these relations cannot be
used to decrease the number of independent helicity ampli-
tudes, but they can be used to determine which observables

are even or odd under the transformation ¢; <> 271 — ¢;.
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TABLE V. Polarization observables of single- and double-pion photoproduction in terms of the helicity and transversity amplitudes. These
observables arise with linearly polarized photons, and are proportional to cos 2 in the cross section. The notation is as in Table II. B, indicates
that a circularly polarized photon beam is needed for these measurements. L(6;, 6,) indicates that the measurements require photon beams that

are linearly polarized at angles 6, and 6, to the scattering plane.

Obs. Helicity form Transversity form Expt. Type
Ipl¢ —2RM M+ MFM* + MIMG* 2R[—(Db,™) — b by * — biby* — blb;*] {L(Z,00;— -} B,
+ MM
IyP¢ =2R(MT M+ MM+ MIM* 23(bf by * + by b + b by * + by b*) {L(Z,0);x;—} BT
+ M5 M)
P, 23(MIMT + MyMT + MM+ MM 2R[=(bf by ™) — by by + bbby + bl b, "] {L(3, 05 33—}
I P¢ 2mmﬂfm*+AQAg*—A@wg* 20(bf by + by b + bIby* + by bY) {L(Z,0); z; —)
— MIM
IhPS, 29%(M1+M;i + MM+ MIM* =23(byby* + by b + bIb* + by ) {L(Z,0); —x'} B
+ MFM)
LP;  —23(M{My" + MyMG™ + MEM,” 2R[=(bb;™) + by by — byby™ + bib, ] {L(5,0)0; =5y}
+ M5 M)
IP;  2R(-=M{M" + MIM™ = MyM™ 294(by'by" + by by + byby" + by by7) {L(Z,0);—:7}
+ MIM®)
1O, 2RMIMG* + MEMT*+ MEM™ 20(bFby* + by by — b byt — by bf™) {L(Z,0);x;x'}  B,TR
+ My M)
LO;,  23MIMG" + My M = MM = My M) 23(bf by * + by b — b by * — by b*) {L(Z,0);x;y')
Lo, 2}){(—/\/:141*/\/){45; — MyMT + MIMT* —23(byb3* + by by 4 b b + by by) {L(5,0);x; 2}
+ My M;”
105, —23(/\4;/\45* + My M+ MM —23(b] by * + by bi* — bib;* — by bf™) {L(Z,0); x;x}
+ MM
IO, 2RMFMT* + MM — MIM* 2R[—(bTb,™) + b by* + biby* — bib;*] {L(Z,0);x;y')
N - My M)
1 4
105, 23MIMG* + My M — My M = My M) 20(bT by * + by by — bTby* — by b {L(Z,0);x;7')
1O, 29%(—MI+M+;* - MyMI* + MIM* 23(=b3 by * — by b* + biby* + by b) {L(%,0);z;x"}
+ MFM)
LOg,  23MIM + MM = MIM™ = M M) 2RI by * + by b — bib* — by b*) {L(%,0%2; )}
1O, 2RMI M = MIM* — MIM* 2R(—by by — by b — by b — by bT™) {L(%,0);2:2}

+ MIM®)

C. Construction of transition amplitudes

1. yN — aN

In this case, there are two independent vectors k, the
momentum of the photon, and g, the momentum of the pion.
A must be an axial vector, whereas B;; must be a tensor. For

real photons, € - k= 0, so there can be no k; terms in B;;. The
forms that can be written are

,,Z(ZO(]A( X@s
Bij = Bi16ij + IBZI}iqu + B3did;-

Comparing this with the form written by Chew, Goldberger,
Low, and Nambu [13]

(64)

iM=x\(F\6 -§+iF0o-§5 -k
XE+ F3o - kg -+ F40 -G -8)p  (65)
means that we can identify
Br=F —k-gF,,
B3 = Fu.

o = in,

Br=F>+ F3,

(66)

From the explicit forms for IAc, g, and £()), we can use
Eq. (56) to obtain MT = M7, M7 = —M5 (or, equiva-
lently, b = b1+, bT = —b7), leaving 4 independent helicity
amplitudes, as expected. These helicity amplitudes are related
to those of Storrow [3], for example, by N = M7, S, =
MI, S, = /\/l’l", and D = /\/l; Of the 64 observables, 32
vanish identically. Furthermore, all 13 remaining triple-
polarization observables are related to double- or single-
polarization observables, or the differential cross section, and
three of the remaining 15 double-polarization observables are
related to single-polarization observables, leaving a total of 16
observables. The remaining observables are given in terms of
the helicity and transversity amplitudes in Table VL.

The relationships among these observables, obtained from
consideration of the transversity amplitudes, are

(P2 F ) + (PO £ P)) = (1 £ P = (Py £ 0,

(PO £ P+ (PO F PY)’ = (£ P = (B £ 0,007

(Oxz’ + Ozx’)z + (Oxx/ + Ozz’)2:(1 + O.V.V')z - (Py:th,)z_
(67)
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TABLE VI. Polarization observables of single-pion photoproduction expressed as bilinear forms of the helicity amplitudes.

Observable Usual Helicity Transversity form Measurements
name form

L (=050 I IMEP 4 IMG P4 IME PP+ IMEP b1+ 165 P+ 163 1P+ 1b 1 {= = =1 AL, 0); x5y}
Py (=P)) T —2J3(M MG+ My M) by 1>+ b3 |7 — b3 | — by 2 {(=y =1L, 00—y}
Py (—P) P XM MF* + MIM) b 1> — b3 > + b7 |* — b7 2 {= =YL AL, 0y y: )
Ow (=0) T 2R(— MG M — MT M) 2R(—=byby™ + biby™) {—=x:x'}, {L(F,0); 232}
O (05 T. 2RMTMET = M M) —23(=byby* — b{b™) (= L AL(E, 0); 2547}
Oy (=19 b 2R(=My M5™ + MTM) B> = 16517 — 165 1* + 165 1P (=Y LG, 00— —)
O (0°) L, 2RMTMF* — MM —23(—bFbi* + b b}*) (=232}, {L(Z,0);x; 7}
O (=05) L. =M+ M+ MG = M P 20(by b3 + b{ b)) (=) LG5, 00051}
P2 (O F 2R(MT MTF + MM =23(bb3* + by bi") {e;x; =} (L(£5); 23y}
PP (=0y) E —MTP? = IMFP+ M+ M 2R(—by by — by b;™) {e; =1 AL(E D) x5y}
P? (=05 G “2RMf MF* + MFMF) —23(=bfbi* — bib}™) {e; = x' L AAL(ES): y; 7}
PP (O} C, IMP]P = IMFP 4 M1 = IMG P 2R(=by by* — byb}™) {e; = ZhALE D) yi x'}
Pl (=05) H (M MT* — MTMT) 2R(b b — b bl™) {L(EL)x; -}, ez y')
P: (02 G 23(=MFMG* + MFM) —23(b b3 = by b)) {LED) =) e x )
Py (O5) 0, DM M — MFMTH 2R(—b b + b b {L(£2); = x'} {e; 3 2/}
P, (=05 O, —2J(MFMT* + M]MF) —23(b b3 — bibf) {L(£%); =2} e ys x')

These lead to the inequalities

1 P {[PEF P [PP £ PY] 1Py £ Oy},

1 Pl > {|P2 £ P, [P2F PY| 1P £ O},

|1ioyy’|>{|0xz’:FOzx’|a |Oxx’:tozz’|v |Py:th/|}9
(68)

and

L+ P2 (PO 4 (P (PO) + (P PR+ 02 ),

L+ P2 ((PO) + (P2 (PO) (R PI 4O,

1405, >2{0;. + 0O, 0}, +0., P} +P}
(69)

2. yN - e N

For this process, we have three independent vectors,
k, p», and g, with which to construct a vector for A and
a pseudotensor for B;;. However, using these leads to the
difficulty that there are too many structures left in 53;;. To avoid
this problem, we define an axial vector /i as 4 = k x p,/N,
with N = |k x p»| = sin6. A defines the y axis, whereas the
x axis is defined by A x k = (p» — kk - p»)/N. We can now
write

kk + Gy - A+ G- pa = G- Kk po)
(P2 —kk - po)/N?

and use the axial vector 7 and the pseudoscalar P = §, - k x
P2 = N4 - fi instead of g, to build the structures that make up
A" and BY. i1 and P can appear only once in these structures

because, by expanding the product of Levi-Civita tensors, it is
easy to show that P2 is a scalar that depends only on quantities

q1=q
x (70)

already defined
P? =1~ (k- p2)* = (k-G = (p2- 1)’
=2k - pak - G1p2 - G, 71)
whereas 7’71/ can be expressed as
sind L2 Lk pa (Rl L BRI
aipl — gii _ P2P2 + Kk + k- pa(K ps + p2k1).
N2
(72)

The vectors that can
e-k=0, only two

be expressed as a sum of ﬁ'pz,

Psi, elkik, eij'fﬁlz‘,
Expressing &' as

]’;i

=

gl

X ™

i
2
ﬁi

=

£ -

(5 —

make up A’ are k', g} and Pi’. Because
structures remain. Similarly BY can
inl A% pini Dpipl DhikI
n'k!, pyit, Ppspy, Ppsk?,
and Pel/kik,

+e-AR + (e pr—e-kk- po)
k'k- p,)/N?
+&- pa(py — k'k - po) /N7,

(73)
(74)

it is easy to show that the last three structures can be expressed

as

elkikel = N LA (75)
Gijkﬁlzcgi — ﬁlﬁék ﬁz—ﬁ[kj +ﬁ12ﬁj 'ﬁ2 i (76)
N
y . pikd
Petitel = pL2 el (77)

These three structures can therefore be omitted from the
construction of the amplitude. Finally, we write
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/_{ = 051@] + arPit,
BY = piit' p3 + pi'k/ + B phir!
+ BaPphps + BsP k! + P8, (78)

As discussed previously, parity conservation can be used
to tell which observables are even and which are odd under
the transformation ¢; <> 2w — ¢;. In the previous subsection,
we listed the nonvanishing observables for yN — Nm. The
corresponding observables in y N — N are all even under
the transformation in ¢;. The variables that vanish in y N —
N are nonzero for yN — wr N but are odd under the ¢,
transformation.

V. CONCLUSION AND OUTLOOK

We have developed a set of polarization observables that
are applicable to final states that contain two pseudoscalar
mesons and a spin-1/2 baryon, such as Nmw, and have
examined the observables that arise using both photon and
pion (or other pseudoscalar meson) beams. We have written
these observables in terms of both helicity and transversity
amplitudes, obtained relationships among them, and used these
to list inequalities that these observables satisfy. We have
also indicated the measurements that are needed for each
observable. The framework that we have used is a very simple
one: undoubtedly, the expressions for the observables and the
relationships among them can be derived in a more elegant
manner.

Although we have discussed helicity and one set of transver-
sity amplitudes, there remains the possibility of defining yet
another set of amplitudes and writing the observables in terms
of these. In the c.m. frame, the momenta of the final particles
satisfy P> + g1 + ¢G> = 0, which means that they define a
plane. The normal to this plane can be defined by p, x qi,
and this offers another natural axis for quantization of the
spin of the final nucleon. One possible advantage of using this
axis is that it automatically incorporates information about
the entire final state, not just the final nucleon. Whether this
leads to any particular advantage, simplification, or insight into
the observables, the relationships among them, or even in the
amplitudes themselves awaits exploration.

As we stated at the start of this manuscript, polarization
observables are crucial for extracting resonance information
from scattering data. Differential cross sections, presented in
whatever form will provide information only on the magni-
tudes of helicity or transversity amplitudes. Phase information
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is crucial, and this is available only from measurement of
a number of different observables. This is well known for
processes such as y N — m N. The same is true, or perhaps
even more true, for processes such as y N — ww N. Models
with quite different input can and will succeed in describing
the total and differential cross section, but the polarization
observables will serve to distinguish among such models.

A number of these observables can be measured in the near
future at existing facilities, for a number of processes. Indeed,
the photon polarization asymmetry I/© has already been
measured at Jefferson Laboratory [14] for yp — prtm~, and
the analysis is continuing at present. Clearly, this variable can
be measured in other channels, and there are plans to do so for
yp — pr°n®, at Bonn [15]. The existence of polarized targets
means that Py, P,, and P, are accessible, and coupling such
targets with circularly polarized beams allows measurement
of P2, P, and PP. The use of linearly polarized photons
opens the door to measurements of P;¢, Py“‘, P}¢, and I*°.
For processes with a hyperon in the final state, such as
y N — w K A, the self-analyzing decay of the hyperon allows
its polarization to be determined, in principle allowing many
more observables to be measured, including a number of triple-
polarization ones. For processes such as N — mwn N, three
of the observables are readily available with polarized targets.
All others require the measurement of recoil polarization.
Unfortunately, there are at present no existing hadronic beams
facilities that will allow us to capitalize on these observables.

We have not attempted to explore the properties of the
observables that we described herein, apart from a brief discus-
sion of the oddness or evenness under the ¢; transformation.
In particular, we have said nothing on their values at special
values of 0, for instance, such as & = 0 or 7. This is left for
a possible future manuscript. In the near future, we plan to
explore a number of these observables in the framework of an
existing model for the photoproduction of two pseudoscalar
mesons off a nucleon target. In particular, the sensitivity of the
observables to the details of the underlying dynamics, as well
as the rich structure of these observables, are discussed.
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