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We compute the vector analyzing pow®AP) for the elastic scattering of transversely polarized electrons
from protons at low energies using an effective theory of electrons, protons, and photons. We study all
contributions through second order BYM, whereE and M are the electron energy and nucleon mass,
respectively. The leading-order VAP arises from the imaginary part of the interference of one- and two-photon
exchange amplitudes. Subleading contributions are generated by the nucleon magnetic moment and charge
radius as well as recoil corrections to the leading-order amplitude. Worki®gEoM)2, we obtain a prediction
for A, that is free of unknown parameters and that agrees with the recent measurement of the VAP in backward
angleep scattering.
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I. INTRODUCTION internal structurg11]. While one might speculate that this

. . difference reflects the presence of new physics, a more likely
The study of the vector analyzing pOwevAP), Ay, in explanation lies in elements of nucleon structure omitted

polarized electron-proton scattering has recently become g, the simplest treatments of QED FSIs.

topic of considerable interest in nuclear physics. The VAP is |t 55 then the SAMPLE result, as well as other VAP

a time-reversa(T) odd, parity(P) even correlation between measurements that have been completed or are under consid-
the electron spin and the independent momenta associatedation, could have important implications for the interpreta-

with the scattering process, tion of other precision observables involving hadrons that
vaB , require computation of QED corrections to the leading-order
An~ 7P SKKp, D) amplitude. Such observables include the ratio of proton elec-

, o tromagnetic form factors obtained via Rosenbluth separation
whereS, P, andK(K') denote the electron spin, initial proton . elagticep scattering[12], higher-order “box graph” F():on—
momentum, and muderﬁsoattere;ielegtron momentum, re- yin tions to weak interaction observablds], or QED final
spectively. A nonzero VAP cannot arise at leading-order ing¢ate interactions in direct searches for T-odd, P-even effects.
quantum electrodynamidQED), but could be generated by |, gach instance, a calculation of QED corrections requires a
new T-odd, P-even interactions involving electrons andrealistic and sufficiently precise treatment of hadronic inter-
quarks. Searches for such interactions have been carried owfediate states, particularly those arising in two-photon ex-
in neutron and nuclegg-decay as well as nucleardecays change amplitudesM,,, or the analogous amplitudes in-
[1-3]. Indirect constraints may also be obtained from |imitSVolving the exchange of one heavy gauge boson and one
on the permanent electric dipole moments of neutral atomphoton. Since the leading QED contributionAgarises from
under various assumptions regarding the pattern ofm M, experimental measurements of the VAP provide an
symmetry-breaking4—8]. The sensitivity of direct searches important test of theoretical calculations 1, needed for
for T-odd, P-even interactions is generally limited by thethe interpretation of other measurements.
presence of QED “final state interactiong®Sl9 that break At the same time, the VAP provides a new window on
the T-symmetry between initial and final states and give risaucleon structure, a1, probes the doubly virtual Comp-
to nonvanishing T-odd, P-even observables. Uncertainties iton scattering(VVCS) amplitude. In recent years, virtual
theoretical calculations of these final state interactions woul@ompton scattering/CS) on the proton has become an im-
cloud the interpretation of a sufficiently precise T-odd, portant tool in probing the internal structure of the proton.
P-even measurement in terms of new interactions. Observa/CS involves the coupling of one virtual and one real pho-
tions of T-odd, P-even correlations in nuclegdecays are ton to a hadronic system. In the case of the proton, the VCS
consistent with theoretical calculations of QED final statecross section is sensitive to the generalized polarizabilities of
interactions[9], while T-odd, P-even searches in neutronthe proton, and its measurement should provide insight into
B-decay have yet to reach the sensitivity needed to discertihe proton structurg14]. In practice, however, this cross
these effects. section includes Bethe-HeitlgBH) amplitudes associated
Recently, the SAMPLE Collaboration has reported a nonwith radiation of a real photon from the electrons. Proper
zero measurement of the VAP in polarized, elastic electrontreatment of the cross section must therefore be taken in
proton scattering10], making it the first nonzero result for order to obtain a correct interpretation of the measurement.
any T-odd, P-even observable in any electron scattering prdn contrast, the process involving the coupling of two virtual
cess. The result has received widespread attention, as it diphotons to the hadronic system is immune to background BH
fers substantially from the simplest theoretical estimate ofimplitudes and, thus, offers an alternative to VCS in probing
QED final state contributions that neglects proton recoil andhe proton structure.
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FIG. 1. (Color onling Two photon exchange diagrams. The  FIG. 2. (Color onling Bremsstrahlung contributions. Labels are
wavy lines indicate virtual photons, whik(k’) and p(p’) denote  the same as in Fig. 1.
the initial (final) electron and proton momenta, respectively.

With the aforementioned motivation in mind, we study prellmlnary Mamz Qata. The culprit C.Olj.ld be tha.t going to
the Mainz kinematics exceeds the limit of validity of our

the VAP in the framework of an effective theory of low- fective th that t include additional d ical
energyep scattering. Since the SAMPLE measurement cor=nective theory, that we must include additional dynamica

responds to kinematics close to the pion eIectroproduc:tiorciIegrees of freedqm sugh as theor 4(1230 resonance, or |
threshold, we consider only the electron, photon, an oth. Future studies using alternative methods such as dis-

nucleon as dynamical degrees of freedom. In this respect, o rsion relations may be needed to explore this kinematic
analysis corresponds to the use of heavy baryon chiral pe ijomain.

turbation theory with the pions integrated out. To make the F'g?]"y’v"x% e}lso t(f:]c_m&deAn forhpolagzed Maller scgttt;r— th
treatment systematic, we expary, in powers of p/M, Ing. the or this process has been measured by the

where p is either the incident electron energl) or mass 5158 Qollab_ore&tic:cn i'[?SIIAC%Q’ and the;o:_etical comput_?r-]
(m) andM is the nucleon mass. Working to second order in lons given In ke s{l7— E]._ ur computation agrees wi

. N . . these earlierA,(ee calculations, providing a useful cross-
p/M, we obtain all contributions t@\,, that arise uniquely heck tudv of the VAP f tteri
from one-loop, two-photon exchange amplitudes and obtajff '€CK On our study ot the & p scattering.

a prediction that is free from any unknown parameters. W%e?gfrglzcuzsfrn:; ﬁ‘gﬁzsvgo:gtssgcorﬁawéegiégsgg reer::g'rg]
also write down the leading, nonrenormalizable T-odd pap : " 9

P-even eepp operators whose intereference withi, can features ofA,, and our approach to the computation. Section

generate a nonzero VAP and show that they contribute aI{I provides details of the calculation. In Sec. IV, we give
O(p/M)* numerical results and discuss their significance, while Sec. V

We find that inclusion of all one-loop effects through gives our conclusions. Technical details are provided in the

O(p/M)? in M., as well as all terms inV,, through this Appendixes.

order is sufficient to resolve the disagreement between the

SAMPLE result and the simplest potential scattering predic- Il. GENERAL CONSIDERATIONS
tions. This resolution follows from several effects that occur
beyond leading order ip/M: recoil corrections to the pure
charge scattering result obtained in REF1], the nucleon
isovector magnetic moment, and the proton charge radius. In *
the absence of dynamical pions, contributions from the :d‘TT_d‘Tl :2 Im M, M,
nucleon polarizability arise at higher order than we consider do; +do, M2
here and appear unnecessary to account for the experimental

result. Given that the incident electron eneryis of the  wheredo () is the differential cross section for scattering of

same order asn,, we have noa priori reason to expect gjectrons with incident spin paralléntiparalle) to K X K'.
agreement of our computation with experiment. What it sugy, 5 phase convention where the singlexchange ampli-
gests, however, is that for this kinematic regime, pions play g,de A1 is purely real,A, requires a nonvanishing imagi-
less important role in the VVCS amplitude than one mightnary par?t of M .%/To compute the latter, one must consider
naively expect. Future low-energy, measurements, taken poth the box and crossed-box diagrams of Fig. 1. Simple
over a broader range i and scattering angle than relevant power-counting arguments indicate that the contribution to
to the SAMPLE_ measurer_nent, would provide addmonal,M7 arising from the leading-ordeyp couplings is ultravio-
useful tests of this conclusion. , let finite but infrared divergent. Thus, in general, one must
We also consideA, at forward scattering angles and en- 5150 compute the contributions £g arising from the brems-
ergies somewhat higher than those of the SAMPLE experigyrahlung diagrams of Fig. 2. As we show by explicit calcu-
ment, since preliminary results for this kinematic domain|ation in Appendix A, however, the bremsstrahlung contribu-
have been reported by the A4 Collaboration at the MAMItion 1o A vanishes identically, while InM.,,, is infrared
facility in Mainz [15]. Although we would not expect our finite. The resulting, leading-order contribution #, is
framework to be reliable in this kinematic regime, where theo(p/M)o_
electron energ)E is much closer toM, it is nonetheless
instructive to compare with the Mainz preliminary resultsas—__
a way of pointing to the physics that may be operative in this 'By Im M.,,, we mean the coefficients of the various products of
domain. Indeed, we find substantial disagreement with thérmion bilinearsel’'eNI'’N, etc. that appear in the amplitude.

We are interested in computing the VAP in elagtjzscat-
tering:

(2)
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Additional contributions toM ., arise from higher-order
operators that couple one or more virtual photons to the pro-
ton and electron. We neglect the latter since they are sup :
pressed by additional powers of the fine structure conétant. P ¥ P@ P
In contrast, theyp operators are induced by strong interac- / s 2
tions and have couplings of order In order to treat their 2 .2 S 2
contributions systematically, we adopt an effective theory /0-.-.\ M
framework since we cannot compute the operator coeffi- &
cients from first principles in quantum chromodynamics. The
natural framework for doing so is heavy baryon chiral per-  FiG. 3. (Color onling Contributions to the VVCS amplitude
turbation theory(HBxPT), which provides a systematic ex- appearing in Fig. 1. Open circles indicate the leading-orgdr
pansion in powers gb/ A, andp/M, whereA, =4nF isthe  couplings, while dark circles indicate higher-order couplings, such
scale of chiral symmetry-breaking ampdis an external mo- as the magnetic moment and charge radius. Shaded circle denotes
mentum or mass with magnitude much less tha@and A . that nucleon polarizability operator.

In the present case, where we integrate out the pions, we take

p=E orm and useM as the heavy scale. For the kinematicSerators have dimension 7 and would nominally contribute to

of the SAMPLE experimentE>>m. Since there are no A at O(p/M)3. We show, however, that contributions from

hard collinear infrared singularities in I, we may drop  these operators vanish to this order and first arise at

all power corrections involving the electron mass and obtalrb(p/M)4_ Since we truncate our analysis at two orders lower,

our result as an expansion /M. , we may neglect these operators and obtain a parameter-free
The leading terms in a heavy baryon Lagrangian foryreqiction for the VAP. Nevertheless, we discuss these opera-

nucleons and photons relevant to our computation are 55 priefly in Sec. IV when considering the possible size of

neglected, higher-order contributiohs.

(©) (d)

— 1-— ) o .
Ly, =Byiv DB, + ——B,[(v -D)?-D?|B, As we show in detail in Sec. lll, the leading one-loop
2M contributions toA,—generated by tw@®(p)yp insertions in
eu e eC— the VVCS amplitudgFig. 3a]—are finite, non-analytic in
+ mfwaﬁ':“ v BUSBBU‘WBUUMBUAF“A* p, and occurO(p/M)°, whereas those generated by the

dimension-7 T-odd, P-even operators arise Qxip/M)*.
3 Thus, the leading contributions are uniquely determined

whereB, is the field for a heavy proton of velocity,, where from _the o_ne-loop calculation. Siryilarl_y, contributi(_)ns to
D,=d,-ieA,, and where we have shown explicitly afp M,y involving oneO(p) and oneO(p®) yp interaction[Figs.
I " . .
interactions througl®(p%). The latter arise from the sublead- 3(P) and 3c)] contribute toA, at O(p/M), are also finite and
ing kinetic term in Eq.(3) as well as from the operators nonanalytic inp, and are unique to the loop calculation. The
containing the field strengti/*. The coefficieniu=2.793is  O(p/M)? loop contributions arise either from two(p®) yp
the proton magnetic moment, whi® determines the proton Operatorsfe.g., two insertions of the nucleon magnetic mo-
Sachs, or electric, radius, ment operator, Fig. (@)] or one O(p) and oneO(p?) term
(viz., the proton charge radiuswWe find, however, that the
LdGE(1) ) O(p/M)? components of\1,,, arise only from theyp mag-
dt |0 netic moment interaction as well as from recoil order terms
5 ) ) in Ly,. Contributions taM ,, from the proton charge radius
where t=g”. The experimental value fofr®g=0.743 fnf  yanish, though it does contribute & as a higher-order term
[20,27 implies C,=2.81. When included in the loop dia- in M.,
grams of Fig. 1, these interactions generate contributions to
theep amplitudeM,, andM,,, through order(p/M)? relative
to the leading term. To this order, operators associated with . TWO-PHOTON EXCHANGE
the nucleon polarizabilitysee Fig. 8e)] do not contribute, as
they occur aD(p?) in Ly, When the pion is treated as heavy.  The evaluation of four-point functions for general kine-
Higher-order contributions té\, can also arise from ef- matics does not readily lend itself to evaluation using stan-
fective T-odd, P-eveeNNinteractions. The origin of such dard Feynman parametrization in the loop integrals. Alter-
operators could be either physics that we have integrated outate methods for evaluating these integrals that do not rely
such as contributions ta1,, from 7N or A intermediate explicitly on Feynman parameters have been worked out in
states, or explicit T-odd, P-even interactions arising fromRefs.[23,24 and have become standard. In the present case,
new physics. As shown in Appendix B, there exist no Her-where we are interested in backward angle scattering at non-
mitian, four-fermion operators at dimension 6 that contributezero g?, we would ideally like to use this formalism. How-
to A,. The lowest dimension T-odd, P-even four-fermion op-ever, the form of the heavy baryon propagator does not per-

M2
C = F<r2>E =M

2For high energy scattering, these higher-order QED contributions 3For an earlier, phenomenological calculation that includes some
may receive logarithmic enhancemefit9)]. of these higher order contributions, see H&g].
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mit one to adopt the t'Hooft-Passarino-Veltmann formulation T A

We circumvent these difficulties by carrying out the com- v
putation with relativistic baryon propagators and expanding
our result in powers op/M. Doing so allows us to evaluate
the loop integrals using the standard formulation of Refs.
[23,24. It has been shown in other contex&5] that doing
so allows one to recover the heavy baryon result so long as

the external momenta are sufficiently small. Moreover, our ) )
loop results are entirely nonanalytic im and, thus, must where the three labels associated with Byeand C, func-

match the corresponding nonanalytic results obtained withons indicate which propagators are used for the two-point
heavy baryon propagators. To the order of our analysis, therdd three-point integral as discussed in Appendix & the
exist no four-fermion operators that could account for differ-Photon mass, and

2nces between relativistic and nonrelativistic treatments of A =2-25(M2+1mP) + (M2 = n?)2. (6)

Co(1,3,4) = CO(1,2,3) = Co,

By(1,9= 7 O(s— (m+ M), (5)

o

The one-loopM.,, is nominally infrared singular and These integrals have been previously computed in Refs.
must, therefore, be regulated with an IR regulator such as 24,26 (in [26] they are obtained by the use of dispersion
photon mass. On general grounds, the regulator dependentg€hniques The Dy and C, loop integrals diverge as— 0,
should be canceled by a corresponding dependence of ttit the combination

bremsstrahlung contribution to the spin-dependent cross sec- - A
tion. As is well known, such a cancellation occurs for an 2Cy+ Dot = —=In (—)@(s—(m+ M)?) 7)
unpolarized scattering cross section. In Appendix B, we VA st

work out the correspondin_g bremsstrghlung contribution tqg finite in this limit and is the only combination @, and
A, and show that it vanishes identically. Consequently,c integrals that is so. As such, the two-photon contribution

Im M,,,, must be IR regulator-independent. to A, must only contain terms proportional to this combina-
In general, the amplitude\t,,, depends on each of the i or to theB, integral.

eleven integrals obtained in ReR4]. The imaginary part, In evaluating the loop contributions #,, it is most effi-

however, depends on only four, cient to identify the terms o\, that generate the correla-

tion of EqQ.(1) by carrying out the Dirac algebra in the inter-
ference term Im\1,, M before evaluating the momentum

Do= Z—WIn (%)%@(s— (m+M)?), integ_rals._ After carrying out the momentum _integration, the
-t N/ AA contribution from the box diagram of Fig(d) is
|
_ (A7ra)? 16mm?(47a)

21m Mk;‘;x/\/l;: e’“’“/”PMS,,KaKl’;{ [4(M2 -m? - 39)M?R+ «{(6R+ 2)A - [(m? — M? - )R+ 2s]t}

4™t (A +st)

1
+ K R-—————{2(3m* + 16M?) A%+ A[11m* - 2(13M? + 8s)n? + 15M* + 115? + 14M?s]
8M<(A + st)

A+t

S
Xt+ 49 2m* — (5M? + 45)M? + 3M* + 25° — 3|v|2s]t2}] (2Co+ Dot)- 4 (K?+ 4k + 2)80} . (8)

Here,s, t, andu are the Mandelstaam variabless u—1 is the nucleon anomalous magnetic moment, and
K C,
R-1=t|—-—]|. 9
[4M2 MZ} ©
To obtain the result consistent with our power counting, we expand&dn powers ofp/M up to second order relative
to the leading terfh

“This procedure introduces no ambiguities becausg iy, is finite to the order of our analysis.
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(47a)? 3272amM

box ) «* — _ pvaf ’
Im MOSM., - ) T P,.SK.Kp
VEZ-m?| (B2 - +t/4) + —— + —
2M  4M
4(E? - m?P 3E 2% k% 32E?-mP)?+tY2 + 10E? - mA)t
X [ln(&)_2E/M+(2E2—m2)/M2:||:R+_+ﬁ2+K—2 ( m)‘; + (I )
- M M2 M 4(E?-n?) +t
2
+%(m2—52)] - %{(Ehn@)ﬁ”@(s—(m M)?) (10

where the® function arises from the integral€C2+2D,t and B,. Note that we have retained time dependence purely for
illustrative purposes, am< <E for the experiments of interest here. The corresponding contribution from the crossed-box
diagram can be obtained by crossing symmetry with the replacesaent In this case, thé function vanishes, so only
Im M22M’, contributes.

In tﬁe expressiol10), the terms that go as powersBfM or m/M but do not contain factors of or C, arise purely from
recoil effects. The proton charge radius contributes solelyMia Although it also contributes to the absorptive part\df,,,
the resulting terms do not contribute to the spin-dependent correlation aflEdncluding the magnetic moment, charge
radius, and recoil-order terms i, along with the loop contributions in E¢10) leads to the following expression for the
VAP:

2_
An= = 2atm g é-}ZXIZ’HIn(LKE_—mZ))—2E/M+(2E2—m2)/M2}
\r"Ez-mz((Ez-mZ+t/4)+—+—2>
2M  4M
3E, 2nP | kP 3AEP-mPP+ 2+ 10EZ-mAt Ak, }—42{ 2_ 3}
X{R+M+M2+Mz A(E? - ) +1t +M2(m2 EY) > (E mZ)+4

AEt  t+2mP+ 2uc(t + 2mP) + k[t + AP - Ez)]/Z]‘l (11

x{(8E2+2t)R2+—+t 5
M M

Dropping all terms that go as powers®BfM, m/M, ort/M?  has measured,, at E=570.3 MeV andE=854.3 MeV and

yields the result obtained in Refl1] that was obtained for 25°< 6<35°. Preliminary results for the higher-energy VAP

scattering from an infinitely heavy, pointlike proton. have been reported in R¢fL5]. A comparison with our com-
putation indicates that the preliminary experimental values

IV. RESULTS AND DISCUSSION or

The expression forA, given in Eq. (11) provides a
parameter-free prediction for low-energy electron scattering.
In Figs. 4 and 5, we plod, as a function of energy for fixed
laboratory frame scattering anglés146.1° (Fig. 4) and 0 ool
=30° (Fig. 5), while in Fig. 6 we show the VAP for fixed _
energy E=192 MeV while varying 6. In call cases, the §
leading-order calculation is shown for comparison. In Fig. 6, &%
the relative importance of the recoil, magnetic moment, and<c-
charge radius contributions is also indicated. _a0l

The result obtained in the SAMPLE measurement is also
shown. While the leading-order calculation overestimates the
magnitude ofA,, by a factor of roughly 4, inclusion of the -o0r
higher-order terms considered here produces agreement wit
the experimental value. Interestingly, there appears to be _g ] " . . . s . ‘ . ‘
scant evidence that dynamical pions or thelay a signifi- o o1 0z 03 E;erg‘;s(Gef{;; 07 08 09 T
cant role inA, for this kinematic regiolE=192 MeV), de-

spite one’s expectation that they might. FIG. 4. (Color online VAP vs energy for fixed scattering angle,

At higher energies, our result féy, cannot be considered ¢=146.1°. The dashed line is the leading-order result, and the solid
reliable, since the convergence of the effective theory expanine shows the full calculation. The SAMPLE res(lt0] is also
sion breaks down foE~ M. The A4 Collaboration at Mainz shown atE=192 MeV.

—10
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Energy (GeV) 6 (deg)

FIG. 5. (Color online VAP vs energy for fixed scattering angle, FIG. 6. (Color online VAP vs scattering angle for the SAMPLE

#=30°. The dashed line is the leading-order result, and the solifinematics(E=192 MeV). The dotted line gives the leading-order
line shows the full calculation. result, the dashed line adds the recoil corrections, the dash-dotted

line adds the magnetic corrections, and the solid line shows the full

. . . calculation throughO(p/M)>2.
for forward angle scattering and higher energies are substan- et ugro(p/M)

tially larger in magnitude than we are able to obtain via the . Vo ) o ,
low-energy expansion t&(E/M)>2. Presumably, a resumma- correlatione*”*#S,P,P K} that is nonvanishing foP # P".
tion of higher-order contributions iE/M using nonpertur- 1he resulting contribution to the VAP is

bative techniques, such as dispersion relations, would be re-

quired to compute reliabl, in this domain[12,27-30. We A = aCry tK||K"] sin 6 (14)
would also expect that inclusion of nucleon resonaneesl " 47 M?I8MZE?+ 2(2E + M)tM +t?]’

pions as explicit degrees of freedom would be needed to

account for the experimental results. a result that isO(p/M)*. In short, the only heavy baryon

One indication of the possible strength of these higheroperators that can contribute involve either fields with two
order contributions may be given by considering the T-odddifferent velocities(viz., B, andB,,,) whose contribution re-
P-even dimension-7 operators. As shown in Appendix Bguires nonzero proton recoil, or dimension-8 operators in-
there exist twod=7 operators that could, in principle, con- volving the B, fields only and carrying an additional/ M
tribute. From an explicit calculation, we find that only one of recoil suppression.

the two—OZaN—Ieads to a nonvanishingy,. Here, it is useful The SAMPLE result foA,, allows for a nonvanishing, but
to consider the form of this operator for relativistic proton small coefficient for the leading, higher-order T-odd, P-even
fields, N, operator. Using the relativistic operat®’2, for illustration

and including the loop contributions throu@{p/M)? leads
@?Cry .. to C7,=3.07+6.64. Naive dimensional analysis would have
o= vE eo*”ys(D + D),eNysy,N. (120  suggested a magnitude fdC;, or order unity, so the
SAMPLE results do not appear to imply the presence of any
unnatural hadronic scale physics. We may now use this range
Rewriting this operator in terms of the heavy fieBisleads for C,, to estimate the possible size of higher-order effects at
to other kinematics. The resulting band is shown in Fig. 7 for
backward angle69=146.19 and in Fig. 8 for forward angles
5 2C o (0=30°). For the Mainz measurement BEE=570 MeV and
Of=-2—7%eo*"y(D+D),eBS,B,, (13 6=30°, we find -2.6<A"<0.7 ppm, while A=
M —-0.64 ppm. Thus, one might expect the impact of the physics
we have integrated out to grow in importance relative to the

where S is the nucleon spin. The contribution froéga loop effects considered here as the energy of the beam is
. . =~ 7a ., increased, and it appears reasonable to expect a magnitude of
to the interference amplitude I , goes as

vt , . . a few ppm at the Mainz kinematics. We caution, however,
fl‘?e Brself;ﬁl\),?gica?:r};h%sf' Yr?emsohpeesr.ag)rr](;;]f oltehae(;sha;(r;d,t#esmqhat the precise value obtained in our calculation is unlikely
eN to be correct in this energy regime, where the convergence of
the E/M expansion is slow at best.
°For recent studies that pertain to such contributions, see Refs. As a final comparison, we also considgrin fixed target,
[32-34. polarized Mgller scattering. The VAP for this process has
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151 K K K K
o < = + ’<>> ?:
5t - . =
0 - p P’ p P’
__5r (a)
1S
o-10r
& K K’
£t -
<
_20}F g Z; +
251 . p ) P’
_30F s = |
(b)
351
" ) . . ) . . ) . . ‘ FIG. 9. (Color onling Diagrams contributing to the VAP for
o 0.1 02 03 04 05 06 07 08 09 1 Mgller scattering.
Energy (GeV)
FIG. 7. (Color online Possible contribution from the dimension do! dot & m . o1 4an?
3 . a —— - =— =sin -—
iel\:l%n,l;' odd, P-even operaof, to the backward angle VAPY dQ  dQ 8 t2u?s Y

X{3(5—4mz)[t(u—s+ 2mz)ln( ! 2)
s—4m

been measured at SLAC by the E158 Collaborafidj, and ~u
one expects results to be forthcoming in the near future. Cal- -u(t—-s+ 2m2)ln( )] - 2(t—u)tu

_ 2
culations of this quantity have been performed by several §—4n
authors[17-19. As a cross-check on our VAP fap scat-
; i do!  dot a?
tering, we carry out the analogous calculation here. It can be bt A [(£2+1tu + ud)?
performed completely relativistically without performing an dQ  dQ  2stu?
expansion in electron energy. However, since we are now +AmA(mP-t-u)(B-tu+wd)], (15

dealing with identical particles in the final state, we need to

compute the interference between tree diagams in Flp. 9

and the box diagrams of Fig(®. For the SLAC measure-

ment, one ha&=46 GeV. Performing the calculation in the  Our results are in agreement with those of R§f3—19.°
the corresponding figure in Rdf19] (note thatin Ref[19],
the VAP is plotted versus césather than versug as we do

here.
ar
///
ol //// V. CONCLUSIONS
///
//// - In this study, we have computed the low-energy, back-
0 N ward angle VAP using an effective theory involving elec-
— \\\ trons, photons, and protons, and we have obtained a
g_z_ T parameter-free prediction throug¥p/M)?. The VAP to this
,;9 \\ order is determined entirely by the imaginary part of the
°<° N interference between the two-photon exchange, one-loop am-
“ \\ plitude, and the tree-level one-photon-exchange amplitude.
\ In the limit that M — o, our result exactly reproduces the
-6 N VAP obtained in Ref[11] for scattering from a structureless,
A infinitely heavy proton that over predicts the magnitudépf
8 \\ at the kinematics of the SAMPLE experiment. We find that
h inclusion of all contributions througlO(p/M)? leads to

0.4 OjS 016 0j7 018 0?9 1
Energy (GeV) .
®In Ref. [19], O(c?) contributions arising from initial and final
FIG. 8. (Color online Possible contribution fronOZﬁ to the  state radiation effects were also computed. The corresponding con-
VAP at 6=30°, given constraints on the operator coeffici€at, tributions for theep VAP are smaller than the hadronic uncertainties
implied by the SAMPLE result. arising atO(«), so we do not consider them.
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8r value of C,, with a magnitude of order unity, it appears
unlikely that one will be able to circumvent the correspond-
ing theoretical hadronic uncertainties as needed to make the
VAP a direct probe of new physics. On the other hand, low-
energy studies oA\, could provide important information for
the theoretical interpretation of other precision, electroweak
observables.
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FIG. 10. (Color onling The Mgller VAP vs CM scattering angle
at the E158 kinematics.

agreement with experiment and leaves little room for impor- APPENDIX A: BREMSSTRAHLUNG COMPUTATION

tant effects arising from dynamical pions or nucleon reso- .
nances at these energies. The leading counterterm contribu- H€re, we show that the bremsstrahlung amplitudes corre-
tions arise aO(p/M)* and are consistent with zero. Thus, sponding _to Fig. 2 give a vanishing contribution to the VAP.
the SAMPLE measurement provides no evidence for unusua-tlihe amplitudes are
hadronic physics effects at these scales. The data also con-

strain the magnitude of the counterterm coefficients to be of i

natural size, and lead one to expect the VAP as measured by M?=—u(K')(ie)y,
the A4 Collaboration at Mainz to be at most of the order of a q

few ppm. Given the range of validity of our effective theory, 1+y8
however, we cannot produce a reliable prediction for VAP at Xy, > u(Ku(p’)(ie) y*u(p),
the Mainz energies.

In this context, the results of the SAMPLE measurement
have notable consequences for studies of weak interaction
processes. In the case of both neut@udecay and parity-
violating ep scattering, theoretical consideration of final state
QED corrections to the leading-order weak amplitudes is im- .
portant for the interpretation of various measurem¢hsg. Xu(Kju(p)(ie)y,u(p),
To the extent that these measurements involve relatively low
lepton energies, an analogous effective field theory compu-
tation of one-loop graphs involving the exchange of one

iK=1+m
K=12—m2®

iK'+ +m 1+y8
K + - %

MP= ;—ji(m(ie)aﬂea

—i o
weak vector boson and one photon should be reliable at the ME= ?U(K')('G)WU(K)U(D )(ie) y*
~20% level relative to the size of oth&(«a) corrections. )
Future, more precise measurements of the VAP at low ener- i(p’+hH+M (ie) y*e,u(p)
gies and overa range of angles would provide important tests (p' +1)2-M? oLP),

of this provisional assessment.
One might also ask how competitive the SAMPLE mea-
surement is with other direct searches for new T-odd, P-even

; . X . X o o
interactions. A_s discussed in Re_[si.,b], dlrec_t searche.s are MA= —u(K")(ie) y*u(K)u(p’)(ie) y*e,
most relevant in symmetry-breaking scenarios wherein parity q
is broken at or above the scale for the breakdown of T. Ex- iB=1+M
(B-n .
isting direct searches imply that <fewx 1073, wherear is X (p-N2—M? Mz(le) yu(p). (AL)

the ratio of a typical T-odd, P-even nuclear matrix element to

those of the residual strong interaction. When translated into

bounds on generic, dimension-7 operator coefficietfun-  Here, |, is the radiated photon momentum. The square of the
der the normalization of Eq12)], one obtaingC;|<2. The  invariant amplitude

sensitivity of the SAMPLE measurement is comparable.

Given that conventional, hadronic final state effects that have

been integrated out in our computation naturally imply a MB=| M3+ -+ MY (A2)
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depends on ten different products of leptonic and hadronic

tensors. The leptonic tensors are

_ , (K-T+m) 1+y8
L,‘j‘;_Tr((K +m)yﬂ(K T Yo (K +m)
(K —1+m) )a*ﬁ
7B(K ) 271} €€,
. , (K-T+m) 1+y8
L‘ZV—Tr((K +m)7“(K—I)2—mzy“ 5, (K+m)
(K" +1+m) ) 7
V- 7)€
. K=V+m) 1+y5
LaC—Tr<(K +m) ,u(K ) mZYQ 75 (K+m)7y) )
Lad=L2S,
~ , (K'+/+m)  1+y5
Lf};_Tr((K +m)ya(K,+|)2_m27M 5 (K+m)
(K" +1+m) )a
e -me 7)€
be _ , K'+I+m) 1+y5
LMV—Tr((K +m)y“(K’+I)2 T
><(K+m)n>6“-
Lbd_Lbc

uv

) 1+
L;°V=Tr<(K +m)y,

)%>,

d_
LC Lffw
dd _
L= Lffv. (A3)
The corresponding hadronic tensors are
HEZ =T (' + M) (B + M) ¥,
Hab - Hg;
vV ' ( ! M) *
Hac = ( (B +M)y“(p+ M)vﬁp—MzV)Eﬁ,
, , (P +I+ M)
ad—Tr ((lb + M)y (p+ M)y ( ,+|)2 Mﬂﬁ EB!
HEy = HEZ,
HEY =HEY

aa’

PHYSICAL REVIEW C 70, 054003(2004)

HES =H4,

Hey = w(mwmmwfﬂ{—]%ww +M)

, (p=1+M) !+M) )
(p ’}’8 aﬁ!

ey = 7o (6 M)

(v 7 -m2Y s

(p" +1+M)

HEg=Tr ((p' My B )

(' +I+M)

Y o M”) :

(A4)

We now need to compute

MB=3

d4l{ SLBAHAY + L2 HAY + LAHAY + LaIHA
pol

+|_;dVH +L9IHAT+H . c.

=> d“l{ ql4[(H““+ HAD (L3S + L29) + HAx(L3a

pol
+ L2 4+ L20) 4 LAY(HES + HE + HID ]+ H . ¢ }

(A5)

where the sum is over all polarizations of the radiated pho-
ton. We are only interested in the terms proportional to
eaﬁyas"kﬁk’ypﬁ. First we investigate the momentum inte-

grals,

. B_ 4 1 1
'*7‘fd{mwntmaW+m—M2

. 1 1
(P +1)2=M?(p-1)*-M?
. 1 1
(p=1*=M?(p-1)>~
1 1

TR AP+ 12— (A6)

We can evaluate the generic two-point integral as defined by
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i7B(p?;m2, md) = u* nf dnq[; HEa = Tr((p" + m)(Cy + Coys) (B + M) ),

q2+m§—i6
1
X——— . A7
(q+p)2+m§—ie} (A7)

We are only interested in the imaginary part®&fWe find
that above the physical threshad —p?= (m, +my)? this in- (4mra)o? . »
tegral develops an imaginary pd#i] MeM,+H.c.= M2 [L6aH u(6a + Lo H wton)

Hep = Tr((p" + m)(C3+ Cjys) v“(p + m)»*),

HMVH - Tr((pl + m)(C5 + C6'y5)0"u‘01(p + m) ’yﬂ)

+ LgCVaH,uva(GC)] +H.c. (83)

Im B(p?;mf, mp) =

| 2
W‘MS’—Z‘M@@— (my+ mp)?).

Evaluating the traces and keeping only the terms of interest,
(A8)  we obtain

Evaluating theB functions for the kinematics involved here, (47m)

we find that none of the integrals of EGA6) develop an MM+ H.C.=i16— ——(C1CiM = C,CiM)€,p,5

imaginary part. As such, evaluating the traces and perform-

ing the integration, we obtain a result of the form XS“pﬁKVK’5+ H.c. (B4)
MB=f,(mM,s,t,u) + f(mM,s,t,u) Since all theC’s are real, we see there is no contribution

. s from dimension-6 terms. This results is as expected, as the
Xi€apysS' Kk7p’+H.c. operatordg,_. are even under both T and P.

= 2f,(m,M,s,t,u). (A9) Now considerd=7 operators. As for thel=6 operators,

all contributions from T-even P-eveth=7 operators will van-

ish. We may, however, write down two Hermitian T-odd,

APPENDIX B: LOCAL OPERATORS P-evend=7 operators

Hence, we find no contribution ta,,.

As discussed in the text, we are interested in computing
the contribution to the VAP from local, four-fermiomeNN
operators. The lowest dimension operators of this form have
dimension 6. First, we show by explicit calculation that all
d=6 operators give vanishing contributionsAg. The most OZR,
general forms for thel=6 operators are

O C7ae?’50'” (D +D),eNysyuN, (B5)

N~
e M3

M307b875neN750””(D +D),N. (B6)

o2 _ As before, we evaluate the interference of the above with
0% = Wacl +C,y5)eN(C; + Coys)N, M., The corresponding leptonic and hadronic tensors are
1+y5
o @ — Ly =i Tr((K' + M) ys0 i, (K + m)yV)
Oen= Wacs +Cuy5)¥'eNC;+ Cyys) ¥, (B1)
1+ '}/5S
a’_ — L7 —Tr((K’ +m)757'u—(K+m)7V>
OZ= 128(Cs + Co¥s)"eN(C5 + Coys)ruN, - (B2) 2
where we have used relativistic nucleon fiegthe corre- HZ =Tr((p" + m)ysy*(p + m)y")
sponding argument carries over straightforwardly in the
heavy baryon formalisin To make the above Hermitian we HEY =i Tr((p’ + m)yso™*q?(p + m)y")
require all the constants;,, to be real. We now compute the
interference of the amplitudes associated with these opera- X (4ma)a?
tors and the tree amplitudé1,, retaining only the desired MM, +H.c. :im—s[CmLé‘;HWWa)
structure e,,5,,S*pPK"K'%. The corresponding leptonic and
. By
hadronic tensors are + CpLipH 7)) + H.C. (B7)
LL = Tr((K’ +m)(Cy + 0275)1 + 755(K +m) 7#>, Evaluating the traces, we note that only tgH,,,7, con-
tributes,
1+%.8 16(4ma)a’C, ,
g = Tr((K' +m)(Cg+ Caye)y' = (K + mw), MMy He == e eapaSPAK?. (B9)

We are interested in the contribution such a term gives to the
Lpve = Tr((K’ +m)(Cs + Caye)™ +275S(K+ m)y"), g/:tP. Keep only the leading piece of the tree amplitude, we
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3 A Sk K i K i7°D gy

I% m :\_E * \jr _fd4| ID/I |7

- T (12=mA) (1 + KA (1 +K' +p)2 = M?](1 +K)?’
p l+p+K p p p

FIG. 11. (Color onling Momentum routing for the/y box graph iﬂ2Daﬁ75
integrals.

:fd“l 1l gll s
(12=m?)(1 + KD+ K’ +p)? = M)+ K)*

aC t2|K||K'|sin 6
7a IK[[K’ B9) ©3

47 M 8M?E? + 2(2E + M)tM +t?]"

7) —
A =

In order to evaluate these integrals, we follow the methods of
Refs.[23,24, and our notation follows that of Ref24]. To
APPENDIX C: LOOP INTEGRALS this end, we need to compute the following three-point func-

Here, we provide additional details about the computationtlons
of M,,. As noted in the text, the contribution from the 1
crossed box diagram vanishes, so we consider onlym°Cy(1,2,3= | d*l 5 > ; 2_ M2’
Im Mt;‘;xMy Using the momentum routing shown in Fig. 11 (IZ=mA)(+ KT+ K" +p)? = M7]
we express the latter in terms of the leptonic and hadronic
tensors:

1
(12=mA) (1 +K)(l + K)?’

im°Cy(1,2,4 =J di

Leve =u(K’ )(Ie)y'“( mz)( )y 75 u(Kyu(K)

X(ie)y*u(K’), i7°Co(1,3,4 = J d oD+ K +1p,)2 VAT KR
“w:“(p“(‘e“ KT, s K')B) 7Co(2,3,4 =f Y !
R+ P+ M) . (I+KZL(+K +p)Z = MZ](1 + K)?'
(I +K +p/7- ('e[l MALREE (ca
. %s(l . K)5) u(p)U(p)(ie[l 1K =K'y, and two-point functions
1

H — 4
+%<K—K’>’>U<p’>, I7Bo(1.2 'f ik
2M
1
DM +K +p)2- M2’

ek Sl ol i B, (1'3)=fd4'
box va ;
M M f (2’77)2 L (I+K’ ) 1+ K)2 (K- K!)ZHMVa' (|2

(CD L
where i7°Bo(1,4) = J d“lm,
r=R-1. (C2
We define the loop integrals from above as follows: i7°Bo(2,4) :J d“l%,
I+ K +K)

- ) 1
IWZDO_J d4| (12=mA) (1 +KH (1 +K' +p')2 = M?](I + K)?’

1
(I+ K +K +p")2=M?]’

i7°Bo(2,3) = f d’i
. _ 4 I“
'ﬂzDa-fd 2o+ KA+ K+ p 2 - M2+ K)2

1
7B (3,4)=fd4| — . (C5)
17D, ° [(+K'+p)? = M?](I +K)?
o For all theB, C, andD integrals above, we are interested
:Jd4| 5 — “ﬁ, — 5 5, only in the imaginary part. The only two-, three-, and four-
(1% =m) (I + K)T( + K’ +p")* = M?](l +K) point integrals with nonvanishing imaginary parts are
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2 -1\ 1 D R
Im DO:—WIn<—2>/——®(s—(m+ M)?), 1 . 20
-t A \rA Im D12 =X""Im R21 y (Cg)
DlS R22

A
Im Co(1,2,3:;In<7>®(s—(m+ M)?), where
VA \sh

1
Im Cy(1,3.4 = Im[Cy(1.2,3] = Cy. Roo= E[leo*‘ Co(1,3,4 - Cy(2,3,4]

— 1
‘A ==(2Dgn? + Cy),
Im BO(1,3)=77\?®(3—(m+M)2), (C6) 20 T
In the above) is the photon mass anti=s>-2s(M?+nr) _1
Ro1=Z[f2Dg + Co(1,2,4 — Cy(1,3,4]
+(M2-m?)2.
Although space considerations preclude a complete delin- 1
eation of the calculation here, it is instructive to consider in = —[2D¢(s—- M2 =nP) - Cyl,
more detail the evaluation of one of the four-point integrals 2
required. Specifically, we consider L
D= pSDy; + piDyp+ PSDya. (C7) Rpo= E[sto +Co(1,2,3 = Co(1,2,4)]
For the kinematics considered here, the Passarino and Velt- 1
man momenta and masses are = 5[_ 2Dg(s— M2 =) + Cyl, (C10
P =K, mg=m, where
P2=p, mM=0, f = mi - m; - pi=2n?,
ps=-p, mMg=M, fo=mi—m;+pi-pe=(s—M*-nP),
ps=-K’, m=0. (C8) fa=mg—mi—pi+ps=-1f,, (C11)
We then have for the InD;; and where the inverse of the momentum maiiis
|
AM? -t 3M?+m? -s—t M2-m?+s
02 pups pips ) A+ts A+ts A+ts
ie PR R | aMPenPos—t 2(MP+s+nP-(s+t-MA2-m* M2-n? 1 12
7| PPz P2 ngg - A +ts t(A +19) A+ts ¢
PiPs P2P3  P3 2_ 2 2_ 2
Me-m°+s M<—-m _} S _}
A+ts A+ts ¢t A+ts t
After performing the necessary algebra, we obtain
Do{2[(m=M)%=s][(m+ M)? = s] + (m? = M2+ s)t} — 2Cy(s+ M2 — )
Im[D,4] =~ )
2(A +ts)
Do{m* + [t = 2(M%+ 8)] + (M2 = 5)(M? = s— t)}m? + 2C,(m? — M?)
Im[Dy,] = - ,
2(A +ts)
- DoA + ZCOS
IMDy3l=——"""". C13
(D1l 2(A +1ts) (€13

Similar steps are required in evaluating the other four-point integrals.
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