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The quasielastic(QE) contribution of the nuclear inclusive electron scattering model developed by Gil,
Nieves, and Oset[Nucl. Phys.A627, 543 (1997); A627, 599 (1997)] is extended to the study of electroweak
charged current(CC) induced nuclear reactions, at intermediate energies of interest for future neutrino oscil-
lation experiments. The model accounts for, among other nuclear effects, long range nuclear[random phase
approximation(RPA)] correlations, final state interaction(FSI), and Coulomb corrections. Predictions for the
inclusive muon capture in12C and the reaction12C snm ,m−dX near threshold are also given. RPA correlations
are shown to play a crucial role and their inclusion leads to one of the best existing simultaneous description
of both processes, with accuracies of the order of 10–15 % for the muon capture rate and even better for the
Liquid Scintillating Neutrino Detector(LSND) measurement.
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I. INTRODUCTION

The neutrino-induced reactions in nuclei at intermediate
energies play an important role in the study of neutrino prop-
erties and their interaction with matter[1]. A good example
of this is the search for neutrino oscillations, and hence phys-
ics beyond the standard model[2]. Several experiments are
planned or under construction[1], aimed at determining the
neutrino oscillation parameters with high precision. The data
analysis will be sensitive to sources of systematic errors,
among them nuclear effects at intermediate energies(nuclear
excitation energies ranging from about 100 MeV to 500 or
600 MeV), being then of special interest to come up with a
unified many-body framework(MBF) in which the elec-
troweak interactions with nuclei could be systematically
studied. Such a framework would necessarily include three
different contributions:(i) quasielastic(QE) processes,(ii )
pion production and two-body processes from the QE region
to that beyond theDs1232d resonance peak, and(iii ) double
pion production and higher nucleon resonance degrees of
freedom induced processes. Any model aiming at describing
the interaction of neutrinos with nuclei should be first tested
against the existing data of interaction of real and virtual
photons with nuclei. The literature is rich on this subject, but
the only model that has been successfully compared with
data at intermediate energies and that systematically includes
the first and the second of the contributions, and partially
also the third one, mentioned above, is the model developed
in Refs. [3] (real photons), and [4] (virtual photons). This
model is able to describe inclusive electron-nucleus scatter-
ing, total nuclear photoabsorption data, and also measure-
ments of photo- and electronuclear production of pions,
nucleons, pairs of nucleons, pion-nucleon pairs, etc. The
building blocks of this model are(1) a gauge invariant model
for the interaction of real and virtual photons with nucleons,
mesons, and nucleon resonances with parameters determined
from the vacuum data, and(2) a microscopic treatment of
nuclear effects, including long and short range nuclear cor-
relations[5], a final state interaction(FSI), explicit meson
andDs1232d degrees of freedom, two and even three nucleon

absorption channels, etc. The nuclear effects are computed
starting from a local Fermi gas(LFG) picture of the nucleus,
and their main features, expansion parameter, and all sorts of
constants are completely fixed from previous hadron-nucleus
studies(pionic atoms, elastic and inelastic pion-nucleus re-
actions,L hypernuclei, etc.) [6]. The photon coupling con-
stants are determined in the vacuum, and the model has no
free parameters. The results presented in Refs.[3,4] are pre-
dictions deduced from the framework developed in Refs.
[5,6]. One might think that the LFG description of the
nucleus is poor, and that a proper finite nuclei treatment is
necessary. For inclusive processes and nuclear excitation en-
ergies of at least 100 MeV or higher, the findings of Refs.
[4,3,6] clearly contradict this conclusion. The reason is that
in these circumstances one should sum up over several
nuclear configurations, both in the discrete and in the con-
tinuum, and this inclusive sum is almost not sensitive to the
details of the nuclear wave function, in sharp contrast to
what happens in the case of exclusive processes where the
final nucleus is left in a determined nuclear level. On the
other hand, the LFG description of the nucleus allows for an
accurate treatment of the dynamics of the elementary pro-
cesses(interaction of photons with nucleons, nucleon reso-
nances, and mesons, interaction between nucleons or be-
tween mesons and nucleons, etc.), which occur inside the
nuclear medium. Within a finite nuclei scenario, such a treat-
ment becomes hard to implement, and often the dynamics is
simplified in order to deal with more elaborate nuclear wave
functions. This simplification of the dynamics cannot lead to
a good description of nuclear inclusive electroweak pro-
cesses at the intermediate energies of interest for future neu-
trino oscillation experiments.

Our aim is to extend the nuclear inclusive electron scat-
tering model of Ref.[4], including the axial charged current
(CC) degrees of freedom, to describe neutrino- and
antineutrino-induced nuclear reactions. This is a long range
project; in this work we present our model for the QE region,
and hence it constitutes the first step towards this end. We
also present results for the inclusive muon capture in12C and
predictions for the Liquid Scintillating Neutrino Detector
(LSND) measurement of the reaction12C snm ,m−dX near
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threshold. Both processes are clearly dominated by the QE
contribution and are drastically affected by the inclusion of
nuclear correlations of the RPA type. We find

Gfm−
12Cg = 3.23 104 s−1, s̄snmd = 11.93 10−40 cm2, s1d

in good agreement with data(discrepancies of the order of
10–15 % for the muon capture rate), despite that those mea-
surements involve extremely low nuclear excitation energies
[smaller than 15–20s25–30d MeV in the first(second) case],
where the LFG picture of the nucleus might break down.
However, it turns out that the present model provides one of
the best existing combined description of these two low-
energy measurements, which increases our confidence on the
QE predictions of the model at the higher transferred ener-
gies of interest for future neutrino experiments. Some pre-
liminary results were presented in Ref.[7].

There is a rich literature both on the inclusive muon cap-
ture in nuclei[8–18], and on the CC neutrino-nucleus cross
section in the QE region[14–31]. Among all these works, we
would like to highlight those included in Refs.[12] (m cap-
ture) and[21] (CC QE scattering) by Oset and collaborators.
The framework presented in these works is quite similar to
that employed here. Nicely done and in a very simple man-
ner, these works show the most important features of the
strong nuclear renormalization effects affecting the nuclear
weak responses in the QE region. The main differences with
the work presented here concern to the RPA resummation,
which, and as consequence of the acquired experience in the
inclusive electron scattering studies[4], is here improved, by
considering effects not only in the vector-isovector channel
of the nucleon-nucleon interaction, but also in the scalar-
isovector one. Besides, a more complete tensorial treatment
of the RPA response function is also carried out in this work,
leading all of these improvements to a better agreement with
data. In addition, here we also evaluate the FSI effects for
intermediate nuclear excitation energies, not taken into ac-
count in the works of Ref.[21], on the neutrino-induced
nuclear cross sections.

The paper is organized as follows. After this introduction,
we deduce the existing relation among the CC neutrino in-
clusive nuclear cross sections and the gauge bosonW self-
energy inside the nuclear medium(Sec. II). In Secs. III and
IV we study in detail the QE contribution to the neutrino and
antineutrino nuclear cross section, paying special attention to
the role played by the strong renormalization of the CC in
the medium(Sec. III A) and to the FSI effects(Sec. III C).
The inclusive muon capture in nuclei and the relation of this
process with inclusive neutrino-induced reactions are exam-
ined in Sec. V. The results and main conclusions of this work
are compiled in Secs. VI and VII. Finally, in the Appendixes,
some detailed formulae are given.

II. CC NEUTRINO INCLUSIVE NUCLEAR REACTIONS

A. General formulae

We will focus on the inclusive nuclear reaction driven by
the electroweak CC,

nlskd + AZ → l−sk8d + X, s2d

though the generalization of the obtained expressions to an-
tineutrino induced reactions, neutral current processes, or in-
clusive muon capture in nuclei is straightforward. The
double differential cross section, with respect to the outgoing
lepton kinematical variables, for the process of Eq.(2) is
given in the laboratory frame by

d2snl

dVsk̂8ddEl8
=

ukW8u

ukWu

G2

4p2LmsWms s3d

with kW and kW8 the laboratory lepton momenta,El8=skW82

+ml
2d1/2 and ml the energy and the mass of the outgoing

lepton (mm=105.65 MeV,me=0.511 MeV), respectively,G
=1.1664310−11 MeV−2, the Fermi constant, andL and W
the leptonic and hadronic tensors, respectively. The leptonic
tensor is given by[in our convention, we takee0123= +1 and
the metricgmn=s+,−,−,−d]:

Lms = Lms
s + iLms

a = km8ks + ks8km − gmsk ·k8 + iemsabk8akb.

s4d

The hadronic tensor includes all sort of nonleptonic vertices
and corresponds to the charged electroweak transitions of the
target nucleus,i, to all possible final states. It is thus given
by1

Wms =
1

2Mi
o

f

s2pd3d4sPf8 − P − qdkf u jcc
m s0duilkf u jcc

s s0duil*

s5d

with Pm the four-momentum of the initial nucleus,Mi =P2

the target nucleus mass,Pf8 the total four-momentum of the
hadronic statef, and q=k−k8 the four-momentum trans-
ferred to the nucleus. The bar over the sum denotes the av-
erage over initial spins, and finally for the CC we take

jcc
m = C̄ugms1 − g5dscosuCCd + sin uCCsd s6d

with Cu, Cd, andCs quark fields, anduC the Cabibbo angle
scosuC=0.974d. By construction, the hadronic tensor accom-
plishes

Wms = Ws
ms + iWa

ms s7d

with Ws
ms sWa

msd real symmetric(antisymmetric) tensors. To
obtain Eq.(3) we have neglected the four-momentum carried
out by the intermediateW boson with respect to its mass, and
have used the existing relation between the gauge weak cou-
pling constant,g=e/sinuW, and the Fermi constantG/Î2
=g2/8MW

2 , with e the electron charge,uW the Weinberg
angle, andMW the W-boson mass.

The hadronic tensor is completely determined by six in-
dependent, Lorentz scalar and real, structure functions
Wisq2d,

1Note that(i) Eq. (5) holds with states normalized so thatkpW upW8l
=s2pd32p0d3spW −pW8d, (ii ) the sum over final statesf includes an
integrationed3pj / ss2pd32Ejd, for each particlej making up the sys-
tem f, as well as a sum over all spins involved.
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Wmn

2Mi
= − gmnW1 +

PmPn

Mi
2 W2 + i

emngdPgqd

2Mi
2 W3 +

qmqn

Mi
2 W4

+
Pmqn + Pnqm

2Mi
2 W5 + i

Pmqn − Pnqm

2Mi
2 W6. s8d

Taking qW in the z direction, i.e.,qW = uquuWz, andPm=sMi ,0Wd, it
is straightforward to find the six structure functions in terms
of the W00, Wxx=Wyy, Wzz, Wxy, andW0z components of the
hadronic tensor.2 After contracting with the leptonic tensor
we obtain

d2snl

dVsk̂8ddEl8
=

ukW8uEl8MiG
2

p2 H2W1sin2 u8

2
+ W2cos2

u8

2

− W3
En + El8

Mi
sin2u8

2
+

ml
2

El8sEl8 + ukW8ud
FW1 cosu8

−
W2

2
cosu8 +

W3

2
SEl8 + ukW8u

Mi
−

En + El8

Mi
cosu8D

+
W4

2
Sml

2

Mi
2 cosu8 +

2El8sEl8 + ukW8ud
Mi

2 sin2u8D
− W5

El8 + ukW8u
2Mi

GJ s10d

with En the incoming neutrino energy andu8 the outgoing
lepton scattering angle. The cross section does not depend on
Mi, as can be seen from the relations of Eq.(9), and also note
that the structure functionW6 does not contribute.

B. Hadronic tensor and the gauge boson self-energy
in the nuclear medium

In our MBF, the hadronic tensor is determined by the
W+-boson self-energy,PW

mrsqd, in the nuclear medium. We
follow here the formalism of Ref.[4], and we evaluate the
self-energy,Sn

r sk;rd, of a neutrino, with four-momentumk
and helicityr, moving in infinite nuclear matter of densityr.
Diagrammatically this is depicted in Fig. 1, and we get

− iSn
r sk;rd =E d4q

s2pd4ūrskdH− i
g

2Î2
gL

miDmasqd

3f− iPW
absq;rdgiDbssqdi

k”8 + ml

k82 − ml
2 + ie

3S− i
g

2Î2
DgL

sJurskd s11d

with Dmasqd=s−gma+qmqa /MW
2 d / sq2−MW

2 + ied, PW
mhsq;rd is

the virtualW+ self-energy in the medium,gL
m=gms1−g5d, and

the spinor normalization is given byūu=2m. Since right-
handed neutrinos are sterile, only the left-handed neutrino
self-energy,Snsk;rd, is not zero and obviouslySnsk;rd
=orSn

r sk;rd. The sum over helicities leads to traces in
Dirac’s space and thus we get

Snsk;rd =
8iG

Î2MW
2 E d4q

s2pd4

LhmPW
mhsq;rd

k82 − ml
2 + ie

. s12d

The neutrino disappears from the elastic flux, by induc-
ing one-particle-one-hole(1p1h), 2p2h,… excitations,
Ds1232d-hole sDhd excitations, or creating pions, etc., at a
rate given by

Gsk;rd = −
1

k0 Im Snsk;rd. s13d

We get the imaginary part ofSn by using Cutkosky’s rules.
In this case we cut with a straight vertical line(see Fig. 1) the
intermediate lepton state and those implied by theW-boson
polarization(shaded region). Those states are then placed on
the shell by taking the imaginary part of the propagator, self-
energy, etc. Thus, we obtain fork0.0

Im Snskd =
8G

Î2MW
2 E d3k8

s2pd3

Qsq0d
2El8

ImhPW
mhsq;rdLhmj

s14d

2These relations read

W1 =
Wxx

2Mi
, W2 =

1

2Mi
SW00 + Wxx +

sq0d2

uqW u2
sWzz− Wxxd − 2

q0

uqW u
ReW0zD ,

W3 = − i
Wxy

uqW u
,

W4 =
Mi

2uqW u2
sWzz− Wxxd, W5 =

1

uqW uSReW0z −
q0

uqW u
sWzz− WxxdD , s9d

W6 =
Im W0z

uqW u
.

FIG. 1. Diagrammatic representation of the neutrino self-energy
in nuclear matter.
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with Qs¯d the Heaviside function. SinceGdtdSprovides a
probability times a differential of area, which is a contribu-
tion to thesnl , ld cross section, we have

ds = Gsk;rddtdS= −
1

k0 Im Snsk;rddtdS

= −
1

ukWu
Im Snsk;rdd3r s15d

and hence the nuclear cross section is given by

s = −
1

ukWu
E Im Sn„k;rsrd…d3r , s16d

where we have substitutedSn as a function of the nuclear
density at each point of the nucleus and integrate over the
whole nuclear volume. Hence, we assume the local density
approximation,(LDA ), which, as shown in Ref.[3], is an
excellent approximation for volume processes like the one
studied here. Coming back to Eq.(14) we find

d2snl

dVsk̂8ddk80
= −

ukW8u

ukWu

G2

4p2S2Î2

g
D2E d3r

2p
hLmh

s ImsPW
mh + PW

hmd

− Lmh
a ResPW

mh − PW
hmdjQsq0d s17d

and then by comparing to Eq.(3), the hadronic tensor reads

Ws
ms = − Qsq0dS2Î2

g
D2E d3r

2p
ImfPW

ms + PW
smgsq;rd,

s18d

Wa
ms = − Qsq0dS2Î2

g
D2E d3r

2p
RefPW

ms − PW
smgsq;rd.

s19d

As we see, the basic object is the self-energy of the gauge
boson sW±d inside of the nuclear medium. Following the
lines of Ref.[4], we should perform a many-body expansion,
where the relevant gauge boson absorption modes would be
systematically incorporated: absorption by one nucleon, or a
pair of nucleons or even three nucleon mechanisms, real and
virtual meson sp ,r , . . .d production, excitation ofD of
higher resonance degrees of freedom, etc. In addition,
nuclear effects such as RPA or short range correlations3

(SRC) should also be taken into account. Some of theW
absorption modes are depicted in Fig. 2.

Up to this point the formalism is rather general and its
applicability has not been restricted to the QE region. In this
work we will focus on the QE contribution to the total cross
section, and it will be analyzed in detail in the next section.

III. QE CONTRIBUTION TO PW
mn
„q; r…

The virtualW+ can be absorbed by one nucleon leading to
the QE contribution of the nuclear response function. Such a
contribution corresponds to a 1p1h nuclear excitation(first of
the diagrams depicted in Fig. 2). To evaluate this self-energy,
the free nucleon propagator in the medium is required:

3For that purpose we use an effective interaction of the Landau-
Migdal type.

FIG. 2. Diagrammatic repre-
sentation of some diagrams con-
tributing to theW+ self-energy.
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Ssp;rd = sp” + MdGsp;rd,

Gsp;rd = S 1

p2 − M2 + ie
+

2pi

2EspWd
d„p0 − EspWd…QskF − upW udD

s20d

with the local Fermi momentumkFsrd=f3p2rsrd /2g1/3, M
=940 MeV the nucleon mass, andEspWd=ÎM2+pW2. We will
work on a nonsymmetric nuclear matter with different Fermi
sea levels for protons,kF

p, than for neutrons,kF
n (equation

above, but replacingr /2 by rp or rn, with r=rp+rn). On the
other hand, for theW+pn vertex we take

kp;pW8 = pW + qW u jcc
a s0dun;pWl = ūspW8dsVa − Aaduspd s21d

with vector and axial nucleon currents given by

Va = 2scosuCdSF1
Vsq2dga + imV

F2
Vsq2d
2M

sanqnD ,

Aa = cosuCGAsq2dSgag5 +
2M

mp
2 − q2qag5D s22d

with mp=139.57 MeV. Partially conserved axial current and
invariance underG parity have been assumed to relate the
pseudoscalar form factor to the axial one and to discard a
term of the formspm+p8mdg5 in the axial sector, respectively.
Invariance under time reversal guarantees that all form fac-
tors are real. Besides, due to isospin symmetry, the vector
form factors are related to the electromagnetic ones:4

F1
Vsq2d =

1

2
fF1

psq2d − F1
nsq2dg,

(24)

mVF2
Vsq2d =

1

2
fmpF2

psq2d − mnF2
nsq2dg

and for the axial form factor we use

GAsq2d =
gA

s1 − q2/MA
2d2, gA = 1.257,MA = 1.049 GeV.

s25d

With all of these ingredients it is straightforward to evaluate
the contribution to theW+ self-energy of the first diagram of
Fig. 2,

− iPW
mnsq0,qWd = − cos2 uCS g

2Î2
D2E d4p

s2pd4Amnsp,qd

3Gsp;rndGsp + q;rpd s26d

with the CC nucleon tensor given by

Amnsp,qd = TrHF2F1
Vgm − 2imV

F2
V

2M
smaqa − GA

3Sgmg5 −
2M

mp
2 − q2qmg5DGsp” + q” + Md

3F2F1
Vgn + 2imV

F2
V

2M
snbqb − GA

3Sgng5 +
2M

mp
2 − q2qng5DGsp” + MdJ . s27d

The Dirac space traces above can be easily done and the
nucleon tensor can be found in Appendix A. Subtracting the
divergent vacuum contribution in Eq.(26), we finally get
from Eqs.(18) and (19)

Wmnsq0,qWd = −
cos2 uC

2M2 E
0

`

drr2

3H2Qsq0d E d3p

s2pd3

M

EspWd
M

EspW + qWd
Q„kF

nsrd

− upW u…Q„upW + qW u − kF
psrd…s− pd

3d„q0 + EspWd − EspW + qWd…uAnmsp,qdup0=EspWdJ .

s28d

The d3p integrations above can be analytically done and all
of them are determined by the imaginary part of the relativ-

istic isospin asymmetric Lindhard function,ŪRsq,kF
n ,kF

pd.
Explicit expressions can be found in Appendix B.

Up to this point the treatment is fully relativistic and the
four-momentum transferred to the nucleus can be compa-
rable or higher than the nucleon mass.5 At low and interme-
diate energies, RPA effects become extremely large, as
shown, for instance, in Ref.[12]. To account for RPA effects,
we will use a nucleon-nucleon effective force[33] deter-
mined from calculations of nuclear electric and magnetic
moments, transition probabilities, and giant electric and mag-
netic multipole resonances using a nonrelativistic nuclear dy-
namics scheme. This force, supplemented by nucleon-
Ds1232d and Ds1232d-Ds1232d interactions[5,6], was suc-
cessfully used in the work of Ref.[4] on inclusive nuclear
electron scattering. In this latter reference a nonrelativistic
LFG is also employed. Thus, it is of interest to discuss also
the hadronic tensor of Eq.(28) in the context of a nonrela-

4We use the parameterization of Galster and collaborators[32],

F1
N =

GE
N + tGM

N

1 + t
,

mNF2
N =

GM
N − GE

N

1 + t
, s23d

GE
p =

GM
p

mp
=

GM
n

mn
= − s1 + lntd

GE
n

mnt
= S 1

1 − q2/MD
2 D2

with t=−q2/4M2, MD=0.843 GeV, mp=2.792 847, mn=
−1.913 043, andln=5.6.

5The only limitation on its size is given by possible quark effects,
not included in the nucleon form factors of Eqs.(23)–(25).
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tivistic Fermi gas. This is easily done by replacing the factors
M /EspWd andM /EspW +qWd in Eq. (28) by one. Explicit expres-
sions can be now found in Appendix C.

Pauli blocking, through the imaginary part of the
Lindhard function, is the main nuclear effect included in the
hadronic tensor of Eq.(28). In the next sections, we will
study different nuclear corrections toWmn.

To finish this section, we devote a few words to the low
density theorem(LDT). At low nuclear densities the imagi-
nary part of the relativistic isospin asymmetric Lindhard
function can be approximated by

Im ŪRsq,kF
n,kF

pd < − prn
M

EsqWd
d„q0 + M − EsqWd… s29d

and thus one readily finds6

snl+AZ→l−+X < Nsnl+n→l−+p, N = A − Z, s31d

which is accomplished with the LDT. For future purposes we
give in Appendix D thenl +n→ l−+p differential cross sec-
tion.

A. RPA nuclear correlations

When the electroweak interactions take place in nuclei,
the strengths of electroweak couplings may change from
their free nucleon values due to the presence of strongly
interacting nucleons[12]. Indeed, since the nuclear experi-
ments onb decay in the early 1970s[34], the quenching of
axial current is a well-established phenomenon. We follow
here the MBF of Ref.[4], and take into account the medium
polarization effects in the 1p1h contribution to theW self-
energy by substituting it by an RPA response as shown dia-
grammatically in Fig. 3. For that purpose we use an effective
ph-ph interaction of the Landau-Migdal type,

V = c0hf0srd + f08srdtW1tW2 + g0srdsW 1sW 2 + g08srdsW 1sW 2tW1tW2j,

s32d

wheresW andtW are Pauli matrices acting on the nucleon spin
and isospin spaces, respectively. Note that the above interac-
tion is of contact type, and therefore in coordinate space one
has VsrW1,rW2d~dsrW1−rW2d. As mentioned before, the coeffi-
cients were determined in Ref.[33] from calculations of
nuclear electric and magnetic moments, transition probabili-
ties, and giant electric and magnetic multipole resonances.
They are parametrized as

f i„rsrd… =
rsrd
rs0d

f i
sind + F1 −

rsrd
rs0dG f i

sexd, s33d

where

f0
sind = 0.07, f08

sexd = 0.45,

f0
sexd = − 2.15, f08

sind = 0.33, s34d

g0
sind = g0

sexd = g0 = 0.575,g08
sind = g08

sexd = g08 = 0.725,

andc0=380 MeV fm3. In the S=1=T channel(sW sW tWtW opera-
tor) we use an interaction with explicitp (longitudinal) andr
(transverse) exchanges, which has been used for the renor-
malization of the pionic and pion related channels in differ-
ent nuclear reactions at intermediate energies[3–6]. Thus we
replace

c0g08srdsW 1sW 2tW1tW2 → tW1tW2 o
i,j=1

3

s1
i s2

j Vij
st,

Vij
st = sq̂iq̂jVlsqd + sdi j − q̂iq̂jdVtsqdd s35d

with q̂=qW / uqW u, and the strengths of the ph-ph interaction in
the longitudinal and transverse channel are given by

Vlsq0,qWd =
f2

mp
2HSLp

2 − mp
2

Lp
2 − q2 D2 qW2

q2 − mp
2 + gl8sqdJ ,

f2

4p
= 0.08, Lp = 1200 MeV,

Vtsq0,qWd =
f2

mp
2HCrSLr

2 − mr
2

Lr
2 − q2 D2 qW2

q2 − mr
2 + gt8sqdJ , s36d

Cr = 2, Lr = 2500 MeV,mr = 770 MeV.

6The energy of the outgoing lepton is completely fixed once the
Fermi distribution of the nucleons is neglected. Thus all structure
functionsWi get the energy conservation Diracd into their defini-
tion. Indeed, we have

Wmn =
N cos2 uC

8MEsqWd
d„q0 + M − EsqWd…Anmuup=sM,0Wd. s30d

FIG. 3. Set of irreducible diagrams responsible for the polariza-
tion (RPA) effects in the 1p1h contribution to theW self-energy.
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The SRC functionsgl8 and gt8 have a smoothq depen-
dence[5,35], which we will not consider here,7 and thus we
will take gl8sqd=gt8sqd=g8=0.63 as was done in the study of
inclusive nuclear electron scattering carried out in Ref.[4],
and also in some of the works of Ref.[6]. Note thatc0g08 and
g8f2/mp

2 differ from each other in less than 10%.
We also includeDs1232d degrees of freedom in the

nuclear medium, which, given the spin-isospin quantum
numbers of theD resonance, only modify the vector-
isovectorsS=1=Td channel of the RPA response function.
The ph-Dh and Dh-Dh effective interactions are obtained

from Eqs. (35) and (36) by replacingsW →SW, tW→TW , where

SW ,TW are the spin, isospinND transition operators[5] and f
→ f * =2.13f, for any D that replaces a nucleon.

Thus, the V lines in Fig. 3 stand for the effective
phsDhd-phsDhd interaction described so far. Given the iso-
spin structure of theW±NN coupling, the isoscalar terms(f0
and g0) of the effective interaction cannot contribute to the
RPA response function. We should stress that this effective
interaction is nonrelativistic, and then for consistency we
will neglect terms of orderOsp2/M2d when summing up the
RPA series.

To start with, let us examine how the axial vector term
(GAgmg5t+/2, wheret±=tx± ity are the ladder isospin opera-
tors responsible for then to p and p to n transitions,t+unl
=2upl) of the CC axial current is renormalized. As mentioned
above, we will only compute the higher density corrections,
implicit in the RPA series, to the leading and next-to-leading
orders in thep/M expansion. The nonrelativistic reduction of
the axial vector term in the nucleon current reads

GAūr8spW8d
t+

2
gmg5urspd = 2MGAxr8

† S− gmisi + gm0sW · spW + pW8d
2M

+ ¯ D t+

2
xr, i = 1,2,3 s37d

with pW8=pW +qW, andxr a nonrelativistic nucleon spin-isospin
wave function. In Eq.(37) there is a sum on the repeated
index i and the dots stand for corrections8 of order
OspW2/M2,pW82/M2,q0/Md. In the impulse approximation, this
current leads to a CC nucleon tensor,9

Amnusp,qduaxial vector
NR = 8M2sA1

mn + A2
mnd,

A1
mn = GA

2gmign jdi j , s38d

A2
mn = − GA

2sgmign0 + gm0gnid
s2pW + qWdi

2M

with i , j =1,2,3 andthere is again a sum for repeated indi-
ces. The tensorAmnusp,qduaxial vector

NR can be also obtained from
the nonrelativistic reduction ofAmnsp,qd in Eq. (A1). TheA1

contribution comes from the leading operator −gmisit+/2,
and involves the trace ofGA

2sis j (1p1h excitation depicted in
the first diagram of Fig. 3). Let us consider first this simple
operator and only forward propagating(direct term of the
Lindhard function) ph excitations. Taking into account the
spin structure of this operator the scalar termf08 of the effec-
tive interaction does not contribute either, and thus we are
left with the spin-isospin channel of the effective interaction,
oi jVij

sts1
i s2

j tW1tW2. Let us now look at the irreducible diagrams
consisting of the excitation of one and two ph states(first and
second diagrams of Fig. 3). The contribution of those dia-
grams to theW self-energy is

PW
ij ~ kpu

t+

2
unlknu

t−

2
upl

Ū

2
Trssis jd + kpu

t+

2
unlknutWuplkputWunl

3knu
t−

2
uplS Ū

2
D2

o
k,l=1

3

TrssisldTrssks jdVlk
st

= Ūsq,kF
n,kF

pdfdi j + 2Ūsq,kF
n,kF

pdVst
i j g. s39d

The excitation of three ph states gives a contribution

of Ūs2Ūd2okVst
ik Vst

kj =Ūs2Ūd2 fq̂iq̂jVl
2+sdi j − q̂iq̂jdVt

2g to PW
ij .

Thus, the full sum of multiple ph excitation states, implicit in
Fig. 3, leads to two independent geometric series, in the lon-
gitudinal and transverse channels, which are taken into ac-
count by the following substitution in the hadronic tensor
sWmnd,

di j8M2GA
2 Im Ūsq,kF

n,kF
pd

→ 8M2GA
2 ImHŪsq,kF

n,kF
pdS q̂iq̂j

1 − 2Ūsq,kF
n,kF

pdVlsqd

+
di j − q̂iq̂j

1 − 2Ūsq,kF
n,kF

pdVtsqd
DJ

= 8M2GA
2 Im Ūsq,kF

n,kF
pdS q̂iq̂j

u1 − 2Ūsq,kF
n,kF

pdVlsqdu2

+
di j − q̂iq̂j

u1 − 2Ūsq,kF
n,kF

pdVtsqdu2
D . s40d

The factor 2 in the denominator above and that in Eq.(39)
comes from the isospin dependence,tW1·tW2, of the effective
ph-ph interaction. Taking account ofDh and backward
(crossed term of the Lindhard function) propagating ph ex-

citations(see Fig. 3), not accounted for byŪ, is readily done

by substituting 2Ū in the denominator byUsq,kFd=UN

+UD, the Lindhard function of Ref.[35], which for simplic-
ity we evaluate10 in an isospin symmetric nuclear medium of
densityr. The different couplings forN andD are incorpo-

7This is justified because taking into account theq dependence
leads to minor changes for low and intermediate energies and mo-
menta, where this effective ph-ph interaction should be used.

8Note thatq0/M is of the orderuqW u2/M2.
9Keeping up to next-to-leading terms in thep/M expansion.

10The functionsUN andUD are defined in Eqs.(2.9) and (3.4) of
Ref. [35], respectively. Besides, note that in a symmetric nuclear

mediumUN=2Ū+ backward propagating ph excitation. For positive
values ofq0 the backward propagating ph excitation has no imagi-
nary part, and for QE kinematicsUD is also real.
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rated inUN andUD and then the same interaction strengthsVl
andVt are used for ph andDh excitations[5,6]. TakingqW in
the z direction, Eq.(40) implies that the axial vector contri-
bution to the transversesxx,yyd and longitudinalszzd com-
ponents of the hadronic tensor get renormalized by different
factors 1/u1−Usq,kFdVtsqdu2 versus 1/u1−Usq,kFdVlsqdu2.

Let us pay now attention to the termA2 in Eq. (38), which
comes from the interference between the −gmisit+/2 and
t+gm0fsW ·spW +pW8dg /4M operators in Eq.(37). The consider-
ation of the full RPA series leads now to the substitution11

8M2 q0

uqW u
GA

2 Im Ūsq,kF
n,kF

pd → 8M2 q0

uqW u
GA

2 Im Ūsq,kF
n,kF

pd
u1 − Usq,kFdVlsqdu2

s41d

in the 0z andz0 components of the hadronic tensorWmn.
Keeping track of the responsible operators, we have ex-

amined and renormalized all different contributions to the
CC nucleon tensorAmn, by summing up the RPA series de-
picted in Fig. 3. The 00, 0z, zz, xx, andxy components of the
RPA renormalized CC nucleon tensor12 can be found in Ap-
pendix A. As mentioned above, since the phsDhd-phsDhd ef-
fective interaction is nonrelativistic, we have computed po-
larization effects only for the leading and next-to-leading
terms in the p/M expansion. Thus, order
OskFpW2/M2,kFpW82/M2,kFq0/Md has been neglected in the
formulae of Appendix A. We have made an exception to the
above rule, and sincemV could be relatively large, we have
takenmVF2

VuqW u /M to be of orderOs0d in the p/M expansion.
Finally, we should stress that the scalar-isovector term of the
effective interactionsf8d cannot produceDh excitations, and
therefore, when this term is involved in the RPA renormal-
ization, only the nucleon Lindhard functionsUNd appears
[see coefficientCN in Eq. (A9)].

To finish this section we will discuss the differences be-
tween the medium polarization scheme presented here and
that undertaken in Refs.[12,21]. There is an obvious differ-
ence, since in these latter references the scalar-isovector term
sf8d of the ph-ph effective interaction was not taken into
account. In addition, there are some differences concerning
the tensorial treatment of the RPA response function. In the
framework presented in this work we first evaluate the 1p1h
hadronic tensor and all sorts of polarization(RPA) correc-
tions to the different components of this tensor. In a second
step we contract it with the leptonic tensor and obtain the
differential cross section.13 The RPA corrections do not de-
pend only on the different terms of the nucleon currents, but
also on the particular component of the hadronic tensor that

is being renormalized. Thus, as it is obvious, the RPA cor-
rections, in general, are different for each of the terms[sF1

Vd2,
sF2

Vd2, F1
VF2

V, GA
2, GP

2, GAGP, F1
VGA, and F2

VGA, with GP

=2MGA/ smp
2 −q2d] appearing in the CC nucleon tensor. Be-

sides, for a fixed term, the polarization effects also depend on
the tensor component. Indeed, we have already mentioned
this fact in the discussion of Eq.(40), where we saw that the
axial vector contribution to the transversesxx,yyd and the
longitudinal szzd components of the hadronic tensor get
renormalized by different factors.

In the works of Refs.[12,21] the 1p1h hadronic tensor,
without polarization effects included, is first contracted with
the leptonic one. This contraction is denoted as, up to global

kinematical factors,ōo uTu2 in those references. In a second
step, the authors of Refs.[12,21] study the medium polariza-

tion corrections toōo uTu2. They find different medium cor-
rections for each of the terms of the CC nucleon tensor
[sF1

Vd2, . . ., F2
VGA], as we do. However, for a fixed term, they

cannot independently study the effect of the RPA resumma-
tion in each of the different tensor components, since they
are not dealing with the hadronic tensor itself, but with the
contraction of it with the leptonic one. As a matter of ex-
ample, to account for the RPA corrections to the axial vector-
axial vector term, the following substitution is given in Refs.
[12,21]:

GA
2 → GA

2S 2

3u1 − Usq,kFdVtsqdu2
+

1

3u1 − Usq,kFdVlsqdu2D .

s42d

The above substitution can be recovered from Eq.(40) by

contracting this latter equation withdi j , and replacing 2Ū
→U. Thus, Eq.(42) is strictly correct, neglecting terms14 of

order p/M, only for the contribution toōo uTu2 obtained
from the contraction of the hadronic tensor with thegmn

term15 of the leptonic one. The prescription of Eq.(42) is not

correct for those contributions toōo uTu2 arising from the
contraction of thekm8ks+ks8km terms of the leptonic tensor
with the axial vector–axial vector contribution ofWmn. Note,
however, that neglecting the bound muon three-momentum16

and up to terms of orderp/M, Eq. (42) is correct for the
study of inclusive muon capture in nuclei, where it was first
used by the authors of Refs.[12,21], and it is also reasonable
for neutrino-nucleus reactions at low energies, where the
RPA effects are more important.

B. Correct energy balance and Coulomb distortion effects

To ensure the correct energy balance in the reaction(2)
for finite nuclei, the energy-conservingd function in Eq.(28)
has to be modified[12,21]. The energiesEspWd andEspW +qWd in

11To evaluate the longitudinal contribution we use 2pz+qz=s2pW
+qWd ·qW / uqW u=q0 f2EspWd+q0g / uqW u=2Mq0/ uqW u+OspW2/M2,q0/Md. Be-
sides, the transverse part of the effective interaction does not con-
tribute sincesdzk− q̂zq̂kds2pW +qWdk=0.

12These are the needed components to compute the hadronic ten-
sor Wmn, whenqW is taken in thez direction.

13Note that the differential cross section is determined by the 00,
0z, zz, xx, andxy components ofWmn through their relation to the
Wi=1,. . .,5 structure functions. See Eqs.(9) and (10).

14Medium renormalization effects are taken into account in these
terms by means of the substitution of Eq.(41).

15Note that the axial vector-axial vector contribution toW00 is
orderOspW2/M2d.

16This is an accurate approximation and we will also make use of
it in Sec. V.
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the argument of thed function refer to the LFG of the nucle-
ons in the initial and final nucleus. In the Fermi sea there is
no energy gap for the transition from the occupied to the
unoccupied states and hence ph excitations can be produced
with a small energy,QLFGsrd=EF

psrd−EF
nsrd. However, in ac-

tual nuclei there is a minimum excitation energy,Q
=MsAZ+1d−MsAZd, needed for the transition to the ground
state of the final nucleus. For instance, thisQ value is
16.827 MeV for the transition12Cgs→12Ngs and the consid-
eration of this energy gap is essential to obtain reasonable
cross sections for low-energy neutrinos. We have taken it
into account by replacing

q0 → q0 − fQ − QLFGsrdg s43d

in the d function of the right hand side of Eq.(28).
The second effect that we want to address here is due to

the fact that the charged lepton produced in the reaction of
Eq. (2) is moving in the Coulomb field of the nucleus de-
scribed by a charge distributionrchsrd. In our scheme, we
implement the corrections due to this effect following the
semiclassical approximation used in Ref.[21]. Thus, we in-
clude a self-energy(Coulomb potential) in the intermediate
lepton propagator of the neutrino self-energy depicted in Fig.
1. We approximate this selfenergy inside the LFG by

SC = 2k80VCsrd,

VCsrd = − 4paS1

r
E

0

r

dr8r82rchsr8d +E
r

+`

dr8r8rchsr8dD
s44d

with a=1/137.036 and the charge distribution,rch, normal-
ized to Z. The evaluation of the imaginary part of then
self-energy in the medium requires to put the intermediate
lepton propagator on the mass shell. Following Cutkosky’s
rules, and neglecting quadratic corrections inVC, we find

1

k82 − ml
2 − 2k80VCsrd + ie

→ − ip
dsk80 − El8d

k80 Q„Êl8srd − ml…,

s45d

whereEl8 is the asymptotical outgoing lepton energy in re-
gions where the Coulomb potential can be neglected, and the

local outgoing lepton energy,Êl8srd, is defined by energy con-
servation

Êl8srd + VCsrd = Îml
2 + KW 82srd + VCsrd = El8. s46d

Because of the Coulomb potential, the outgoing lepton three-

momentum,KW 8, is not longer conserved, and it becomes a

function of r, taking its asymptotical value,kW8, at large dis-
tances. Therefore,qW should also be replaced by a local func-

tion: qW8srd=kW −KW 8srd. Furthermore, from thed3k8 integration
in Eq. (14), and considering now the locality of the three-
momentum, we get from phase space a correction factor

uKW 8srduÊl8srd / ukW8uEl8. This way of taking into account the Cou-
lomb effects has clear resemblances with what is called
“modified effective momentum approximation” in Ref.[36].

The use of a plane-wave approximation in the interaction
region is equivalent to the assumption that the Coulomb po-
tential does not change the direction of the particles when
they leave the nucleus. It should therefore not strongly alter
an outgoing negatively charged lepton wave packet, which
asymptotically is spherical, after it leaves the nucleus except
by slowing it down and thereby changing the average radial
wavelength and amplitude as the wave moves to largerr. As
is shown in Ref.[36], for total cross sections this procedure
works very accurately for muons down to low energies. For
low-energy electrons and positrons it is less accurate, and the
use of the Fermi functionFsZ,El8d [37] is widely accepted in
the literature. Anyway, Coulomb effects are small and they
become relatively sizable only for neutrino-induced reactions
near threshold and/or for heavy nuclei.

To summarize the results of Secs. III A and III B, our final
expression for the hadronic tensor is given by

Wmnsq0,qWd = −
cos2 uC

2M2 E
0

`

drr2
uKW 8srduÊl8srd

ukW8uEl8
QsÊl8srd − mld

3H2Qsq80d E d3p

s2pd3

M

EspWd
M

EspW + qW8d

3Q„kF
nsrd − upW u…Q„upW + qW8u − kF

psrd…s− pdd„q80

+ EspWd − EspW + qW8d…uARPA
nm sp,q8dup0=EspWdJ s47d

with q80=q0−fQ−QLFGsrdg, qW8srd=kW −KW 8srd, andARPA
mn given

in Appendix A 2.

C. FSI effects

Once a ph excitation is produced by the virtualW boson,
the outgoing nucleon can collide many times, thus inducing
the emission of other nucleons. The result is a quenching of
the QE peak with respect to the simple ph excitation calcu-
lation and a spreading of the strength, or widening of the
peak. The integrated strength over energies is not much af-
fected though. A distorted wave approximation with an opti-
cal (complex) nucleon nucleus potential would remove all
these events. However, if we want to evaluate the inclusive
snl , l

−d cross section these events should be kept and one
must sum over all open final state channels.

In our MBF we will account for the FSI by using nucleon
propagators properly dressed with a realistic self-energy in
the medium, which depends explicitly on the energy and the
momentum[39]. This self-energy leads to nucleon spectral
functions in good agreement with accurate microscopic ap-
proaches like the ones of Refs.[40,41]. The self-energy of
Ref. [39] has a proper energy-momentum dependence plus
an imaginary part from the coupling to the 2p2h components,
which is equivalent to the use of correlated wave functions,
evaluated from realisticNN forces and incorporating the ef-
fects of the nucleon force in the nucleon pairs. Thus, we
consider the many-body diagram depicted in Fig. 4(there the
dashed lines stand for anNN interaction inside of the nuclear
medium[5,39]).
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However, a word of caution is in order since the imagi-
nary part of this diagram presents a divergency. The reason is
that when placing the 2p2h excitation on the mass shell
through Cutkosky rules, we still have the square of the
nucleon propagator with momentump+q in the figure. This
propagator can be placed on shell for virtualW bosons and
we get a divergence.

The divergence is not spurious, in the sense that its mean-
ing is the probability per unit time of absorbing a virtualW+

by one nucleon times the probability of collision of the final
nucleon with other nucleons in the infinite Fermi sea in the
lifetime of this nucleon. Since this nucleon is real, its life-
time is infinite and thus the probability is infinite, as well.
The problem is physically solved[42] by recalling that the
nucleon in the Fermi sea has a self-energy with an imaginary
part that gives it a finite lifetime(for collisions). This is taken
into account by iterating, in the Dyson equation sense, the
nucleon self-energy insertion of Fig. 5 in the nucleon line,
hence substituting the particle nucleon propagator,Gsp;rd,
in Eq. (20) by a renormalized nucleon propagator,
GFSIsp;rd /2M, including the nucleon self-energy in the me-
dium, Ssp0,pW ;rd,

GFSIsp;rd =
1

p0 − ĒspWd − Ssp0,pW ;rd
s48d

with ĒspWd=M +pW2/2M. As mentioned above, we use here the
nucleon self-energy model developed in Ref.[39], which led
to excellent results in the study of inclusive electron scatter-
ing from nuclei [9]. Since the model of Ref.[39] is not
Lorentz relativistic and it also considers an isospin symmet-
ric nuclear medium, we will only discuss the FSI effects for
nuclei with approximately equal number of protons and neu-
trons, and using nonrelativistic kinematics for the nucleons
(see Appendix C). Thus, we have obtained Eq.(48) from the
nonrelativistic reduction ofGsp;rd, in Eq. (20), by including
the nucleon self-energy.

Alternatively to the nucleon self-energy language, one can
use the spectral function representation

GFSIsp;rd =E
−`

m Shsv,pW ;rd
p0 − v − ie

dv +E
m

` Spsv,pW ;rd
p0 − v + ie

dv,

s49d

whereSh, Sp are the hole and particle spectral functions re-
lated to nucleon self-energyS by means of

Sp,hsv,pW ;rd

= 7
1

p

Im Ssv,pW ;rd

fv − ĒspWd − ReSsv,pW ;rdg2 + fIm Ssv,pW ;rdg2

s50d

with vùm andvøm for Sp andSh, respectively. The chemi-
cal potentialm is determined by

m = M +
kF

2

2M
+ ReSsm,kFd. s51d

By means of Eq.(49) we can write the ph propagator or new
Lindhard function incorporating the effects of the nucleon
self-energy in the medium, and we have for its imaginary
part (for positive values ofq0)

Im ŪFSIsq;kFd = −
Qsq0d
4p2 E d3pE

m−q0

m

dvShsv,pW ;rd

3Spsq0 + v,pW + qW ;rd. s52d

Comparing the above expression with that of the ordinary
imaginary part of the nonrelativistic Lindhard function, Eq.
(C3), one realizes that to account for FSI effects in an isospin
symmetric nuclear medium of densityr we should make the
following substitution

FIG. 4. W+ self-energy diagram obtained from the first diagram
depicted in Fig. 2 by dressing up the nucleon propagator of the
particle state in the ph excitation.

FIG. 5. Insertion of the nucleon self-energy on the nucleon line
of the particle state.
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2Qsq0d E d3p

s2pd3Q„kF
nsrd − upW u…Q„upW + qW u − kF

psrd…s− pd

3d„q0 + ĒspWd − ĒspW + qWd…Anmusp,qdup0=ĒspWd

→ −
Qsq0d
4p2 E d3pUE

m−q0

m

dvShsv,pW ;rd

3Spsq0 + v,pW + qW ;rdAnmusp,qdup0=ĒspWd s53d

in the expression of the hadronic tensor[Eq. (28)]. The d3p
integrations have to be done numerically. Indeed, the integra-
tions are not trivial from the computational point of view,
since in some regions the spectral functions behave liked
functions. We use the spectral functions calculated in Ref.
[39], but since the imaginary part of the nucleon self-energy
for the hole states is much smaller than that of the particle
states at intermediate nuclear excitation energies, we make
the approximation of setting to zero ImS for the hole states.
This was found to be a good approximation in[43]. Thus, we
take

Shsv,pW ;rd = d„v − ÊspWd…Q„m − Êspd…, s54d

where Êspd is the energy associated with a momentumpW
obtained self-consistently by means of the equation

ÊspWd = ĒspWd + ReS„ÊspWd,pW ;r…. s55d

It must be stressed that it is important to keep the real part of
S in the hole states when renormalizing the particle states
because there are terms in the nucleon self-energy largely
independent of the momentum and that cancel in the ph
propagator, where the two self-energies subtract.

On top of the FSI corrections examined here, one should
also take into account the nuclear corrections studied previ-
ously in Secs. III A and III B.

IV. CC ANTINEUTRINO-INDUCED NUCLEAR
REACTIONS

The cross section for the antineutrino-induced nuclear re-
action

n̄lskd + AZ → l+sk8d + X s56d

is easily obtained from the expressions given in Secs. II and
III with the following modifications:

(a) Changing the sign of the parity-violating terms, pro-
portional toW3, in the differential cross section, Eq.(10).

(b) Replacing theW+ self-energy in the medium,PW
mn, by

that of theW− bosonsP̄W
mnd. This is achieved by exchanging

the role of protons and neutrons in all formulas

P̄W
mn(rpsrd ,rnsrd)=PW

mn(rnsrd ,rpsrd).
(c) Changing the sign ofVC, which turns out to be repul-

sive for positive charged outgoing leptons.
(d) Correcting the LFG energy balance with the difference

Q̄−Q̄LFGsrd, with Q̄=MsAZ−1d−MsAZd and Q̄LFGsrd=EF
nsrd

−EF
psrd.

V. INCLUSIVE MUON CAPTURE IN NUCLEI

In this section we study them-atom inclusive decay, that
is to say, the reaction

sAZ − m−dbound
1s → nmskd + X. s57d

It is obvious that the dynamics that governs this process is
related to that of antineutrino-[Eq. (56)] and neutrino-[Eq.
(2)] induced nuclear processes, but a distinctive feature is
that the nuclear excitation energies involved in them-atom
decay are extremely low(smaller than<20 MeV). In this
energy regime one might expect important inaccuracies in
the LFG description of the nucleus. However and due to the
inclusive character of the process, we will see that our MBF
leads to reasonable results, with discrepancies of the order of
10–15 % at most, with RPA effects as large as a factor of 2.
We should emphasize that similar conclusions were achieved
in the works of Ref.[12], which also use a LFG picture of
the nucleus.

The evaluation of the decay width for finite nuclei pro-
ceeds in two steps. In the first one we evaluate the spin-
averaged decay width for a muon at rest17 in a Fermi sea of
protons and neutrons withNÞZ. In this first step, the strong
renormalization effects(RPA) will be also taken into account

and thus we will end up with a decay widthĜ, which will be
a function of the proton and neutron densities. In the second
step, we use the LDA to go to finite nuclei and evaluate

G =E d3r uf1ssrWdu2Ĝ„rpsrd,rnsrd…, s58d

wheref1ssrWd is the muon wave function in the 1s state from
where the capture takes place. It has been obtained by solv-
ing the Schrödinger equation with a Coulomb interaction,
taking account of the finite size of the nucleus and vacuum
polarization[38]. Equation(58) amounts to saying that every
bit of the muon, given by the probabilityuf1ssrWdu2d3r, is sur-
rounded by a Fermi sea of densitiesrpsrd, rnsrd. The LDA
assumes a zero range of the interaction, or equivalently no
dependence onqW. The qW dependence of the interaction is
extremely weak for them-atom decay process, and thus the
LDA prescription becomes highly accurate[12].

The spin-averaged muon decay width, in an infinite
nuclear matter of densitiesrpsrd and rnsrd, is related to
the imaginary part of the self-energy(see Fig. 6),
Sm

r (rpsrd ,rnsrd), of a muon at rest and spinr in the medium
by

Ĝ„rpsrd,rnsrd… = −
1

mm

Im Sm„rpsrd,rnsrd…, Sm =
1

2o
r

Sm
r .

s59d

To evaluate the imaginary part of the self-energy associated
with the diagram of Fig. 6, the intermediate states are placed
on shell in the integration over the internal variables. These
states are those crossed by the dash-dotted line in Fig. 6. The

17In what follows, we will neglect the three-momentum of the
bound muon.
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evaluation of them self-energy is almost identical to that of
a neutrino in Fig. 1, and thus we obtain18 from Eq. (14),

Ĝ„rpsrd,rnsrd… = −
1

mm

4G
Î2MW

2 E d3k

s2pd3

Qsq0d

2ukWu

3ImhP̄W
mh
„q;rpsrd,rnsrd…Lmhj s60d

with q0=mm− ukWu and uqW u= ukWu. For kinematical reasons, only
the QE part of theW− self-energy will contribute to the muon
decay width and thus we find

Ĝ„rpsrd,rnsrd… =
G2 cos2 uC

mm
E d3k

s2pd3

1

2ukWu
LmhTmhsq;rp,rnd

=
G2 cos2 uC

2p2 E
0

+`

kW2S− t1 +
t2
2

+ ukWut3 +
mm

2

2
t4

+ mmt5DdukWu, s61d

where the tensorTmn is defined as

Tmnsq;rp,rnd

= −
1

4M2H2Qsq0d E d3p

s2pd3

M

EspWd
M

EspW + qWd
Q„kF

psrd

− upW u…Q„upW + qW u − kF
nsrd…

3s− pdd„q0 + EspWd − EspW + qWd…ARPA
mn usp,qdup0=EspWdJ

; t1g
mn + t2l

mln + it3emnablaqb + t4q
mqn + t5slmqn

+ lnqmd with lm = s1,0Wd. s62d

The similitude of the above equation with Eq.(28) is clear.
As in this latter case, thed3p integrations in Eq.(62) can be
done analytically(see Appendix B) and all of them are de-
termined by the imaginary part of the relativistic isospin

asymmetric Lindhard function,ŪRsq,kF
n ,kF

pd. For a nonrela-

tivistic Fermi gas, the decay width is easily obtained from
Eq. (62) by replacing the factorsM /EspWd andM /EspW +qWd by
one. Analytical expressions can be now found in Appendix
C. FSI effects can be also taken into account by performing
the substitution of Eq.(53).

Thus, both the muon decay process in the medium and the
electroweak inclusive nuclear reactionsnlskd+AZ→ l−sk8d
+X in the QE regime are sensitive to the same physical fea-
tures,W±pn vertex, and RPA and FSI effects. However, in
the muon-atom decay only very small nuclear excitation en-
ergies are explored, 0–25 MeV, while in the latter processes
higher nuclear excitation energies can be tested by varying
the incoming neutrino momentum.

The 1s muon binding energy,Bm
1s.0, can be taken into

account, by replacingmm→m̂m=mm−Bm
1s. This replacement

leads to extremely small(significant) changes for light
(heavy) nuclei, where Bm

1s is of the order of 0.1 MeV
s10 MeVd (see Table I).

Finally, the correct energy balance in the decay can be
enforced in the LFG by replacing

q0 → q0 − fQ̄ − Q̄LFGsrdg = m̂m − ukWu − fQ̄ − Q̄LFGsrdg
s63d

in Eqs.(61) and (62).

VI. RESULTS

Firstly, we compile in Table I the input used for the dif-
ferent nuclei studied in this work. Nuclear masses and charge
densities are taken from Refs.[44,45], respectively. For each
nucleus, we take the neutron matter density approximately
equal(but normalized toN) to the charge density, though we
consider small changes, inspired by Hartree-Fock calcula-
tions with the density-matrix expansion[46] and corrobo-
rated by pionic atom data[47]. However, charge(neutron)
matter densities do not correspond to proton(neutron) point-
like densities because of the finite size of the nucleon. This is
taken into account by following the procedure outlined in
Sec. II of Ref.[47] [see Eqs.(12–14) of this reference].

A. Inclusive neutrino reactions at low energies

In this section we present results obtained by using non-
relativistic kinematics for the nucleons. We do not include
FSI effects, since in Sec. III C we made the approximation of
setting to zero ImS for the hole states. For low nuclear ex-
citation energiessø60d, this approximation is not justified,
because the imaginary part of the self-energy of particle and
hole states are comparable[39]. The inclusion of FSI effects
would lead to a quenching of the QE peak of the bare ph
calculation, and a spreading of the strength[4,28,29,48,49].
However, FSI effects on integrated quantities are small.
From the results of the next section we estimate in,5–10 %
the theoretical error of the integrated cross sections and total
muon capture rates presented in this section.

The processes studied in this section explore quite low
nuclear excitation energiessø25–30 MeVd, and hence one
might expect that a proper finite nuclei treatment could be in

18There is a factor 1/2 of difference coming from the averaged
over initial spins of the muon, besides theW− self-energy arises
since the negative muon decay process is related to the antineutrino-
induced process, and the contribution of parity-violating terms flips
sign.

FIG. 6. Diagrammatic representation of the muon(at rest) self-
energy in nuclear matter.
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order. Indeed, these processes are sensitive to the excitation
of giant resonances[16,18,25,27]. As mentioned in the Intro-
duction, our purpose is to describe the interaction of neutri-
nos and antineutrinos with nuclei at higher energies(nuclear
excitation energies of the order of 100–600 MeV) of interest
for future neutrino oscillation experiments. However, our
model provides a good description of the low-energy inclu-
sive measurements analyzed in this subsection. RPA correla-
tions play an essential role and lead to reductions as large as
a factor of 2. We should remind the reader that the effective
interaction appearing in the RPA series was fitted in Ref.[33]
to giant resonances, and thus our approach incorporates the
mechanism that produces those resonances in finite nuclei.

At low energies, finite nuclei effects are expected to be
sizable for outgoing lepton energy distributions. There exist
discrete and resonance state peaks, and the continuum distri-
bution significantly differs from the LFG one. However, the
integrated strength over energies, including the discrete state
and resonance contributions, remains practically unchanged,
which explains the success of our model to describe
integrated-inclusive magnitudes. A clear example of this can
be found in Ref.[48] where the inclusive decay width of
muonic atoms by using a shell model with final neutron
states lying both in the continuum and in the discrete spec-
trum are calculated. The results are compared with those
obtained from a LFG model. Both models19 are in quite good
agreement within a few percent when the shell model density
is used in the LFG calculation. Being an integrated, inclusive
observable, the total capture width is quite independent of
the fine details of the nuclear wave functions. Similar con-
clusions were reached in the study of the radiative pion cap-
ture in nuclei,sAZ−p−dbound→g+X, performed in Ref.[49].
There, the predictions of a continuum shell model were also
extensively compared to those deduced from a LFG picture
of the nucleus. The differences found, among the integrated

decay widths predicted by both approaches, were, at most, of
the order of 4%(see Table 5 of first entry in Ref.[49]).

1. The inclusive reactions12C„nm ,m−
…X and 12C„ne,e−

…X
near threshold

In order to compare with the experimental measurements
we calculate flux-averaged cross sections

s̄ =
1

NEEn
min

En
max

dEnssEndWsEnd, N =E
En

min

En
max

WsEnddEn,

s64d

In the LSND experiment at Los Alamos, the inclusive
12Csnm ,m−dX cross section was measured using a pion decay
in-flight nm beam, with energies ranging from zero to
300 MeV, and a large liquid scillantor detector[50–52]. The
muon neutrino spectrum,WsEnd, in taken from Ref.[50] and
it is plotted in the left bottom panel of Fig. 7. We fixEn

min and
En

max to 123.1 and 300 MeV, respectively. The electron neu-
trino beams used in experiments(LAMPF, KARMEN, etc.)
have relatively low energies. Such neutrinos do not consti-
tute a monochromatic beam, and their spectrum20 is plotted
in the right bottom panel of Fig 7. The bare ph strength
spreading due to the FSI might affect the inclusive, flux-
averaged cross section because of the energy variations in
the neutrino flux. As an illustration, if some of the strength is
shifted to higher energies then some of the low-energy neu-
trinos will not be able to excite it, compared with the case
when the strength is not spread out. Of course these effects
are not very large, because some strength is also moved to
lower energies and compensates this. These uncertainties

19For simplicity in the calculations of Ref.[48], RPA effects are
not considered and the static form of the nucleon CC current is
employed.

20It is approximately described by the Michel distribution

WsEnd ~ En
2sEn

max− End, En
max=

mm
2 − me

2

2mm

, En
min = 0. s65d

TABLE I. Charge sRp,ad, neutron mattersRn,ad density parameters,Q,Q̄ values and negative muon
binding energies for different nuclei. For carbon and oxygen we use a modified harmonic oscillator(MHO)
density,rsrd=r0f1+asr /Rd2gexpf−sr /Rd2g, while for the rest of the nuclei, a two-parameter Fermi distribu-
tion, rsrd=r0/ h1+expfsr −Rd /agj, was used.

Nucleus Rp (fm) Rn (fm) a (fm)a Q [MeV] Q̄ [MeV] Bm
1s [MeV]

12C 1.692 1.692 1.082 16.827 13.880 0.100
16O 1.833 1.833 1.544 14.906 10.931 0.178
18O 1.881 1.975 1.544 1.144 14.413 0.178
23Na 2.773 2.81 0.54 3.546 4.887 0.336
40Ca 3.51 3.43 0.563 13.809 1.822 1.064
44Ca 3.573 3.714 0.563 3.142 6.170 1.063
75As 4.492 4.64 0.58 0.353 1.688 2.624
112Cd 5.38 5.58 0.58 2.075 4.462 4.861
208Pb 6.624 6.890 0.549 2.368 5.512 10.510

aThe parametera is dimensionless for the MHO density form.
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contribute to the,5–10 % theoretical error mentioned
above.

Our results for the12Csnm ,m−dX and 12Csne,e−dX reac-
tions near threshold are presented in Fig. 7 and Table II. As
can be seen in the table, the agreement with data is remark-
able. Nuclear effects turn out to be essential, and thus the
simple prescription of multiplying by a factor of 6(the num-
ber of neutrons of12C) the free spacenln→pl− cross section
overestimates the flux-averaged cross sections by a factor of
5 and of 40 for the muon and electron neutrino-induced re-
actions, respectively. The inclusion of Pauli blocking and the
use of the correct energy balance in the reaction lead to much
better results, but the cross sections are still badly overesti-

mated. Only once RPA and Coulomb corrections are in-
cluded a good description of data is achieved. RPA correla-
tions reduce the flux-averaged cross sections by about a
factor of 2, while Coulomb distortion significantly enhances
them, in particular for the electron neutrino reaction where
this enhancement is of about 30%.

In Table II, a few selected theoretical calculations[large
basis shell model(SM) results of Refs.[15,27] and the con-
tinuum RPA(CRPA) ones from Ref.[18] ] are also quoted.
Our approach might look simplified with respect to the ones
just mentioned, but in fact it is also an RPA approach built up
from single-particle states of an uncorrelated Fermi sea. This
method in practice is a very accurate tool when the excitation

FIG. 7. Predictions for the
LSND measurement of the12C
snm ,m−dX reaction (left panels)
and the12C sne,e−dX reaction near
threshold (right panels). Results
have been obtained by using non-
relativistic kinematics for the
nucleons and without FSI. Top:nm

and ne cross sections multiplied
by the neutrino fluxes, as a func-
tion of the neutrino energy. In ad-
dition to the RPA calculation
(solid line), we show results with-
out RPA correlations and Cou-
lomb corrections(dotted line), and
also (dashed line) the low-density
limit of Eq. (31). Middle: Differ-
ential muon and electron neutrino
cross sections atEnm

=179.5 MeV
(left) and Ene

=46.2 MeV (right),
as a function of the energy trans-
fer. Bottom: Neutrino spectra
from Ref. [50] (left) and Eq.(65)
(right).

TABLE II. Experimental and theoretical flux averaged12Csnm ,m−dX and 12Csne,e−dX cross sections in 10−40 cm2 units. We label our
predictions as in Fig. 7. We also quote results from other calculations(see text for details).

LDT Pauli+Q RPA SM [15] SM [27] CRPA [18] Exp.

LSND’95 [50] LSND’97 [51] LSND’02 [52]

s̄snm ,m−d 66.1 20.7 11.9 13.2 15.2 19.2 8.3±0.7±1.6 11.2±0.3±1.8 10.6±0.3±1.8

KARMEN [53] LSND [54] LAMPF [55]

s̄sne,e−d 5.97 0.19 0.14 0.12 0.16 0.15 0.15±0.01±0.01 0.15±0.01±0.01 0.141±0.023
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energy is sufficiently large such that relatively many states
contribute to the process. Obviously, because of its nature,
the method only applies to inclusive processes and it is not
meant to evaluate transitions to discrete states. The adapta-
tion of the method to finite nuclei via the LDA has proved to
be a rather precise technique to deal with inclusive photo-
nuclear reactions[3] and response functions in electron scat-
tering [4]. The effective phsDhd-phsDhd interaction used in
the RPA series has been successfully employed in different
processes[3,4,6]. There are two distinctive features of this
interaction in theS=T=1 channel, which are not incorpo-
rated in most of the finite nuclei approaches:(i) it incorpo-
rates explicit pion andr exchanges and thus the force in this
channel is split into longitudinal and transverse parts, and(ii )
it includes resonanceD degrees of freedom. The inclusion of
Dh components in the RPA series reduces the LSND flux-
averaged12C snm ,m−dX cross section by about a 15%, while
the reduction factor is about 4 times smaller for the electron
neutrino reaction, because in this latter case, the larger con-
tributions to the flux-averaged12Csne,e−dX cross section
comes from very lowsø20 MeVd nuclear excitation ener-
gies(see Fig. 7). In addition, a correct tensorial treatment of
the RPA hadronic tensor is also important, and it explains the
bulk of the existing differences between our results and those
obtained in Ref.[21] (see Sec. III A for details). As a matter
of example, in Ref.[21] a value ofs16.7±1.4d310−40 cm2 is
predicted for the LSND flux-averaged12Csnm ,m−dX cross
section. This value is about 40% higher than our result, de-
spite of using quite similar phsDhd-phsDhd effective interac-
tions. Differences are significantly smaller for the electron
neutrino flux-averaged cross section, since this reaction is
sensitive to quite lower energies.

In the middle panels of Fig. 7, we plot the outgoing lepton
energy distribution for an incoming neutrino energy near the
maximum ofssEndWsEnd (top panels). We see in these plots

the range of energies transferredsEn−El8−Qd to the daughter
nucleus: 25–30 MeV for the muon neutrino reaction and less
than 10 MeV for the electron neutrino process. Finite nuclei
distributions will present some discrete state and narrow
resonance peaks, but the integrated strength over energies
would not be much affected though, as we have already dis-
cussed.

2. Total nuclear capture rates for negative muons

After the success in describing the LSND measurement of
the reaction12Csnm ,m−dX near threshold, it seems natural to
further test our model by studying the closely related process
of inclusive muon capture in12C. Furthermore, and since
there are abundant and accurate measurements of nuclear
inclusive muon capture rates through the whole periodic
table, we have also calculated muon capture widths for a few
selected nuclei, which will be also studied below in Sec.
VI B. Our results are compiled in Table III. Data are quite
accurate, with precisions smaller than 1%, quite far from the
theoretical uncertainties of any existing model. Medium po-
larization effects(RPA correlations), once more, are essential
to describe the data, as was already shown in Ref.[12]. De-
spite the huge range of variation of the capture widths,21 the
agreement to data is quite good for all studied nuclei, with
discrepancies of about 15% at most. It is precisely for12C,
where we find the greatest discrepancy with experiment.
Nevertheless, our model provides one of the best existing
combined description of the inclusive muon capture in12C
and the LSND measurement of the reaction12Csnm ,m−dX
near threshold[18].

Finally, in Fig. 8 we show the outgoingnm energy distri-
bution from muon capture in12C, which ranges from

21Note, Gexp varies from about 43104 s−1 in 12C to 1300
3104 s−1 in 208Pb.

TABLE III. Experimental and theoretical total muon capture widths for different nuclei. Data are taken
from Ref. [56], and when more than one measurement is quoted in Ref.[56], we use a weighted average:

Ḡ /s2=oiGi /si
2, with 1/s2=ois1/si

2d. Theoretical results have been obtained by using nonrelativistic kine-
matics for the nucleons(Appendix C). To illustrate the role played by the RPA correlations, we quote two

different theoretical results:(i) Pauli+Q̄ obtained from Eq.(62) without including FSI effects and RPA

correlations[i.e., replacingARPA
mn by Amn in Eq. (62)], but taking into account the value ofQ̄; (ii ) the full

calculation, including all nuclear effects with the exception of FSI, presented in Sec. V, and denoted as RPA.
Finally, in the last column we show the relative discrepancies existing between the theoretical predictions
given in the third column and data.

Pauli+Q̄ s104 s−1d RPA s104 s−1d Exp. s104 s−1d sGexp−Gthd /Gexp

12C 5.42 3.21 3.78±0.03 0.15
16O 17.56 10.41 10.24±0.06 −0.02
18O 11.94 7.77 8.80±0.15 0.12

23Na 58.38 35.03 37.73±0.14 0.07
40Ca 465.5 257.9 252.5±0.6 −0.02
44Ca 318 189 179±4 −0.06
75As 1148 679 609±4 −0.11

112Cd 1825 1078 1061±9 −0.02
208Pb 1939 1310 1311±8 0.00
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70 to 90 MeV. The energy transferred to the daughter
nucleuss12Bd ranges from 0 to 20 MeV. We also show in
the figure the medium polarization effect on the differential
decay rate. As already mentioned, the shape of the curves in
Fig. 8 will significantly change if a proper finite nuclei treat-
ment is carried out, with the appearance of narrow peaks, but
providing similar values for the integrated widths[48].

B. Inclusive QE neutrino and antineutrino reactions
at intermediate energies

In this section we will present results on muon and elec-
tron neutrino- and antineutrino-induced reactions in several
nuclei for intermediate energies, where the predictions of the
model developed in this work are reliable, not only for inte-
grated cross sections, as in the preceding section, but also for
differential cross sections. We will present results for incom-
ing neutrino energies within the interval 150–400

s250–500d MeV for electron (muon) species. The use of
relativistic kinematics for the nucleons leads to moderate re-
ductions of both neutrino and antineutrino cross sections,
ranging these reductions in the interval 4–9 %, at the inter-
mediate energies considered in this work. Such corrections
do not depend significantly on the considered nucleus.

In Fig. 9, the effects of RPA and Coulomb corrections are
studied as a function of the incoming neutrino/antineutrino
energy. These corrections are important(20–60 %), both for
neutrino and antineutrino reactions, in the whole range of
considered energies. RPA correlations reduce the cross sec-
tions, and we see large effects, specially at lower energies.
The RPA reductions become smaller as the energy increases.
Nevertheless for the higher energies considered(500 and
400 MeV for muon and electron neutrino reactions, respec-
tively) we still find suppressions of about 20–30 %. Coulomb
distortion of the outgoing charged lepton enhances(reduces)
the cross sections for neutrino(antineutrino) processes. Cou-
lomb effects decrease with energy. For antineutrino reac-
tions, the combined effect of RPA and Coulomb corrections
have a moderated dependence onA andZ. Coulomb correc-
tions reduce the outgoing positive charged lepton effective
momentum inside of the nuclear medium. Thus, the phase

space correction factoruKW 8srd u Êl8srd / ukW8 uEl8 is smaller than
one and the cross section gets smaller. This effect, obviously
grows with Z. On the other hand, the RPA suppression de-
creases when the lepton effective momentum increases and it
grows withA. The combined effect explains the nuclear de-
pendence found in the antineutrino plots. At the higher-
energy end theA dependence becomes milder, since Cou-
lomb distortion becomes less important. In the case of
neutrinos, the increase of the cross section due to Coulomb
cancels out partially with the RPA reduction. Finally, the
existing differences between electron and muon neutrino/
antineutrino plots are due to the different momenta of an
electron and a muon with the same energy.

In Fig. 10, we show electron and muon neutrino and an-
tineutrino inclusive QE cross sections and ratios for different

FIG. 8. Inclusive muon capture differential width from12C, as a
function of the outgoing neutrino energy(top axis) and of the en-
ergy transfer(bottom axis). Nonrelativistic kinematics has been
used for the nucleons. The two calculations are labeled as in Table
III.

FIG. 9. RPA and Coulomb
(CB) corrections to electron and
muon neutrino and antineutrino
QE cross sections for different nu-
clei, as a function of the neutrino
energy. A relativistic treatment of
the nucleons is undertaken and
FSI effects are not considered.
RRPA+CB is defined asssRPA+CB

−s0d /s0, where s0 does not in-
clude RPA and Coulomb correc-
tions, while sRPA+CB includes
these nuclear effects.
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nuclei, as a function of the incoming lepton energy. Results
have been obtained with the full model presented in Sec. III,
including all nuclear effects with the exception of FSI, and
using relativistic kinematics for the nucleons. Neutrino cross
sections scale withN (number of neutrons) reasonably well,
while there exist important departures from aZ (number of
protons) scaling rule for antineutrino cross sections. These
departures can be easily understood from the discussion of
Fig. 9. To better disentangle medium effects, the free space
neutrino/antineutrino nucleon cross section multiplied by the
number of neutrons or protons is also depicted in the plots.

In Fig. 11 we show muon neutrino and antineutrino inclu-
sive QE differential cross sections as a function of the energy
transfer, for different isoscalar nuclei and different incoming
lepton energies. We see an approximateA scaling and once

more the important role played by the medium polarization
effects. Similar results(not shown in the figure) are obtained
from electron species.

The double differential cross sectionds /dEl8duqW u for the
muon neutrino reaction in calcium is shown in Fig. 12. In the
top panel, we compare the lepton scattering angle distribu-
tion for three different values of the energy transfer. As usual
in QE processes, the peaks of the distributions are placed in
the vicinity of uqW u=Î2Mq0. In the bottom panel, we show FSI
effects on the differential cross section for one of the ener-
gies sEl8=228.6 MeVd studied in the upper panel. We also
show the effects of using relativistic kinematics for the
nucleons. As anticipated, FSI provides a broadening and a
significant reduction of the strength of the QE peak. Never-
theless theuqW u integrated cross section is only slightly modi-

FIG. 10. Electron and muon
neutrino and antineutrino inclu-
sive QE cross sections and ratios
for different nuclei, at intermedi-
ate energies. Results have been
obtained with the full model with-
out FSI, and using relativistic ki-
nematics for the nucleons. For
comparison we also show results
obtained in the free space[low-
density limit, LDT, Eq.(31)].

FIG. 11. Muon neutrino and antineutrino rela-
tivistic QE differential cross sections from differ-
ent nuclei and severalnm , n̄m energies. Results,

denoted as “Pauli+Q” or “Pauli+Q̄” have been
obtained in12C and do not include RPA, FSI, and
Coulomb effects, while the rest of the results
have been obtained with the full model without
FSI.
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fied (a reduction of about 2.5% when RPA corrections are not
considered and only about 1% enhancement when they are
included).

In Fig. 13 we plot double differential cross sections for
fixed momentum transfer, as a function of the excitation en-
ergy. We show neutrino and antineutrino cross sections from
16O. FSI effects are not considered in the top panel, and one
finds the usual QE shape, with peaks placed, up to relativistic
corrections, in the neighborhood ofqW2/2M. Once more, me-
dium polarization effects are clearly visible. FSI corrections
are studied in the bottom panel, and we find the expected
broadening of the QE peak, but the integrated cross sections
remain almost unaltered.

Finally, in Table IV we compile muon and electron neu-
trino and antineutrino inclusive QE integrated cross sections
from oxygen. We present results for relativistic and nonrela-
tivistic nucleon kinematics and in this latter case, we present
results with and without FSI effects. Though FSI changes
importantly the shape of the differential cross sections, it

plays a minor role when one considers total cross sections.
When medium polarization effects are not considered, FSI
provides significant reductions(13–29 %) of the cross sec-
tions [28]. However, when RPA corrections are included the
reductions becomes more moderate, always smaller than 7%,
and even there exist some cases where FSI enhances the
cross sections. This can be easily understood by looking at
Fig. 14, where we show the differential cross section as a
function of the energy transfer forEn=375 MeV. There, we
see that FSI increases the cross section for high energy trans-
fer. But for nuclear excitation energies higher than those
around the QE peak, the RPA corrections are certainly less
important than in the peak region. Hence, the RPA suppres-
sion of the FSI distribution is significantly smaller than the
RPA reduction of the distribution determined by the ordinary
Lindhard function.

VII. CONCLUSIONS

The model presented in this paper, which is a natural ex-
tension of previous works[3–6] on electron, photon, and

FIG. 12. Muon neutrino differential cross sections in calcium as
a function of the lepton scattering angle(top) and of the momentum
transfer(bottom). The neutrino energy is 371.8 MeV. Top: Cross
sections, without FSI and using relativistic kinematics for the nucle-
ons, at different muon energies. Crosses have been obtained without
RPA and Coulomb effects, while the curves have been obtained
with the full model(up to FSI effects). Bottom: Cross sections, for
a muon energy of 228.6 MeV, obtained by using relativistic(long
dashed line REL) and nonrelativistic nucleon kinematics. In this
latter case, we present results with(solid line, FSI) and without
(short dashed line, NOREL) FSI effects. For the three cases, we
also show the effect of taking into account RPA and Coulomb cor-
rections (lower lines at the peak). The areas (in units of
10−40 cm2/MeV) below the curves are 3.50(REL), 3.87(NOREL),
and 3.77(FSI) when RPA and Coulomb corrections are not consid-
ered, and 3.13(REL), 3.49 (NOREL), and 3.53(FSI) when these
nuclear effects are taken into account.

FIG. 13. ne andn̄e differential cross sections in16O as a function
of the excitation energy, for fixed values of the momentum transfer
andEn,n̄=400 MeV. Top: Results obtained from the full relativistic
model without FSI, with(RPA) and without RPA and Coulomb

corrections(Pauli+QsQ̄d). Bottom: Results obtained by using rela-
tivistic (long dashed line, REL) and nonrelativistic nucleon kine-
matics. In this latter case, we present results with(solid line, FSI)
and without(short dashed line, NOREL) FSI effects. For the three
cases, we also show the effect of taking into account RPA and
Coulomb corrections(lower lines at the peak). The areas(in units of
10−40 cm2/MeV) below the curves are 1.02(REL), 1.13(NOREL),
and 1.01(FSI) when RPA and Coulomb corrections are not consid-
ered, and 0.79(REL), 0.90 (NOREL), and 0.85(FSI) when these
nuclear effects are taken into account.
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pion dynamics in nuclei, should be able to describe inclusive
QE neutrino and antineutrino nuclear reactions at intermedi-
ate energies of interest for future neutrino oscillation experi-

ments. Even though the scarce existing data involve very low
nuclear excitation energies, for which specific details of the
nuclear structure might play a role, our model provides one
of the best existing combined description of the inclusive
muon capture in12C and of the measurements of the12C
snm ,m−dX and 12C sne,e−dX reactions near threshold. Inclu-
sive muon capture from other nuclei is also successfully de-
scribed by the model.

The inclusion of RPA effects, in particular the nuclear
renormalization of the axial current, turned out to be ex-
tremely important to obtain an acceptable description of data.
This had been already pointed out in Refs.[12,16,18,21], and
it is a distinctive feature of nuclear reactions at intermediate
energies[3–6]. On the other hand, FSI effects, though they
produce significant changes in the shape of differential cross
sections, lead to minor changes for integrated cross sections,
comparable to the theoretical uncertainties, once RPA correc-
tions are also taken into account.

The natural extension of this work is the study of higher
transferred energies to the nucleus, also relevant for the
analysis of future experiments that aim to determine the neu-
trino oscillation parameters with high precision. For those
energies, the production of real pions and the excitation of
theDs1232d or higher resonances will be contributions to the
inclusive neutrino-nucleus cross section comparable to the
QE one, or even larger.

TABLE IV. Muon (top) and electron(bottom) neutrino(left) and antineutrino(right) inclusive QE integrated cross sections from oxygen.
We present results for relativistic(REL) and nonrelativistic nucleon kinematics. In this latter case, we present results with(FSI) and without

(NOREL) FSI effects. Results, denoted as RPA and PauliQsQ̄d have been obtained with and without including RPA correlations and
Coulomb corrections, respectively.

En (MeV)

s(16Osnm ,m−Xd) s10−40 cm2d s(16Osn̄m ,m+Xd) s10−40 cm2d

REL NOREL FSI REL NOREL FSI

500 Pauli+QsQ̄d 460.0 497.0 431.6 155.8 168.4 149.9

RPA 375.5 413.0 389.8 113.4 126.8 129.7

375 Pauli+QsQ̄d 334.6 354.8 292.2 115.1 122.6 105.0

RPA 243.1 263.9 243.9 79.8 87.9 87.5

250 Pauli+QsQ̄d 155.7 162.2 122.5 63.4 66.4 52.8

RPA 94.9 101.9 93.6 38.8 42.1 40.3

En (MeV) s(16Osne,e−Xd) s10−40 cm2d s(16Osn̄e,e+Xd) s10−40 cm2d

REL NOREL FSI REL NOREL FSI

310 Pauli+QsQ̄d 281.4 297.4 240.6 98.1 104.0 87.2

RPA 192.2 209.0 195.2 65.9 72.4 73.0

220 Pauli+QsQ̄d 149.5 156.2 121.2 60.7 63.6 51.0

RPA 90.1 97.3 92.8 36.8 40.0 40.2

130 Pauli+QsQ̄d 37.0 38.3 28.8 21.1 21.9 16.9

RPA 20.6 22.3 23.3 10.9 11.9 12.8

FIG. 14. Muon neutrino QE differential cross sections in oxygen
as a function of the energy transfer. The neutrino energy is
375 MeV. We show results for relativistic(long dashed line, REL)
and nonrelativistic nucleon kinematics. In this latter case, we
present results with(solid line, FSI) and without(short dashed line,
NOREL) FSI effects. We also show the effect of RPA and Coulomb
corrections(lower lines at the peak). The integrated cross sections
can be found in Table IV.
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APPENDIX A: CC NUCLEON TENSOR

Impulse approximation

Performing the traces in Eq.(27) and taking into account
that in Eq.(28) both the particle and the hole nucleons are on
the mass shell(p2=sp+qd2=M2,2p·q+q2=0), one finds

Amnsp,qd = 16sF1
Vd2Hsp + qdmpn + sp + qdnpm +

q2

2
gmnJ

+ 2q2smVF2
Vd2H4gmn − 4

pmpn

M2 − 2
pmqn + qmpn

M2

− qmqnS 4

q2 +
1

M2DJ − 16F1
VmVF2

Vsqmqn − q2gmnd

+ 4GA
2H2pmpn + qmpn + pmqn + gmnSq2

2
− 2M2D

−
2M2s2mp

2 − q2d
smp

2 − q2d2 qmqnJ − 16iGAsmVF2
V + F1

Vd

3emnabqapb. sA1d

The above tensor admits a decomposition of the type

Amnsp,qd = a1g
mn + a2Spmpn +

pmqn + pnqm

2
D + ia3emnabpaqb

+ a4q
mqn sA2d

and from Eq.(A1) we have

a1sq2d = 8q2HsF1
V + mVF2

Vd2 + GA
2S1

4
−

M2

q2 DJ ,

a2sq2d = 32sF1
Vd2 − 8smVF2

Vd2 q2

M2 + 8GA
2 ,

a3sq2d = 16GAsF1
V + mVF2

Vd,

a4sq2d = −
8q2

M2 smVF2
Vd2SM2

q2 +
1

4
D −

8M2GA
2

mp
2 − q2S q2

mp
2 − q2 + 2D

− 16F1
VmVF2

V. sA3d

RPA corrections

Taking qW in the z direction and after performing the RPA
sum of Fig. 3, we find, neglecting22 corrections of order
OskFpW2/M2,kFpW82/M2,kFq0/Md

ARPA
00

4M2 = 8sF1
Vd2HCNSEspWd

M
D2

+
q2/4 + q0EspWd

M2 J
− 2

q2

M2smVF2
Vd2HpW2 + q0EspWd + sq0d2/4

M2 +
sq0d2

q2 J
− 4CNF1

VmVF2
V qW2

M2 + 2GA
2Hq0EspWd + q2/4 + pW2

M2

− CL
sq0d2

mp
2 − q2S q2

mp
2 − q2 + 2DJ , sA4d

ARPA
0z

4M2 = 4sF1
Vd2HCN

EspWd
M

2pz + uqW u
M

+
q0pz

M2 J
−

q2

M2smVF2
Vd2HEspWd

M

2pz + uqW u
M

+ 2
q0uqW u
q2

+
q0s2pz + uqW ud

2M2 J − 4F1
VmVF2

Vq0uqW u
M2

+ 2GA
2HCL

EspWd
M

2pz + uqW u
2M

+
q0pz

2M2

− CL
q0uqW u

mp
2 − q2S q2

mp
2 − q2 + 2DJ , sA5d

ARPA
zz

4M2 = 8sF1
Vd2Hpz

2 + uqW upz − q2/4

M2 J
− 2

q2

M2smVF2
Vd2HS2pz + uqW u

2M
D2

+
sq0d2

q2 J
− 4Sq0

M
D2

F1
VmVF2

V + 2GA
2HCL +

pz
2 + uqW upz − q2/4

M2

− CL
qW2

mp
2 − q2S q2

mp
2 − q2 + 2DJ , sA6d

ARPA
xx

4M2 = 8sF1
Vd2Hpx

2 − q2/4

M2 J − 2
q2

M2smVF2
Vd2HCT +

px
2

M2J
− 4CT

q2

M2F1
VmVF2

V + 2GA
2HCT +

px
2 − q2/4

M2 J , sA7d

ARPA
xy

4M2 = 4iGAsF1
V + mVF2

VdSq0pz

M2 − CT
uqW uEspWd

M2 D , sA8d

with the polarization coefficients defined as

22Note thatq0/M is of the orderuqW u2/M2 and as mentioned in Sec.
III A, we have consideredmVF2

VuqW u /M of orderOs0d
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CNsrd =
1

u1 − c0f8srdUNsq,kFdu2
,

CTsrd =
1

u1 − Usq,kFdVtsqdu2
, sA9d

CLsrd =
1

u1 − Usq,kFdVlsqdu2
.

In order to preserve a Lorentz structure of the typeqmqn, for
the pseudoscalar-pseudoscalar and pseudoscalar–axial vector
terms of the CC nucleon tensor, we have kept the RPA cor-
rection to the term

sq0d2

mp
2 − q2S q2

mp
2 − q2 + 2D

in ARPA
00 , despite behaving likesq0/ uqW ud2<OsqW2/M2d.

APPENDIX B: BASIC INTEGRALS

In a nonsymmetric nuclear medium, the relativistic
Lindhard function is defined as

ŪRsq,kF
n,kF

pd

= 2E d3p

s2pd3

M

EspWd
M

EspW + qWd
QskF

n − upW udQsupW + qW u − kF
pd

q0 + EspWd − EspW + qWd + ie

+ sq → − qd. sB1d

The two contributions above correspond to the direct and the
crossed ph excitation terms, respectively. For positive trans-
ferred energy only the direct term has imaginary part, which
is given by

Im ŪRsq,kF
n,kF

pd =E d3pFRsq,pW ,kF
n,kF

pd

= − M2Qsq0dQs− q2d
2puqW u

QsEF
n − EF

p + q0d

3QsEF
n − ER

pdsEF
n − ER

pd sB2d

with

FRsq,pW ,kF
n,kF

pd = −
M2

4p2

Qsq0dd„q0 + EspWd − EspW + qWd…
EspWdEspW + qWd

3QskF
n − upW udQsupW + qW u − kF

pd, sB3d

ER
p = MaxHM,EF

p − q0,
− q0 + uqW uÎ1 − 4M2/q2

2
J , sB4d

EF
n,p = ÎM2 + skF

n,pd2,

with Maxh¯j being the maximum of the quantities included
in the bracket. To perform thed3p integrations in Eqs.(28)
and (62) is important to bear in mind that, though the LFG
breaks down full Lorentz invariance, one still has rotational
invariance; thus we find

TR
0sq,kF

n,kF
pd =E d3pFRsq,pW ,kF

n,kF
pdEspWd

=
1

2
sEF

n + ER
pdIm ŪRsq,kF

n,kF
pd, sB5d

TWRsq,kF
n,kF

pd =E d3pFRsq,pW ,kF
n,kF

pdpW

= S q2

2uqW u2
Im ŪRsq,kF

n,kF
pd +

q0

uqW u2
TR

0sq,kF
n,kF

pdDqW ,

sB6d

RR
00sq,kF

n,kF
pd =E d3pFRsq,pW ,kF

n,kF
pdE2spWd

=
1

3
fsEF

nd2 + sER
pd2 + ER

pEF
ngIm ŪRsq,kF

n,kF
pd,

sB7d

RW Rsq,kF
n,kF

pd =E d3pFRsq,pW ,kF
n,kF

pdEspWdpW

= S q2

2uqW u2
TR

0sq,kF
n,kF

pd +
q0

uqW u2
RR

00sq,kF
n,kF

pdDqW ,

sB8d

RR
ijsq,kF

n,kF
pd =E d3pFRsq,pW ,kF

n,kF
pdpipj

=
aR − bR

2
di j +

3bR − aR

2uqW u2
qiqj, i, j = 1,2,3

sB9d

with

aRsq,kF
n,kF

pd = RR
00sq,kF

n,kF
pd − M2 Im ŪRsq,kF

n,kF
pd,

sB10d

bRsq,kF
n,kF

pd =
1

4uqW u2
hq4 Im ŪRsq,kF

n,kF
pd + 4sq0d2RR

00sq,kF
n,kF

pd

+ 4q2q0TR
0sq,kF

n,kF
pdj. sB11d

APPENDIX C: NONRELATIVISTIC REDUCTION
OF THE RESULTS OF APPENDIX B

We take a nonrelativistic reduction of the nucleon disper-
sion relation

EspWd < M +
pW2

2M
; ĒspWd, sC1d

which implies, for consistency, that in the definition of the
imaginary part of the Lindhard function and in all integrals
given in Appendix B the factorsM /EspWd and M /EspW +qWd
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should be approximated by one. Thus, we have23

Ūsq,kF
n,kF

pd = 2E d3p

s2pd3

QskF
n − upW udQsupW + qW u − kF

pd

q0 + ĒspWd − ĒspW + qWd + ie

+ sq → − qd sC2d

which correspond to the direct and the crossed ph excitation
terms, respectively.24 For positive values ofq0 we have

Im Ūsq,kF
n,kF

pd =E d3pFsq,pW ,kF
n,kF

pd

= − M2Qsq0dQs− q2d
2puqW u

QsĒF
n − ĒF

p + q0d

3QsĒF
n − EpdsĒF

n − Epd sC3d

with

Fsq,pW ,kF
n,kF

pd = −
1

4p2Qsq0dd„q0 + ĒspWd − ĒspW + qWd…

3QskF
n − upW udQsupW + qW u − kF

pd, sC4d

Ep = MaxHĒF
p − q0,M +

1

2M
SMq0

uqW u
−

uqW u
2
D2J ,

ĒF
n,p = M +

skF
n,pd2

2M
. sC5d

To perform the integrations implicit in Eqs.(28) and(62) we
need

T0sq,kF
n,kF

pd =E d3pFsq,pW ,kF
n,kF

pdĒspWd

=
1

2
sĒF

n + EpdIm Ūsq,kF
n,kF

pd sC6d

TW sq,kF
n,kF

pd =E d3pFsq,pW ,kF
n,kF

pdpW

= S−
1

2
+

Mq0

uqW u2 DIm Ūsq,kF
n,kF

pdqW , sC7d

R00sq,kF
n,kF

pd =E d3pFsq,pW ,kF
n,kF

pdĒ2spWd

=
1

3
ssĒF

nd2 + sEpd2 + EpĒF
ndIm Ūsq,kF

n,kF
pd,

sC8d

RW sq,kF
n,kF

pd =E d3pFsq,pW ,kF
n,kF

pdĒspWdpW

= SMq0

uqW u2
−

1

2
DT0sq,kF

n,kF
pdqW , sC9d

Rijsq,kF
n,kF

pd =E d3pFsq,pW ,kF
n,kF

pdpipj

=
a − b

2
di j +

3b − a

2uqW u2
qiqj, i, j = 1,2,3

sC10d

with

asq,kF
n,kF

pd = 2MhT0sq,kF
n,kF

pd − M Im Ūsq,kF
n,kF

pdj,

sC11d

bsq,kF
n,kF

pd =
1

4uqW u2
s2Mq0 − uqW u2d2Im Ūsq,kF

n,kF
pd.

sC12d

APPENDIX D: FREE NUCLEON CROSS SECTION

The cross section for the processnl +n→ l−+p is given by

snl =
G2 cos2 uc

8pss− M2d2E
qmin

2

qmax
2

udq2LmnA
nmup=sM,0Wd, sD1d

where the leptonicsLd and nucleonsAd tensors are defined in
Eqs. (4) and Eqs.(27) and (A1), respectively,qminsmaxd

2 =ml
2

−2EnsEl8± ukW8ud with En and El8, kW8 the incoming neutrino
laboratory energy and outgoing lepton laboratory energy and
momentum, and finallys=s2En+MdM. The variableq2 is
related to the outgoing lepton laboratory polar anglesu8d by

q2=sk−k8d2=ml
2−2EnsEl8− ukW8ucosu8d. The tensor contrac-

tion in Eq. (D1) gives in the laboratory frame:

uLmnA
nmup=sM,0Wd = sq2 − ml

2dHa1 +
s

2
a2 −

q2

2
a3 − a4

ml
2

2
J

+ ss− M2dHs− M2

2
a2 − q2a3J sD2d

with the nucleon structure functions,aisq2d, given in Eq.
(A3). The cross section for the processn̄l +p→ l++n is ob-
tained from Eqs.(D1) and (D2) by replacinga3 by −a3.

23We suppress the subindexR to distinguish the new expressions
from the former ones.

24For symmetric nuclear matterrp=rn=r, the above expression
coincides, up to a factor 2 due to isospin, with the definition ofUN

given in Eq.(2.9) of Ref [35].
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