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4He possesses a second 0+ state; the transition form factor has been measured via inelastic electron scatter-
ing. The nature of the 02

+ state’s spatial structure has been controversial. An accurate four-nucleon calculation
utilizing a realisticNN force(Argonne V88) plus phenomenologicalNNN three-body force has been performed
for both the4He ground state and second 0+ statesEx=20.21 MeVd using the Gaussian expansion method. The
calculated one-body densities and transition density show a significant difference between the states. The
resulting impulse approximation transition form factor4Hese,e8d4Hes02

+d agrees with the available data. The
overlap of the 02

+ wave function with the trinucleon ground state suggests that the structure is primarily a
loosely bound 3N+N system and not a breathing mode. It is found that a major part of the energy-weightedE0
sum rule value is exhausted by nonresonant, low-energy continuum states other than the second 0+ state, in
contrast to heavier nuclei where a dominant fraction of the sum-rule limit is exhausted by the second 0+ state
because it corresponds to a collective, breathing mode.
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I. INTRODUCTION

The 4He nucleus is the lightest nucleus that exhibits ex-
cited states(resonances). The first excited states02

+d at Ex

=20.21 MeV has the same spin, isospin, and parity as the
ground state. Therefore, the 02

+ state should have quite a dif-
ferent spatial structure in order to be orthogonal to the 01

+

state. The second 0+ state in4He is then the smallest system
in which one can study nuclear spatial excitation using real-
istic interactions.

In an electron-scattering experiment Froschet al. [1,2]
obtained the inelastic scattering cross section(hence, the
transition form factor) for the 0+ excitation of thea particle.
Later experiments by Walcher[3] and by Koebschallet al.
[4] confirmed the measurement.(Haldersonet al. [5] provide
a succinct discussion of the relationship among the published
inelastic-scattering cross sections and transition form fac-
tors.) The question of the nature of the structure of the4He
02

+ state has since been the subject of numerous theoretical
studies.

One of the important tasks in few-body nuclear physics
has been to solve the four-nucleon bound-state problem
s4Hed using realisticNN interactions. A benchmark calcula-
tion was reported in Ref.[6] by 18 co-authors including two
of the present authors(E.H. and M.K.). Seven different few-
body research groups solved for the4He ground state using a
realistic interaction, the Argonne V88 potentialsAV88d [7].
Agreement between the results of the significantly different
calculational schemes was essentially perfect in terms of the
binding energy, the rms radius, and the two-body correlation
function. One of the next challenging projects is to calculate

properties of the second 0+ state of4He using realistic inter-
actions. One must reproduce simultaneously the ground state
and the excited state which have the same spin, isospin, and
parity, but possess quite different spatial structure.

In investigating the spatial structure of the4He 02
+ state, it

is particularly important to explain the observedse,e8d tran-
sition form factor. Moreover, from analyzing the low-
momentum-transfer part of the form factor, it was reported
that only about 11% of the energy-weighted(EW) E0 sum-
rule limit was exhausted by the second 0+ state [3]. In
medium-heavy or heavy nuclei, normally 80%–90% of the
limit is exhausted by the second 0+ state because it is a
collective, breathing mode. For the4He nucleus, one should
understand where the major component of the sum-rule
value is situated.

The 4He experimental and theoretical situation was sum-
marized by Tillyet al. [8]. Within the past six years, several
calculations pertaining to the structure of the 0+ excited state
of 4He have been reported. Hofmann and Hale explored the
system in a 3N+N resonating group model(RGM) calcula-
tion [9] based upon an earlyNN Bonn potential. Despite the
omission of anNNN three-body force needed to reproduce
the ground-state energy, the authors concluded that it was
unlikely that the 0+ excited state was a breathing mode.
Csótó and Hale also performed an RGM calculation[10]
using a phenomenological effectiveNN force. The ground
state was slightly overbound without the inclusion of an
NNN force, although the radius was found to be larger than
the experimental value. The authors concluded that their best
model result implied a resonance at 93 keV above the3H
+p threshold.
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Recently, a four-nucleon calculation of the second 0+ state
using the AV88 potential was performed by Navrátil and
Barrett[11] using the no-core shell model. The authors state
that the results for the 02

+ state and transition form factor
obtained within the limited model space should be viewed
with some caution. Indeed, the energy of their 02

+ state lies
some 4 MeV above the energy obtained by our calculation
(see below), and theirse,e8d form factor, uFinelu2, is approxi-
mately three times larger than the observed one. One needs a
much larger model space to describe the spatially defuse
structure of the 02

+ state and reduce the 01
+→02

+ transition
form factor.

Most recently, Fonsecaet al. [12] reported a calculation of
the 02

+ state using the AGS equations to explore the model
dependence for several realistic potentials. Without including
a Coulomb force, they obtained two 0+ bound states, the 02

+

state lying 0.02–0.04 MeV below the coincidentn+3He and
p+3H thresholds.

One may conclude that proper inclusion of a Coulomb
force and anNNN force in a realisticNN force Hamiltonian
is required to obtain a realistic description of the4He ground
and the first excited states simultaneously. Furthermore, a
sufficiently large four-nucleon function space is necessary in
order to solve the puzzle of where the major component of
the monopole sum-rule value is situated.

Therefore, we have performed a full four-body calculation
of the 01

+ and 02
+ states and the monopole sum rule using the

Gaussian expansion method(GEM), which was proposed by
the Kyushu group some 15 years ago[13,14] and has been
successfully used in the study of various three- and four-
body systems, including the above-mentioned four-body
benchmark calculation of4He, four-body calculations of
light hypernuclei, and Coulomb three-body calculations of
reactions of muon-atomic systems(see the review of GEM
[15] plus the references therein).

Strictly speaking, the second 0+ statesEx=20.21 MeVd is
a resonance lying above the3H+p threshold sEx

=19.815 MeVd and, therefore, a scattering boundary condi-
tion is needed to solve for the wave function. However, it lies
below both the top of the3H+p Coulomb barrier
s,0.88 MeVd and the3He+n thresholdsEx=20.578 MeVd,
located almost at the mean positionsEx=20.20 MeVd of the
two thresholds. The width of thiss-wave resonance is rather
small s500 keVd. Therefore, it is acceptable to solve for the
wave function using a bound-state boundary condition in an
isospin basis where a pureT=0 configuration is assumed.
Indeed, we used this framework in the present calculation
and obtained theT=0, 02

+ state as a bound state below the
calculatedT=0 (averaged) threshold. This approximate treat-
ment of the asymptotic behavior of the 02

+ state is, thus, rea-
sonable so long as one is discussing the4Hese,e8d4Hes02

+d
transition from the ground state, which has a short-range tail.

In Sec. II we briefly explain our GEM calculational
method. Interactions employed in the present calculation are
discussed in Sec. III. Calculated results are presented in Sec.
IV.

II. METHOD

We employ an isospin basis, rather than a neutron-proton
(particle) basis, and assumeT=0 configurations for the 01

+

and 02
+ states of4He. In the GEM approach, the four-nucleon

wave function is written as a sum of the component func-
tions in Jacobi coordinates for the rearrangement channels
(Fig. 1) within the LS coupling scheme,

CJ=0+ = o
a

Ca
sKdFa

sKd + o
a

Ca
sHdFa

sHd, s2.1d

where the antisymmetrized basis functionsFa
sKd andFa

sHd are
described by

Fa
sKd = A†„hffnl

sKdsr Kdwnl
sKdsrKdgLcNL

sKdsRKdjI

3 hfxss12dx1/2s3dgs8x1/2s4djS…JM

3 hfhts12dh1/2s3dg1/2h1/2s4dj0‡, s2.2d

Fa
sHd = A†„hffnl

sHdsr Hdwnl
sHdsrHdgLcNL

sHdsRHdjI

3 fxss12dxs8s34dgS…JMfhts12dhts34dg0‡, s2.3d

with a;hnl ,nl ,L ,NL,I ,s,s8 ,S,tj. A is the four-nucleon
antisymmetrizer. Thex’s and h’s are the spin and isospin
functions, respectively. The functionsfnlsr d, wnlsrd, and
cNLsRd are taken to be Gaussian basis functions,

fnlmsr d = Nnlr
le−sr/rnd2Ylmsr̂ d,

wnlmsrd = Nnlrle−sr/rnd2Ylmsr̂d, s2.4d

cNLMsRd = NNLR
Le−sR/RNd2YLMsR̂d.

The Gaussian ranges are postulated to lie in geometric pro-
gression,

rn = r1a
n−1 sn = 1 −nmaxd,

rn = r1an−1 sn = 1 −nmaxd, s2.5d

RN = R1A
N−1 sN = 1 −Nmaxd.

The number and ratio of range parameters for the Gauss-
ians depends upon the spins and isospins
sl ,l ,L ,L ,I ,s,s8 ,S,td; the explicit dependence is suppressed
for simplicity of notation. Eigenenergies and wave-function
coefficientsCa of the ground and excited 0+ states are deter-
mined simultaneously by using the Rayleigh-Ritz variational

FIG. 1. Jacobian coordinates for the rearrangement channel of
4He. The four nucleons are antisymmetrized.
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principle, namely by diagonalizing the Hamiltonian using the
basis functionsFa

sKd andFa
sHd. In the following calculations,

satisfactory convergence was obtained withinl ,L ,lø2 (i.e.,
approximately 100 four-body angular momentum channels).
However, in our variational method, theNN interaction is not
truncated in angular momentum. Basis functions so chosen
can describe accurately both short range correlations and
long range asymptotic behavior simultaneously[13–15].

Diagonalization of the Hamiltonian gives rise to many
discrete eigenstates other than the 01

+ and 02
+ states, so-called

pseudocontinuum states, each corresponding to a superposi-
tion of continuum states in a narrow energy range around a
particular eigenenergy. In Sec. IV, theE0 transition strengths
to all 0+ pseudocontinuum states are calculated in connection
with the EWE0 sum rule.

III. INTERACTIONS

For the NN interaction we employ the AV88 force [7],
which is the same as that used in the benchmark test calcu-
lation of the ground state[6]. In this case, without including
the Coulomb force, the calculated energies of the ground and
the second 0+ states are −25.90 and −7.86 MeV, respec-
tively. The latter state is very weakly bound with respect to
the calculated 3N+N threshold at −7.76 MeV, in agreement
with Ref. [12].

In order to investigate these,e8d form factor and the spa-
tial structure difference between the 01

+ and 02
+ states, it is

necessary to reproduce with sufficient accuracy their ener-
gies (−28.30 and −8.09 MeV) as well as the energies of3H
and 3He. Because the use of two-body forces alone(the
AV88 potential plus Coulomb force) does not reproduce the
binding energies of the3H, 3He, and4Hes01

+d, we introduce a
phenomenologicalNNN force with a two-range Gaussian
form,

o
n=1

2

Vn
s3do

si jkd
e−mnsri j

2+r jk
2 +rki

2 d, s3.1d

wheresi jkd run over the particle numbers(1,2,3,4) cyclically
in a total of four terms,r ij being the distance between par-
ticles i and j . A sophisticated, spin-dependentNNN force is
not necessary for the present purpose(to discuss the spatial
structure of the 01

+ and 02
+ states); to reproduce the binding

energy is essential, so that the wave functions have the cor-
rect asymptotic behavior. It is possible to adjust theNNN
force parameters so as to reproduce simultaneously the bind-
ing energies of3H, 3He, and4Hes01

+d within the desired ac-
curacy: a set of the parameters{V1

s3d=−2.04 MeV, m1

=s4.0 fmd−2, V2
s3d=35.0 MeV, m2=s0.75 fmd−2} yield the

binding energies 8.41s8.48d MeV, 7.74s7.72d MeV, and
28.44s28.30d MeV for 3H, 3He, and4Hes01

+d, respectively,
where the observed values are shown in parentheses.

There are no additional adjustable parameters in the cal-
culation. The issues we address are then:(i) Is the energy of
the second 0+ state reproduced?,(ii ) Is these,e8d form factor
reproduced?, and(iii ) Where is the major contribution to the
EW E0 sum rule?

IV. RESULTS

The calculated energies and certain wave-function prop-
erties of the ground and the second 0+ states are summarized
in Table I. For the ground state, the calculated rms charge
radius,krp

2l1/2, reproduces the experimental value. The calcu-
lated energy of the second 0+ state agrees well with the ob-
served value. The 02

+ state is very weakly bound with respect
to the theoretical 3N+N threshold,Es3Nd=−8.08 MeV. In-
terestingly, the percentage probabilities of theS, P, and D
components in the 02

+ state are almost the same as those in
3H, which are PS=91.24%, PP=0.07%, andPD=8.70%
(similarly for 3He). This implies that the loosely coupled
3N+N configuration is dominant in the second 0+ state.

We introduce one-nucleon diagonal(transition) massden-
sitiesr0f

+0i
+srd with i , f=1,2,

r0f
+0i

+srdY00sr̂ d = k0f
+u

1

4o
j=1

4

dsr − r jdu0i
+l, s4.1d

wherer j is the position vector ofj th nucleon with respect to
the center-of-mass of the four nucleons. Figure 2 illustrates
the mass densities of the ground and the second 0+ states.
The size of the excited state is significantly larger than that
of the compact ground state. The lower panel of Fig. 2 shows
the transition density between the two 0+ states, which is
explored by these,e8d experiment.

The inelastic charge form factor,uFinelsq2du2, correspond-
ing to the transition to the 02

+ state, is given in the impulse
approximation as

uFinelsq2du2 =
1

4p
UE eiq·rr01

+02
+srdY00sr̂ ddrU2

fpsq2d,

s4.2d

where fpsq2d=f1/s1+0.0548q2dg4 is the proton finite-size
factor (q in fm−1). In the range 0,q2,2.5 fm−2, where the
se,e8d data have been reported, the effect of meson exchange

TABLE I. Calculated energies and specified wave-function
properties of the 01

+ and 02
+ states of4He. The interactions employed

are AV88 NN force, the Coulomb force, and a phenomenological
three-body force given by(3.1). The numbers in parentheses are
experimental values. In the isospin formalism,Es3Nd is the average
energy of3H and3He, −8.08 s−8.10d MeV.

4He 01
+ 02

+

E (MeV) −28.44s−28.30d −8.19 s−8.09d
E-Es3Nd (MeV) −20.36s−20.20d −0.11 s+0.01d

Ex (MeV) 0.0 (0.0) 20.25(20.21)

PS (%) 85.54 91.18

PP (%) 0.38 0.08

PD (%) 14.08 8.74

krp
2l1/2 (fm) 1.660s1.671±0.014d 5.3

k02
+uSprp

2u01
+l sfm2d 1.38 s1.10±0.16f3gd
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currents is negligible[16], and our calculated elastic form
factor reproduces satisfactorily that observed in Refs.
[2,17,18]; e.g., Î4puFelsq2du=0.797s0.796±0.025d at q2

=0.5 fm−2 and 0.414s0.391±0.012d at q2=2.0 fm−2 in the
calculation(observation[17]).

The observed inelastic form factor[2–4] and our calcula-
tion are shown in Fig. 3. In analogy with elastic scattering
we have plotted the data of Refs.[1,4] as

uFinelsq2du2 =
ds

dV
Y 4pZ2 ds

dVMott
, s4.3d

where

ds

dVMott
= S e2

2E0
D cos2S1

2
uD

sin4S1

2
uDF1 +

2E0

Mc2 sin2S1

2
uDG ,

s4.4d

with M andZ being the target mass and charge, respectively,
andE0 the incident energy. The data of Ref.[1] are included
in the data reported in Ref.[2], and the cross-section data
from Ref. [2] were divided by 3.2, as suggested by the re-
ported analysis; see also Ref.[3]. The square of the form
factor was obtained from Ref.[3] by multiplying BsC0,qd by
a factor of 4. Our values for the data appear to be similar to
those reported in Ref.[5], whereuFinelsq2du2 in Eq. (4.3) cor-
responds touFsq2du in [4,5]. Agreement between the data and
our calculation appears to be quite good. Therefore, it can be
said that the drastic change in the spatial structure between
the 01

+ to 02
+ states is well understood in terms of the reported

four-body calculation. For a more extensive study, however,
a newse,e8d measurement with smaller errors would be re-
quired. Such data would contribute significantly to few-body
investigations of nuclear spatial excitations.

An effective way to investigate the spatial structure of the
01

+ and 02
+ states is to calculate the overlap amplitude between

the 0+ wave function and the3H wave function,

Y0n
+sRKd = kfF1/2

s3Hds123dY0sR̂Kdx1/2s4dg0+h1/2,−1/2s4du

3 uC0n
+s1234dl, s4.5d

whereF1/2
s3Hds123d is the3H wave function composed of par-

ticles 1–3 andx1/2s4d and h1/2s4d are the spin and isospin
wave functions of particle 4, respectively. HereRK is the
position vector of particle 4 with respect to the center-of-
mass of particles 1–3(cf. K type of Fig. 1). The overlap
amplitudesY0n

+sRKd for the 01
+ and 02

+ states are illustrated in
Fig. 4. In the ground state, the fourth nucleon is located close
to the other three nucleons, but it is far away from them in
the second 0+ state.(A similar result, but with a larger inner
oscillation, for the 02

+ state was obtained by Furutaniet al.
[19] in a 3N+N two-cluster RGM with an effectiveNN
force.) This loosely coupled 3N+N clustering property of the
02

+ state is consistent with the fact that, as mentioned above,
the probability percentages of the 02

+ S, P, andD components
are almost the same as those of3H s3Hed.

Finally, we discuss theE0 transition and the EWE0 sum
rule for the four-nucleon system. Letoprp

2 denote theE0
operator, withrp being the distance between a proton and the
c.m. of 4He with the sum running over protons. In the case
where the interactions commute with theE0 operator, the
sum rule can be written as[20]

FIG. 2. Mass densities of the 01
+ and 02

+ states of4He (upper) and
the transition density between them(lower).

FIG. 3. Inelastic form factor for4Hese,e8d4Hes02
+d from the re-

ported four-body calculation(solid line) is compared with the avail-
able data[2–4], n, 3, ands, respectively.
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o
nù2

`

sEn − E1dUk0n
+uo

p

rp
2u01

+lU2
=

"2Z

mN
krp

2l01
+, s4.6d

whereEn and u0n
+l are the energy and wave function of the

nth state of the four-nucleon system, respectively,mN is the
nucleon mass, andZ=2. Completeness is assumed for the set
of stateshu0n

+l ;n=1−`j which are normalized in a suffi-
ciently large volume.

Calculated and observedE0 matrix elements are listed in
the last row of Table I. The contribution from the second 0+

state to the left-hand side(LHS) value of Eq.(4.6), the sum-
rule limit, is only 11% experimentally[3] and 17% theoreti-
cally. The second 0+ state is not a collective mode. The con-

tribution of some 200 pseudocontinuum states above the 02
+

state but belowEx=60 MeV amounts to 70% of the LHS
value. Thus, we understand that a major part of the EWE0
sum rule is exhausted by nonresonant, low-energy continuum
states.

The reader will note that the AV88 potential does not
strictly commute with theE0 operator. Therefore, Eq.(4.6)
does not hold; in our model space, summation in LHS satu-
rates atEx,300 MeV with some 3000 pseudocontinuum
states and exceeds the right-hand side(RHS) value by 4%.
However, we verified that for the MinnesotaNN force [21],
which does commute with theE0 operator, the LHS value of
Eq. (4.6) exhausts 99.9% of the RHS value withkrp

2l01
+ cal-

culated using the force. This means that our four-body 0+

basis functions form an approximately complete set in our
finite space and, therefore, are reliable in the investigation of
the 0+ states and these,e8d form factor.

In conclusion, we have found that the present four-body
calculation using realisticNN forces plus a phenomenologi-
cal NNN force can explain the dramatic change of the spatial
structure in going from the ground state to the second 0+

state in4He. Moreover, the structure of the 02
+ state is prima-

rily 3N+N in nature, which explains why only some 11% of
the EWE0 sum rule is exhausted by the 02

+ state; the 02
+ state

is not a monopole breathing mode.
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