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The light scalar meson spectrum is studied using the improved ladder QCD with theUAs1d breaking
Kobayashi-Maskawa-’t Hooft interaction by solving the Schwinger-Dyson and Bethe-Salpeter equations. The
dynamically generated momentum-dependent quark mass is large enough in the low momentum region to give
rise to the spontaneous breaking of chiral symmetry. Due to the large dynamical quark mass, the scalar mesons
become theqq̄ bound states. Since the parameters have been all fixed to reproduce the light pseudoscalar
meson masses and the decay constant, there is no free parameter in the calculation of the scalar mesons. We
obtain Ms=667 MeV, Ma0

=942 MeV, andMf0
=1336 MeV. They are in good agreement with the observed

masses ofss600d, a0s980d, andf0s1370d, respectively. We therefore conclude that these states are the members
of the light scalar meson nonet. The mass ofK0

* is obtained between that ofa0 and f0 and the corresponding
state is not observed experimentally. We also find that the strangeness content in thes meson is about 5%.
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I. INTRODUCTION

About three decades ago, quantum chromodynamics
(QCD) was conceived as the microscopic theory of the
strong interactions. Since then, many aspects of QCD have
been studied and QCD has been established as the funda-
mental theory of the strong interactions. Because of the non-
perturbative nature of the low-energy QCD, understanding
the low-lying hadron structures from the viewpoint of the
quark and gluon degree of freedom is one of the most chal-
lenging problems.

The lightest excitation on the QCD vacuum is the pion,
which is considered to be a quark and an antiquark bound
state in the pseudoscalar channel. Its mass(about 140 MeV)
is off-scale light compared with other hadrons such as the
r-mesonsmr,770 MeVd, the spin-flip partner of the pion,
and the nucleonsmN,940 MeVd, the three-quark bound
state. This can be understood by recognizing that the chiral
symmetry is spontaneously broken in the QCD vacuum and
the pion is the Nambu-Goldstone(NG) boson associated
with the dynamical chiral symmetry breaking(DCSB). The
DCSB is, therefore, among the most important aspects of
low-energy hadron physics. It is believed to be responsible
for a large part of the constituent quark masses, which are
introduced in the many constituent quark models.

If the QCD Lagrangian has no explicit chiral-symmetry
breaking term, the mass of the NG boson associated with the
DCSB should be zero. In order to explain the observed mass
of the pion, one needs small explicit chiral-symmetry break-
ing terms, namely current quark mass terms. The NG boson
nature of the pion was first studied by Nambu and Jona-

Lasinio (NJL) using the schematic model with the four-
fermion interaction[1]. Since then, low-energy hadron prop-
erties have been widely studied using the NJL-type models
[2]. On the other hand, the effects of the explicit breaking of
the chiral symmetry on the pion properties have been sys-
tematically studied using the effective Lagrangian composed
of the pion field. This approach is called the chiral perturba-
tion theory (ChPT) [3]. The success of the ChPT approach
supports the importance of the DCSB in low-energy QCD.

When we start looking at the strange quark sector, we
encounter another problem. If one assumes that the up,
down, and strange quark masses are small compared with the
scale of the DCSB, the number of the NG bosons is equal to
the dimension of the coset spaceULs3d3URs3d /UVs3d,
namely, nine. The ninth heavier pseudoscalar meson ish8
and its mass is much heavier than the other octet pseudo-
scalar mesons. Weinberg showed that the mass ofh8 should
be less thanÎ3mp if UAs1d symmetry were not explicitly
broken[4]. Thus theUAs1d symmetry must be broken. The
key step to solve thisUAs1d problem was to realize that there
is an anomaly in theUAs1d channel. Namely, theUAs1d sym-
metry in the classical theory, i.e., in the action, is broken by
quantum effects. In the following year, ’t Hooft pointed out
the relation between theUAs1d anomaly and topological
gluon configurations of QCD and showed that the interaction
of light quarks and instantons breaks theUAs1d symmetry
[5]. He also showed that such an interaction can be repre-
sented by a local 2Nf quark vertex, which is antisymmetric
under flavor exchanges, in the dilute instanton gas approxi-
mation.
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The effects of theUAs1d anomaly on the low-energy QCD
have been extensively studied in the 1/NC expansion ap-
proach[6]. In theNC→` limit, the UAs1d anomaly is turned
off and then theh andh8 mesons become the ideal mixing
states. The flavor component of theh is 1

2suū+dd̄d with
mhsNC→`d=mp and theh8 meson becomes a puress̄state
with mh8

2 sNC→`d.2mK
2 −mp

2 =s687 MeVd2 [7]. The higher-
order effects of the 1/NC expansion give rise to the flavor
mixing between theh and h8 mesons and push up theh8
mass. They were discussed further in the context of the
ChPT [8] and a reasonable description of the nonet pseudo-
scalar mesons was obtained.

The UAs1d breaking 2Nf quark determinant interaction
was introduced to the low-energy effective quark models of
QCD. The low-lying meson properties have been studied
[9–13] using the three-flavor version of the NJL model with
the Kobayashi-Maskawa-’t Hooft(KMT ) determinant inter-
action[5,14]. The radiative decays of theh meson have been
studied in this approach[15] and it was found that these
decay widths are reproduced when theUAs1d-breaking inter-
action is much stronger than the previous studies[9–13]. It is
further argued that theUAs1d-breaking interaction gives rise
to the spin-spin forces, which are important for light baryons
[16–18].

The dynamics of instantons in the multi-instanton vacuum
has been studied by many authors, either in the models or in
the lattice QCD approach, and the widely accepted picture is
that the QCD vacuum consists of small instantons of a size
about 1/3 fm with a density of 1 instanton(or anti-instanton)
per fm4 [19]. In the instanton liquid model, the instanton
plays a crucial role in understanding not only theUAs1d
anomaly but also the spontaneous breaking of chiral symme-
try itself.

Recently, the low-lying scalar mesons,Jp=0+, attracted a
lot of attention for two reasons[20]. (i) Experimental evi-
dence for as sI =0d scalar meson of mass around 600 MeV
is overwhelming[21–24]. Especially the decays of heavy
mesons show clear peaks in thepp invariant mass spectrum.
Including this rather light isoscalar state, the light scalar me-
sons show strange mass patterns, i.e.,ss600d−a0s980d
−K0

*s?d− f0s980d, where K0
* is not confirmed. This pattern

cannot be explained as a naiveqq̄ nonet, because theI =1 a0
states are almost degenerate with the secondI =0 statef0,
while the firstI =0 states is far below them.(ii ) The roles of
the scalar mesons in chiral symmetry have been stressed in
the context of high temperature and/or density hadronic mat-
ter [25]. It is believed that chiral symmetry is restored in the
QCD ground state at high temperature(and/or baryon den-
sity). Above the critical temperature,.170 MeV, the world
is nearly chiral symmetric and we expect that hadrons belong
to irreducible representations of chiral symmetry, if we ne-
glect small mixing due to finite quark mass. The pion is no
longer a Nambu-Goldstone boson, and has a finite mass and
should be degenerate with a scalar meson, i.e., sigma. An-
other scenario was proposed recently. It is the vector mani-
festation where the rho meson becomes massless degenerate
with a pion as the chiral partner[26]. In order to make the
situation clear, we consider that the light scalar mesons are
the key particles.

We have studied the effects of theUAs1d breaking inter-
action on the low-lying nonet scalar mesons using the ex-
tended NJL model, in which the three-flavor NJL model is
supplemented with the KMT determinant interaction[27].
Why is the UAs1d expected to be important in the scalar
mesons? It is because the KMT interaction selects out the
scalar sector as well as the pseudoscalar mesons and there-
fore the OZI rule may be broken significantly also in the
scalar mesons[28]. We have found that theUAs1d breaking
interaction gives rise to about 150 MeV mass difference be-
tween thes and a0 mesons. We have also found that the
strangeness content in thes meson is about 15%. The cal-
culated mass of theI =1/2 statesK0

*d was about 200 MeV
heavier than that of theI =1 statesa0d.

The physics of the light scalar mesons seems to be di-
rectly related to the mechanism of the dynamical chiral sym-
metry breaking(DCSB). In the NJL model, the strong four-
quark interaction gives rise to the DCSB and it leads the
simple mass relation between the scalar meson masssmSd
and the dynamical quark masssMqd in the mean-field ap-
proximation, i.e.,mS=2Mq in the chiral limit. In the case of
the instanton liquid model, the DCSB is caused by the
instanton-induced interaction. The scalar meson masses are
rather sensitive to the instanton–anti-instanton interaction.
The results in the fully interacting instanton ensemble are
ms.0.58 GeV andma0

.2.05 GeV[19].
In contrast with the instanton liquid model, the study of

the QCD Schwinger-Dyson(SD) equation for the quark
propagator in the improved ladder approximation(ILA ) has
shown that the spontaneous breaking of the chiral symmetry
is explained by simply extrapolating the running coupling
constant from the perturbative high-energy region to the low-
energy region[29]. Then, the Bethe-Salpeter(BS) equation
for the JPC=0−+ qq̄ channel has been solved in the ILA and
the existence of the Nambu-Goldstone pion has been con-
firmed [30,31]. The numerical predictions of the pion decay

constantfp and the quark condensatekc̄cl are rather good. It
has been also shown that the BS amplitude shows the correct
asymptotic behavior as predicted by the operator product ex-
pansion(OPE) in QCD [32]. The masses and decay constants
for the lowest-lying scalar, vector, and axial-vector mesons
have been evaluated by calculating the two-point correlation

functions for the composite operatorsc̄Mc. The obtained
values are in reasonable agreement with the observed ones
[33].

Then, the current quark mass term has been introduced in
the studies of the BS amplitudes in the ILA[34], and reason-
able values of the pion mass, the pion decay constant, and
the quark condensate have been obtained. It has also been
shown that the pion mass square and the pion decay constant
are almost proportional to the current quark mass up to the
strange quark mass region. The effect of theUAs1d anomaly
is further introduced in the ILA approach by the KMT inter-
action. The instanton size effects are taken into account by
the form factor of the interaction vertices. It guarantees the
right asymptotic behavior of the solutions of the SD and BS
equations. The properties of theh andh8 mesons have been
studied by solving the coupled channel BS equations and the
reasonable values ofmp, mh, mh8, fp, andkq̄qlR with a rela-
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tively weak flavor mixing interaction(KMT interaction), for
which the chiral symmetry breaking is dominantly induced
by the soft-gluon exchange interaction[35].

The purpose of this paper is to study the properties of the
light scalar meson nonet in the ILA of QCD with theUAs1d
breaking Kobayashi-Maskawa-’t Hooft(KMT ) 6-quark fla-
vor determinant interaction. In this approach, the mechanism
of the dynamical chiral symmetry breaking is different from
the NJL model and the instanton liquid model. It has been
shown that the Wilsonian nonperturbative renormalization
group equation gives the identical effective fermion mass
with that obtained by solving the Schwinger-Dyson equation
in the improved ladder approximation[36]. We hope that the
present study may shed light on the mechanism of the DCSB
in the low-energy QCD. It should be noted here that the
parameters have all been fixed in the pseudoscalar meson
sector and therefore there is no free parameter in the present
study.

There have been many studies of the pion BS amplitude
using the effective models of QCD and/or the approximation
schemes of QCD[37,38]. The main differences among these
studies are the form of the gluon propagator used in the SD
and BS equations. Of course, the behavior of the gluon
propagator in the asymptotic region is well established and
there are no differences. However, the behavior in the infra-
red region is not well known. The simple infrared cutoff is
introduced in the ILA, while in the approach given in[38],
the specific form of the infrared gluon propagator is as-
sumed.

Recently, attempts have been made to evaluate enhance-
ment of the gluon propagator(as well as the vertex factor)
from quenched lattice QCD data of the quark propagator
[39,40]. They found that the gluon propagator is required to
have strong enhancement in the soft momentum region so
that chiral symmetry is dynamically broken. Although the
enhancement patterns vary among the models and parametri-
zations, they tend to show similar behavior when the solution
of the SD equation, i.e., the quark mass function, is con-

cerned. Thus we expect that the results for the mesonic
bound state in the BS equation with the effective quark mass
function qualitatively agree among the models.

The paper is organized as follows. In Sec. II we explain
the Lagrangian we use in the present study and derive the SD
equation for the quark propagator and the BS equation for
the scalar meson. Section III is devoted to the numerical
results. Finally, a summary and concluding remarks are given
in Sec. IV.

II. FORMULATION

In this section, we present the formulation of the im-
proved ladder QCD with KMT interaction. The rainbow ap-
proximation is applied to the SD equation for the quark
propagator and to the BS equation for the pseudoscalar and
scalar mesons. Since the derivations of the SD equation and
the BS equation for the pseudoscalar mesons have been
given in Ref.[35], here we present only the results.

A. Improved ladder QCD with KMT interaction

The improved ladder QCD is based on the ladder approxi-
mation, which is improved by replacing the coupling con-
stant by the running coupling constant. We employ the rain-
bow approximation of the SD equation for the quark
propagator and the ladder approximation of the BS equation
for the quark-antiquark bound states. Improvement is made
by the use of the running coupling constant according to the
Higashijima-Miransky[29,30,33] method. The Higashijima-
Miransky formulation has been justified by the Wilsonian
non-perturbative renormalization group(NRG) method. Lo-
cal potential approximation in the NRG equation gives the
SD equation for a single quark and the BS equation for
bound states. By employing the gauge coupling constant im-
proved perturbatively, the NRG equation leads to the im-
proved ladder SD equation with the Higashijima-Miransky
prescription[36].

Under this approximation, the gluon exchange interaction
LGE becomes

LGE = −
1

2
E

pp8qq8
iḡ2XSp − q8

2
D2

,Sq − p8

2
D2CDmnSp + p8

2
−

q + q8

2
Dc̄spdgmTacsp8dc̄sqdgnT

acsq8de−isp+p8+q+q8dx, s1d

where we use an abbreviationep=efd4p/ s2pd4g. For the
gluon propagator, we employ the Landau gauge,

iDmnskd = Sgmn −
kmkn

k2 D− 1

k2 s2d

and the Higashijima-Miransky-type running coupling con-
stantḡ2 defined as follows[29,30,33]:

ḡ2spE
2,qE

2d = uspE
2 − qE

2dg2spE
2d + usqE

2 − pE
2dg2sqE

2d s3d

with

g2spE
2d =5

1

b0

1

1 + t
for tIF ø t

1

2b0

3tIF − t0 + 2 −
st − t0d2

tIF − t0
s1 + tIFd2

for t0 ø t ø tIF

1

2b0

3tIF − t0 + 2

s1 + tIFd2 for t ø t0,
6

s4d
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t = ln
pE

2

LQCD
2 − 1, s5d

b0 =
1

s4pd2

11NC − 2Nf

3
. s6d

Here,pE andqE denote the Euclidean momenta defined by

p = sp0,pWd → pE = sip4,pWd, s7d

p2 = p0
2 − pW2 → pE

2 = − p2 = pW2 + p0
2. s8d

In Eq. (4), the infrared cutofftIF is introduced. AbovetIF,
g2spE

2d develops according to the one-loop solution of the
QCD renormalization-group equation, while belowt0, g2spE

2d
is kept constant. These two regions are connected by a qua-
dratic polynomial so thatg2spE

2d becomes a smooth function.
HereNC andNf are the number of colors and active flavors,
respectively. We useNC=Nf =3 in this study.

The KMT interactionLKMT is given by

LKMT = −
1

3
GDe f1f2f3eg1g2g3E

p1p2p3q1q2q3

e−isp1+p2+p3+q1+q2+q3dxwsp1,p2,p3,q1,q2,q3dhfc̄g1
sp1dc f1

sq1dgfc̄g2
sp2dc f2

sq2dg

3fc̄g3
sp3dc f3

sq3dg + 3fc̄g1
sp1dc f1

sq1dgfc̄g2
sp2dg5c f2

sq2dgfc̄g3
sp3dg5c f3

sq3dgj, s9d

where f1,g1, . . . areflavor indices, ande denotes the antisymmetric tensor witheuds=1 This interaction breaks theUAs1d
symmetry and also mixings of quark flavors. We introduce a weight function

wsp1, . . . ,q3d = expf− ksp1
2 + ¯ + q3

2dg s10d

so that the KMT interaction is turned off at large momentum region. Then the asymptotic behavior of the ILA is kept consistent
with the perturbative QCD. The parameterk is taken ask=0.7 fGeV−2g. This value corresponds to the form factor of the
instanton of the average sizer,1/3ffmg [35].

B. Schwinger-Dyson equation

The SD equation in the momentum space is written as

iSF
−1sqd − iS0

−1sqd = − CFE
p

ḡ2s− q2,− p2diDmnsp − qdgmSFspdgn − GDE
p,k

ws− q2 − p2 − k2dtrsDCdfSFspdgtrsDCdfSFskdg,

s11d

where trsDCd means the trace of the Dirac and color compo-
nents andCF=sNC

2 −1d /2NC. Here, the flavor antisymmetri-
zation is assumed in the second term of the right-hand side.
This equation is shown diagrammatically in Fig. 1.

Generally, the quark propagator is parametrized as

SFsqd =
i

q”Asq2d − Bsq2d
. s12d

In the Landau gauge, it can be shown that the solution satis-
fies As−qE

2d=1. Then the SD equation becomes the integral
equation only of the mass functionBsq2d. Our numerical
results of the mass function are shown in Fig. 2.

The quark masses are renormalized as

mq = Zmq

−1mqR, ms = Zms

−1msR, s13d

where we take the renormalization condition as

U ]Bqsm2d
]mqR

U
mqR=0

= 1, s14d

U ]Bssm2d
]msR

U
msR=0

= 1. s15d

We define the quark condensate as follows:

kc̄s0dcs0dl = −E
p

trfSF
Rspdg +E

p

trfSF
pertspdg, s16d

where

SF
Rspd =

i

p” − Bsp2d
, s17d

FIG. 1. The Schwinger-Dyson equation.
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SF
pertspd = U ]SF

Rspd
]mR

U
mR=0

mR. s18d

The detail of the renormalization procedure is given in[34].

C. Bethe-Salpeter equation

To treat the scalar and pseudoscalar mesons as quark-
antiquark bound states, we use the homogeneous Bethe-
Salpeter equation. The BS equation in momentum space
becomes

SF
−1sq+dxsq;PdSF

−1sq−d = − iCFE
k

ḡ2s− q2,− k2diDmnsq − kdgmxRsk;Pdgn − 2iGDE
p
E

k

wS− p2 − q2 − k2 −
PB

2

2
DtrsDCdfSF

Rspdg

3 hg5tr
sDCdfg5xRsk;PBdg + trsDCdfxRsk;PBdgj, s19d

where q±=q± sPB/2d, xsk;PBd denotes the BS amplitude,
and PB is the momentum of the meson. Like the SD equa-
tion, theGD term is antisymmetrized in the flavor space. All
the momentum integrals are regularized by the cutoffLUV,
which is chosen asLUV =100 fGeVg. Then the results are
insensitive toLUV. This equation is shown diagrammatically
in Fig. 3.

For the scalar meson, the BS amplitude can be param-
etrized in terms of four Dirac structures with appropriate
flavor structures,

xRsk;Pd = 1C
la

2
SfS

ask;Pd + fP
ask;Pdk” + fQ

a sk;PdP”

+ fT
ask;Pd

1

2
sP” k” − k”P” dD . s20d

The normalization condition of the BS amplitude is given by

iE
−q+

2øLUV
2 ,−q−

2øLUV
2

d4q

s2pd2xn1m1
sq;Pdx̄m2n2

sq;Pd

3Pm ]

]Pm hSFn2n1

−1 sq+dSFm1m2

−1 sq−dj = − 2P2, s21d

where the indicesm1,n1, . . . are combined indices in the
color, flavor, and Dirac spaces.

In the numerical computation, we solve the BS equation
in the Euclidean momentum region. Then the physical solu-
tion, which corresponds to negativePE

2, is obtained by ex-
trapolation from thePE

2 .0 region. It can be done in the
following way. First, we rewrite the Euclidean BS equation
in the form

fAsq;PEd =E
kE

MABsqE;kE;PEdfBsk;PEd, s22d

wherefA and fB denote a set of amplitude. This equation
should not have a solution atPE

2 .0 because, if there is one,
it is a tachyon solution. Therefore, we instead solve an ei-
genvalue equation

lsPE
2dfAsqE;PEd =E

kE

MABsqE;kE;PEdfBskE;PEd s23d

for a fixed PE
2 .0. Then we extrapolate the eigenvaluel to

PE
2 ,0 as a function ofPE

2 and search for the on-shell pointFIG. 3. The Bethe-Salpeter(BS) equation.

FIG. 2. qE
2 dependences of the mass function of the lightsqd quark,Bq, and the strangerssd quark,Bs, for GD=0 and 75fGeV−5g.
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ls−MB
2d=1. We employ the quadratic function ofPE

2 for the
extrapolation.

III. NUMERICAL RESULTS

A. Parameters

In the present approach, there are seven input parameters:
the bare quark massmq0 for the up and down quarks, in
which we assume isospin symmetrymu=md, the current
quark massms0 for the strange quark, the scale parameter of
QCD running coupling constantLQCD, the infrared cutofftIF,
the smoothness parametert0, the strength parameter of the
KMT GD, and the parameter of the weight function of the
KMT k. We choose these parameters to reproduce the ob-
servables of the pseudoscalar mesons and then we apply
them to the scalar mesons.

The quark massesmq0, ms0 are chosen so that the renor-
malized masses at the momentum scalem=2 fGeVg become
the mqR=4.5 fMeVg andmsR=150 fMeVg, respectively. The
k parameter is taken ask=0.7 fGeV−2g, which corresponds
to the instanton of the average size 1/3ffmg. The other pa-
rametersLQCD,tIF ,t0,GD are chosen as the pseudoscalar me-
son massesMp ,Mh ,Mh8 and the pion decay constantfp are
fitted to the experimental values. The parameters that we use
are LQCD=600 fMeVg, t0=−6.89, tIF=0.204, and GD

=75 fGeV−5g. These parameters giveMp=136 fMeVg, Mh

=515 fMeVg, Mh8=982 fMeVg, and fp=95 fMeVg. These
are in agreement with experimental values in less than 6% of
deviation. Table I summarizes all the values of the param-
eters.

Although LQCD is somewhat larger than the standard
valueLQCD=100–300fMeVg, a largeLQCD is necessary in
the ILA to generate the desired dynamical chiral symmetry
breakingsDxSBd. It is known that by using the running cou-
pling constant obtained by the higher loop calculation, the
smallerLQCD gives rise to the correct size of the DCSB. On
the other hand, the Wilsonian nonperturbative renormaliza-
tion group analysis has shown that the effects beyond the
ladder approximation also reduceLQCD [41].

B. Solution of the SD equation

The numerical solutions of the SD equation are shown in
Fig. 2. The values of the quark condensates and mass func-
tion at PE

2 =0 are given in Table II.

C. Solution of the BS equation for the scalar mesons

As mentioned above, since the parameters of this ap-
proach have been chosen using the observables of the pseu-
doscalar mesons, the following numerical results of the sca-
lar mesons are parameter-free predictions.

Let us now start the discussion of the solutions of the BS
equation. Our numerical results for the scalar mesons are
summarized in Table III. The dependence of the mass spectra
on the strength of the KMT interaction is shown in Fig. 4.

First, the dependences of the masses ofs and a0 on GD
look qualitatively the same as the NJL results shown in[27].
In the NJL calculation, the parameters are chosen so as to
reproduce theMp and fp at eachGD. In contrast, in the ILA
approach we changeGD independently. However, sinceMp

and fp depend weakly onGD, the results of ILA show similar
behavior to those of NJL. We note that the mass ofa0 grows
asGD increases, while thes mass is almost constant.

Thes meson mass is predicted as about 670fMeVg. This
rather smalls meson mass is interesting. In the case of the
NJL model, thes meson mass is determined to be close to
twice the dynamical quark mass. On the other hand, in the
ILA approach, the value of the mass function atqE

2 =0,
BqsqE

2 =0d is about 616fMeVg, which is comparable to thes
meson mass. Recently, Maris calculated thes meson mass in
the SD and BS approach with the infrared enhanced gluon
propagator[42] and the obtained mass is 671fMeVg. Al-
though there are such differences, the properties of the physi-
cal observables agree in these calculations.

Concerning thea0 meson, we obtainMa0
=942 fMeVg.

This result is comparable to the experimental value
984.8±1.4fMeVg. We obtain significant mass splitting be-
tween thes anda0, about 275fMeVg. We conclude that the
observeds−a0 mass splitting can be explained as theUAs1d
symmetry breaking effects. Recent study of the light flavor
scalar mesons in the instanton liquid model showed a similar
result [43].

The obtained mass off0 is 1336 MeV. We therefore iden-
tify this state withf0s1370d whose T-matrix pole position is

TABLE III. The numerical results of the BS equation.

Mass(MeV)

p 136 fp=95 [MeV]

h 515 mixing angle −20.0+

h8 982 mixing angle −26.2+

K 517

s 667 mixing angle −68+

a0 942

f0 1336 mixing angle −83.9+

K0
* 1115

TABLE I. The values of the parameters and the obtained observable quantities.

mqRs2fGeVgd [MeV] msRs2fGeVgd [MeV] LQCD [MeV] tIF t0 GD fGeV−5g k fGeV−2g

4.5 150 600 0.204 −6.89 75 0.7

TABLE II. The values of the mass function atPE
2 =0 and the

quark condensates.

Bqs0d Bss0d −kq̄qlR
1/3

0.616[GeV] 0.778[GeV] 0.259[GeV]
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s1200−1500d− is150−250d MeV. The calculated mass off0

is about 400 MeV larger than that ofa0. The mixing angle of
f0 is −83.9° and it means that this state is close to the flavor
octet state. In such a case, the effects of the KMT term on the
f0 state are almost the same as that ona0 and therefore the
origin of the mass difference betweenf0 anda0 is considered
to be mostly the symmetry breaking effects by the strange
quark mass.

The f0s980d state is observed betweenss600d and
f0s1370d. From the present study, it seems unlikely that
f0s980d is a simpleqq̄-bound state. The literature has sug-
gested thatf0s980d may consist ofq2q̄2 [44–47] or may be a

KK̄ molecular state[48]. Those studies often indicate that the
a0s980d is also a four-quark state. It conflicts with our pic-
ture. Further study is necessary to make the situation clearer.

The dependences of the scalar meson spectrum on the
strength ofUAs1d breaking interaction are understood as fol-
lows. WhenGD=0, the s meson is an ideal mixing state

s1/Î2dsuū+dd̄d. As theGD becomes large, thes approaches

the flavor singlet states1/Î3dsuū+dd̄+ss̄d. The s meson
mass seems to become large because of the increase of the
strange component. On the other hand, the KMT interaction
is attractive for the flavor singlet state, consequently thes
meson mass hardly changes. In the case ofa0, since the
KMT interaction does not induce the flavor mixing,a0 is

fixed on thes1/Î2dsuū+dd̄d state. AsGD becomes large, the
a0 mass increases by the repulsive KMT interaction. AsGD

becomes large, thef0 changes fromss̄ to s2/Î3dsuū+dd̄
−2ss̄d. The decreasing of the strange component and the re-
pulsive KMT interaction competes. At the smallGD, they are
balanced and thef0 mass increases at the largeGD where the
flavor of the f0 is sufficiently mixed.

There is a shortcoming in the present approach. The solu-
tion of the BS equation is obtained at the Euclidean momen-
tum region. To obtain the physical mass and mixing angle,
we have to extrapolate the solution from the spacelike to the
timelike region. This is carried out by extrapolating the ei-

genvalue functionlsPE
2d in Eq. (23) to negativePE

2 until it
hits lsPE

2d=1. The graphs of the extrapolation about the
masses ofa0,s , f0 are shown in Fig. 5.

We therefore anticipate moderate ambiguity in the ex-
tracted masses, especially when the mass is large.

Next, we consider the mixing angles. We introduce the
matrix elementsS8 andS0, which are defined by

Sa =E d4xk0uq̄
la

2
qsxduscalar meson statel s24d

=trFx̄Rs0;Pd
la

2
G . s25d

Since theseS values extract the particular flavor component
of fS, which is the main component of the BS amplitude at
the origin, we employS8 andS0 to determine the ratio of the
octet and the singlet components. Accordingly, we define the
mixing angles of the scalar mesons as

tanus = −
S0

s

S8
s , s26d

tanu f0
=

S8
f0

S0
f0

. s27d

The results are summarized in Table III and Fig. 6.
As GD increases, the mixing angle moves towards −90°,

wheres becomes the purely flavor singlet state:s1/Î3dsuū

+dd̄+ss̄d. The obtained angle atGD=75 fGeV−5g is −68.0°
and is slightly smaller than the result of the NJL model,
−77.3°. This angle corresponds to about 5% mixing of the
strangeness component ins.

FIG. 4. Dependence of the mass spectrum of the scalar and
pseudoscalar meson nonet on the strength of the KMT interaction. FIG. 5. Extrapolation of the eigenvaluel with respect toPE

2 for
s, a0, and f0 mesons. The solid line shows the extrapolation ofs,
the dotted line shows the extrapolation ofa0, and the dashed line
shows the extrapolation off0.
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D. Solution of the BS equation for the strange meson

In this section, we discuss the strange scalar mesonK0
* .

Here we employ an approximation in order to avoid the tech-
nical difficulty coming from the ambiguity in defining the
center-of-mass coordinate as this meson consists of a strange
quark and a nonstrange quark. Instead of treating the asym-
metric BS equation, we solve the symmetric BS equation for
the quarks of masssmq+msd /2=77.25fMeVg. We applied
this approximation to the kaon and obtained the reasonable
kaon mass,mK=494−498 MeV.

The results are summarized in Table III and Fig. 4. The
obtainedK0

* mass is 1115 MeV, which is about 173 MeV
larger than that ofa0 and about 221 MeV smaller than that of
f0. If all the a0, K0

* , andf0 states are assumed to be the flavor
octet qq̄ states, the simple quark model calculation predicts
the Gell-Mann-Okubo mass formula. Our results deviate
from both the linear mass formula, 3sMf0

−MK0
*d=MK0

*

−Ma0
, and the quadratic mass formula, 3sMf0

2 −MK0
*

2 d=MK0
*

2

−Ma0

2 .
Unfortunately, the corresponding lightI =1/2 scalar me-

son is not observed. The observed mass of theK0
*s1430d is

1412±6 MeV and larger than our result ofMf0
. It therefore

seems to be rather difficult to identifyK0
*s1430d with our K0

*

state. We do not considerK0
*s1430d as a member of the light

scalar nonet states. We hope the reanalysis of the experimen-
tal data using the chiral effective model including the effects
of theUAs1d breaking interaction will shed light on the prob-
lem of the missing state in theI =1/2 scalar channel.

IV. SUMMARY AND CONCLUSIONS

We have studied the spectrum of the light scalar nonet
mesons using the improved ladder approximation(ILA ) of

QCD with the Kobayashi-Maskawa-’t Hooft(KMT ) UAs1d
breaking interaction. We choose parameters to reproduce the
masses and decay constants of the pseudoscalar nonet me-
sons and apply those to the scalar nonet mesons.

The ILA of QCD is an approximation that is consistent
with chiral symmetry and consists of the rainbow approxi-
mation of the Schwinger-Dyson equation and the ladder ap-
proximation of the Bethe-Salpeter equation. Using this ap-
proach, we analyze the scalar meson spectrum quantitatively.

We have obtainedMs=667 MeV, Ma0
=942 MeV, and

Mf0
=1336 MeV. Considering the ambiguity due to the ex-

trapolation from the Euclid momentum, they are in good
agreement with the observed masses ofss600d, a0s980d, and
f0s1370d, respectively. We therefore consider that these states
are the members of the light scalar meson nonet. This iden-
tification is different from the conventional one. The key
ingredient is the instanton-inducedUAs1d breaking interac-
tion. It gives rise to the symmetry breaking and flavor mixing
effects on the scalar mesons as well as the pseudoscalar me-
sons.

We have obtained the strangeness content in thes meson
of about 5%. Thisss̄mixing may be tested, for instance, by
analyzing thep p decays of heavy mesons carefully.

The obtainedK0
* mass is 1115 MeV. The corresponding

state is not observed. The observedK0
*s1430d is heavier than

our result ofMf0
and therefore we do not includeK0

*s1430d
in the light scalar nonet.

It should be noted that the scalar isoscalar state can be
mixed with the scalar glueball state. Such an effect is not
taken into account here. There is another important effect to
be discussed. The light scalar nonet can be generally coupled
to the intermediate states composed of two pseudoscalar me-
sons rather strongly. If the lightq2q̄2 states exist, this cou-
pling effect should be very important. The extension of the
Bethe-Salpeter equation to theq2q̄2 system seems to be
rather difficult. One way is to apply the bilocal bosonization
technique[49]. Another direction of further study is the ex-
tension to the finite temperature and/or density[50]. In the
present study, the mass of theI =1/2 scalar meson is not
reproduced well. In order to make the structure of the light
scalar mesons clearer, an analysis of the experimental data
using the framework including theUAs1d breaking interac-
tion is necessary.
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