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Recent experiments show that there may exist proton halos in exotic light proton-rich nuclei. We investigate
the effect of an extended proton density distribution on the cross sections and form factors of elastic electron
scattering from the exotic proton drip-line nuclei28S and12O. With charge density distributions from the
self-consistent relativistic mean field model, we calculate the cross sections and form factors for elastic
electron scattering in the eikonal approximation. The numerical results are compared with the available data of
the stable nuclei32S and16O. The results show that the form factors and cross sections for elastic electron
scattering at intermediate-momentum transfers are very sensitive to the alterations of the charge density
distributions of the last protons in exotic nuclei28S and12O. This is an interesting combination of the reliable
relativistic mean field model with the model of electron-nucleus scattering and it can be useful for future
experiments.
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I. INTRODUCTION

Nuclear halo is a well-known phenomenon in nuclear
physics. Tanihataet al. found that the neutron-rich nucleus
11Li had an abnormally large matter root-mean-square radius
[1,2]. Further experiments confirmed that there are neutron
halos in other neutron-rich nuclei such as6,8He, 11,14Be, 17B,
and 19C [3–5]. Neutron halos manifest themselves as ex-
tended neutron density distributions in exotic neutron-rich
nuclei. The cause of occurrence of the halo phenomenon lies
in both the small separation energy of the last few nucleons
and their occupation on the orbits with low angular momen-
tum. Many experiments[6–9] have been performed to study
neutron halos in neutron-rich nuclei and neutron-halo nuclei
are well identified in light mass region. Theoretically neutron
halos in exotic nuclei6,8He, 11Li, 11,14Be, 17B, and19C have
also been well reproduced by various theoretical models
[10–15].

Although neutron halos have been well investigated in
neutron-rich nuclei, studies on proton halos are relatively
less. Theoretically, much effort has been made to the search
of proton halos in proton drip-line nuclei. Calculations show
that there may be proton halos in26,27,28P [16,17], 8B, 17Ne,
and the excited state of6Li and 17F. Experiments also show
some indications of the existence of proton halos in these
nuclei [18–23]. However, further experiments are needed to
confirm the existence of the proton halos. Thus, the proton
halo phenomenon is a very interesting subject of investiga-
tion.

The present experimental methods to identify the neutron
halos and proton ones are mainly based on the measurement
of the reaction cross sections of the nucleus-nucleus collision
and of the momentum distributions of nucleus breakup.
There are complex processes where the strong and electro-
magnetic interactions among nucleons play a role. Although

this class of experiments has reached primary success for
halo phenomena, it is interesting to search for a new probe to
refine the study of charged halos. Electron-nucleus scattering
has proven to be an excellent tool for the study of nuclear
structure, especially for the research of electromagnetic prop-
erties of nuclei. It has provided much reliable information on
charge density distributions of stable nuclei. Thus, we con-
sider that the electron-nucleus scattering is a better way for
the precise investigation of the extended charge distribution
of the exotic proton-rich nuclei. Unfortunately the electron
scattering on exotic nuclei was not possible in the past be-
cause of the difficulty of making targets from unstable nu-
clei. Recently a new collider of electron and unstable nucleus
is under construction at RIKEN in Japan[24]. A similar col-
lider at GSI in Germany[25] was also approved by the Ger-
man government and will be built immediately. So the scat-
tering of electron from unstable nuclei will be available
soon. These new facilities will provide a good opportunity to
study the charge density distributions of unstable nuclei by
elastic electron scattering. Therefore, it is interesting to make
an exploratory investigation of elastic electron scattering
from proton-rich nuclei.

In the traditional model of electron scattering from nuclei,
the charge density distribution of the target is usually re-
placed with some simple charge density models, such as the
3PF model or the harmonic oscillator model, or obtained by
the phenomenological harmonic potential or Woods-Saxon
potential. The scattering cross sections and form factors are
calculated based on the outputs of these phenomenological
potentials. Although these potentials work well for stable nu-
clei, their reliability for unstable nuclei is unknown. In order
to study the elastic electron scattering from unstable nuclei,
we need to find a more reliable model to produce the charge
density distributions for the exotic nuclei out to the proton
and neutron drip lines. Very recently the self-consistent rela-
tivistic mean field(RMF) model has been widely applied to
both the stable nuclei and the unstable nuclei[26–29]. A
series of calculations show that the RMF model can repro-
duce with good precision the binding energies, the separation*Electronic address: zaijunwang99@hotmail.com
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energies, and the radii of charge density distributions. The
experimental isotope shifts of charge radii on some isotopic
chains are also reproduced by the model[30]. Therefore, it is
interesting to combine this successful nuclear structure
model with the model of electron scattering for a reliable
prediction of the cross sections and form factors of exotic
proton-rich nuclei.

In this paper we choose the light nuclei12,16O and28,32S
as the candidates to see the effect of the extended charge
distribution on the process of elastic electron scattering.16O
and 32S are two reference nuclei where experimental data
(differential cross sections) are available[31,32]. The nuclei
12O and 28S are two typical proton drip-line nuclei where
their proton density distributions have an extended tail as
compared with those of the stable nuclei. So the nuclei12O
and 28S should be considered as the model nuclei for theo-
retical calculations. It is expected that the conclusions drawn
from them will be valid for other light proton drip-line nu-
clei.

This paper is organized in the following way. Section II is
the formalism of elastic electron scattering and the simple
description of the RMF model. The numerical results and
discussions are presented in Sec. III. A summary is given in
Sec. IV.

II. FORMALISM

A. The eikonal approximation

Because we study elastic electron scattering on light nu-
clei 32,28S and16,12O at high energies in the present paper, we
use the eikonal approximation[33–37] as a starting point for
our calculations. The eikonal approximation can be suffi-
ciently accurate and the underlying physics in it is much
transparent. Hence, we use it to look for the features of elas-
tic electron scattering on light unstable nuclei. Expressions
of the eikonal approximation for ultrarelativistic electron
scattering from a charge distribution can be found in Refs.
[36] and[37]. Here we just review the essentials. The elastic
differential cross sections and form factorFsqd in the eiko-
nal approximation can be expressed as[36]

s = cos2s 1
2uduI1sqd + I2sqdu2, s1d

and

uFsqdu2 =
s

sM
, s2d

whereu is the scattering angle,q is the momentum transfer,
sM is the Mott cross section, andI1sqd+ I2sqd is the scattering
amplitude.I1sqd and I2sqd are given by the following inte-
grals:

I1sqd = − ikE
0

R

J0sqbdfe2ixsbd − 1gb db, s3d

I2sqd = − ikE
R

`

J0sqbdfe2ixsbd − 1gb db, s4d

whereb is the impact parameter,R is the cutoff cylindrical
radius,k= uk u, k is the three momentum of the incident elec-

trons, andJ0 is the Bessel function. For high energy electrons
sE.kd, xsbd can be written as[36,37]:

xsbd = −
1

2
E

−`

`

Vsrddz, s5d

r = Îb2 + z2. s6d

Since the charge density vanishes beyondR, Vsrd can be
replaced by the Coulomb potential in this region.

For the regionb.R, it is evident that Eq.(5) is divergent
logarithmically for the Coulomb potential. To cope with this
difficulty, we use Glauber’s method[37]. The main point
consists in screening the Coulomb potential, which is subse-
quently moved to an arbitrarily large distance from the scat-
tering center. According to Glauber’s method the screened
Coulomb potential for electrons can be written in the form

Vsrd = −
Za

r
Hsrd, s7d

where Hsrd vanishes asr tends to infinity. The screening
function Hsrd can be chosen as a step function[37]:

Hsrd = H1, r ø a

0, r . a,
s8d

wherea is the screening distance. WhenVsrd is replaced by
Eq. (7), the integral in Eq.(5) can be done analytically. The
result is[36,37]:

xsbd = 5aZ lnFa + sa2 − b2d1/2

b
G , b ø a

0, b . a.

s9d

For large screening distanceasb/a!1d, xsbd can be ex-
panded in powers ofb/a,

xsbd = − aZ lnS b

2a
D + OSb2

a2D . s10d

As shown in Ref.[36], xsbd can also be expressed as a func-
tion of cutoff radiusR:

xsbd = − aZ lnS b

R
D . s11d

Upon substituting Eq.(11) into Eq. (4) and carrying out the
integral (details can be found in the Appendix of Ref.[36]),
Eq. (4) becomes

I2sqd = i
k

q2f− i2aZsqRdi2aZ+1J0sqRdS−i2aZ,−1sqRd s12d

+ sqRdi2aZ+1J1sqRdS1−i2aZ,0sqRd − sqRdJ1sqRdg ,

s13d

where SmnsZd are Lommel’s functions andJ0 and J1 are
Bessel functions. For largeRsRù8 fmd, the following
asymptotic expansion of Lommel’s functions can be used:
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SmnsZd . Zm−1F1 −
sm − 1d2 − n2

Z2

+
ssm − 1d2 − n2dssm − 3d2 − n2d

Z4 − . . .G . s14d

For the regionb,R, xsbd is given by[36]:

xsbd = − Za logS b

R
D − 4paE

b

R

r2rsrdySb

r
Ddr, s15d

where

ysxd = logF1 + s1 − x2d
1
2

x
G − s1 − x2d1/2, s16d

andrsrd is the charge density distribution, which satisfies the
following normalization relation:

E rsrddr = Z. s17d

Since we are concentrating on high-energy electron scat-
tering on light nuclei with proton numberZø20, the recoil
effect must be taken into account. We take into account the
recoil of the target nucleus by dividing the cross section by
the factor[32]:

f rec= 11 +

2Esin2u

2

Mc2 2 , s18d

where E is the incident energy. Another correction to our
calculation is the Coulomb attraction felt by the electrons.
We take it into account with the standard method in electron
scattering on light nuclei. That is to replace the momentum
transferq with the effective momentum transfer

qeff = qf1 + 1.5aZ"c/sER0dg, s19d

in our calculation, whereR0=1.07A1/3, A is the mass number
of the nucleus.

The earlier Eqs.(1)–(17) along with the corrections(18)
and (19) enable us to calculate the elastic scattering cross
sections and form factors for a given charge density distribu-
tion.

B. The relativistic mean-field model

Since the RMF model is a standard theory and the details
can be found in many works[26–29], we only give the main
elements here. The starting point of this model is an effective
Lagrange densityL for the interacting nucleons, thes, v, r
mesons, and photons

L = C̄sigm]m − mdC − gsC̄sC − gvC̄gmvmC

− grC̄gmrm
ataC + 1

2]ms]ms − 1
2ms

2s2 − 1
3g2s3 − 1

4g3s4

− 1
4VmnVmn + 1

2mv
2vmvm + 1

4c3svmvmd2 − 1
4Ramn ·Rmn

a

+ 1
2mr

2ram · rm
a − 1

4FmnFmn − eC̄gmAm
1
2s1 − t3dC, s20d

with

Vmn = ]mvn − ]nvm, s21d

Ramn = ]mran − ]nram, s22d

Fmn = ]mAn − ]nAm, s23d

where the meson fields are denoted bys, vm, and rm
a and

their masses are denoted byms, mv, and mr, respectively.
The nucleon field and rest mass are denoted byC andm. Am

is the photon field which is responsible for the electromag-
netic interaction,a=1/137. The effective strengths of the
coupling between the mesons and nucleons are, respectively,
gs, gv, andgr. g2 andg3 are the nonlinear coupling strengths
of the s meson.c3 is the self-coupling term of thev field.
The isospin Pauli matrices are written asta, t3 being the
third component ofta.

Under the no-sea approximations and mean-field approxi-
mations, the equations of motion for the fields are easily
obtained from the variational principle[38–41]:

f− ia ·¹ + bMpsr d + Vsr dgfisr d = eifisr d, s24d

where the effective massMpsr d=m+gsssr d. The potential
Vsr d is a timelike component of a Lorentz vector

Vsr d = gvv0sr d + grtar0
asr d + efs1 − t3d/2gA0sr d, s25d

s− D + ms
2dssr d = − gsrssr d − g2s2sr d − g3s3sr d, s26d

s− D + mv
2dv0sr d = gvrvsr d − c3v0

3sr d, s27d

s− D + mr
2dr0sr d = grr3sr d, s28d

− DA0sr d = erpsr d, s29d

wherers, rv, andrp are, respectively, the densities of scalar,
baryon, and proton.r3 is the difference between the neutron
and proton densities. This set of coupled equations for me-
sons and nucleons can be solved consistently by iterations.
After a final solution is obtained, we can calculate the bind-
ing energies, root-mean-square radii of proton, and neutron
density distributions, single particle levels. The details of nu-
merical calculations are described in Refs.[38] and [39].

III. NUMERICAL RESULTS AND DISCUSSIONS

We choose three typical sets of force parameters, NL-SH
[42], NL3 [43,44], and TM2[45] for the RMF calculations.

TABLE I. The RMF results with NL-SH and the experimental
values. Two binding energies of28S and12O are listed where one is
the case for the zero effect of neutron pairing and another is the case
with the effect of neutron pairing.

32S 28S 16O 12O

Bsexpt.dsMeVd 271.78 201.41 127.62 58.53

Bstheor.dsMeVd 262.45 201.50(204.46) 128.56 58.60(61.80)

Rcsexpt.dsfmd 3.25 2.72

Rcstheor.dsfmd 3.24 3.29 2.71 2.94

«stheor.dsMeVd −5.83 −1.65 −11.55 −1.93
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Many calculations show that these parameters can reproduce
the ground state properties of nuclei both near the stable line
and near the drip line. The experimental isotope shifts of
charge root-mean-square radii on some isotopic chains can
be quantitatively reproduced by these parameters. We use
these parameter sets to calculate the charge density distribu-
tions of12,16O and28,32S in the RMF model. The pairing gaps
for open shell nuclei are included by the Bardeen-Cooper-
Schrieffer treatment. The pairing gaps for32S and16O are
Dn=Dp=11.2/ÎA MeV and this is a standard input for stable
nuclei in nuclear structure calculations. For12O and 28S,
since they are very near the proton-drip line, we assume that
the last two protons just occupy the bound levels according
to Tanihata[46,47]. For the neutrons in12O and28S, we treat
them in both cases, with and without neutron pairing force.
Different treatments of the neutron pairing force influence
the binding energy by a few MeV, while the charge radii and
density distributions are almost the same for28S and12O.
This is because the neutrons are zero charged. In addition,
the two nuclei are proton rich and a slight change of the
neutron distribution near the Fermi energy does not have
much influence on the distribution of the protons.

We list the RMF results of the nuclei32,28S and12,16O
with the three sets of parameters in Tables I–III, respectively.
In these tables,B (MeV), R (fm), and« (MeV) are, respec-
tively, the binding energy, the root-mean-square(rms) radius
of charge distribution, and the single particle energy of the
last protons. Two binding energies of28S and12O are listed
where one is the case for the zero effect of neutron pairing
and another is the case with the effect of neutron pairing. The
experimental data of the binding energy are taken from the
nuclear mass table[48] and those of the rms radius from Ref.
[49]. It is seen from Table I that the theoretical binding en-
ergy is approximately 1% –6% off. The deviation between
the theoretical rms radius and the experimental one is less
than 0.02 fm. The single particle energy of the last proton is
a small number for12O and28S. This reflects the weak bind-
ing of the last two protons.

Tables II and III show the RMF results with the NL3 and
TM2 parameters. It is seen that the RMF results are also very
close to the experimental data. This suggests that the RMF
model with NL-SH, NL3, and TM2 parameters approxi-
mately reproduces the experimental data of32,28S and12,16O.
Therefore, it is concluded that the RMF model, without in-
troducing additional adjustments, can be applied to both the
stable nuclei16O and32S and the unstable nuclei28S and12O.
As the last two protons in28S and12O are weakly bound,
their charge distributions could have a much larger spatial
extension than those of their stable isotopes. This can be seen
clearly from the comparison of the charge density distribu-
tions of these nuclei(see Figs. 1 and 2 later).

In Figs. 1 and 2 we plot the charge density distributions of
32,28S and12,16O. In these figures, theX axis is the radial
coordinate and theY axis is the charge density 4pr2rsrd
3sfm−1d. It is seen from Fig. 1 that the charge density dis-
tributions of 32,28S with NL-SH parameters are different al-
though the two nuclei have the same proton number. The
weak binding of the last two protons in28S leads to the
extended charge density distribution in it. The same conclu-
sion can be drawn from the charge density distributions of
32,28S with NL3 and TM2 parameters. This agrees with the
previous theoretical calculations[16,17,29] and with the ex-
perimental results[19] of the neighboring nuclei26,27,28P.
The stability of the RMF model for28S is also approved. For
12,16O, the earlier conclusion holds true. The weak binding of
the last two protons in12O leads to the extended charge
density distribution. This can be seen clearly from the charge

TABLE II. Same as Table I but for the RMF force NL3.

32S 28S 16O 12O

B (expt.) (MeV) 271.78 201.41 127.62 58.53

B (theor.) (MeV) 265.06 202.37(205.34) 128.74 59.88(63.12)

Rc (expt.) (fm) 3.25 2.72

Rc (theor.) (fm) 3.23 3.29 2.73 2.98

e (theor.) (MeV) −7.29 −2.45 −11.45 −2.35

TABLE III. Same as Table I but for the RMF force TM2.

32S 28S 16O 12O

B (expt.) (MeV) 271.78 201.41 127.62 58.53

B (theor.) (MeV) 265.67 205.46(208.40) 128.69 59.63(62.86)

Rc (expt.) (fm) 3.25 2.72

Rc (theor.) (fm) 3.32 3.37 2.75 3.03

« (theor.) (MeV) −5.52 −1.29 −11.12 −1.24

FIG. 1. The charge density distributions of32,28S calculated with
SH-NL, NL3, and TM2 force parameters.

FIG. 2. The charge density distributions of12,16O calculated
with SH-NL, NL3, and TM2 force parameters.
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density distributions shown in Fig. 2. In addition, the two
figures display some other information. The slight difference
between the charge density distributions of different sets of
force parameters shows that the RMF model is not signifi-
cantly sensitive to the interactions.

In order to find out if the long tail of the charge distribu-
tion of the proton-rich nuclei displays observable effects in
the process of elastic electron scattering, the elastic form
factors and cross sections for the exotic proton-rich nucleus
28S, 12O and their stable isotopes32S, 16O are calculated in
the eikonal approximation. Since the ground state spin and
parity of even-even S and O nuclei are 0+, the elastic scat-
tering cross sections and form factors are determined only by
their charge density distributions.

The squared form factors are shown in Figs. 3 and 4,
where the input charge distributions are those in Figs. 1 and
2. The top, middle, and bottom part of the two figures cor-
respond to SH-NL, NL3, and TM2 parameters, respectively.
The theoretical squared form factors of the stable nuclei32S
and 16O are plotted with solid curves and those of the un-
stable nuclei28S and12O with dashed ones. The experimental
cross sections for32S and16O have been given by Liet al.
[31] and Sicket al. [32]. The data were taken at two different
incident energies for each nucleus in order to cover the range
of momentum transfer desired. For the sake of comparison

we have here transformed the experimental cross sections
into squared form factors. The comparison of our theoretical
results for32S and16O with the corresponding experimental
data, which are denoted with filled circles, is also shown in
Figs. 3 and 4.

Before we study the effect of the extended charge distri-
butions of28S and12O on the elastic electron scattering, we
need to investigate the validity of the combination of the
RMF model and the eikonal approximation to the elastic
electron-nucleus scattering. For this purpose, we compare the
theoretical results with the experimental data for32S and16O.
It is apparent from Fig. 3 that the theoretical curves(solid)
with SH-NL, NL3, and TM2 parameters and the experimen-
tal ones(filled circles) for 32S almost coincide in the range of
low and moderate-momentum transfersqø3 fm−1d. Theoret-
ical results have a very good agreement with the experimen-
tal data in this range of momentum transfer. At high-
momentum transfers, a deviation occurs between the
theoretical form factor and the experimental one. Since the
form factor in this range of momentum transfer is mainly
sensitive to the details of the inner part of the charge density
distribution[32], its occurrence indicates that the theoretical
charge density distribution has a departure from the experi-
mental one around the center of the nucleus. This means that
the RMF model can reproduce the charge density distribution

FIG. 3. The variation of the squared form factors of32,28S with
momentum transfer. The theoretical ones are calculated with NL-
SH, NL3, and TM2 parameters. The experimental data are taken
from Ref. [31].

FIG. 4. The variation of the squared form factors of16,12O with
momentum transfer. The theoretical ones are calculated with NL-
SH, NL3, and TM2 parameters. The experimental data are taken
from Ref. [32].
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for 32S very well except near the center of the nucleus. It is
concluded that the combination of the RMF model with the
eikonal approximation, without introducing additional ad-
justments, can approximately reproduce the experimental
data of elastic electron scattering on the stable nucleus32S.
The comparison of the theoretical results with the experi-
mental ones for16O arrives at the same conclusion(see Fig.
4). In Fig. 5 we also give the comparison of the calculated
cross sections(NL-SH parameters) with the experimental
ones for32S and16O. It shows a very good agreement of the
theoretical results with the experimental data. The cross sec-
tions of the other two sets of force parameters also agree well
with the experimental ones(the figures are not given).
Hence, the stability and validity of the combination of the
RMF model with the eikonal approximation to the elastic
electron-nucleus scattering from the stable isotopes of S and
O are approved.

Under the precondition of the validity of the combination
of the RMF model with the eikonal approximation to the
elastic electron-nucleus scattering from the stable isotopes of
S and O, we now discuss the form factors of the unstable
nuclei 28S and12O. It can be seen from Fig. 3 that although
the trend of the form factors of the unstable nucleus28S is
similar to that of its stable isotope32S, there appear to be two
important differences, both apparent in Fig. 3. First, the po-
sition of the minimums of28S has a large outward shift as
compared with that of32S. The outward shift of the first, the
second, and the third minimum are approximately, 0.03,
0.183, and 0.118 fm−1, respectively. These shifts, except
0.03 fm−1, can be precisely measured with the current elastic
electron-nucleus scattering experiments. Second, the ampli-
tude has a significant deviation. For a specific momentum
transferq=2.65 fm−1, the amplitude deviation of the form
factors of 32S and 28S is aboutDuFsqdu2.0.5310−5. This

deviation can also be observed with elastic electron-nucleus
experiments. These imply that the differences between the
form factor of28S and that of32S have observable effects.

The earlier analysis holds true for the differences between
the form factor of16O and that of12O (see Fig. 4). The
outward shift of the first and the second minimum are ap-
proximately 0.17 and 0.35 fm−1, the amplitude deviation at
the momentum transferq=2.30 fm−1 is about DuFsqdu2
.1.46310−4. These differences also bring observable ef-
fects in elastic electron-nucleus scattering experiments.

It is known that the elastic electron scattering form factor
of a nucleus is directly related to its charge density distribu-
tion. Therefore, the difference between the form factor of28S
and that of32S is due to the different charge density distri-
butions of the two nuclei. Since the difference of charge
density distribution between28S and32S is mainly caused by
the difference of the charge density distribution of the last
two protons in28S and32S, we conclude that the difference
between the form factor of28S and that of32S indicates the
difference in the density distribution of the last two protons
in the two nuclei. For the nuclei16O and12O, we can draw
the same conclusion by similar argument. This implies that
the effect of the change of the density distribution of the last
two protons on the charge density distribution of S and O can
be observed in elastic electron-nucleus scattering experi-
ments by comparing the form factors of28S and32S and of
12O and16O.

In order to search the influence of the long tail of the
charge distributions of28S and 12O on elastic electron-
nucleus scattering, we need to further find out which part of
the form factor is sensitive to the tail of the charge density
distribution. It is known from the fitting to the experimental
data of 32S [31] that the form factors in the range of
moderate-momentum transfer 1 fm−1øqø2.8 fm−1 are not
sensitive to the modification of charge density around the
center of nucleus. The form factors in the range of
q.2.8 fm−1 are sensitive to the variation of charge density
near the center of nucleus[31]. Thus, the position of the third
minimum is sensitive to the charge density distribution
around the center of nucleus, while those of the first and the
second minima are insensitive to the charge density distribu-
tion around the center of nucleus[31].

For 16O there are similar conclusions[32]. The form fac-
tors in the range ofqø2.8 fm−1 are not sensitive to the
variation of charge density around the center of nucleus. The
form factors in the range ofq.2.8 fm−1 are sensitive to the
variation of the charge density near the center of nucleus
[32]. The position of the second minimum of the form factor
of 16O is also sensitive to the inner part of the charge distri-
bution, while that of the first minimum is insensitive to the
inner part of the charge distribution[32].

Now we discuss the influence of the tail of the charge
density distribution on the form factor. It is known from the
fitting to the experimental data of12C [32] that the form
factors in the range of moderate-momentum transfer
s1 fm−1øqø3 fm−1d is sensitive to the change of the tail
part of the charge density[32], while those at high-
momentum transfers to the change of the inner part of the
charge distribution[32]. It is expected that the conclusions of
12C work also for O and S isotopes.

FIG. 5. The comparison of the experimental cross sections of
32S and 16O with the theoretical ones which are calculated with
NL-SH parameters.
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From the earlier discussions it is now clear that the form
factors of a nucleus at moderate-momentum transfers, ap-
proximately 1 fm−1øqø3 fm−1, are sensitive to the tail of
the charge distribution, while those at high momentum trans-
fers are mainly affected by the inner part of the charge dis-
tribution. Thus, we may consider the differences of the form
factors at moderate-momentum transfers between28S and32S
and between12O and16O as the influence of the long tails in
28S and12O. This suggests that the spatial extension of the
charge distributions in28S and12O can be observed in elastic
electron scattering experiments. In addition, for a given
nucleus, the form factor differences at high-momentum
transfers between different sets of parameters can be ex-
plained as follows. Since the form factors at high-momentum
transfers are sensitive to the inner part of the charge distri-
bution, we consider that with different sets of parameters the
RMF theory gives a slightly different prediction for the
charge distribution near the center of nucleus.

Figure 6 displays the theoretical cross sections of28,32S
and 12,16O with NL-SH parameters. They exhibit the same
behavior as that of the form factors in Figs. 3 and 4. In the
same way that we analyze the form factors, we deduce that,
for S and O, the cross sections in the range of moderate-
momentum transfer are very sensitive to the changes of the
charge density distributions of the last two protons. In order
to show the observable effects brought by the the changes of
the charge density distributions of the last two protons, we
also plot the experimental cross sections and error bars of32S
and 16O in Fig. 6 [31,32]. It is seen that the error bars are
very small in the range of moderate-momentum transfer. So
the cross sections can be very accurately measured in this
range of momentum transfer. While, compared with the error
bars, the cross section differences,uss28Sd-ss32Sdu and
uss12Od-ss16Odu, are much larger. This indicates that the

cross section difference has observable effect and can be
measured in electron-nucleus scattering experiments. As the
cross sections with the other two sets of parameters(NL3
and TM2) are very similar to those with NL-SH, we do not
discuss them here.

Figure 7 shows the difference of the cross sectionDsqd
which is defined as

Dsqd =
s28sqd − s32sqd
s28sqd + s32sqd

s30d

for S and

Dsqd =
s12sqd − s16sqd
s12sqd + s16sqd

s31d

for O. This figure gives a clearer presentation of the mini-
mum shifts and the amplitude differences. The sensitivity of
the cross section of S and O to the variation of the charge
density distribution of the last two protons is evidently dis-
played.

From the earlier discussion we may conclude that the
form factors and cross sections of S and O in the range of
moderate-momentum transfer are sensitive to the existence
of the long tail of the charge distribution. Both the minimum
shifts and the amplitude deviations of the form factors of28S
and12O (compared with those of32S and16O) have observ-
able effects. These effects show that elastic electron-nucleus
scattering could be used as an effective tool to study the

FIG. 6. The variation of the cross sections of28,32S and12,16O
with momentum transfer, which are calculated with NL-SH
parameters.

FIG. 7. The cross section differencesDsqd for 28S and32S and
for 12O and16O, which are calculated with the three sets of force
parameters NL-SH, NL3, and TM2.
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proton drip-line nuclei. Thus it will be very interesting to
observe experimentally these effects(part of the MUSES
project at RIKEN[24]).

Until now, we have discussed the effect of the extended
charge density distribution of a proton drip-line nucleus on
elastic electron scattering. Cross sections on stable targets
can be measured with great accuracy. While this will not be
the case for the future beam-beam experiments. The experi-
mental situation for electron scattering from unstable nuclei
is not as clear as that from stable ones. The measurement of
the cross sections on unstable nuclei will be more difficult
and the experimental accuracy is unknown. However, studies
of electron scattering on exotic proton drip-line nuclei will
be possible at the double storage ring MUSES at RIKEN
[24]. So we conclude that, when it become possible to mea-
sure the cross sections of electron scattering on exotic proton
drip-line nuclei, the effect of the extended charge density
distribution on elastic electron scattering may be observed.

Finally, it is interesting to have a brief discussion of the
dependence of our result on the RMF force parameters. It is
seen from Figs. 2 and 3 that the result from each set of
parameters agrees well with the experimental data in the
range of low and moderate-momentum transfer for the stable
nuclei 32S and16O. For the proton drip-line nuclei28S and
12O, the results of the three different sets of parameters are
also very close to each other. A more detailed display of the
coincidence of the results of the three sets of parameters for
28S and12O is shown in Fig. 7. One can see from Fig. 7 that
the values of the cross sections and the positions of the cross
section minimums calculated with the three sets of param-
eters are approximately equal in the range of low and
moderate-momentum transfer. These imply that the calcu-
lated results are not significantly sensitive to the force pa-
rameters and consequently our conclusion drawn from them
is reliable.

IV. CONCLUSION

In summary we have combined the RMF model with the
eikonal approximation for the elastic electron scattering from

the stable nuclei32S, 16O and the exotic proton-rich isotopes
28S, 12O. The elastic electron scattering cross sections and
squared form factors of32S, 16O and28S, 12O are calculated
and compared, where the three sets of force parameters NL-
SH, NL3, and TM2 have been used. The effects of the long
tail of the charge distribution on the form factors and cross
sections of S and O are analyzed. It is found that there is a
significant difference between the squared form factors or the
cross sections of the exotic proton drip-line nuclei and those
of the stable nuclei in the range of the moderate-momentum
transfer. We attribute this significant difference to the influ-
ence of the charge density distribution of the last two protons
in 28S and12O. Since the difference of the form factors be-
tween a stable nucleus and its proton drip-line isotope has
observable effects, we consider that elastic electron scatter-
ing is an effective tool to investigate proton-halo phenomena
of proton-rich nuclei. Another result of this paper is that our
calculations and analyses provide a new testing ground of the
reliability and stability for the RMF, especially on the
nuclear wave functions for the exotic proton-rich nuclei. We
expect that the experiments of elastic electron-nucleus scat-
tering on unstable nuclei will soon be available at the
electron-nucleus collider which is being built at RIKEN in
Japan[24].
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