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Improved implementation of the transfer-to-the-continuum method for single-neutron knockout
reactions and the validity of standard approximations
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Approximations made in implementing the transfer-to-the-continuum model for single-nucleon knockout
reactions on light target nuclei are investigated using more complete numerical calculations. The reliability
of different proposed approximation schemes and their predicted cross sections are discussed. The results of
the model calculations that use realistic descriptions of the distorting interactions entering the theory are also
compared with available experimental data for reactions induced by 15C and 34Si secondary beams. These
transitions, with different neutron orbital angular momenta, also have significantly different values of the neutron
separation energy. The different approximation schemes are shown to agree most closely for the weakly bound and
spatially extended, l = 0,15C ground state transition. For an l = 2 transition in 34Si, the approximation schemes
are shown to be dependent on the nucleon separation energy. In all cases comparisons of even the most accurate
implementation of the theory with the experimental data reveals deviations in both the magnitudes of the predicted
integrated cross sections and their momentum distributions. Furthermore, the use of the different approximation
schemes also produce quite significant effects on the shapes of the predicted momentum distributions and the
integrated partial cross sections.
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I. INTRODUCTION

Single-nucleon knockout reactions induced by rare inter-
mediate energy secondary beams are currently the object of
considerable interest from both a theoretical and experimental
point of view [1–4]. They permit the identification of nucleon
level orderings and their associated spectroscopic strengths
which can be compared with the predictions of modern
structure theories. The utility of such reactions for the
single-particle spectroscopy of exotic nuclei have been dis-
cussed extensively elsewhere, e.g. [5–7].

Several reaction models have now been developed with
the aim of making detailed quantitative comparisons with the
results of experiments. In this work we consider what has
become known as the transfer-to-the-continuum (TC) model,
as developed by Bonaccorso and Brink [8]. The model has
its basis in the distorted wave Born approximation (DWBA)
treatment of nucleon transfer reactions between heavy nuclear
cores [9–12], supplemented by a semiclassical treatment of the
entrance and exit channel distorted waves [13]. Because of the
way that the coordinates of the heavy projectile core are treated
the theory is not strictly DWBA, but is an approximation to
DWBA.

Several TC model variants, each involving further simpli-
fications in the evaluation of the TC approximation to the
DWBA transfer amplitude, have been published. These have
been motivated, in large part, by a wish to maintain near-
analytical forms for the reaction observables—specifically the
nucleon removal cross section and the momentum distribution
of the heavy projectile remnant. In the present paper we will
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look critically at these different approximation schemes by
performing calculations of the TC amplitude in its more exact
form. This necessitates a greater numerical effort. In this way
we will check the accuracy of these often-used approximations.
We will restrict discussion here to entrance and exit channel
interactions with the target that are spin independent. An
analysis of the effects of spin-dependent interactions with
the target on the TC model predictions of cross sections,
residue magnetic substate populations and excited residue
decay-photon angular distributions will be reported elsewhere.

The main theoretical ingredients of the TC model are
presented in Sec. II and the different approximation schemes
are developed in Sec. III. In Sec. IV the choice of physical
parameters and model interactions that enter the calculations
are discussed. Sec. V then presents applications to specific
single-neutron knockout reactions and clarifies the outcomes
and the accuracy of the different approximation schemes of
Sec. III, all calculated using a common set of physical model
parameters.

II. THEORETICAL BASIS OF THE MODEL

The starting point for the transfer-to-the-continuum model
of the breakup reaction is the one-step DWBA transition
amplitude for the transfer of a light particle between discrete
bound states in heavy nuclei [8]. The projectile nucleus is
treated as the bound state of a heavy core nucleus and the
transferred particle, which together with the heavy target
constitute an effective three-body problem. The TC model [8]
then considers the projectile breakup mechanism as a gener-
alized particle transfer in which the final states are now the
unbound continuum states of the transferred particle-target
spectrum. The key steps of this development are summarized
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below. Throughout the present paper, the transferred particle
is assumed to be a neutron.

A. Semiclassical approach to particle transfer

Within the one-step DWBA approach, the neutron transfer
reaction differential cross section can be written [10,13]

dσ

d�
= 1

(2l1 + 1)

π

K2

µi

µf

∑
m1m2

∣∣Tl1m1l2m2

∣∣2
. (1)

Here l1,m1 and l2,m2 are the orbital angular momentum
quantum numbers of the transferred neutron in the initial
and final bound states, µi and µf are the neutron-core and
neutron-target reduced masses, and K is the wave number of
the projectile-target relative motion. Spin degrees of freedom
have been suppressed. The transfer amplitude Tl1m1l2m2 , upon
applying the WKB approximation and the semiclassical orbit
concept to the entrance and exit channel distorted waves [13],
can be written, with L̂ = √

2L + 1, as

Tl1m1l2m2 (�̂) = im1−m2
∑
L

L̂ exp(2iδL)

×A(L, l1m1l2m2)YLm1−m2 (�̂). (2)

Here �̂ denotes the scattering angles of the deflected core,
L is the relative angular momentum between the core and the
target and δL the associated phase shift, the sum of nuclear and
Coulomb scattering phase shifts. Finally, A is a semiclassical
transfer amplitude in which the core degrees of freedom
enter only through the quantum number L, but not through
any angular or other dependence. Calculation of the transfer
process thus involves only the transferred neutron degrees of
freedom. The explicit expression for A is [10]

A(L, l1m1l2m2) = 1

ih̄

∫ ∞

−∞
dt〈�f |Vcn|�i〉, (3)

where �i is the wave function of the neutron in the initial state,
i.e., the bound-state solution of the Schrödinger equation for
the neutron and core in potential Vcn. Similarly, �f is the
neutron-target relative motion wave function in the final state
with potential Vtn.

An explicit expression for this semiclassical transfer ampli-
tude can be obtained upon making assumptions for the motion
of the core. Near the distance of closest approach, the problem
is simplified in the following ways. (i) The masses of the
core and the target nuclei are assumed to be much larger than
that of the transferred particle. (ii) The core is assumed to
follow a straight-line trajectory �R(t), with impact parameter
b = (L + 1/2)/K , and with a constant velocity. In this way
the transfer between the core and target nuclei is transformed
into a problem in which the neutron feels the effect of two
potential fields in motion with respect to one another [14]. We
describe this process using a target-centered reference frame
with z axis chosen in the incident beam direction and the x axis
in the plane of the core-target relative motion. The neutron
position coordinate in this frame is �r and hence Vcn in Eq. (3)
has argument �r − �R(t), Fig. 1. The neutron transfer will take
place in a localized region of the core straight-line trajectory,
near the core-target distance of closest approach. In practice,

n

r

)(tR
b

z

Σ
0x

FIG. 1. Schematic of the core, target, and neutron three-body
problem, showing the coordinate system used, the straight line core
trajectory and the intervening � surface in the external region of the
neutron wave functions.

for the beam energies discussed here, the distance of closest
approach is identified with the core-target impact parameter b,
the Coulomb interaction being assumed not to modify the core
trajectory [9].

Since our choice of reference frame is fixed at the target,
a Galilean transformation is required to boost the initial state
wave function. This is given by [15]

�i(�r, t) = φl1m1 [�r − �R(t)] exp[i(m�v · �r − εi t − mv2t/2)/h̄],
(4)

which includes the time dependence of the core coordinate.
Here φl1m1 is the bound state wave function of the neutron-core
system in its rest frame. The final state does not require a
Galilean boost, and hence

�f (�r, t) = φl2m2 (�r) exp[−iεf t/h̄]. (5)

It is now further assumed that the reaction is sufficiently
peripheral that one can insert a planar surface � between the
core and target nuclei, that lies entirely in a region where
the neutron potentials with the core and target, Vcn and Vtn,
are negligible, Fig. 1. In this case the transfer amplitude can
be written [9,10] with reference only to wave function values
on � as

A(b, l1m1l2m2) = h̄

2mi

∫ ∞

−∞
dt

∫
�

d �S · (�∗
f ∇�r�i − �i∇�r�∗

f ).

(6)
Since the � surface defines a region external to the neutron
interactions, only the external, preasymptotic, analytic expres-
sions for the initial and final state neutron wave functions are
then required.

As stated earlier, this model was originally created for
transfer reactions and then extended to breakup. At this point
it can be seen that such a distinction enters through the form
assumed for �f . In the transfer case a bound state wave
function is used, whereas in breakup a scattering state is used
to describe the unbound continuum state. For transfer reactions
both of the φ correspond to bound states. Their external forms
are [9]

φlm(�r) = Clγ il+1h+
l (iγ r)Ylm( r̂ ), (7)

where γ = √
2m|ε|/h̄ is determined by the separation energy

|ε| and r̂ denotes the angular dependence of the vector �r .
We use h+ = ih(1), where the h(1) are the spherical Bessel
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functions of the third kind [16], or Hankel functions, and Cl

is the asymptotic normalization coefficient (ANC) obtained
by matching the calculated bound state solution to its external
form.

As was shown in Ref. [17], introducing the double Fourier
transforms of these bound state wave functions, defined by

flm(x, ky, kz) =
∫ ∞

−∞

∫ ∞

−∞
exp[−i(kzz + kyy)]φlm(�r)dzdy,

(8)
allows Eq. (6) to be written as

A(b, l1m1l2m2) = h̄

2πmiv

∫ ∞

−∞
dky

√
ξ 2 + k2

y

× fl1m1 (b − x0, ky, k1)f ∗
l2m2

(x0, ky, k2),

(9)

where

ξ 2 = k2
1 + γ 2

i = k2
2 + γ 2

f , (10)

x0 is the distance from the target to the � surface, Fig. 1, and

k1 = [εf − εi − mv2/2]/h̄v, k2 = [εf − εi + mv2/2]/h̄v.

(11)

As was discussed in Refs. [9,10], k1 (k2) can be interpreted as
the z- component of the momentum of the transferred particle
in the projectile (target) rest frame, while ξ as the magnitude
of its transverse momentum.

When the wave functions assume their external forms then
these flm can be evaluated analytically and

fl1m1 (b − x0, ky, kz) = 2π

γi,x

Cl1 exp[−γi,x(b − x0)]Yl1m1 (K̂i),

fl2m2 (x0, ky, kz) = 2π

γf,x

Cl2 exp[−γf,xx0]Yl2m2 (K̂f ). (12)

Here we have introduced the (complex) vectors �Ki and �Kf

with components

�Ki = (iγi,x, ky, kz), �Kf = (iγf,x, ky, kz), (13)

where

γ 2
i,x = k2

z + k2
y + γ 2

i , γ 2
f,x = k2

z + k2
y + γ 2

f , (14)

and the spherical harmonics of complex argument are un-
derstood in terms of the (homogeneous) solid harmonic
polynomials

(iγf )lYlm(K̂f ) = Ylm(iγf,x, ky, kz). (15)

Upon introduction of the explicit forms of Eq. (12), the
transfer amplitude can be stated analytically [10], as

A(b, l1m1l2m2) = 4πh̄

miv
Cl1C

∗
l2
Km1−m2 (ξb)

×Y ∗
l2m2

(β2, 0)Yl1m1 (β1, π ), (16)

where Km1−m2 is the modified Bessel function of order
m1 − m2 [16] and β1 and β2 are the (complex) polar angles

cos β1 = −ik1/γi, cos β2 = −ik2/γf . (17)

Here Y ∗
l2m2

(β2, 0) should be understood as [Yl2m2 (β2, 0)]∗.

B. Breakup cross section

In the breakup case the final state external wave function
is no longer defined by Eq. (7) but by a scattering state with
an ingoing spherical-wave boundary condition, �(−)

�kf

[18] with

�kf the asymptotic neutron-target relative motion wave vector.
The matrix element that provides the transition amplitude is
now

A(b, l1m1�kf ) = 1

ih̄

∫ ∞

−∞
dt

〈
�

(−)
�kf

∣∣Vcn

∣∣�i

〉
. (18)

Using the time-reversal relationship [�(−)
�kf

(�r)]∗ = �
(+)
−�kf

(�r),

[
�

(−)
�kf

(�r)
]∗ = 4π

∑
l2m2

(−i)l2Y ∗
l2m2

(̂kf )Yl2m2 ( r̂ )
i

2

× [
h−

l2
(kf r) − Sl2h

+
l2

(kf r)
]
, (19)

where Sl2 is the neutron-target S matrix, Sl2 = exp(2iδl2 ). The
same procedure as in the transfer case can be carried out for
breakup, i.e., to express amplitude Eq. (18) as the flux through
the intermediate � surface on which the wave functions take
their external forms [13]. The breakup amplitude becomes

A(b, l1m1�kf ) = 16π2Cl1h̄

mvkf

∑
l2m2

Jl2Km1−m2 (ηb)Yl2m2 (̂kf )

×Y ∗
l2m2

(β2, 0)Yl1m1 (β1, π ), (20)

where we have introduced Jl2 = [1 − Sl2 ]/2, and where η, the
breakup analogue of ξ of Eq. (10), is

η2 = k2
1 + γ 2

i = k2
2 − k2

f , (21)

and now

cos β2 = k2/kf . (22)

Introducing the breakup amplitude of Eq. (20) in Eqs. (1)
and (2), the TC breakup cross section is

dσ

dk1
= 32π

(2l1 + 1)

µi

µf

h̄|Cl1 |2
mvkf

∫
d �bPel(b)

×
∑

l2m1m2

|Km1−m2 (ηb)Jl2Y
∗
l2m2

(β2, 0)Yl1m1 (β1, π )|2.

(23)

In the absence of spin-dependent distortions, the spin of the
transferred neutron is simply a spectator in the reaction. Thus,
even if the initial bound state total angular momentum j1

does not appear explicitly in Eq. (23), there is an implied
j1 dependence through the bound state ANC Cl1 . Herein, we
refer to Eq. (23) as the full, or exact, Bessel function form of
the cross section.

In Ref. [8] it was also shown that an approximate treatment
of the cross section for inelastic breakup, also referred to as
the stripping mechanism, and taking account of all inelastic
excitations of the target, can be included by redefining∣∣Jl2

∣∣2 = [{
1 − ∣∣Sl2

∣∣2} + ∣∣1 − Sl2

∣∣2]/
4. (24)

The elastic and inelastic breakup terms are represented by
|1 − Sl2 |2 and 1 − |Sl2 |2, respectively.
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III. APPROXIMATIONS TO THE TC AMPLITUDES

With the purpose of carrying these analytical expressions
as far as possible, and being assisted by the large typical
ξb (or ηb) values implied by transfer between heavy nuclear
cores, further simplifications of Eq. (23) have been carried out
in the literature. These approximations are summarized in this
section.

A. Truncated Bessel function expansion approximation

As discussed above, the TC model was originally developed
from consideration of reactions involving particle transfer
between heavy ion cores [19,20]. A characteristic of such
heavy (large) nuclear systems is that Pel(b) is significantly
different from zero only for such large values of b that ηb is
large. In these cases the Km1−m2 (ηb) Bessel function can be
approximated by its asymptotic expansion [16]

Km1−m2 (ηb) �
√

π

2ηb
exp(−ηb)

×
(

1 + µ − 1

8ηb
+ (µ − 1)(µ − 9)

2(8ηb)2
+ · · ·

)
,

(25)

where µ = 4(m1 − m2)2. If only the leading (zeroth-order)
term is retained [21] then its dependence on m1 − m2 disap-
pears, and the sums over m1 and m2 in Eq. (23) can be carried
out using the identity∑

m

|Ylm(θ, φ)|2 = (2l + 1)

4π
Pl(cos θ ), (26)

where Pl is the Legendre Polynomial of order l. Eq. (23) then
reads

dσ

dk1
≈ µi

µf

h̄|Cl1 |2
mvkf

∫
d �bPel(b)

exp(−2ηb)

ηb
Pl1 (cos β1)

×
∑
l2

(2l2 + 1)
∣∣Jl2

∣∣2
Pl2 (cos β2), (27)

as was obtained in Refs. [9,22]. We refer to this as the
zeroth-order TC approximation.

B. M-function approximation

In an attempt to extend the applications of the formalism to
lighter nuclei, but retaining the analytical clarity, in Ref. [11]
the following M-function approximation was developed for
transfer and later applied to breakup studies. Eq. (23) can be
written as

dσ

dk1
= 8π

(2l1 + 1)

µi

µf

h̄
∣∣Cl1

∣∣2

mvkf

∫
d �bPel(b)

×
∑

l2m1m2

∣∣∣∣Jl2

∫ ∞

−∞
dky

exp(−γxb)

γx

Yl1m1 (K̂i)Y
∗
l2m2

(K̂f )

∣∣∣∣2

,

(28)

where �Kf = (iγf,x, ky, kz), Eq. (13), but now γ 2
f,x = k2

z +
k2
y − k2

f . This can be rewritten

dσ

dk1
= 1

2π

µi

µf

h̄
∣∣Cl1

∣∣2

mvkf

∫
d �bPel(b)

∑
l2

(2l2 + 1)
∣∣Jl2

∣∣2

×
[ ∫

dky

∫
dk′

y

exp(−b[γx + γ ′
x])

γxγ ′
x

×Pl1

(
kyk

′
y + k2

1 + γxγ
′
x

γ 2
i

)

× Pl2

(
kyk

′
y + k2

1 + γxγ
′
x

k2
f

)]
, (29)

where we have made use of the definitions of the complex
angles, see Eqs. (17) and (22), and have defined γx =√

η2 + k2
y and γ ′

x =
√

η2 + k′
y

2. Equation (29) can be approx-

imated [11], in the limit that η � ky , to give

dσ

dk1
� µi

µf

h̄
∣∣Cl1

∣∣2

mvkf

∫
d �bPel(b)

exp(−2ηb)

ηb

×
∑
l2

(2l2 + 1)
∣∣Jl2

∣∣2
M(l1, l2), (30)

with

M(l1, l2) = 1√
π

∫ ∞

−∞
dX exp(−X2)Pl1 (Ai + BiX

2)

×Pl2 (Af + Bf X2) (31)

and where

Ai = 1 + 2k2
1

γ 2
i

, Bi = 2η

bγ 2
i

, Af = 2k2
2

k2
f

− 1, Bf = 2η

bk2
f

.

(32)

IV. CHOICE OF MODEL PARAMETERS

We now apply the theoretical formalisms developed in
Secs. II and III to three specific knockout reaction transi-
tions. All examples were the subject of recent experiments
carried out at the National Superconducting Cyclotron Lab-
oratory at Michigan State University [5,7]. These are the
9Be(34Si,33Si+γ )X reaction at a beam energy of 73 MeV
per nucleon [5], for which the ground state to ground
state one-neutron separation energy is 7.36 MeV, and the
9Be(15C,14C+γ )X reaction at 54 MeV per nucleon [7] with
ground state separation energy of only 1.218 MeV. We consider
also the 15C → 14C(1−, 6.09 MeV) transition with separation
energy 7.37 MeV. The ground state transitions are 0+ → 3/2+

and 1/2+ → 0+, respectively. Our examples have been chosen
to examine the sensitivity of approximations in the TC model
calculations to both the nucleon orbital angular momentum
and the separation energy.

As was discussed earlier, the TC model uses a description
of the initial and final state wave functions of the transferred
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nucleon which are valid only in the external region. The
separation energy is seen to enter the model through the
reaction kinematics, the wave function matching conditions,
Eq. (21), and the assumed external form of the single-particle
overlap function (the spherical Hankel function) and its ANC,
Cl . These Cl are computed, using Eq. (7), by matching a
Hankel function to the tails of the entrance channel bound state
radial wave functions χjl(r) calculated in Woods-Saxon po-
tentials with a fixed geometry (r0 = 1.25 fm and a = 0.7 fm),
a spin-orbit potential of strength 6.0 MeV and with the
central potential depths adjusted to reproduce the required
neutron separation energies. For the 33Si(g.s.) transition, as-
suming a 0d3/2 neutron configuration, then C2 = 2.92 fm−1/2.
For the 1s1/2,

14C(g.s.) transition we obtain C0 = 1.47 fm−1/2

while for the excited, 0p3/2
14C(1−, 6.09 MeV) neutron tran-

sition, C1 = 3.11 fm−1/2. For the given parameters the depths
of the potential wells are 46.48 MeV for 34Si and 49.32 MeV
and 45.27 MeV for the g.s. and 1− transitions from 15C.

A. Core-target interaction

In the TC formalism, the interaction Vct of the heavy
projectile core, or residue, with the target nucleus does not
affect the dynamics of the core motion during the reaction.
The core is assumed to travel a straight line path at constant
velocity. Rather, the effects of Vct enter the formalism
(semiclassically) through the associated probability of the
passage of the core, in the elastic channel, past the target
at an impact parameter b. This is the factor Pel(b) in Eq. (23).
This is of course the square modulus of the core-target
elastic S matrix, |exp(2iδL)|2, entering through Eq. (2), but
expressed as a function of the core impact parameter, b =
(L + 1/2)/K . Since, theoretically, the peripheral nature of the
reaction is dictated entirely by the absorptive content of
this factor at small impact parameters, its spatial form is of
some importance and must accurately reflect the empirical
residue-target reaction cross section. Since the TC model
assumes not only peripherality of the reaction, but that we
are fully external in the wave functions of the transferred
particle in the initial and final states, Pel(b) is instrumental
in determining the actual active regions of radial overlap of
these wave functions and hence the resulting cross sections.

To take proper account of the geometrical sizes of the core
and target and their associated strong absorption radius, we
construct Vct by the double-folding of their matter densities
with an effective nucleon-nucleon (NN) interaction. The
simple Gaussian effective NN interaction used was chosen
to reproduce measured heavy-ion cross section systematics in
this energy and mass region within such double-folding model
calculations [23,24]. The Pel(b) = |Sct(b)|2 were calculated
from the complex double folding model Vct using the eikonal
approximation to the S matrix, Sct(b), e.g., [2].

The 14C and 33Si core matter densities were assumed to
have Gaussian form factors with range parameters chosen to
reproduce the empirically deduced root mean squared matter
radii. These were 2.30 fm [25] and 3.16 fm, respectively. The
latter value was based on an assumed charge radius of 3.27 fm,
estimated from comparisons with the stable S and Si isotopes
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FIG. 2. The p+9Be reaction cross section and n+9Be total cross
section predictions using the JLM folding model optical potential.
The data are from Refs. [32] and [33], respectively.

[26]. The density used for the 9Be target is detailed in the
following subsection.

B. Neutron-target interaction

We described the neutron-target system using the nuclear
matter effective NN interaction of Jeukenne, Lejeune, and
Mahaux (JLM) [27], based on the Reid hard-core free NN
interaction [28]. The resulting energy- and density-dependent
effective interaction is used to calculate the nucleon optical
potential on the finite target by single folding with its
assumed one-body density, using the midpoint local density
prescription [29]. This potential included the required effective
mass correction to the imaginary part (Eq. (29) of Ref. [27])
discussed in Refs. [30,31]. We use the conventional scale
factors for the computed real and imaginary parts of the optical
potential, λV = 1.0 and λW = 0.8, required by an extended
analysis of data on light and medium mass targets [29]. We
take the 9Be matter density ρ(r) from Ref. [26], which is of
the harmonic oscillator form

ρ(r) = ρ0[1 + αx2] exp(−x2), (33)

with x = r/a. Given the values a = 1.77 fm and α =
0.631 [26] then ρ0 = 0.1497 fm−3. We assume that the neutron
density is ρn(r) = Nρ(r)/A, and similarly for ρp(r).

The predictions of the JLM model for the p+9Be reaction
[32] and n+9Be [33] total cross sections are compared with
available data in Fig. 2. The agreement is very reasonable in
the energy range of the data, and that of importance to the
beam energies of the reactions of interest. Since, at energies
above 20 MeV, the Coulomb interaction is unimportant for
our light 9Be target, the p+9Be data provide support for the
applicability of the JLM neutron-target optical potential and
for the 9Be density used.

044606-5
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FIG. 3. M function, zeroth order (labeled 0), and full Bessel
function approximation calculations of dσ/dk1 for the 9Be[34Si,
33Si(g.s.)]X reaction at 73 MeV per nucleon. Also shown are the
results including terms up to first (labeled 1) and second order
(labeled 2) in the Bessel function expansion.

V. RESULTS AND DISCUSSION

Published elastic breakup and nucleon knockout cross
sections from the TC model have usually been calculated
[8,22] within the M-function approximation, Eq. (30), of
Sec. III B. We were able to reproduce in detail the calculations
presented in Ref. [5,22] with the parameters stated there. The
more approximate approach, of retaining only the leading
(zeroth-order) term of the asymptotic expansion of the Bessel
function, Eq. (27), discussed in Sec. III A, was also used in
some early papers, e.g. [8]. We are now in a position to compare
the accuracy of these schemes using calculations that retain
the full Bessel function, through Eq. (23). All the subsequent
calculations are carried out using the common set of physical
model parameters detailed in the previous section.

In Fig. 3 we present the zeroth-order, Eq. (27), M function,
Eq. (30), and full Bessel function, Eq. (23), approximations to
dσ/dk1 for the 9Be[34Si,33Si(g.s.)]X reaction at 73 MeV per
nucleon. The corresponding integrated partial cross sections
are presented in Table I. Figure 3 also shows the results
of calculations including terms up to first and second order

in the Bessel function expansion. So as not to needlessly
complicate the figure, the third-order calculation is not shown.
However, it essentially coincides with the M-function curve
for small k1 and with the full Bessel function result (the
upper solid curve) in the large k1 tail of this momentum
distribution.

We comment also that the convergence of the l2 (final-
state) partial wave sum in Eq. (23) is nontrivial and is very
sensitive to the neutron-target interaction assumed. The rate
of approach of Sl2 to unity and |Jl2 |2 to zero with increasing
l2 in the summand is countered by rapidly increasing factors
from the Bessel function and spherical harmonics. We found
that the sum converges when using Vtn models consistent with
neutron-target data, such as the JLM optical model. Using
optical model sets fitted to limited, low-energy data sets, such
as from Ref. [34], the series was found to be divergent.

The M-function scheme is clearly a very significant
improvement on the zeroth-order Bessel function approach.
It is also clear that the different calculations are most sensitive
to the different orders of approximation for k1 ≈ 0. This is to
be expected since the two approximate schemes are both large
η approximations and, for k1 = 0, η is a minimum, Eq. (10).
As k1 grows, all the Bessel function approximations are seen
to come together.

Similarly, since η also increases with increasing sepa-
ration energy, Eq. (21), one might naively expect that the
approximate TC models would agree better with the full
Bessel function calculation for more tightly bound sys-
tems. However, the relevant expansion parameter is ηb and
which values of b contribute is determined by the product
Pel(b)|Km1−m2 (ηb)Yl1m1 (β1, π )|2. As is evident from Fig. 1,
in the large |εi |, tight binding limit only those b values
from near-grazing core-target collisions will contribute. The
underlying TC requirement of an intermediate, external �

surface then suggests that all calculations are less valid in this
regime. In contrast, smaller |εi | and greater spatial extension of
the exterior wave function favors contributions from larger b.
This sensitivity of the different (external) TC model ap-
proximations to the neutron separation energy is illustrated
by carrying out a second (model) calculation in which the
33Si-neutron separation energy is arbitrarily reduced to just
0.5 MeV, from 7.36 MeV. We note that in this case, Fig. 4,
the M-function approximation is actually further from the
converged Bessel function calculation than the second-order

TABLE I. Calculated and experimental one-neutron knockout partial cross sections (in mb) on a 9Be
target. Calculations are the single-particle cross sections (for unit spectroscopic factors) when using the
full semiclassical Bessel function amplitude of Eq. (23), the M-function approximation of Eq. (30) and
the zeroth-order term Bessel function approximation of Eq. (27). The parameters used for each transition are
detailed in the text and are the same for each of the TC calculation schemes. The deduced TC spectroscopic
factors ST C from the full Bessel function calculations are also shown.

Transition Full Bessel M function Zeroth order Experiment STC

(mb) (mb) (mb) (mb)

34Si → 33Si(g.s.) 28 26 10 67(10) 2.4(4)
15C → 14C(g.s.) 191 213 192 109(13) 0.57(1)
15C → 14C(1−, 6.09 MeV) 68 66 35 22(3) 0.32(3)
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FIG. 4. As for Fig. 3 except that the 33Si+neutron separation
energy has been reduced to 0.5 MeV.

calculation, whereas in the more tightly bound system the M
function was consistent with the third-order approximation,
Fig. 3. The calculations for both εi show that the zeroth-order
approximation misses most of the cross section strength. This
dependence of the accuracy of the M-function approximation
on the separation energy may have spectroscopic implications
when comparisons are made with experimental data.

As can also be seen from Eq. (11), and is evident in our
Fig. 3, all of the TC models have a low k1 cutoff. This negative
k1 bound is imposed by the εf → 0 limit in the numerator of
the expression

k1 = [εf + |εi | − mv2/2]/h̄v, (34)

and is seen to intrude within the physical region of the
predicted and measured momentum distributions in cases
where the dσ/dk1 distribution is broad, i.e., those cases with
tight binding and/or non-s-state transitions. This cutoff is
an artifact of the model and results from its use of both
semiclassical dynamics and of external wave functions, which
have increased high momentum components compared with
realistic wave functions.

Another noticeable feature of the results in Figs. 3 and 4,
which will be also evident for the 14C(1−) transition, Fig. 6,
is that the M-function scheme yields an enhanced tail to the
cross section at the larger k1. To understand this feature the
nature of the M-function scheme must be considered. As was
discussed in Ref. [11], the M function arises from expanding
(in η) only some of the terms that arise from the square of
the integral form of the Bessel function. Whether this scheme
will then yield bigger or smaller results than from the different
orders of the asymptotic expansion will depend on η. Figures 3
and 4 show that with increasing k1 the M function dσ/dk1 is
largest. The M-function approximation thus exaggerates the
high-k1 tail of dσ/dk1, that is, the low-momentum region of
the predicted core momentum distribution dσ/dp‖, Fig. 5. The
core parallel momentum (pc) dependence in the projectile rest
frame is obtained from dσ/dk1, assuming pc = −k1, and is
then boosted into the laboratory frame to give dσ/dp‖.
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FIG. 5. M function, zeroth order, and full Bessel function
approximation calculations of the 33Si(g.s.) cross section momentum
distribution in the 9Be(34Si,33Si)X reaction at 73 MeV per nucleon.
The experimental data are from Ref. [5].

Obviously the particular TC approximation used has an
effect on the calculated single particle partial cross sections
and will affect any spectroscopic strengths deduced from com-
parisons with data. Table I shows the values of the integrated
partial cross sections from each of the three approaches for
the two nuclei and three transitions considered. Except for
the weakly-bound 14C(g.s) transition, the zeroth-order scheme
predicts single-particle cross sections that are of order one-half
those of the improved, higher-order approaches. Although
the M-function scheme predicts somewhat different core
momentum distributions, incorrectly moving cross section
strength to lower values of p‖, it nevertheless calculates very
similar integrated partial cross sections to the full Bessel
function approach.

Figures 5, 6, and 7 now compare the calculated and
experimental core momentum distributions for the 33Si(g.s.)
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FIG. 6. M function, zeroth order, and full Bessel function
approximation calculations of the 14C(1−) cross section momentum
distribution in the 9Be(15C,14C)X reaction at 54 MeV per nucleon.
The experimental data are from Ref. [7].
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FIG. 7. M function, zeroth order, and full Bessel function
approximation calculations of the 14C(g.s.) cross section momentum
distribution in the 9Be(15C,14C)X reaction at 54 MeV per nucleon.
The experimental data are from Ref. [7]

[5], 14C(1−), and 14C(g.s) [7] transitions. In each case the full
Bessel function calculations have been scaled to reproduce the
peak of the momentum distribution. The more approximate
calculations have been scaled by the same factor so that they
can be compared in the figures. The experimental (integrated)
partial cross sections have been divided by those of the full
Bessel function model, shown in Table I, to deduce the TC
scaling (or spectroscopic) factors ST C , also collected there.

The shapes of the momentum distributions are, in general,
poorly described. In the 14C cases, the asymmetry in the g.s.
transition data is not reproduced, while for the 1− transition
the asymmetry in the TC calculation is not evident in the
data. Figures 6 and 7 can also be compared directly with the
analogous curves in Fig. 2 of Ref. [7]. Those calculations
used the all-order, non-DWBA, eikonal theory, supplemented
for the ground state transition by a fully-dynamical coupled
channels calculation of the diffractive component, and used
the same physical model inputs as were discussed in Sec. IV.
There, the calculated 14C single-particle partial cross sections
were σsp (g.s.) = 119 mb and σsp(1−) = 28 mb, with deduced
spectroscopic factors close to unity and close to the shell model
values.

Similarly, for the 34Si transition, Fig. 5, the TC yields σsp =
28 mb, almost a factor of 2 bigger than the (15 mb) value
obtained using eikonal theory [5]. The momentum distribution
reproduces the data only in the immediate vicinity of the peak,

and some asymmetry can be seen. However, the agreement
between experiment and calculation quickly disappears for
momenta away from those of the beam velocity, where the
momentum distribution predicted by Eq. (23) falls far more
quickly than the experimental data.

VI. CONCLUDING REMARKS

The transfer-to-the-continuum direct reaction model pro-
vides an approximation to the DWBA description of elastic
breakup of a projectile, based on a [nucleon+core]+target
three-body model. The TC model has been shown to allow
approximate calculations of both the elastic breakup and
one-nucleon stripping cross sections, of relevance to recent
knockout reaction studies. Previously, additional simplifying
approximations have been used, allowing essentially analytical
forms for these cross sections. In the present work we have
calculated the TC amplitude more accurately, necessitating a
numerical approach, but avoiding the need for the usually-
assumed simplifications.

In an attempt to clarify the accuracy of these TC model
variants we have compared the theoretical predictions with and
without the often-made large η simplifications. In particular
we have presented theoretical comparisons for three reactions
with different l and neutron separation energies. For all
calculations the two-body interactions have been chosen to be
consistent with the nucleon-target and core-target cross section
systematics, as were used in recent eikonal model analyses.

Our results show that the predictions of the approximate
versions of the TC theory are similar only for neutron removal
from the l = 0,15C neutron halo system, with small neutron
separation energy. The M-function approximation is found
to reliably reproduce the integrated partial cross sections of
the more accurate exact Bessel function calculations, but to
distort the momentum distribution, by moving strength to
lower p‖. For all the transitions studied, the integrated partial
cross sections are significantly larger than those calculated
using the all-order eikonal theory. In the present calculations
spin-dependent distortions were excluded. Their effects on TC
calculations of both cross sections and spin observables will
be the subject of a subsequent paper.
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