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We calculate the correlation functions needed to describe the linear response of superfluid matter, and go on
to calculate the differential cross section for neutral-current neutrino scattering in superfluid neutron matter and
in color-flavor-locked quark matter. We report the first calculation of scattering rates that includes neutrino
interactions with both pair-breaking excitations and low-lying collective excitati@wdstone modgs Our
results apply both above and below the critical temperature, allowing use in simulations of neutrino transport
in supernovae and neutron stars.
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I. INTRODUCTION which studied the emission of neutrinos from CFL matter in

o a young, proto-neutron-star. During this epoch, the tempera-
The ground state of QCD at large densities is color superg,re is T~ 10t K, and the number densities of the excita-

conducting quark mattefl—4). When the effects of quark ong are significant. The authors of RE28] only studied
masses can be neglected, three flavor quark matter will be ifhe interactions of neutrinos with the Goldstone bosons, us-
a particularly symmetric phase called the color-flavor-lockedyg the effective field theory relevant at energies small com-
(CFL) phase, with BCS pairing involving all nine quaid.  pared to the gap. But one might expect the fermionic excita-
In this phase the fermion excitation spectrum has a8§ap tions to become relevant af~101K, since these

and model calculations indicate that=10-100 MeV for  emperatures are close to the critical temperature of CFL
the quark chemical potential=~300-500 MeV. This phase atter and the gap will be suppressed.

breaks the SUB)coorX SU3)L X SUB)rX U(1)g symmetry These are the circumstances we analyze in this paper. We
of QCD down to the global diagonal $8) symmetry. The  stydy neutral-current neutrino scattering in quark matter,
lightest excitations are an octet of pseudo-Goldstone bosongyove and below the critical temperature for CFL matter. We
and a true Goldstone boson associated with the breaking @fo this by calculating the quark polarization tensor, including
the global U1)g symmetry. At some densities, however, the the effects of pair-breaking, fermionic excitations. We also
strange quark mass may induce an appreciable stress on tfielude the effects of the collective, bosonic excitation asso-
symmetric CFL state, and less symmetric phases may be pogiated with the breaking of (1)g by using the random phase
sible. One possibility is the CA{’ phase, which exhibits a approximation(RPA) to build this mode out of microscopic
Bose condensate ¢ in addition to the diquark condensate quark-quark interactions. This excitation has the largest con-
of the CFL phase—this phase breaks hypercharge and isgibution of any of the bosonic modes. We begin setting up
spin symmetries[6,7]. Another possibility is the Larkin, the calculation in Sec. Il. But before proceeding to study
Ovchinnikov, Ferrel, and Fuldé-OFF) phase, which exhib-  CFL matter, we consider the case of nonrelativistic fermionic
its crystalline color superconductivity—the diquark conden-modes, to make contact with previous work and to motivate
sate varies periodically in space, breaking translation anghe use of RPA, arguing that consistency with current con-
rotation symmetrie$8-15. Most recently, a superconduct- versation requires the inclusion of the collective mode—we
ing phase of three-flavor quark matter with nontrivial gaplessio this in Sec. Ill, where we also go to calculate the differ-
fermionic excitations has been suggesie€]. ential cross section for neutrino scattering in superfluid neu-
The densities at which color superconducting quark mattron matter. In Sec. IV we compute the medium polarization
ter exists could be attained in compact “neutron” stars Okensor for a one-component relativistic superfluid. In Sec. V
core-collapse supernovae. It is therefore important to explorge compute the medium polarization tensor for CFL matter,
the impact of color superconductivity on observable aspectgnd go on to calculate the differential cross section. We con-
of these astrophysical phenomena. Investigations to that englude in Sec. VI with reflections on this work. Further details
have included studies of magnetic properties of neutron staigf the calculation for the one-component, relativistic super-
[17] and the equation of state of dense maft—23. The  flyid can be found in Appendix A. Further details of the

interactions of neutrinos with superconducting quark mattegajculation for CFL matter can be found in Appendix B.
has also been explord@4—2¢. The emission of neutrinos

from CFL matter during the long-term cooling epoch was
studied in Ref[27]. During this epoch the temperatureTs
=10'°K, and most of the excitations of CFL matter have  The goal of this article is the calculation of the differential
small number densities. As a result, neutrino emission i€ross section for neutral-current scattering of neutrinos in a
highly suppressed. Complementing Rg27] is Ref. [28],  dense quark medium inside a proto-neutron-star. Neutrinos

Il. PRELIMINARIES
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in a proto-neutron-star have typical energies<M,, so we  of diquark correlations into the quark propagator. This is
may write the neutrino coupling to quarks as the four-done by artificially doubling the quark degrees of freedom by

fermion effective Lagrangian introducing charge conjugate field operatggsand qc, de-
fined by
£o= 50 | & e
2\ q=Cqc and q=qcC,

where #=vy*(1-ys)v is the neutrino current, and,  Where C=iyy, is the charge conjugation matriwith C

- — -1 — — T ’
=qy,(cy—Cays)q is the quark weak neutral current. The dif- =~C _l—__CT‘_CT andCy,C™*=~y,). The Nambu-Gor’kov
ferential cross section per unit volume in quark matter can b&€ld is given by

expressed in terms of the quark current-current correlation q _
function, also called the polarization tenshbi,, [29,30: V= <q > and ¥ =(qqe). (8)
C

1 G2 E, [1-n,E] . . : :

—— g -=— F3—V L SE)] Im(L#T1,,,), In terms of these fields, the weak interaction Lagrangian, Eq.

Vd diEV 327 Ev[l - eXF(_ qolT)] (l), becomes

(2 G _

where E (E]) is the incoming(outgoing neutrino energy, Lz= @VVM(l_VS)VWFQW' (9)

Qo=E,-E, is the energy transferred to the medium, and
T is the temperature of the medium. The factorwhere the neutrino-quark vertex in the Nambu-Gor’kov

[1-exp-qo/ T)]™* ensures detailed balance. The factorspace is

1-n,E!)], where

[1-n,(E)], W FM:(V’L(CV‘CA%) 0 )
n(E) = ey @ ’ 0 - yovteaw)

gE-wIT 4 1" . .
The Nambu-Gor’kov propagator that includes BCS diquark
enforces the blocking of final states for the outgoing neu-<orrelations in the mean-field approximation is given by

(10

trino. The neutrino tensdr*” is given by [31,34,39
L# = 8[2kHk” + (K- a)g” = (K“g” + q*k") T ie*"*Pk ], P) = (G*(P) E‘(P)) 1
@ lzw em) ty
where the incoming four-momentum k& and the momen- where
tum transferred to the medium @@‘. The minus(plus) sign
on the final term applies to neutrigantineutring scattering. +py= Pot Ep \+ ~p) = Po~ Ep -
. . . . G (P) 2 2Ap701 G (P) 2 2ApYO!
The response of the medium is characterized by the polariza- & Po— &
tion tensorIT#*. In the case of free quarks,
[ d*P = (P) = -4 A =(P)= _A e
v, —_ 14 e - ‘)’ y e (P) - 7 A ’ (12)
Q) =i f ot TSP S(P+QI],  (5) p2- 275 p2- 2750
whereSy(P) is the free quark propagator at finite temperatureand
and chemical potential, anfi*=y*(cy—Cays). The inner £ = [E2 + A2
trace is over Dirac, flavor, and color indices. The free quark P P '
propagator i§31] We have suppressed any color-flavor indices, and we are

neglecting the contribution of antiparticles.

po+E Po—Ep
(= T o
o Po~%p IIl. ANONRELATIVISTIC DETOUR
wherec,d and f,g denote color and flavor indices, respec-

tively, and Although we will ultimately be interested in relativistic,

superconducting quark matter, we digress to consider a one-
. 1 .. component system of nonrelativistic superfluid baryons, such
Ap= 5(1 £ %7 P) (7 as neutron matter Wit?‘S0 pairing, which is itself relevant to

neutrino transport in neutron stars and supernovae. This will
are the positive and negative energy projection operatorgllow us to make contact with the vast body of published
The energies in the propagator are measured relative to thgork on superconductivity in nonrelativistic systems and
Fermi surface. To wit,E,=p-u for (massless particle  wjll serve as a pedagogical prelude to the relativistic case.
states, andE,=p+u for antiparticle states. For nonrelativistic fermions the structure of the Nambu-
Since we are interested in the interaction of neutrinos withGor’kov propagator greatly simplifies and is given by a 2
a superconducting medium, we introduce the Nambu-<2 matrix [36]. We shall consider a simple model for the
Gor’kov formalism[32,33, which allows the incorporation pairing interaction. In this case the nonrelativistic Hamil-
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tonian, in terms of the fermion creation and annihilation op-
erators, is = va< + 'WW\O< + :

H-uN=2E, a:-, a;+ G, agaiﬁeLﬁaﬁ, (13)

P P FIG. 1. Feynman diagram corresponding to the vertex equation
whereN==a'a is the number operato,= p?/2M -, M is [Eqg. (19)]. The squares represent the dressed weak interaction ver-
the mass, ang is the nonrelativistic chemical potential. In tex, and dashed lines represent the interaction between the fermi-
the mean field or BCS approximation, we replace the paions. The solid, directed lines represent Nambu-Gor’kov
operator by the space- and time-independent classical expejropagators.
tation value. This defines the constant field®
=-GZ, afal; and A=-GZ, aza 5 The solution of the gap tex, ['(p+q,p), which must satisfy the generalized Ward
equation, namely@(H—uN)/9dA=0, determines the magni- identity for the superfluid:
tude of A. The propagator is given by

G'(P) E°(P) PTup+ap =7Sp)-SHp+a)rm. (19
S(P) = (E+(P) G‘(P))' (14) That the bare ver_te>yﬂ(p+q,p)_ is not sufficient to satisfy
current conservation was realized shortly after the develop-
where ment of the theory of superconductivity by Bardeen, Cooper,
T E _E and Schrieffe[37] in independent articles by Bardeg3s8],
G*(P) :pOZ—B, G (P)= pOZ—E, Bogoliubov [39,4Q, Anderson[41], and Nambu[33]. It is
0~ & 0~ & this correction that naturally leads us to incorporate the
Goldstone mode.
=4(P) = A =-(P) = AT (15) The dressed vertek compatible with Eq.(18) satisfies
- P5- §p’ - p3- gg ' the following integral equation,

The quasiparticle energy is given by = _ [ dp’ ,
I'yp+a,p)=v.p+ap +Gi —(277)4738@ +Q)
p2
where E,=_——-pu. ~ ., , ,
PTam M XT,(p' +q,p)S(p') 73, (19)

The neutrinos couple to the weak neutral current of thevhereG is the two-body contact interaction defined by the
neutrons, which has a contribution from both the vector curHamiltonian in Eq.(13). The behavior of the dressed vertex
rent and the axial vector baryon currgsee Eq.(1)]. The  function in the long-wavelength limit can be inferred from
neutral current carried by the neutrons is given by the Ward identity in Eq(18). The right-hand side of Eq.

(18), in theq— 0 limit, reduces to

U”:)[ngl(p)‘s_l(p+Q)Ts]=2| A, (20)
q—

= \JES + Az,

&

ju=2 V(P)oy y.(p+a,p) +ca Yu(P+ap)] W(p+0),
p

where cy=1/2 andc,=1.23/2. In the nonrelativistic limit e \ward identity therefore dictates that the vertex function
%.(P+9,p)=(73,0) and Y,(p+q,p)=(0,61), with 75  be singular for zero energy transf@,=0) when the three-
=diag1,-1) and 1=diag1,1) in Nambu-Gor’kov space, momentum transfer vanishe§—0). This singularity is
and ¢ is the Pauli matrix in spin space. To begin, we focuscharacteristic of the presence of a zero energy collective
on the vector current, though we will return to the axial mode—the Goldstone mode expected on general grounds

vector current. [42]. One may obtain the dispersion relation for the Gold-
Conservation of the vector baryon current means that thétone mode by inspecting the pole structure of the solutions
vector response function of Eq. (19). For the simplified interaction considered here,

the integral equation for the vertex function is represented by

N the Feynman diagrams shown in Fig. 1.

d
P TrS(P) v (p.p+a)S(p+0)

HXp(Qqu) =-i f

2m)* Calculating the vertex function by retaining only the
terms shown in the figure is equivalent to the RBA]. Note
Xyp+a,p] (16)  that it contains both the direct and exchange diagrétimes
must satisfy the conservation equation second and third terms, respectiveNIy, on the right-hand side
. , of Fig. 1). We only need to solve far, rather than all four
q* 11, =11, a"=0. (17) components of”,,, since for smalij the dominant response

The polarization function in Eq(16) does not satisfy this ©Of nonrelativistic neutrons is due to the coupling of the
equation. This violation can be traced to the use of thddaryon density to neutrinos; the coupling of the velocity-
dressedmean-field Nambu-Gor’koyNG) propagator on the dependent components of the baryon current to neutrinos is
one hand, and the use of tiare vertex on the other. To Suppressed by a factoM and may be neglected. An ana-
ensure local baryon conservation, we must use a dressed véytic solution for I’ exists and is given by
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N2 = 2(H12:11+ I112:111111:22_ H11:12[I12:12)1

=30 MeV

~ 1 1 , 0 N 10
Po=—m+—yy with yy= , i

Xo X N2 0 o I

where E I
= 01k

Ny = 2(TTy 110+ Mg dT50:00 = Ty2igal 11209, @ F

Eo.01E

E ¢

1 1§

Pg=237 MeV E
Xo= (1 +1T1295= I13.19), E 1 A;=5MeV
0~1§ 0.1 T,=2.8 MeV E
D=1-115+ Mg+ Mpp+ Mg ol i “on b q=2|°M€V| L
0.01 6 7% T 23 4 5 6 7
— c
x =4yl 0= (1= HlZ:lZ)HiZ:lz_ (1 +1131:29) a/acy
X(= 1+ 212,11+ Myp.10) + Mppqy— [Myq0d— 1 +T115.1) FIG. I2 (Color %T"r}? VC\SI)e plﬁt —ImTI a/sE %'Ix)ncticén qfht?e o(l}:
2 9 mensionless variabley/ (qcs), wherecs=pg/(\ and with fixe
+ 1100010001 = 210334 A1 +1Tp009) + Tlaga 1 115595 momentum transfeq=0.1pg. The dashed line is the quasifree vec-
_ qf . . . .
+ 11000+ T 10d1 +1150.19)] tor response, —Inhly;, and the solid line is the full RPAthat is,

quasifree plus collective with screening correction®ctor re-
4 sponse, —In15-A The spike atj/(qc) =1 is the Goldstone-mode
=G f d p4Sj(p +9)Sq(p), response. The dot-dashed line is the RPA axial responsel Fif.
(2m) We use the neutron chemical potentie: p,2:/(2M):30 MeV. The
gap at zero temperatureAs=5 MeV, and the critical temperature is
T.=2.8 MeV.

and S(p) is the mean field propagator appearing in Egf).
The complex functiony(gg,q)=0 when gy=qcs, wherecg
=pe/(y3M) is the sound velocity of the neutron géer g and —ImIIZ™in Fig. 2, as the dashed line and the solid line,
<pg). The vertex is singular at this point, indicating the respectively, at various temperatures and ambient conditions
presence of the Goldstone mode in the response. Note thappropriate for the neutron superfluid in neutron stars,
the singularity does not appear in the vertex proportional td1amely, for chemical potential=pz/2M=30 MeV, and gap

73 in NG space. The off-diagonal nature of the singularity isA=5 MeV, whereM andpg are the mass and Fermi momen-

characteristic of fluctuations of the phasetsf-which is the ~ tUm, respectively, of neutrons. Note that the quasifree re-
Goldstone excitation. Further, at small energy transfer SPONSe has support only fgg=2A atT<A, due to the gap
<A the expression fory simplifies and we find thayy ' the fermion excitation spectrum. Equati¢®2) has xq

~ xoD. The Goldstone singularity occurs wheP=0 and #1 beqause correlations result in screening of the coupling
Xo# 1 is a result of additional screening corrections includeoOf qulgsn‘r?e _(flet;ltlonsﬂ'gp the extirnal_ currenﬁ. IQ tth.? \E)veak-
in RPAin both the quasi-free and Goldstone-mode responseggumpe??mgg:t;m e \’;Le)n atlfngggr;ielocr:n:;; n(;a;t}enl:;tr: ase-seen
idelr?titsliDsA’ the polarization tensor that satisfies the Waroffn the figure. At small but nonzero temperatufe<A),
Im D(qo,q) # 0~exp(-T/A) due to a small contribution
RP . d*p ~ from thermal quasiparticle excitations. This reduces the sin-
1157400, 6) =~ i 2 )4Tr[S(p)FO Sip+ad) ). (21)  gular behavior to a resonant resporerentzian with a
m small but finite width. With increasing temperature, the col-
The simple form of the solution for the dressed vertex forlective mode gets damped as the single-pair excitations be-
0o << &¢ allows us to write come increasingly important. This trend is clearly seen in
1 Fig. 2. Finally atT., both the pair-breaking and Goldstone-
RP — ~ yaf H mode excitations disappear and the single-pair response
17" 8) = XOHV (6o, @) + 100, @2 Gominates. The slight enhancement seen at syl a char-
acteristic of attractive correlations induced by the strong in-
where teractions in the normal pha$a0].
d’p The response in the axial vector channel can also be cal-
119'(qo,6) = —i f Tr[S(p)7s S(p+q)m3] (23)  culated using the method described above. In this case, the

(2m)* vertex does not exhibit any singular behavior, since there is
no Goldstone mode in this channel. In a homogeneous and
isotropic system, the axial polarization tensor is diagonal,

[ d'p with equal componentd]f; =I15,=11%;=I1,. An explicit cal-

Yo D (277)4Tr[S(p)7-3 Sip+a)ywl. culation shows that the axial polarization tensor in RPA is

and

HH(QO@) ==

1
@49 RPAd0,6) = —113(00,6), (25)
I197 is just the quasifree or mean-field response, Hipdis Xo
the response due to the Goldstone mode. We plot Ht‘y‘n where
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x10? dogi/Vdcosé dogrpa/Vd cosé
L T=05T, i gf RPA
3 © T (105 m™) (105 m™)
[ E=q=rT
e [op/eM=01s . 0.5T¢ 0.1 0.5
o[ Am0=SMev 1  0.85T¢ 2.6 4.9
> 2+ .
2 | 1.1T: 12.8 12.9
w F i Although scattering kinematics do not probe the response
> 1 in the timelike region, neutrino pair production does arise
S8 1t 4 from timelike fluctuations. As a result these same polariza-
3 § tion functions can be used in calculations of the neutrino
L - emissivities in superfluid matter—a process that is com-
monly referred to as the pair-breaking procg3).
0 Ll n T TS At low temperature and low energy, the response is domi-

nated by the Goldstone mode. In this regime it is appropriate

to use the low-energy effective theory involving only the
FIG. 3. We plot the differential cross section for neutral-currentGoldstone mode. The effective Lagrangian for thél)U

neutrino scattering in superfluid neutron matter as a function of thenode is given by

dimensionless variablgy/(qcy), where cg=pg/(V3M)=0.15. The

solid curves are the RPA results, which include the Goldstone con- |2_| )

tribution and the dashed lines are the mean-field results. The incom- Lep= E(ﬁouf?ouT - czaUaUn), (28)

ing neutrino energy and the momentum transfevere set equal to

7 T—typical of thermal neutrinos. The spike g§/(qcy) =1 is the

— : ; 2
Goldstone-mode response. We use the neutron chemical potenti;\élvlhere U=exp2iH/fy), H is the Goldstone field, and,

£=p2/(2M)=30 MeV. The gap at zero temperatureAis5 MeV, =M pe/ 72 is a low-energy constant that is the equivalent of
and the critical temperature &=2.8 MeV. the pion decay constant in the chiral Lagrangian. We can
compute the coupling of thél mode to the neutrinos by
" matching to the weak current in the microscopic theory. We
p 1 3 find that the amplitude for the process-H v is given by

Tr 1S(p+q)1]. 26
2 [SP1S(p+a)l].  (26) (44

1130, G) = - i J

The dot-dashed lines in Fig. 2 show the behavior of the
imaginary part of thd1X(q,q) at fixedq as a function of
go- The differential cross section for neutrino scattering in
the neutron matter can be written in terms of the imaginaryUsing Eq.(29), we can compute the differential cross section
part of the polarization tensor. The differential cross sectiorfor neutrino scattering due to the “Cherenkov” process
per unit volume for a neutrino with enerdy, to a state with — Hy [28]. We find that

energyE! =E,—q, and scattering anglé is given by

G _
A, = \TEFchHaOH 7. (29)

o G, »_,, 1-n/E)
e G _, 1-n(E) VdcosBdE’V:_me vE 1 - exf-qy/T)
VdcosgdE, 4 " 1-exg-qyT) X (1 + C0SH)0pd(do — C) (30)
X[cG(1 + cos)Im TIG(dp, @) The low-energy and low-temperature limit of the RPA

+ Cf\(3 - cosf)Im HEPA(qo,q)]. (27) response should agree with the abqvg r_esult obtained using
the effective theory. We show that this is indeed the case. We
begin by noting that the RPA vertex whep<A and g

These expressions permit calculation of the neutrino opacit ke can be written a$33]
F

in superfluid neutron matter at arbitrary temperature. The
results are shown in Fig. 3. The incoming neutrino enétgy ~ oA
and the momentum transfgrwere set equal terT. This is Io= Z—qzoz
typical for thermal neutrinos. Note that the Goldstone mode Uo—Cq
continues to play a role even whénr=T./2. Note also that o ) ) ]
with increasing temperature the gap equation yields smallepubstituting this result in Eq22) we find forgo=0
gaps—seen in the decreasing threshold for the quasifree re-

sponse. Although it is easy to deduce the relative importance Im T1R"Aq,,9)
of RPA corrections to the response from Fig. 3, we present a v e
table to quantify the differences. The table below provides a

comparison between the differential cross sections integratethe quasifree response is exponentially suppressed at low
over the energy transfglarea under the curves shown in temperature, and using E2) it is easily verified that the
Fig. 3. differential cross section in RPA agrees with E80).

i7'2. (31)

M
== 2p|: 0od(Qo ~ Cs0) - (32
T
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h _— h ) larizati FIG. 5. The collective response of the medium can be evaluated
FIG. 4. The two contributions to the medium polarization tensor;, ihe random phase approximation by summing a series of

The first term on the right-hand side of Fig. 4 corresponds to thediagrams
quasifree response of the medium to the neutrino probe. The second '
term on the right-hand side corresponds to the collective response

associated with the Goldstone mokde The quasifree response of the medium comes from first

term on the right-hand side of Fig. 4. This diagram makes the

IV. RESPONSE OF A ONE-COMPONENT RELATIVISTIC following contribution to the polarization tensor:

SUPERFLUID

In the preceding section we argued that a consistent cal-
culation of the medium polarization tensor must include not Q) = }f dsp
only the quasifree response of the medium associated with af 2) (2m)3
the pair-breaking excitations, but also the collective response
associated with the massless excitatib@arising from spon- =20,V (p,p + Q)} + A= Ep, — Epig)
taneo_us preakdown of(@)g. We then calculated the med.lu.m. x{(c\2,+ c,i)Ti”(p,p +q) + 26,V (p,p + )}
polarization tensor for a one-component, nonrelativistic

[A(E,, Eps{(c5+ CA) T (p,p +Q)

superfluid—superfluid neutron matter. In this section we will - AZB(Ep,Ep+q){(c\2,+ c,i)[ui“’(p,p +q) +U*"(p,p
calculate the medium polarization tensor for a one- Y Y

component ultrarelativistic superfluid—as a warm up for the *+a)]+ 2o Vi (p.p+ @) - VE(p.p + Q) I
CFL case, and also for its own sake—including both the (36)

quasifree response and the collective response associated
with the Goldstone mode.

The interactions of interest are The Matsubara sum led to the quantities
Ling=Lz+ Ls. (33) 1 (£-E)& -E)
AE'E)= ﬁ{[n(f) - n(f’)](ﬁ
Here, £, represents the interactions of neutrinos with the (26)(2¢") Qo+ée=§
medium and is given by Eq$9) and(10). For concreteness (E+E)(& +E") )
we usec,=-1 andc,=-1.23.Lg represents the strong inter- Y +[1-n(§)-n(&)]
actions in the medium that give rise to the superfluid midde 0
associated with the breaking of Ug. Since we expect these « (+E)§'-E') (£-B(E+E) 37)
interactions to have the form(qiysgc+qciysq) (see Refs. Qo—E-¢& Qo+ &E+E
[45-47), we use a four-quark interaction(qiysdc
+Qciys0)?. To express this in terms of Nambu-Gor’kov
spinors, we define and
0 i
fn= (W 35) SR S {[n(f) S
5 R - s &
(2¢)(2¢") GQoté—¢
Then the relevant quark self-interactions are _ 1 ) +[1-n(&) - n(g’)](— 1
Qo—&+¢ Qo—§&-¢
L= G(WT )2, (35) L1 )} 39
Qoté+¢

We will calculate two contributions to the medium polar-
ization tensor, depicted in Fig. 4 using the Nambu-Gor’kov
propagator given in Eq:11). Our formalism, notation, and .
conventions closely follow those of R€B1]. with

The first term on the right-hand side corresponds to the
quasifree response of the medium. The second term captures I _—
the collective response of the system associated with the su- &=VE?+A%* and &=\E?+AZ%
perfluid excitationH. The collective response can be ex-
pressed as the RPA sum depicted in Fig. 5. We will first
calculate the quasifree response, then the collective responskhe trace over Dirac indices led to the quantities
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T2"(p1,P2) =

and
i #7300 (p. if w=0 or »=0
Wiw(plyp2) — 6. (pl);a(pZ)Ab .
Fier®(p,—-py, f w#0 and v#0
(40)
and
T (p,py) if v=0
U (prps) =1 © 41
" (P1,P2) {-ﬁ“(pl,pz) i 20 (41)
and
- Wi (p1.p) for »=0
VE(p1,p2) = v . (42)
Wi (pp2)  for v#0

Details of this calculation are given in Appendix A 1.

Now we want to calculate the contribution to the polar-
ization tensor from the superfluid moéte This contribution
is the sum of a series of terms, expressed diagrammatical
in Fig. 5. The series is a geometric series, and its sum i
expressed diagrammatically in Fig. 6. The contribution of

this geometric series to the polarization tensor is

GIQI"-Q

HQ=-3"yg (43)
where
MQ) = f 0D A CLCEy (0. + )
2
+ C(= Ep, = Epeg*°(p.p + )] (44
with
E-E -&+¢&

’ — 1 _ —_ 4
C(E'.E)= (25)(25,){&1(5) n(é )](

Qot+é-¢
E-E' +&-¢ ,
—m) +[1-n(§) -n(&)]
X(_ E-E +¢+¢ +E—E’—§—§’)}
GQo—¢-¢ Qo+ é+¢ ’

(45)

and

1+ F;l : F;Z
i(pAl*‘ 62)V
+(py + po)*
[ #(1-pypo) + (P)M(PD” + (p)*(py)” f
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if =0 and »v=0
if =0 and v#0
: (39)
if w#0 and »=0

pnu#0 and v#0

o3 L —
p3(1+p-p+q)
)

g(Q)=1+ZGJ(2

o
(2§p+q)(2§p)
x{[n(§p+q) - n(gp)](gpﬂ]gp - ED+qEP B Az)

" ( 1 ~ 1 )
Qo+ §p+q - gp o~ §p+q + ép
+ [1 - n(§p+q) - n(gp)](§p+q§p + Ep+qu + AZ)
( 1 1 )}
X - . (46)
Qo — §p+q - gp ot §p+q + gp

Details of the evaluation are given in Appendix A 2. We
should check thay(Q) vanishes foigy=0 andq=0; this will
indicate the presence of a massless excitation, namelyd the
boson. Settinglp,=q=0, we need

_ d’p 1
0=1-2 f L~ D& (47)

ined by minimizing the free energy(}/JA=0.

In Fig. 7 we plot —ImII° for various temperatures as a
function of qy/(qcy), wherec,=1/y3, which is the expected
velocity of the Goldstone mode. The dashed line is the qua-
sifree response, and the solid line is the {thiat is, quasifree
plus collectivg response. The momentum transferred to the
medium is fixed ag=60 MeV. We use the chemical poten-
tial =400 MeV. The gap at zero temperature s
=50 MeV, and the critical temperatures=28.3 MeV. The
upper left panel illustrate3/T.=0.50. At this temperature
the gap isA=47.9 MeV. We find a narrow peak about
do/ (gcy) =1, confirming our expectation about the Goldstone
mode. The threshold seen @/ (qcy)=2.76 corresponds to
0o=95.8 MeV=2A. The middle panel illustrates/T,=0.85.

At this temperature the gap £$6=32.2 MeV. The peak asso-
ciated with the Goldstone mode has widened, and its height
has shrunk relative to the responseggt 2A. Also note the
nonzero response fayy/(qc) <1.73, corresponding ta

=<(. The rightmost panel illustrate/ T.=1.10. At this tem-
perature the gap iA=0. Only theqy<q response is seen, as

OO
1—2GO

FIG. 6. The diagrams of the random phase approximation are a
geometric series.

lg]is is easily verified by noting it is the gap equation ob-

- =
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T O L B S B S B B B B B B L B B L
T=0.85T T=11T,]
‘\.‘A4— -
£ | =400 MeV
= A(T=0)=50 MeV
3 7| q=60 Mev T
3
.2'? I s [ | ca=1N3
82 .
=
E
1 q- _
[l 1
% 1 345

FIG. 7. We plot —ImII% for a one-component relativistic su-

perfluid at various temperatures, as a function of the dimensionless

variable qo/(qcy), where cs=1/y3, with fixed q=60 MeV. The

dashed line is the quasifree response, and the solid line is the fu

(that is, quasifree plus collectiyeesponse. We use chemical poten-
tial ©=400 MeV. The gap at zero temperatureAis 50 MeV, and
the critical temperature i$.=28.3 MeV.
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0
i ')/SM

0

wherec,d are color indices, and,g are flavor indices. In
CFL matter the nine quarks form an octet with gap=A
and a singlet with gap\;=2A. We are neglecting conden-
sation in the colo6 channel, keeping only the condensate in
the 3 channel. The propagator involves the energigs,

= /(p—M)2+Aﬁ1. The propagator also involves the following
color-flavor matrices:

Ty ) with  (M)§g= e €', (51)

~ 1 1
(Pi=(Pfg= 3005  (Po)fg= 696!~ o705,

~ 1
and (Pe)fg= =55+ 54
KlOW we can write down the quark propagator:

S(P)=<

expected. Having studied the medium polarization tensor fowhere

a one-component, relativistic superfluid, we turn to the case

of a multicomponent relativistic superfluid—color-flavor
locked quark matter.

V. RESPONSE OF CFL MATTER

We finally study CFL matter. The interactions can still be
written as Eq(33), except that for three-flavor quark matter
we should use

1 4
5 éSif‘I2 Ow 0 0
1 2
Cy= 0 - 5 + §Sil’l2 O 0 ,
1 2
—_—— + f—
0 0 5 3sm2 Oy
(48)
where the weak mixing angle is $i#,~0.231, and
1 0 O
2
C 0 - 1 0 (49
AT 2
0 0 --

Also, the four-quark interaction that gives rise to tHein
CFL matter is

Ls=GWT)?, (50)

using

Py

pg_‘ﬁp

G*(P) E‘(P))
G*(P) :{

E'(P) G (P)
P +
g p}(p‘” Bl oo
G(P) :{

Py Ps

+
P-&, Po-&,

}(po ~E) Az,

_ AP, AgPg _
EY(P)=- Vs,
=&, Po-&,) "
and
o AP AgP
= (P): 171 88 'YSA;-

P-&, Po-&,

We have neglected the contribution from antiquarks.

We now calculate the contributions to the medium polar-
ization tensor from the quasifree response and the collective
response, the two terms depicted on the right-hand side of
Fig. 4. The quasifree contribution to the polarization tensor
comes from the first term on the right-hand side of Fig. 4,

and its value is
d®p

J (2m)?3 E{1 8}(A(Ep’Ep+q’Am’An)

mne{l,

X{R T2(p,p + ) = RA W (p,p + )}
+ A= Ep = Epug A Ap{RE, 74(p,p + )
+REWE(p,p + @)} = ApAB(Ep, Eprg A Ar)
X{RO[U(p.p +q) +U*(p,p + )] + RE,
X[V (p,p+a) = VE(p,p+a)lp.

1
2

157(Q) =

(52)

The Matsubara sum led to the quantitEsde, where
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({-B)(¢ -E)

INT= ’ — 1 /
AE',E,A",A) = (26)(2§){[n(§) (5)]( Gt E-F

SR ) 1o e
x((é+ B¢ -E) (£-E)&+ E'))}
-&-¢ Qoté+E
(53
and
— 1
LEAA -
B(E',E,A",A) = (26)(25){%(5) n(§)]< Gt E-F
- m) +[1-n(& -n(¢)]
i)
x| - + (54)
Go—¢&-& Qoté+¢
with

g/ - \"(E,)z"‘(A')Z and é_,: \“’E2+A2'

The trace over color-flavor indices led to the quantities

(1) —

n=

(2) —

mn~—

<0.0556 0.2863

(o.osse o.239§
0.2865 2.4502’

0.2391 2.1182°

n=

= _( 0.0556
-0.2865 -0.128

- 0.2863
, and

~(2)_< 0.0556 —0.2393

= . 55
M \-0.2391 -0.033 69

Note that these matrices include off-diagonal components:
the weak interactions can scatter the singlet fermionic quas
particle into one of the octet fermionic quasiparticles, and
vice versa. We discuss the color-flavor trace further in Ap-

pendix B 1.

We now want to calculate the contribution to the quark
polarization tensor from the collective response of the me-

dium. This is depicted in Fig. 6. Its value is

e e (56
where
Q= [ 22 S I8 RICE Eprarn o o)
(27 meng
XUL(P,p + Q) + C(= Ep, = Eprgy &m prm prg)
XU(p,p + )], (57)
with

PHYSICAL REVIEW C 70, 055803(2004)

CE E¢.H= (2@%25){[”(5)‘ (g)](%
—E+E -¢+¢ ,
- T) +[1-n(§)-n(&)]
X(_ “E+E'-¢-¢
—¢-¢
+—'E+E'+§+§')}. (58)
Qo+ &+ ¢

The quantityRﬁ) arises from the color-flavor trace. Its value
is

1 4
R(13)=—§ and Rgf):—g. (59)
Also,
_ o e
g(Q)=1+ZGJ(2£3(1+D-p+Q)
X, D(Ep,Eprqn An)RY, (60)
where
D(E',E,A - EE’ - A2
( )= (25)(25){&1(&) n(&)1(gg' - )
=)
X —
Qoté-& Qo &+¢
+[1-n(& - n(&)](&€ +EE +A?)
( 1 1 )}
X - = - (61)
Qo—&E-¢& Qo+té+é
and
RP”=4 and Ry =8. (62)

We discuss the color-flavor traces further in Appendix B 2.
The quantityg(Q) should vanish whei,=q=0 in order
to describe a massless excitation. That is, we must have

0=1- ZGJ(2 )? {[1 2n(§1p)]§1p

8
+[1-2n(& p)]—}- (63
58 p

This is the gap equation. It gives a critical temperatligze
~0.71A(T=0), in agreement with Ref{48].

In Fig. 8 we plot —ImII% for various temperatures as a
function of g/ (qcy), wherecs=1/y3, which is the expected
velocity of the Goldstone mode. The dashed line is the qua-
sifree response, and the solid line is the {tilat is, quasifree
plus collective response. The momentum transferred to the
medium is fixed afg=60 MeV. We use the quark chemical
potential ©=400 MeV. The gap at zero temperature As
=50 MeV, and the critical temperatureTs=35.7 MeV. The
leftmost panel illustrate$/T.=0.50. At this temperature the
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-] S N L S L L LA A B B B B B -] e e e i e o s e e 1 e e
T-0.85T,| T=1.1 T |
T=0.5T,1 T=11T,
— 2 =400 MoV 25 a0k i
£ A(T=0)=50 MoV - 6 _
-~ q=60 MeV E
1.5 - 20
T cs-1N3 > 4
Y () {30 -
g 2
B 1 L4 —15
E i 20k 4
' 05¢ 0|8 10
'c.g ”
0Z > 5 |10k .
0 L
,}I M 0

0 oL~ N N PR I B |
FIG. 8. We plot —ImIT% for CFL matter at various temperatures 2101 222 -1q0/% q1 271050 05 f

as a function ofgy/(qcy), wherec,=1/y3, with fixed =60 MeV. s

The dashed line is the quasifree response, and the solid line is the £ 9 e plot the differential cross section for neutral-current

full (that is, quasifree plus collectiyeesponse. We use the quark o tring scattering in CFL matter as a function of the dimensionless

chemical potentiak.=400 MeV. The gap at zero temperaturedis 5 iahleq,/(qc.), with c.=1/13 and with momentum transfer set to

=50 MeV, and the critical temperature Tg=35.7 MeV. the typical incoming neutrino energg=E,==T. The spike at

Jo/(qcy) =1 is the Goldstone-mode response. We use the quark
gap isA=46.7 MeV. As in the one-component case, we findchemical potentia.=400 MeV. The gap at zero temperatureAis
a narrow peak abouiy/(qcy) =1, confirming our expectation =50 MeV, and the critical temperature Tg=35.7 MeV.

about the Goldstone mode. There is a thresholdoqcy) ter, plotted in Fig. 3 and in color-flavor locked quark matter,

=2.69, corresponding tq=24, and th_ere is an additional plotted in Fig. 9, under conditions relevant to proto-neutron-
small response fogo/(qcy) <1.73, that isGo=q. The CFL 31"\ results apply above and below the critical tempera-
response function is much more busy than that in the oneyre |n hoth of these regimes our model for the interaction in
component cas¢see Fig. ¥ because of additional effects at the medium includes the dominant contribution to the cross
do=A,3A,4A, arising from the fact that some fermionic qua- section. Above the critical temperature, this comes from the
siparticles in CFL matter have a gapand some have a gap fermionic excitations, which become the pair-breaking exci-
2A. The upper right panel illustratég T,=0.85. At this tem-  tations below the critical temperature. Well below the critical
perature the gap ia=30.0 MeV. The peak associated with temperature the dominant contribution comes from the mass-
the Goldstone mode has widened, and its height has shruné&ss bosonic mode associated with the breaking (@f) LAl-
relative to the response ap=2A, but it overlaps with the though we presented results for scattering cross sections with
gJo=q response, which has grown. The lower panel illus-spacelike kinematics, our polarization functions extend into
tratesT/T,=1.10. At this temperature the gapAs=0. Only  the timelike region where pair breakiignd recombination
the gp=<q response is seen, as expected. is the dominant source of the response. These could be em-
In Fig. 9 we plot the differential cross section for neutral- ployed in calculations of the neutrino emissivity. In particu-
current neutrino scattering in CFL matter. The energy of thdar, we have demonstrated the importance of vertex correc-
incoming neutrino i€, =T, the typical energy of a thermal tions in these regions. Our results suggest that earlier
neutrino. The momentum transferred to the medium is set tealculations of the neutrino emissivity from the pair recom-
g=E,. Kinematics demand -1.723qy/(qc) <1.73. The pa- inbation process in superfluid neutron maf#8] and quark
rameters are otherwise as in Fig. 8. The leftmost panel isatter [25], which ignore these vertegRPA) corrections,
againT/T,=0.50. There are prominent peaks negf(qc,) need to be revised.
=+1 corresponding to the Goldstone mode. The expected The analysis presented here is based on mean-field and
feature atgy=2A, corresponding to excitation of a particle- the random phase approximation. Its validity is restricted to
hole pair, does not lie in the kinematically allowed region of weak couplingA < u. For strong coupling we can expect the
Jo- There is a small peak, however, @i/ (qc)=-1.44, or response to differ quantitatively. In particular, screening cor-
—-0p=A, corresponding to scattering of a singlet quark, whosegections that were discussed earlier could be significant. An-
gap is 2\, into an octet quark, whose gap4s The middle  other drawback is our use of simplified interactions to de-
panel illustratesT/T.=0.85. The Goldstone peak has wid- scribe superfluid neutron and quark matter. Our focus was to
ened, and the threshold at,=2A—corresponding to explore the role of superfluidity and this motivated our
0o/ (gcs) = 1.09—now falls in the kinematically allowed re- choice of a simple zero-rangewave interaction. In reality,
gion. The rightmost panel illustratdd T,=1.10. This is the the nucleon-nucleon and quark-quark interactions are more

result for free quarks. complex. These will induce additional correlations, which
will affect both the gap equation and the respor§@r a
VI. CONCLUSION recent review on the role of strong interaction correlations on

neutrino opacities see Rg#9].) Given the nonperturbative
We have calculated the differential cross section fornature of these corrections it is difficult to foresee how large
neutral-current neutrino scattering in superfluid neutron matthey may be.
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Although our results are valid both above and below the 1 d*p
critical temperature, we have implicitly assumed that the Hng(Q)z_iE f (ZW)JF[Y" (cv—CaYs)G'(P)
transition is a BCS-like second-order transition. Several ca-
veats must be borne in mind when using our results figar Xy(Cy = Cays)GF (P + Q) — y(Cy— Cays) E~(P)
In the real system this transition may be first order either due v —_ _ —+
to gauge field fluctuationgs0] or stresses such as the strange Xy oy +Ccays) Z7(P+Q) — ¥#(Cy + Cays) Z7(P)
guark mass and electric charge neutralig]. Also, fluctua- Xy (Cy—Cpvs)E (P + Q) + v*(cy + Cays)G (P)
tions of the magnitude of the order parameter dominate in a v -
region called the Ginsburg region aroufig In strong cou- X'y + Car)G (P + Q. (A2)
pling, the size of this region could be significant fraction where the remaining trace is over Dirac indices. We will
of T, [52]. Our approach captures some of these fluctuawrite down the value of each of the four traces above. First,
tions through RPA. Nonetheless, a Landau-Ginsburg

approach—an effective theory fbk|, is more appropriate in Trly*(cy — Ca¥s)G (P)y"(Cy — CaYs)G' (P + Q)]
this regime[53]. In particular, there are precursor fluctua- +E +O.+E

tions just aboveT,, which are not included in our response, = (pg Zp)(po q02 g+q){(c\2,+ AT (p,p+Q)
that may be relevant4]. These effects are currently under [P = &Il(P+ Ao = &g

investigation and will be reported elsewhere. - 2c,caV*(p,p + )},

Our primary goal was to provide expressions for the dif-
ferential cross sections that could be used in simulations ovhere7}” is defined by
the early thermal evolution of neutron stars born in the after- ) ok
math of a supernova explosion. The microphysics of neutrino T (P1P2) = Trlvo " Ap, Y0¥ A 1, (A3)
scattering affects the rate of diffusion, which in turn affects . '
macroscopic observables such as the cooling rate and tr‘?é‘dWr is defined by
neutrino emission from core-collapse supernovae. Our re- v, - + pAE
sults, which extend both to the low- and high-temperature WE(P1P2) = Ty YAy v0¥"Ap, Y6l (A4)
regions, are well suited for use in simulations of core-gxplicit evaluation of7** andW*” gives Eqgs(39) and(40),
collapse supernovae and early thermal evolution of neutropespectively. The second term in Eé2) is
stars.

Tr[= y*(cy = cays) E"(P)y"(cy + Cays) ET(P + Q)]
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APPENDIX A: CALCULATION OF THE POLARIZATION VE(P1.p2) = T yo ¥ Ap Y0¥ A, ¥s]- (A6)

TENSOR FOR THE RELATIVISTIC SUPERFLUID
Explicit evaulation ot/ and V}” gives Eqs(41) and(42),
In this appendix we detail the calculation of the mediumrespectively. The third term in EgA2) is
polarization tensor for the one-component relativistic super-
fluid. In Sec. A 1 we evaluate the contribution from the qua-  Tr[= ¥*(cy + cays) E*(P)y(cy = Cays)E (P + Q)]
sifree response function. In Sec. A 2 we include the contri- _ A2
bution from the collective response. = e
[Po = &P+ a)g = &peq)

1. Quasifree response - 2c,Ca)V(p,p + Q)1

The contribution to the medium polarization tensor can be . : .
associated with the first diagram on the right-hand side of\nd the final term in Eq(A2) is

{(c5+ AU (p,p +q)

Fig. 4. That diagram has the value TH ¥*(0y + Cav5) G (P)y"(Cy + Cay) G (P + Q)]

L[ P (Po = Ep) (Po + Go = Epg)
4(Q) =i f —_TIT4SPILS(P+Q)]. (Al) = Po” =p)P0™ Ao~ Bpra) 2 4 2y mry 1 4
qf 211z z )7 (p,p +q)

2) @m (03— &lp+ 3=l *

The factor of% is due to the doubling of fermion degrees of + 2c,caW*(p,p + q)}.

freedom in the Nambu-Gor’kov formalism. Evaluating the

trace over Nambu-Gor’kov indices gives Next, we consider the Matsubara sums:
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AE'E)= 12 (Po+ o+ E)(pp+E") (A7) the collective response of the medium. First we evaluate the
' B85 [(po+ )2 - 52][p§— &) numerator of that quantity, then the denominator.
and a. The numerator
1 1 The numerator of the right-hand side of Fig. 6 contributes
BE'.E)=—2 57, (A8)
B5 [(po+ao)”~ &llps - &' 11 &P d
where py=-i(2n+1)7/B is a fermionic Matsubara fre- - GZEE (277)4(2W)4Tr[F’Z‘S(P)FHS(P+ Q]
quency; qg=-i2ms/B is a bosonic Matsubara frequency; G
and XTHTRSKTZSK + Q)= - ZIHQI'(- Q),

§I - V,’E;2+A2 and g: \"E2+A2.
Explicit expressions foA andB are given in Eqs(37) and  Where

(38), respectively. Adding all the terms yields E&6). .
M = d'P “
2. Collective Response Q) = WTr[TZS(P)FHS(P +Q).  (A9)

In this section we detail the evaluation of the quantity
depicted on the right-hand side of Fig. 6, corresponding talo evaluate#(Q) we first compute

7(Cy = CaYs) 0 )(G*(P) E‘(P))( 0 i75>(6+(P+Q) E‘(P+Q)>}
0 -y (cv+cays) /\E*(P) G(P)/\iys 0 /J\E*(P+Q) G (P+Q)
=Trliy*(cy = cays)G (P)ysE (P + Q) +iy*(cy — Cays) E(P) y5G* (P + Q) —iy*(Cy + Cays)
XE'(P)ysG (P +Q) —iy*(cy+ Cays)G (P)ysE (P+Q)].

TrI'ZS(P)IyS(P+ Q)] = Tr[(

Now,
. N — (P + Ep)(=i4)
Trliy“(cy — Cays)G'(P)ysE (P + Q)] = - gg][ (pi 0Z- §§+q][cvu’+‘°(p,p +0) +cV%p,p + )]
Next,
: — . (iA)[(p+a)o+ Epsgl " "
THi(00 = ) (P76 (P+ Q)] = = gs]'i prans £ 0P R+ @+ P )l
And
. — _ (iA)[(p+a)o~ Epgl " "
=0y + e BT (P3G (P+ Q=5 21(p +‘;)(2) = §§+q][c\ﬂ.°(p,p +q) = ) (p,p + )]
Finally,

(Po~ Ep)(=i4)

(0= 2+ Q- 2]l PP+ - p.p+ )
0 p 0 p+q

Tr[-iy“(cy+Cays)G (P)ys= (P + Q)] =

To proceed we evaluate the Matsubara sums

1 Po+E’
C,E'\E)=—
B ) = =2l

1 , f’—E’ é«;r+Er ) , ( f’_E, gr_'_Er )}
—_ —_ —_ 1_ —_
(25)(25’){[”@ ”(5)]< et G-grg) OO e

and
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1 Po+ o+ E
C,(E',E)=—
«E"5) En[(Po"'QO)Z &p3-¢2]

[(f)_ (f)]( ¢-E - ¢+E >+[1—n(§)_n(§r)]<_qo§+E - ¢E-E )}

(25)(25){ Qoté-& q-&+¢ §-& qtétd

If we define

C(E',E) = - C(E',E) + C,(E',E)
E-E-¢+¢ E-E+¢-¢

1
(25)(25){[”(5) ”(5”( WrE-€ | Q- étE
X(_E—E’+§+§'+E—E’—§—§’> |
-é&-¢ Qo+ é+E

) +[1-n(§)-n(¢&)]

then an expression far is

d3
1(Q) = f (qusiA{C(Ep, Epeq)[0l%(p,p +a) + caVi%p,p + 0) ]+ C(= By, = Epug) [lt%(p,p + ) = caV*%(p,p + )1}

After performing thefd®p integral, the terms proportional &, vanish, leaving

d3
IM(Q) = f (27T[;3IA CV[C(Epa Ep+q)ufo(pap + Q) + C(_ Epy_ Ep+q)ug0(pap + Q)]

This is Eq.(44).

b. The denominator

In this section we evaluate the denominator of the right-hand side of Fig. 6. It has the value

1( d*P
gQ =1+ GZE f 2 TSP+ QI'yS(P)Iy]

(2m)

1 d*P
=1+G2; f o TSP+ QTSPIT]
d*P {(G*(P+Q) E‘(P+Q))<o iy5)<G+(P) E‘(P))(O iy5>]
=1+G 21 | =y _ . o _ .
(2m) Z'(P+Q G (P+Q/\iys 0 /\E"(P) G(P)/\iys O

d*P
=1-G f WTV[E_(P +Q)ysE (P)ys+ G'(P+ Q)G (P)ys + G (P+Q)ysG'(P)ys + E*(P + Q) ¥sE"(P) ¥5]

[(p + Q)O + Ep+q](p0 p) - A%+ [(p + q)O — Ep+q](p0 + Ep) - A?
[(p+)F~ &2, lP5— &)

-1+Gf( )4(1+p p+q)

=1+2G f (27:))3(1 +f’ P + a) {[n(fp) - n(§p+q)](§p+q§p - Ep+qu - AZ)

__r
(25)(26p1q)

1 1
- (&) n(§p+q)](§p+q§p *Eprabp A2)< Qo~ &~ ép+q ) Ooté&pt §p+q>} .

APPENDIX B: COLOR-FLAVOR TRACES IN THE quired to evaluate the polarization tensor for CFL matter.
POLARIZATION TENSOR FOR CFL MATTER The two-gap color-flavor structure of the quark propagator

In Appendix A we evaluated the polarization tensor for complicates things. We discuss in this appendix the color-
the one-component, relativistic superfluid. This involvedflavor traces that must be computed to evaluate the CFL
traces over Nambu-Gor’kov and Dirac indices, as well as golarization tensor. First we discuss the color-flavor traces
sum over Matsubara frequencies. Similar calculations are regnvolved in the evaluation of the quasifree response, and then
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we discuss the color-flavor traces involved in the evaluation R? = TrlcP.caP S ~D
. =TrlcyPmnCaPrl + TrlcaPmcyPnl.
of the collective response. R = TrLyPmCaPn] + TH CAPmCyPn]
Explicit values for these quantities are given in Esb).

1. Quasifree response 2. Collective response

The contribution to the polarization tensor from the quasi- \y\e now want to calculate the contribution to the quark
free response of the medium comes from the first term on thBoIarization tensor from the collective response associated
right-hand side of Fig. 6. Evaluating this diagram involves aith the H boson, depicted in Fig. 6. The color-flavor traces
trace over Nambu-Gor'kov and Dirac indices, as well as 8pyglved in calculating this contribution are much simpler
Matsubara sum—these calculations are similar to those ighan those involved in calculating the quasifree response,
the relativistic case. The complication in the present casgjyce theH-quark coupling does not mix the singlet and octet

comes from the trace over color-flavor indices, due to thequasiquarks. To evaluate the numerator of Fig. 6, we only
two-gap structure of CFL matter. The color-flavor trace in-paed the coefficients

volves the quantities

G = T o P .MP..]= TH{c,P.MP.] = Tr[caP,MP
RE%%:TY[C\/PmCVPn]+TI’[CAPmCAPn], Rm [ Vi m m] [ Vim m] [ A m m]

= Tr{CAPMP,].
R,= T CyPrCaPn] + TH{CAPHCVP,], This is explicitly evaluated in Eq59). To evaluate the de-
nominator, we only need the coefficients
Rh= T CyPmCyPn] + THCAPHCAPS], RO = T{MP,,MP,,] = T{MP,MP,].
and This is explicitly evaluated in Eq62).
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