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We propose a model independent method which allows us to distinguish between shadow and edge or
surface effects in the angular distributions of heavy-ion elastic scattering, showing regular patterns of marked
oscillations. The method is illustrated with a few experimental results where this undulatory behavior is
present.
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I. INTRODUCTION

The angular distributions of heavy-ion elastic scattering
often show a regular pattern of marked oscillations
sr .p .m.o.d peaked forward and also backward, with angular
spacing between successive maxima almost constant and ac-
curately given by

du = p/lg, s1d

wherelg is the grazing or peripheral angular momentum[1].
As is well known, theser .p.m.o. can beproduced by two
quite different mechanisms: diffraction due to a shadow ef-
fect, or scattering arising from surface or edge effects. In the
forward direction the distinction between shadow and edge
effects from quite similarr .p .m.o. isoften a source of mis-
interpretation. So, the aim of the present paper is to propose
a model-independent procedure, based on an extension[2] of
Babinet’s principle, allowing one to decide which of these
mechanisms is responsible for the observed scattering pat-
terns.

II. THEORY

Before going into the details of the method, let us first
consider the physical conditions under which ther .p.m.o.
are observed. If the Sommerfeld parameter is such thath
=Z1 Z2e

2/" y&1 and the grazing angleug<2h / lg!1, one
observes in the near forward direction ar .p.m.o.attributed
to a shadow effect due to strong absorption. By optical anal-
ogy this is often referred to as Fraunhofer diffraction(Fig. 1).
For h@1,ug&1, a r .p .m.o. canoccur in both the forward
[3,4] and the backward directions[5–7]. These are called
edge, surface, or glory scattering[8,9] (Figs. 2 and 3).

These effects cannot be observed directly in the forward
direction, since they are completely hidden by Coulomb scat-
tering. However, several methods[3,10,11] allow us to ex-
tract from the experimental data the modulus of the so-called
“nuclear amplitude”fnsud defined through

fsud = fcsud + fnsud, s2d

wherefsud and fcsud are, respectively, the total and the Cou-
lomb amplitudes(see details below). The modulusufnsudu so
obtained[10,11] exhibits ar .p .m.o.(Figs. 4 and 5).

In order to distinguish between shadow and edge or sur-
face effects, we will invoke, by optical analogy, an extension

[2] of Babinet’s principle, which can be formulated as fol-
lows: the Fraunhofer diffraction pattern produced by an
opaque screen and the one produced by a narrow slit having
the shape of its edge, oscillate “180° out of phase,” or in
quadrature, i.e., the maxima of one pattern coincides with the
minima of the other and vice versa. To verify that this phase
rule also holds in heavy-ion scattering, we begin with the
expression of the elastic amplitudefsud, separated as in Eq.
(2) into a Coulomb and a nuclear part,

fsud = fcsud + s1/2ikdol=0

`
s2l + 1de2islsSnl − 1dPlscosud,

s3d

wheresl is the Coulomb phase shift andSnl is related to the
partial wave amplitudeSl through

Sl = Snle
2isl .

If h&1, the Coulomb field has little effect on the elastic
scattering and may be neglected in first order. Further, as-
suming strong absorption with a sharp cutoff, such that

Snl = 0, l , lg and Snl = 1, l ù lg, s4d

and using for thePlscosud the small-angle approximation

Plscosud < J0slud, l @ 1, s5d

one obtains the well-known formula

FIG. 1. Angular distribution of elastic scattering of16O on 28Si
at EL=1503 MeV, from Ref.[13]. The data are linked to guide the
eyes.
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FIG. 2. Same as for Fig. 1, for
the elastic scattering of16O on
28Si at EL=55 MeV, from Ref.
[6].

FIG. 3. Same as for Fig. 1 for
the elastic scattering of12C on
28Si at EL=33.64 MeV, from Ref.
[7].

FIG. 4. Elastic scattering of
16O on 28Si at EL=75 MeV. The
points plot 1

2sdsR/dVd1/2

sds /dsR–1d as a function ofu
(log scale), using for ds /dV the
experimental data. The broken
lines have been drawn through the
points to localize the extrema of
the fast oscillation. The solid line
has been obtained by searching
the value of ufns0du such that
ufns0du uJ0slg udu envelopes the
rapid oscillations(see text).
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ufsudu2 < slgRd2fJ1slg ud/lg ug2. s6d

The expression(6) gives the intensity of the Fraunhofer dif-
fraction pattern produced by an opaque disk of radiusR
< lg/k.

If n@1, the Coulomb force can no longer be neglected
and the expression forfnsud becomes, from Eq.(3),

fnsud = −
1

2ik
ol=0

l=lg s2l + 1de2islPlscosud. s7d

An approximate analytical result cannot be obtained from the
partial wavel summation in Eq.(7). Rather, we shall use
semiclassical arguments which provide some physical insight
into the scattering mechanism described byfnsud.

At first, one easily verifies that −fnsud is the scattering
amplitude of a Coulomb wave scattered by an opaque screen
in which is cut a circular hole with the same radius as the
disk [12]. This is illustrated in Fig. 6, in a classical picture,
where we have drawn the Rutherford trajectories for the scat-
tering of 16O on 28Si sEL=75 MeVd. As seen, trajectories
with the smallestl ’s values are scattered backward while

those withl . lg=32 are reflected or absorbed. So the only
trajectories scattered forward are those passing near the edge
of the hole. In the language of wave mechanics, this means
that the only contributions tofnsud in the forward direction
come from waves scattered from the edge of the aperture.

The amplitude of these scattered edge waves behaves like
J0slgud and one can write approximately

ufnsudu2 < C J0
2slgud, s8d

whereC is a constant.
Figure 7 shows, for16O+28Si s75 MeVd, a comparison

between the curve obtained from the numerical evaluation of
ufnsudu2 with fnsud as given by expression(7), with that ob-
tained from the approximate expression(8) putting C
= ufns0du2, plotted versusx= lg u. As seen, the two curves re-
main close to each other even for not to small values ofx.

The same angular dependence as that given by the expres-
sion(8) is obtained[8] for the scattering cross section arising
from surface waves produced by the real part of the nucleus-
nucleus optical potential. This is the so-called glory scatter-
ing, a refractive effect which can manifest itself in both the

FIG. 5. Same as for Fig. 4 for
the elastic scattering of12C on
28Si at EL=65 MeV.

FIG. 6. (Color online) The Ru-
therford trajectories corresponding
to the Coulomb scattering of16O
on 28Si, EL=75 MeV. The trajec-
tories are collimated by a circular
hole cut on an opaque screen. As
seen, the only trajectories scat-
tered forward are those passing
near the edge of the hole(see
text).
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forward and the backward directions with the same oscilla-
tory behavior[5,8,9]. To go further, one remarks that the
location of the extrema of the oscillatory patterns as given by
the formulas(6) and (8) depends only on the momentum
transfer

q = lg u. s9d

Further, beyond their first maximum, the Bessel functions
approach quickly their asymptotic form

Jn
2sqd , s2p/qd cos2Sq − n

p

2
−

p

4
D, n = 0,1. s10d

One sees that except aroundu,0, sp−ud,0, the r .p .m.o.
produced by shadow scatteringsn=1d and that produced by
edge or surface scatteringsn=0d oscillate “180° out of
phase,” i.e., in quadrature, in accordance with the extension
of Babinet’s principle. Furthermore, this phase rule should be
apparent if the experimental oscillatory patterns are plotted

FIG. 7. Comparison between the numerical evaluation of
ufnsudu2 with fnsud as given by Eq.(7) (full curve) and that of the
approximate expression(8) (broken curve).

FIG. 8. The points are the experimental data
shown in Figs. 1–3 plotted versus the variablex
= lg u for forward scattering orx= lgsp−ud for
backward scattering. The data are linked to guide
the eyes. The lower curve is a plot of the expres-
sion J0

2sxd in the domain where it reproduces the
angular dependence of the evelopes shown in
Figs. 4 and 5(see text). The location of the three
first zeros ofJ1

2sxd are indicated. A striking fea-
ture of these plots is the experimental evidence
for the “180° out of phase” rule between the os-
cillation due to shadow effects(upper curve) and
those due to surface effects(lower curves).
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versus the variablex= lg u. This result will be used in the
next paragraph to distinguish, in the experimental data,
shadow effects from edge or surface effects.

III. EXPERIMENTAL EVIDENCE FOR THE “180° OUT
OF PHASE” RULE

Figures 1–3 show examples of angular distributions ex-
hibiting regular patterns of marked oscillations. Figure 1 is a
plot of ds /dsR [13] for the scattering of16O on 28Si, EL
=1503 MeV,h=1.82. Thelg value can be obtained fromd u
expression(1) measured between successive maxima. One
hasd u,1.25° andlg,1.44. Figures 2 and 3 are examples
of r .p .m.o. peaked backward. For16O+28Si, EL=55 MeV
[6], h=9.51, one hasd u,7.3°, lg,25. For 12C+28Si, EL
=33.64 MeV[7], h=7.9, d u,11.7°, lg,15. When search-
ing for the occurrence of surface effects in the forward di-
rection, one should have in mind that forh@1 these effects
will be hidden by Coulomb scattering. However, a simple
method[11] allows us to extractufnsudu from the measured
scattering cross sectionds /dV, providing sufficiently accu-
rate experimental data are available at very small angles. It
has been shown[11] that if h@1 andu!ug, the following
relation holds:

1

2
SdsR

dV
D1/2S ds

dsR
− 1D = ufnsuducosswn − wcd, s11d

where dsR/dV is the Rutherford cross section.wc=p
−2h ln ssin u /2d+2s0 andwn are, respectively, the Coulomb
and the nuclear phase. In the near-forward direction the Cou-
lomb phase varies rapidly and therefore the left-hand side of
Eq. (11) oscillates with spacingd,pu /h and envelopes
given by ±ufnsudu. The points in Figs. 4 and 5 are the plots of
1/2ÎdsR/dVsds /dsR–1d, for the scattering of16O on
28Si sEL=75 MeVd and 12C on 28Si sEL=55 MeVd respec-
tively, using fords /dsR the experimental data[4]. The bro-
ken line has been drawn through the points to localize the
extrema of the fast oscillations. The grazing angular momen-
tum lg can be obtained from the measured ratiods /dsR [4]
using the “quarter point recipe9 [14,1]. This giveslg=32 for
16C+28Si and lg=28 for 12C+28Si. With theselg values, the
envelopes of the fast oscillations in Figs. 4 and 5 follow

quite well a zero-order Bessel function. This allows us to
write

ufnsudu2 < ufns0du2 J0
2slgud s12d

with [11] ufns0du=43 fm for 16O+28Si andufns0du=28 fm for
12C+28Si.

Figure 8 displays the experimental data shown in Figs.
1–3 plotted versus the variablex= lg u [x= lgsp−ud for back-
ward scattering]. The data are linked to guide the eyes. The
lower curve is a plot ofJ0

2sxd in the x domain where the
envelopes in Figs. 4 and 5 have been drawn.

IV. DISCUSSION

Before going into the discussion of Fig. 8, let us first
remark that the difference between the location of the ex-
trema ofds /dV and that of the ratiods /dsR is negligible
when compared with the angular spacingd u as given by the
expression (1). Now, concerning the curve 16O
+28Si s1503 MeVd, one observes that the first three minima
of ds /dsR occur at the zerosx1=3.83,x2=7.02,x3=10.17 of
the functionJ1sxd. So, the data atEL=1503 MeV should be
attributed to Fraunhofer diffraction, i.e., a shadow effect.
Concerning the lower curves, one observes forx,10 two
striking features:

(i) these curves oscillate in phase with each other,
(ii ) they oscillate “180° out of phase,” when compared

with the curve for shadow scattering.
So, invoking the extension of the Babinet’s principle, one

concludes that these angular distributions should be inter-
preted as resulting from

• backward-surface scattering:12C+28Si s33.6 MeVd and
16O+28Si s55 MeVd;

• forward-surface scattering:12C+28Si s65 MeVd and
16O+28Si s75 MeVd.

In view of Fig. 8, the distinction between shadow and
edge or surface scattering appears quite clearly. We think that
the present results should also be useful when applying the
conventional optical model analysis of the elastic scattering.
In fact, in many cases, the numerical calculations ofds /dV
done with parametrized optical potentials can hardly answer
unambiguously the question of what kind of scattering
mechanisms is responsible for the particular pattern so ob-
tained.
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