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Parametrization of SU(3) spectroscopic factors for light nuclei within an algebraic model
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A parametrization of S{(B) shell-model spectroscopic factors for light nuclei is proposed. It is shown that
spectroscopic factors, as calculated from first principles, can be reproduced nearly perfectly, including taking
full account of the Pauli principle, without recurring to sophisticated microscopic procedures. The results show
that microscopic spectroscopic factors follow a surprisingly simple pattern.
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The computation of spectroscopic factors for diverse clusthe number of relative oscillator quantgibron numbey,
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ter systems plays an important role in the descriptionvof limited from below by the Wildermuth conditiofil2] and
and heavy cluster decayluster radioactivity [1,2]. Much  from above by the total number af pluss bosongsee Refs.
effort was been invested in the 1970s and 1980s to derive tHd.0] and[11] for detaily; (N, u) is the total SW3) irrep; and

spectroscopic factors in various cluster chanf@®] within
the framework of the S{B) shell model. All of them evoke

L andM are the angular momentum and its projection.
In the SACM, the set of allowef\, ) values is obtained

rather sophisticated procedures in order to assure the antyy multiplying the cluster irreps with that of the relative
symmetry of the many-particle system. When more complimotion, and then checking against the list of allowed 3U
cated systems, or systems not yet addressed, are considergekps in the shell model. Only those irreps which also appear
such methods turn out to be impractical and/or very unattracin the shell model are retained. In this way the Pauli exclu-
tive. This has inhibited the use of such methods for those nation principle is taken into account. The SACM is called

accustomed to the use of such shell-model methods.

semimicroscopidecause the model space has a shell-model

In this Rapid Communication we propose a practicalequivalent, but as noted in Refd.0,11], the operators them-
method for the parametrization of the spectroscopic factogelves contain parameters.

within the SU3) shell model for light nuclei. The parameters
are adjusted to reproduce sowsdculatedspectroscopic fac-

An attempt to parametrize the spectroscopic factor was
done successfully ifi13]. However, in that case it was ap-

tors and then compare them to the rest. The results show thglied only to a limited data set and the parameters were

the spectroscopic factors obtained by using(BUshell-

changed from one system to another. Furthermore, a linear

model procedures can be almost perfectly reproduced usingdependence on scalar operators in the SACM was proposed
rather simple procedure, and raise the expectation that th@ [13]. In [14,15 the spectroscopic factor for the cluster
method can be applied to other systems where shell-modehdioactivity [2] was investigated and the need for an expo-
results are either not available or too difficult to considernential ansatz was demonstrated. The form proposed here for
calculating. The results show that the calculations of Refsthe spectroscopic factor is based on the experiendd4h

[4] and[8] yield a relatively simple pattern.

and it is given by

The basis of the procedure is the semimicroscopic alge-

braic cluster mode{SACM) [10,1]. Each cluster is repre-
sented by an irreducible representati@mep) of the SU(3)
(i=1,2) group. The relative motion is described by ag8)
group. The relevant group chain is

SU,(3) ® SU,(3) ® SUR(3) D SUx(3) ® SUR(3) D

()\Llu’l) ()\2!/-L2) (n7T’ 0) ()\C!/-LC)

SU(3) D SO3) D SO(2)

() 1

where(\;, u;) refer to the SI@3) irrep of the individual clus-
ters, which are coupled to intermediate irf@g., uc); N, is

kL M,
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S=exgA+Bn, + CCo(Ny, 1) + DCo(Ny, o) + ECo(Ne, 1c)
+ FCo(\, ) + GC3(\, ) + HAN ]

(O, o) iy, (o, ) saLgl (A, ) el
X{(\¢,pc)cLe, (N, O[O\, ) L), (2)

whereC;(\, u) is the third-order Casimir operator of &)

with eigenvalue(A — w)(2\ + u+3)(A +2u+3), which is im-
portant in order to distinguish excited states likg «) and
(u,\) that are conjugates of one another. Thé\, w) (k
=1,2,C) is the second-order Casimir operator with eigen-
value (\2+ N+ 2+ 3\ + 3. Finally, An,, gives the dif-
ference in the number of relative quanta in excited states to
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TABLE |. Spectroscopic factors used in the fitting procediie. TABLE 1l. Spectroscopic factors for various core-plus-
(i=1,2 representg\i, i), I'c (\c,uc), andT" (\,u). Data from  a-particle cases. The data are frgdj); an asterisk refers to the data
Ref. [4] are used, except for the last system. E@+°C we used used in the fit. Different systems are separated by two blank rows
Ref. [8]. All spectroscopic factors are normalized relative to thewhile a change from one S(B) irrep to anothexin the clusters or
ground state spectroscopic factor'f® +a. The “Alg” refers to the  in the total irrep within the same system is indicated by a single
algebraic model used in this contribution and “Data” to data againsblank row. The values of the spectroscopic factors are normalized to

which the results are compared. the ground state spectroscopic factortd +a.
System n,. I’} r, I'e T L Alg Data System n, I'; r, I'e T L Alg Data
%0+a 8 (0,00 (0,0 (00 B0 0 100 1.00 %0+a 8 (0,0 (0,00 (00 (80 O 1.00  1.00*
0+a 8 (40 (00 40 (82 0 029 031 i:O+a 8 (0,0 (0,0 (00 (80 2 1.00 1.00
B0+a 8 (4,00 (0,0 (40 (82 6 0010 0.012 160+“ 8 0O ©0 (00 ©H 4 100 1.00
O+a 8 (0,0 (0,0 (0,0 (80 6 1.00 1.00
Ne+a 8 (8,0 (00 (800 (84 0 022 021
Ne+a 8 (8,0 (0,0 (800 (84 6 0.032 0.032
ONe+a 8 (42 (00 (42 (B4 0 015 019 o+a 8 (40 (00 (40 (82 0 029 0.31*
2Ne+a 10 (800 (0,00 80 (142 0 168 168 fo+a 8 (40 (00 40 B2 2 022 0.24
PNe+a 8 (82 (0.0 82 (48 0 013 012 i:O+a 8 (40 (0,0 (40 (82 4 0.0 0.11
2Ne+a 8 (8,2 (0,0 (82 (48 6 0.0085 0.0072 Ota 8 (40 (0O 40 @2 6 0010 0012
“Ne+a 8 (44 (00 (449 48 0 017 020 o+a 8 40 (00 40 44 0 054 041
XMg+a 8 (84 (0,0 (84 (0,12 0O 0.075 0.08 i:o+a 8 @40 (09 @0 (44 2 047 0.36
XMg+a 8 (84 (0,0 (84 (0,12 6 0.0033 0.0032 180+“ 8 @40 (09 @0 (4 4 034 0.26
XMg+a 8 (6,2 (0,0 (6,2 (120 O 0.058 0.057 Ota 8 (40 0O (40 @44 6 018 o
Mg+a 8 (84 (0,0 (84 (120 O 0048 0.042 ®o+a 8 (02 (0,0 (02 (82 0 0.63 0.75
18,
2c+¥2c 14 (0,4 (04 (4,00 (142 0 0.0043 0.0032 180”“ 8 02 (00 (02 (3 2 061 0.73
c+c 14 (04 (04 (08 (104 0 017 015 180”“ 8 03 (00 (023 (83 4 065 068
2c+l%c 14 04 (04 (24 (120 0 0.0071 0.010 Ota 8 (03 0O (03 @2 6 058 0.58
the number in the ground state, which is determined by thé’Ne+a« 8 (8,00 (0,0 (80 (84 0 022  0.21*
Wildermuth condition, andlis the angular momentum of the 2Ne+a 8 (8,00 (0,0 (80 (8,4 2 0.081L 0.078
relative motion. Here we calculate the spectroscopic factor ofoNe+, 8 (8,00 (0,00 (80 (8,4 4 0.0003 0.00
the cluster system, when each cluster is in its ground stateg.,, g ®0 (00 (80 (84 6 0032 0032
i.e., in the weak-coupling limit. In this paper we treat only
clusters with even proton and neutron numbers. We focus offNe+a 8 (8,00 (0,00 (80 (46 0 0.29 0.21
even-even nuclei for the sake of simplicity. For odd-even?Ne+a 8 (8,00 (0,00 (80 (46 2 0.075 0.053
even-odd, and odd-odd nuclei, an additional complicatioreone+, 8 (80 (0,00 (80 (4.6 4 0044 0.032
arises due to the appearance of s(®)dependencies. This MNeta 8 (80 (0.0 (80 (46 6 0031 0023
requires more parameters but it is an interesting question for
a future investigation. The projection on the weak coupling®e+a 8 (4,2 (0,00 (42 B4 0 0.15 0.19*
basis states is required by the data and is sufficient for th&®Ne+o 8 (4,2 (0,00 (42 B84 2 011 0.14
light nuclei we consider. 20Ne +
The factor in the last two lines aP) describes the cou- 202;3 2 Ej?) Eg'g 232 22 2 095054?5 (35)5633
pling of the two clusters in their ground staile,=0=L,) to ' ' ’ '
a cluster irrep(A¢, uc) in its ground statgL-=0) and the *Ne+a 8 (0,49 (0,0 (04 (84 0 0.45 0.64
latter to a relative motion terrtn,;,0) with angular momen-  Ne+a 8 (0,4 (0,00 (0,4 (8,4 2 0.43 0.61
tum| to a total irrep(\, x) with angular momentunh. Co-  2%Ne+a 8 (0,4 (0,00 (0,4 (84 4 0.38 0.54
efficients of the type(....||..), are isoscalar factors of the 20ne+o 8 (04 (0,0 (04 (84 6 030 042
SU(3) group[16—19 with pc a multiplicity index in the di-
rect product coupling(\q, 1) ® Ny, u0) —(\c,uc). The
symbol ; is the multiplicity of the angular momentuty in ~ “Ne+a 8 (82 (00 (82 (48 0 013  0.12*
the irrep(\;, ;) of theith cluster,i=1,2. Asimilar explana- ?’Ne+a 8 (8,2 (0,0 (82 (48 2 0032 0.029
tion applies forkc andLc. 2Ne+a 8 (82 (00 (82 (48 4 0016 0.014
The dependence am, can be understood as follows: The 224, g @2 (00 (82 (48 6 0.0085 0.0072*

probability of finding the two clusters at a distanRewith
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TABLE Il. (Continued) TABLE Ill. The same as in Table Il but for various cluster
systems In this case the data is fr¢&) rather thari4].

System n, I'; I, e T L Alg Data
” System n. I'1 T, e T L Alg. Data
Neta 8 (8,2 (0,00 (82 (10,2 O 0.091 0.083
2Ne+a 8 (82 (00 (82 (102 2 0026 0023 C+°C 14 (04 (04 (40 (142 0 00064 0.0032*
2Ne+a 8 (82 (0,0 (82 (102 4 00031 00024 ~C+?C 14 (04 (04 (40 (142 2 0.0055 0.0028
2Ne+a 8 (82 (00 (82 (102 6 0018 0016 C+C 14 (04 (04 (40 (142 4 00037 0.0002
2Ne+a 8 (82 (00 (82 (64 0 0149 0089 C+°C 14 (04 (04 (08 (104 0 017  0.15*
2Ne+a 8 (82 (00 (82 (64 2 0012 00072 C+°C 14 (04 (04 (08 (104 2 013 013
2Ne+a 8 (82 (00 (82 (64 4 0026 0016 C+CT 14 (04 (04 (08 (104 4 0051 0072
“Neta 8 (82 (00 (82 (64 6 00008 000  12c,3%c 14 (04 (04 (24 (120 O 00071 0.010*
2Ne+a 8 (44 (00 44 48 0 017 020¢  C+%C 14 (04 (04 (24 (120 2 00057 0.0085
2Ne+a 8 (44 (00 (44 (48 2 0040 0047 C+HT 14 04 (04 (24 (120 4 00032 0.0042
2Ne+a 8 (44 (0,00 (44 (48 4 0.020 0.024
“Neta 8 (44 (00 (44 (48 6 0011 0013 20y, 10 80 (00 (80 (142 0 168  1.68*
2Ne+a 8 (44 (0,00 (44 (109 0 0.09 0.10 “Neta 10 (80 (0,0 (80 (142 2 117 —
2Ne+a 8 (44 (0,00 (44 (102 2 005  0.06 “Ne+a 10 (80) (00 (80 (142 4 040 —
22
22Ne+a 8 (44 (00 (44 (102 4 00073 00084 20Ne,, 10 (80 (0.0 (80 (104 O 299  0.60
Ne+a 8 (44 (0.0 (44 (102 6 00072 00084 20e., 10 (80 (0.0 (8.0 (104 2 1.63 -
MNe+a 10 (8,00 (0,00 (8,0 (10,4 4 0.18 —
24, *
24Mg+a 8 (84 (00 (84 (0,12 0 0.075 0.08 DNe+a 10 (80 (00 (80 (123 0 014 034
24Mg+a 8 (84 (00 (84 (012 2 0017 0018  20ye,, 10 (80 (0.0 (B0 (123 2 089 -
Mg+a 8 (84 (0.0 (84 (0,12 4 0008 0008  20e., 10 (80 (0.0 (8.0 (123 4 1.73 o
%Mg+a 8 (84 (0,00 (84 (0,12 6 0.0033 0.0032*
24 *
24Mg+a 8 (84 (0,0 (84 (120 0O 0.048 0.042 160+%8e 14 (0.0 (4.0 (40 (142 0 0069 0.065
24Mg+a 8 (84 (0.0 (84 (120 2 00109 00096 160,85 14 (0,0 (40 (4.0 (142 2 0063 —
Mg+a 8 (84 (0,0 (84 (120 4 00036 00032 16n.85c 14 (0,0 (40 (4.0 (142 4 0050 —
XMg+a 8 (84 (0,00 (84 (120 6 0.0091 0.0080
*Mg+a 8 (84 (0,0 (84 (66 0 0081 0057 their ground state with total angular momentum zero, the
“Mg+a 8 (84 (0,00 (84 (6,6 2 0.0058 0.0040 (3,2 and(1,6) cluster irreps can be excluded because they do
XMg+a 8 (84 (0,0 (84 (66 4 0.015 0.010 not contain a zero angular momentum state. One also has to
2\g+e 8 (84 (0,0 (84 (66 6 0.0005 0.00 ensure that the cluster irregsc, uc) can be coupled with
the relative motion factor to the corresponding final irrep.
“Mg+a 8 (62 (0,0 (62 (120 0 0.058 0.078*  The values of\c,uc) as given in Table Il correspond to the
“Mg+e 8 (6,2 (0,0 (62 (120 2 0.033 0.046 best fit. The data, given if8] where divided by 0.2321] in
XMg+a 8 (6,2 (0,00 (6,2 (12,0 4 0.0045 0.0064 order to normalize them to the ground state spectroscopic
XMgva 8 (62 (00 (6.2 (120 6 00042 00056 factor of *O+a. For the fitting procedure we used the

MINUIT routine from the CERN libranf22]. The resulting
parameter values areA=3.6163, B=-0.36113, C=
respect to one another is proportionalE6R)|* [12], where  —0.054 389, D=-0.11764, E=0.060 728,F=-0.008 665 4,
F(R)~exp(-aR’) is the relative motion wave function. On  G=0.000 021 097, anH=1.9090. As can be seen, the domi-
the other hand the expectation value Rfsatisfies(R)  nant part is given by the constant term in the exponent and
~+/n,. when the SACM is mapped onto a geometrical picturethe term proportional to.. Though the paramet& appears
[20] and this results in the, dependence in the exponent. to be small, one must recognize that the eigenvalues of
From this consideration one expects a negative value for thé;(\, u) are generally very large. For example, {&2,0) the
parameteB=-a. eigenvalue is 4860 and with the factor it gives a contribution
The parameters were adjusted to specific spectroscopan the order of 0.01. The terms depending on thg3jU
factors from Refs[4,8] listed in Table | as “Data.” For the irreps are related to the deformation of the clusters and the
system*?C+'C at two excitation quanta, the quality of the total system[23,24. In Table | we show the data to which
fit depends on the cluster irregsc, uc). The (0,4) can be  the parameters had been adjusted. Yhealue was defined
coupled with(0,4) to the irreps(4,0), (3,2), (2,4), (1,6), and  asZ{In[S(i)]-In[Sy.(i) ]}, where the sum runs over all data
(0,8. Because the individual clusters are assumed to be ipoints, S(i) is the spectroscopic factor as obtained by our
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parametrization an&,.(i) denote the data used. In Tables Il spectroscopic factor increases when the deformation is low-
and Il we show all 93 data to which we compared the fit.est for the clusters, using the result of R¢f3,24 that the
The x* value obtained in our fit is 0.52. As can be seen, thesigenvalue of the second-order Casimir operator is propor-
agreement is very good, save for 1,4 irrep of the sys-  tional to the deformation squared. The positive signEof
tem“Ne+a. means that the two clusters have to be joined in the most

scggisl%lggzrtg?gyfrgvn? gg)estr?éll} %Opdﬂﬁg?éﬂf:}[?g’nns %fa:pt?:gno'elongated forn{20] in order to increase the decay probabil-
introduced. The agreement with the data obtained from firs&ty' The negative sign of reflects the fact that the cluster

principles is very good and gives rise to an expectation that i'€¢2Y Probability decreases with the deformation of the par-
might be possible to extend this approach into areas not y&"t nucleus. The positiid shows that with increasing inter-
considered and/or too difficult to determine from first prin- Shell excitations the spectroscopic factor increases, which is
ciples. For example, there is a renewed interest in describingormally observed because with increasikg, the overlap

the fusion cross section dfC+%2C and additional experi- of the initial nucleus with the cluster configuration increases.
mental data will be available sodi25]. Extrapolating the The positiveG requires a prolate elongation of the total sys-
spectroscopic factor to highly excited states would be ofem [Cs(\, ) is proportional to(A—w)] for increasing the
great use, but first it has to describe the spectroscopic factogpectroscopic factor, which is consistent with the positive
at low energy. The fact that such a simple parametrizatiosign of E.

can reproduce the exact result so well suggests that the pa- since the parametrization gives very valuable information
rametrization carries a deeper meaning. The dependence @ the dependence of the spectroscopic factor on its micro-
the relative oscillation quanta; is easily understood. The gcopic structure and quantum numbers, it will be important
dependence on the isoscalar factors of W SQ3) can be fing a deeper understanding of this simple formulation.
interpreted as representing the overlaps of the total3sU

state with the product of the $B) cluster states. The depen-  Financial support from DGAPA (IN119002, the
dence on the other terms in the exponential, which are rec€cONACyYT-MTA  collaboration, = CONACyT, OTKA
lated to the deformation of the system, is more difficult to(T37502 and the U.S. National Science Foundation
understand. The negative sign ©6fand D indicate that the (0140300 is acknowledged.

[1] H. J. Rose and J. A. Jones, Natyt®ndon 307, 245(1984). [13] J. Cseh, G. Lévai, and K. Kato, Phys. Rev.4@, 165(1991J).
[2] W. Greiner, J. Y. Park, and W. Scheitlluclear Molecules [14] P. O. Hess an@8. Misicu, Phys. Lett. B595 187 (2004).

(World Scientific, Singapore, 1995 [15] P. O. Hess an@§. Misicu, Rev. Mex. Fis(to be publishef
[3] K. T. Hecht and D. Braunschweig, Nucl. Phy8244, 365 [16] J. P. Draayer and Y. Akiyama, J. Math. Phyigl, 1904(1973.
(1975. [17] Y. Akiyama and J. P. Draayer, Comput. Phys. Commird05
[4] J. P. Draayer, Nucl. PhysA237, 157 (1975. (1973.
[5] K. T. Hecht, Nucl. PhysA283, 223(1977). [18] D. J. Rowe and C. Bahri, J. Math. Phy41, 6544 (2000.
[6] H. Horiuchi, Prog. Theor. Phys58, 204 (1977). [19] C. Bahri, D. J. Rowe, and J. P. Draayer, Comput. Phys.
[7] K. Kato and H. Band, Prog. Theor. Phys59, 774(1978). Commun. 159 121 (2004.
[8] K. T. Hecht, E. J. Reske, T. H. Seligman, and W. Zahn, Nucl.[20] P. O. Hess, G. Lévai, and J. Cseh, Phys. Revb4 2345
Phys. A356, 146(1981). (1996.
[9] K. Kato, K. Kimikatsu, and H. Tanaka, Prog. Theor. Phg$), [21] W. Chung, J. van Hienen, B. H. Wildenthal, and C. L. Bennett,
663(1988. Phys. Lett. 79B, 381(1978.
[10] J. Cseh, Phys. Lett. 281, 173(1992. [22] minuIT routine, CERN library(2003.
[11] J. Cseh and G. Lévai, Ann. Phy@.Y.) 230 165(1994). [23] D. J. Rowe, Rep. Prog. Phyd8, 1419(1985.

[12] K. Wildermuth and Y. C. TangA Unified Theory of the [24] O. Castafios, J. P. Draayer, and Y. Leschber, Z. Phy328
Nucleus (Friedr. Vieweg & Sohn Verlagsgesselschaft mbH, 33(1988.
Braunschweig, 19%7 [25] E. Aguileraet al., Project CONACyT, Mexicqunpublishegl

051303-4



