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Probing the densities of Sn isotopes
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Proton and neutron densities have been obtained for the even—even isotopes of &igrot’’®Sn using

a Hartree-Fock-Bogoliubov model with a Skyrme interaction. The matter densities so defined have been used
with realistic nucleon—nucleon interactions in a folding model to specify optical potentials for the elastic
scattering of protons with energies in the range 40—-200 MeV. Those potentials have been used to make
predictions of the differential cross sections and spin observables for proton scattering. As the target mass
increases, the emergence of the neutron skin in the Sn isotopes is revealed by marked effects in the differential
cross section. Comparisons with available data show how similar scattering data for the neutron-rich isotopes
may provide constraints for the model structures.
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[. INTRODUCTION mined are measures of the charge and current densities of the
o nucleus. Complementing that information, which primarily
One of the goals of modern nuclear physics is to undersocyses on the proton density itself, are analyses of data from
stand the structures o_f nuclei far from the line of stability andipe elastic scattering of nucleons. Nucleon scattering probes
at extremes of isospin. Thus far studies have largely deale matter density of the nucleus and, at the energies we
with the light nuclei for which radioactive beams have beenconsiger, of the neutron matter distribution in particular since
available at facilities such as TRIUMF/ISAC, NSCL, {he effective nucleon—nucleciNN) interaction is strongest
RIKEN, and CERN/ISOLDE. Prior experiments have led 10, e jsoscalafs, channel[8]. Of course, there are non-
the identification of structures of V‘{El'c,h the half] is the o 4jigible contributions to proton scattering from their inter-
best known after its identification inLi. In light of pro-  5.figns with the bound protons and such are included in all
jected experimental facilities using radioactive ion beams Q. - 1ations we have made. But as evident from the recent
extend such investigations to heavy nuclei, there have beeg,,qy 9] of proton and neutron elastic scattering at the same
advances in the theoretical study of neutron rlph ”uuebnergies fron?%8Pb, the differential cross sections from pro-
across the whole mass rangee Refs[1-5 for reviews.  on meutron scattering reflect changes primarily made in the
Studies of so-called exotic nuclei have topical interest sinCgjistrihytions of neutror(proton) matter distributions of the
nuclei far from stability play an important role in stellar nu- o g6t Indeed they did so sufficiently well that cross-section
cleosynthesis with short-lived species formed as part of th.%ata could be used to estimate the neutron skin thickness of
(rj— and rp— Erocesses. N?]t.‘;gl_y thg strulcture of such nucleeospy, - For radioactive nuclei, the only available equivalent
letermine t s rates atr\]/v X aln nfuc eol?:jcapture r%ac;] measure of the ground state density comes from the scatter-
tions proceed against the interplay of weak decays and p (?ﬁg of those nuclei from hydrogen which, in inverse kinemat-

todisintegration; key elements in the determination of thecq cqrresponds to proton scattering from the nucleus as tar-
abundances of nuclei in the universe. et.
Of course, these exofic systems are of interest in theil' o 1 clej above thép-shell, mean-field models of struc-

own r|.ght given that they may exhibit fprms of nuclear mat-yre are at the forefront of current studies of the ground state
ter quite different from those of stable isotopes. Of partlcularg|

. h density distributi : ensities. Usually those calculations are made in a relativistic
interest are the separate density distributions of proton and, tree or Hartree-Fock modgl0-14 or a nonrelativistic

neutrons. As well as halos, heavier systems may lead to tk@kyrme-Hartree-Fock-Bogoliubov mode[15-18. This

identification of pronounced neutron skif§ and/or to dra-  oan field approach works as the ground state properties for

matic phanges n nuclgarbshelrll_str:utr:]tlg?@. del heavy nuclei arise more generally from the bulk properties of
An important quantity by which the model structures arey,q jensity as opposed to single particle properties. As one

tested is thg grounq state density. For stable nuplei, one ysﬁbproaches the drip lines however, surface properties be-
ally seeks information about that from the elastic scattering.o me more important and, in concert, so do single particle
of electrons. The electron scattering form factors so detery,qsities ’ ’

As noted above, a test case has been to use nucleon elastic
scattering to determine/extract the neutron skin thickness in
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~0.17 fm; a result that has been confirmed recefil9]. The relevant optical potentials were formed by folding
More importantly, the study by Karataglidet al. [9] also  realistic effective NN interactions with the details of densi-
showed that such scattering analyses could select betweegs of those nuclei given by the mean-field models of their
disparate model structures that have the same root meastructure. With optical potentials so formed previously, dif-
square(rms) radii. By itself, the rms radius is not an ad- ferential cross sections and spin observables for proton scat-
equate indicatOI’ Of the Val|d|ty Of a mOdel structure. To USQering (and at 200 MeV in particu|ar‘from diverse targets
the scattering _data to differentiate between models o_f struq-anging from3He to 233 have been predicted and found to
ture, a predictive theory of nucleon—-nucled¢A) scattering  agree very well with data; providing that the structure with
was needed, and such has been developed in the past decggGch the effective NN interactions are folded is appropriate.
[8]. That theory isdirect in that all quantities required are 1o NN effective interactions were determined from N
S&Iwigz E]Uglneuv\z,ltt]/igvc\’/ea:j pgsStingns?(ejﬁs,gpfuné;;nfsﬁg& matrices(solutions of Brueckner-Bethe-Goldstone equations
y ’ for nuclear matterfound from realistic free NN forces. De-

scattering is determined by an optical potential formed by g_. A ; ; ;
- : : e ails of the specifications of those effective NN interactions,
folding process. Such microscopic approaches defining tha%f the folding process that gives the optical potential, and of

NA optical potential have been quite successful in predictin . i ; .
both angle-dependent and integral observables of elastic® supcessful predictions of d|ffer§nt|al cross sections and
scattering[8,20. It is important to note that distinction in analyzing powers from the scattering of protons at diverse

scattering cross sections resulting from use of different “senénergies and from diverse mass targets, have been summa-
sible” models of structure are in the details, and particularlyized before[8] and so are not repeated herein. However, of
with results in the region of 1-2.5 flhmomentum transfer Nnote is that with confidence in the chosen effective NN in-
values. Thus one needs as complete a calculation of the offractions and in the applicability of thgsfolding method,
tical potentials as possible and if feasible to use them with néhe evaluations when compared with data serve as a test of
further approximation. The contribution to scattering of thethe putative model structures. Hence, a priamary purpose of
knockout exchange amplitudes for all energies are such thdlpese studies has been to note characteristics in scattering
it is not wise to use an equivalent localization of the associPredictions linked to isotope change in the Sn nuclei if they
ated nonlocal terms. We do not and so we solve the nonlocareé described appropriately by the Hartree-Fock-Bogoliubov
Schrédinger equations directly. However, that also means w&odel with a Skyrme interaction. Of course, only access to
must have single particle bound state wave functi¢ors appropriate data will allow any critique on the specific mean-
equivalently the complete one body density matrix elementsfield structures of the Sn isotopes.
and not just the matter densities from structure. In summary, our purpose in this paper is to investigate the
The Sn isotopes are of interest for current structure studways in which proton elastic scattering data may reflect at-
ies. Many of the sets which span the quite extensive range dfibutes of matter distributions, and especially of the neutron
mass between the nucleon drip lines can be formed as radiglistribution, as one varies from the proton to the neutron drip
active ions with some in numbers sufficient to perform scatline in the mass table. We consider the even massl so
tering experiments. Measurements of proton scattering frord=0) Snh isotopes since there are many of them and because
114,116,118,120.122.1%} have been reported for many energiesWe have structure models for them that may well be credible

and most recently at an energy of 295 A Mg1,22. Using descr@ptions. However, even if some isotopes are not so well
a relativistic impulse approximation with modesum of  described, when experiments can be made, the differences
Gaussiansmatter densities, analys¢g2] of the 295 MeV between measurement anq our predictions help to find the
(preliminary) data indicated22] that the isotopes from mass More relevant matter description. _

120 on had a noticeable effect from neutron occupancies of In Sec. Il, we outline the structure models used in our
the 3,,, shell. Their analyses also indicated that scatteringcattering calculations and present details of the resulting
data revealed a gradual change in neutron densities as tREton and neutron matter distributions. In Sec. IV we show
mass of the isotope increased. Matching the data needed iH1€ results found using those structures and an established
clusion of nuclear medium effects on théN) coupling con-  €ffective NN force in nuclear matter in generatigdolding
stants and exchanged meson masses altering them from thg¥ical potentials for a wide range of Sn isotopes scattering
of free NN scattering. Not only are those data preliminary,Tom hydrogen. An energy of 200 A MeV has been used. In
but the energy is on the high side of the range for which we>ec. V application of structure and scattering models_ls made
are confident that our current nonrelativistig:folding fora number of cases for which proton elagtlc scattering data
method of defining optical potentials microscopically is @re available. Conclusions are presented in Sec. VI.

valid. Notably we believe that the method by which we de-

fine effective_ NN interactions at and above 295 MeV may || MODELS OF STRUCTURE OF THE Sn ISOTOPES

need correction. Thus we have made calculations of scatter-

ing of protons from many Sn isotopes at lower energies using In the present study, the properties of even—even Sn iso-
the progranbwsAgs [23] that formsg-folding optical poten- topes(masses 100—176re described using the spherical
tials [8]. The same program then solves the associated nonmean-field Hartree-Fock-Bogoliubov mod€l1l5]. Two
local Schrodinger equations. Specifically we have calculate@kyrme interactions have been used. As details of the
cross sections for the scattering of all the even mass isotopegethod have been given in detail elsewhftrg 24,25, only
100-17& from hydrogen at an energy of 200 A MeV, and for features pertaining to the particular calculations discussed
lower energies, from those isotopes for which data exist. are given. We have used two parameterizations of the
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100 FIG. 1. The proton density variation with
110 mass number from the SLy4 model of structure
for the Sn isotopes.

7 8
9
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Skyrme force, SkH24] and SLy4[26], which in the past Spatial properties of neutron and proton density distribu-
have given appropriate descriptions of bulk nuclear propertions are of special interest in a number of contexts. In the
ties. They differ by the input values of the nuclear-matterform of one body density matrix elemerf@@BDME), which
effective mass, beingn'/m=1 and 0.7, respectively. The we define later, and the nucleon single particle wave func-
zero-range density-dependent pairing force was used in th#ons, they are central aspects of a predictive method of cal-
particle-particle channel and with the form that is intermedi-culating their scattering from hydrogen targets. Of course,
ate between volume and surface attract{d®]. A large  geometric aspects of nuclei, and of the Sn isotopes in par-
positive energy phase space of 60 MeV was taken foticular, have been found in the pd6]. Often they have been
which the pairing-force strengths of¥/,=-286.20 and defined by using the Helm model and the locations of
-212.94 MeV fm?® were obtained in the SkP and SLy4 maxima and minima of associated form factors. Also bulk
cases, respectively. Those strengths result from using a stadensity values sometimes have been assessed from averaging
dard adjustmeni27] of the neutron pairing gap it*Sn. density functions from the structure models. Therefore, care
Both model structures agree well with the two-neutronmust be exercised in equating radii and other bulk properties
separation energieS,y and neutron pairing gapady ex-  of the same nucleus from different studies to ensure that they
tracted from data from even mass Sn isotopes having neutraefer to the same quantity. Trends of geometries with mass
numbers between the magic numb&ls50 andN=82. At  may be equated.
the magic numbers, the calculated gaps vanish due to the With an increasing number of neutrons, from the &t
known effect of an unphysical, too sudden, pairing phases well as these studies, the neutron and proton radii of the
transition. The size of the jump &,y at N=82 is slightly  Sn isotopes increase at different rates with the neutron radii
underestimatedoverestimated by the SkP(SLy4) model increasing faster. As a result there is a gradual increase in the
which is an effect of the different values of the effective size of the neutron skin; an increase that is almost linear with
mass. Nevertheless, the overall quality of agreement betweareutron number. At the same time the neutron and proton
theory and experiment suffices for us to consider the twdulk densities increase and decrease, respectively. The bal-
models to be useful for extrapolations to describe unknowrance between the bulk and surface increase of the neutron
heavy Sn isotopes. Within the two models, the heaviest twodistribution is governed by the volume and surface attrac-
neutron-bound isotope is predicted to be masg 1748 for  tions between neutrons and protons and hence is fixed by the
SkRSLy4). principal features of the volume and surface terms in nuclear

FIG. 2. The neutron density variation with
mass number from the SLy4 model of structure
for the Sn isotopes.
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0.10 — 77 TABLE |. Surface characteristic values of the proton distribu-
tions shown in Fig. 3.
0.08 Isotope Poui (FM™3) (Ar)gg-10 (fM) Slope(fm™?)
100 0.076 2.07 -0.036
<> 0.06 110 0.071 2.09 -0.032
é 120 0.068 2.10 -0.031
VQ 130 0.066 2.05 -0.029
e 0.04 140 0.063 2.05 -0.027
150 0.057 2.10 -0.027
0.02 160 0.054 2.10 -0.021
170 0.050 2.02 -0.018
00024 6 8§ 10 i "
that means the variations to those densities are best portrayed
1 (fm) in block form. In these figures we display lines of equal radii

and use different shadings to designate regions over which
She density changes by 0.02 fén The proton number of
course is fixed at 50 and so as the neutron number increases,

i ) ) . and concomitantly the neutron volume increases, those 50
masses. That is evident from the actual density profiles de;rotons extend over an increasing volume. As noted above
duced from the shell occupancies and associated canonic@ly; is due to the strong attractive neutron—proton interac-
wave functions of the mean-field model results. Such comyons. |n concert, the central charge density must, and does,
plete density distributions for all of the even mass Sn isogcrease. However, and as will be seen more clearly in Fig. 3
topes resulting from the SLy4 and SkP models of their strucyg|ow, the charge distributions do not become significantly
ture are so shown in Figs. 1-4. The normalization of theyore diffuse. The prime effect is the33% increase in the

FIG. 3. The proton densities given by the SkP model of structur
for eight isotopes of Sn.

neutron densities we show is charge volume.
" The neutron densities structure variation with increasing
47Tf pr(r2dr = N. (1) mass is quite different from that of the protons. Such_is not
0 unexpected as the proton number is fixed at 50 with the
neutron number increasing to give the mass range. The gen-
There is a similar form for the protons. eral trend that the neutron rms radii increase is evident as the

Using the SLy4 force, the proton and neutron matter dis-alf central density is reached at radii ranging frerd fm in
tributions for all even mass Sn isotopes resulting from the'®sp to~6.5 fm for 17°Sn. The increase of the neutron sur-
mean-field calculations are displayed in Figs. 1 and 2, reface radius is observed readily in this figure by noting the
spectively. The protonneutron distributions are plotted changes along the lines of fixed radius. We note also that a
with nuclear mass decreasifigcreasing into the page. By strong oscillation develops in the central density, which on

average also increases fror0.08 neutrons/frhin 1°°Sn to
o ~0.1 neutrons/frafor *'°sn.

; The mass variations of densities are evident also in Figs. 3
and 4 wherein the proton and neutron densities, respectively,
for the Sn isotopes calculated using the SkP model are given
for a select set of eight nuclei having masses spaced evenly
between 100 and 170. With the SLy4 force the mass trends
are very similar with differences occurring in fine details.

While a few of these densities have been depicted before
[6] not only do we extend the set to a wider mass range and
fill in previous gaps but we highlight features that should
most readily relate to effects in predictions of scattering. In
Fig. 3 it is evident that the 50 protons are rearranged to be
more extensive as one increases mass. Note that the half-
density radius ranges from5 fm for 1°%Sn to ~6 fm in
17951, However the proton surface diffuseness, the distance
over which the charge density falls from 90% to 10% of its
central value, does not vary greatly over the set of nuclei.
The slope of the densities do change as is obvious in the

FIG. 4. The neutron densities given by the SkP model of strucfigure. Those two properties are listed in Table I. The diffuse-
ture for eight isotopes of Sn. ness is somewhat subjective in that the internal densities are

0.10

0.08
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structured. That is especially so at the center and so we had ' ' ' ' ' ' '
to make a reasonable guess at an internal value from which i — 102 ]
to define the 90% and 10% radii. Those guess values are also

: . . . = S
listed. The slopes though are quite well given by the varia- bﬁ — 12082 )
tion around 5.5 fm for the heavier isotopes and around 9_‘5 ,,,,, oG
5.0 fm for the lighter ones. From the values listed, the sur- = e TOG

face diffuseness of the proton distributions for these isotopes
do not vary greatly and may be taken as 2.07+£0.05 fm. To
attain that there has to be the steady progression of the slopes
of those surfaces; understandable as the stretching of the dis- «_ i
tribution of the 50 protons as neutrons are added mostly in @q

the surface region to form heavier isotopes. & 0.01-

By inspection of Fig. 4, the neutron distributions also =2l
have surface diffuseness values-ef fm. Thus there is a

gradual development of a neutron skin to the Sn isotopes, for 0.00 | Rl
while with 1°°Sn the 50 protons and 50 neutrons have essen- 0 2 6 8
tially the same distributiorisolid dark lines in the figures r (fm)

the two density profiles are somewhat disparat¥$8n. Not ] ) i

only does the neutron central density increase ~b85% FIG. 5. The moduli square of the radial functions for tre,0

H +-102,110,120,130,1
from its value in*°°Sn while the proton central density value (©°P) and ®g (bottom proton orbits in Sh.

decreases by ~40%, but the skin, in this case
Rmdheutron—R,Jproton, varies from 0 to~0.5 fm as density, should be clearly evident if ever longitudinal form
noted previously from the definition in the Helm model char-factors of these isotopes from electron scattering can be mea-
acterization[6]. sured.
It is of note also that the neutron density profiles have a
mass variation through the inner regior4 fm) that is not
as smooth a progression as that in the outer radial region
(beyond 4 fm. Those changes in shape for masses in the Neutron orbit occupancies that result from the SlLy4
vicinity of 150 we expect to reflect as variations in crossmodel calculations are presented in Tables II-IV. They give
section properties for momentum transfer values 1-2fm the occupancies for orbits that are partially filled for each
(at least for 200 MeV scatterings such did for analyses of isotope of Sn. Orbits that have occupancies for all the nuclei

B. The neutrons in the Sn isotopes

data from 200 MeV proton scattering frofffPb [9]. in each table that is less than 0.03 are not listed.
Three of the isotopes have neutron orbits with complete
ll. MASS VARIATION OF SINGLE PARTICLE LEVEL occupancy. They ar€”'***78n of which only"*Sn is listed
PROPERTIES in the tables. The tables segment the mass range of the Sn
isotopes with the neutron orbit occupancies for the set
A. The protons in the Sn isotopes 102-13& given in Table II. That ranges between the two iso-

To a very high degree, the SLy4 and SkP models give thdopes hgving closed' shell occupancies in the SLy4 model.l
same closed orbit proton configuration for the 50 protons inl N€S€ lighter mass isotopes also have a neutron core basi-

all of the Sn isotopes, i.e. cally the same as for the protofigq. (2)] though there is a
T small percentage breaking of full occupancy of the neutron
(051/)%(0P3)*(0P1/)*(0ds/5) °(151/5)%(0dg ) * 0gg,, Orbit as shown by the first line in Table II.
X (0F+/)8(1Pa/2)*(0fs/2)8(1p1,5) 2(0ges2) ™. ) As neutrons are added pairwise ¥¥Sn to reach mass

110, this model suggests that they primarily occupy ttig,1
However, the associated single proton wave functions vargrbit with some partial occupancy of both the 2 and @/,
with the mass of the isotope reflecting the expected exparorbits. As mass then increases to reatdsn, the latter two
sion of the charge density as the neutron numbers, and iorbits increase in occupancy to 80% —90% while tlug,sl
concert the nuclear skin, increases. That variation is depicteand h,;,, orbits fill to 68% and 20% closure respectively
in Fig. 5. Therein are shown the changes that occur over thand at approximately the same rate. With the set of isotopes
mass range in the modulus square of theg 0 the most 1227135 the major effect is in the filling of thehg,,, orbit.
bound of single particle states, and in that of tlyg,Qorbit, Higher shell states for all of these isotopes account for less
the latter being a dominant element in defining the charge¢han a percent of the neutron numbers. Of importance how-
properties near and in the nuclear surface. Clearly these waver, is that, with the SLy4 model, filling of the four impor-
functions extend as the neutron number increases, as dant valence orbits is far from that one would guess with the
those of all of the other occupied orbitals. But since thesimplest of shell schemes.
number of protons is fixed at 50, the charge density then But once again the valence orbitals vary as the mass in-
gradually decreases in the nuclear center while at long rangereases. That variation is illustrated in Fig. 6 where the four
the density gradient at the surface decreases in size. Thisiportant valence orbital single particle densities are shown
behavior, which is in stark contrast to that of the neutronfor three isotopesi®>1%13&n "|n this case we display just
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TABLE II. Valence orbit occupancies from the SLy4 model for the isoto%ést3%n.

Orbit 102 104 106 108 110 112 114 116 118 120 122 124 126 128 130

0gg/2 9.95 9.93 9.92 9.91 9.90 9.91 9.92 9.93 9.94 9.94 9.95 9.96 9.96 9.97 10.0
1ds), 1.65 3.21 444 497 5.22 5.39 554 5.66 5.75 5.82 5.86 5.89 5.92 5.95 5.97
2512 0.03 0.07 0.13 0.26 0.42 0.62 0.86 1.14 1.43 1.65 1.78 1.86 191 1.94 1.97
1d3/, 0.06 0.11 0.18 0.32 0.49 0.71 1.01 1.45 2.07 2.73 3.22 3.52 3.70 3.82 3.92
097/2 0.21 0.49 1.04 2.05 3.27 4.48 5.58 6.44 7.01 7.35 7.55 7.68 7.78 7.86 7.93
Ohyy,  0.07 0.14 0.23 0.39 0.56 0.73 0.92 1.19 1.62 2.31 3.41 4.86 6.51 8.27 10.1

Oiy3/2 0.02 0.02 0.03 0.04 0.04 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.04 0.03
1f70 0.01 0.02 0.02 0.03 0.03 0.04 0.04 0.04 0.04 0.05 0.05 0.05 0.04 0.03
Ohg/, 0.01 0.02 0.02 0.03 0.04 0.04 0.04 0.04 0.04 0.05 0.05 0.05 0.04 0.03

the changes wrought betwe¥i*%n since for this range of rate to result in 90% full for thely,, and 2, orbits, 70%
nuclei essentially those four orbits are being filled with neu-full for the 1fs,, and 2py,, orbits, and 30% occupation for the
trons. Across this range of isotopes each valence orbit gradi, 3/, orbit. Higher shells to these again account for less than
ally extends in space. The related neutron densities then irt% of the neutron numbers.
crease in size as neutrons are added to form a neutron skin. As before, as one moves across this range of isotopes, the
But such a skin is not due simply to an increase in neutronndividual orbit wave functions for the neutrons become
occupancy of orbits with high angular momentum. Each orimore extended. That is shown in Fig. 7 wherein foua-
bit's extension as the mass increases plays a role. lence orbit functions for'3+144150.18n are displayed. For

In Tables Il and 1V, respectively, the extra core neutron*%Sn, only the f,, wave function is showrby the dot-
orbit occupancies for the isotop&¥-%%6n and'®®-1"%Sn are  dashed curvesince that is the only valence orbit of the four
given. For all of those isotopes the neutron core essentiallin that nucleus with a substantial neutron occupancy. How-
has 62 neutrons. The 12 neutrons extra to the 50 in the corever, for all four orbitals, the wave functions determined
figuration of Eq.(2) closes the &-1d shell. from the SLy4 calculations are portrayed by the solid,

The SLy4 model neutron orbit occupancies for the iso-dashed, and dotted curves f8fSn,**°sn, and*>®Sn, respec-
topes %N given in Table Il reveal that thegp, and tively. Again these valence orbit wave functions extend to
0h, 4, orbits are almost fully occupied. Thus in adding neu-larger radii as the isotope mass increases, but now not as
trons to reacht*’Sn, those neutrons almost all go into the markedly as for the protons or neutron orbits for the lighter
1f,, orbit, almost filling it completely. As neutrons are mass isotopes. It follows then that the buildup of neutron
added thereafter, thaf 4, orbit occupancy decreases slightly density at the nuclear surface is more influenced now by the
before slowly regaining to almost full occupancy ifSn.  increasing occupancies of these orbits.
Furthermore, in changing from mass 144 to mass 162, the The neutron orbit occupancies given by the SLy4 model
other orbits increase in occupancy, more or less at the sanfer the heaviest Sn isotopes, masses 160—-176, are given in

TABLE lIl. Valence orbit occupancies from the SLy4 model for the isotolés >%n.

Orbit 134 136 138 140 142 144 146 148 150 152 154 156 158

Og;, 800 800 800 800 800 798 797 797 797 797 797 797  7.97
Oh,, 11.96 11.95 11.96 11.98 11.93 11.90 11.89 11.88 1187 11.87 11.88 11.88 11.89
1f7, 182 367 557 762 798 740 741 744 747 752 157 762  7.67
Ohy, 007 014 017 015 097 178 263 351 440 528 612  6.88  7.56
Oi3» 005 009 011 007 037 063 08 113 139 166 196 231 271
1fs), 004 007 008 006 035 063 092 123 156 194 235 281 331
2ps» 003 005 007 009 073 131 180 219 251 277 300 319  3.36

2P1/2 0.01 0.02 0.02 0.10 0.19 0.28 0.38 0.50 0.63 0.77 0.93 111
1992 0.01 0.01 0.03 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.09 0.10
0j15/2 0.01 0.01 0.03 0.03 0.04 0.05 0.06 0.07 0.08 0.08 0.08 0.08
0iq1/2 0.02 0.03 0.04 0.05 0.06 0.06 0.07 0.07 0.07
2ds/» 0.01 0.02 0.02 0.02 0.02 0.02 0.03 0.03
197/, 0.01 0.02 0.02 0.03 0.03 0.03 0.03 0.03
OK17/2 0.01 0.02 0.02 0.02 0.02 0.03 0.03 0.03

024607-6



PROBING THE DENSITIES OF Sn ISOTOPES

PHYSICAL REVIEWTD, 024607(2004)

TABLE IV. Valence orbit occupancies from the SLy4 model for the isoto}58st"%n.

Orbit 160 162 164 166 168 170 172 174 176
007/ 7.97 7.98 7.98 7.98 7.98 8.00 8.00 8.00 8.00
Ohy 1/, 11.90 1191  11.92 1193 1194  11.96  11.97 1198  12.00
1f7,, 7.72 7.77 7.81 7.84 5.36 7.91 7.94 7.97 8.00
Ohgy; 8.13 8.59 8.96 9.24 9.46 9.63 9.77 9.89 10.00
Oiqg)2 3.23 3.92 4.82 5.98 7.35 8.87 1050 1221 14.00
1fs, 3.82 432 476 5.10 5.36 5.56 5.72 5.87 6.00
2p3/ 3.50 3.62 3.71 3.78 3.84 3.88 3.92 3.96 4.00
2p1) 1.30 1.48 1.61 1.73 1.81 1.87 1.92 1.96 2.00
199/ 0.10 0.10 0.10 0.10 0.10 0.09 0.07 0.04 —
Oj1s/2 0.08 0.08 0.08 0.08 0.08 0.07 0.05 0.03 —
Oiq1/2 0.07 0.07 0.07 0.07 0.07 0.06 0.05 0.03 —
2ds), 0.03 0.03 0.02 0.02 0.02 0.02 0.02 — —
107/ 0.03 0.03 0.03 0.03 0.03 0.02 0.02 0.01 —
0Ky 7/ 0.03 0.03 0.02 0.02 0.02 0.02 0.01 — —

Table IV. Those trend to a complete shell occupancy forand thus generate optical potentials for use in modified ver-
17631, The most obvious change in occupancy over this set afions of the scattering progranwsags [23]. Those optical

nuclei is that of the Q5, orbit (from 3.23 to 14 neutrons

Again the higher orbits are sparsely occupied, and in fact an{en in coordinate space with,=r;-r,, as
such occupancy decreases uhffisn adopts the closed shell

character.

potentials are complex and nonlocal since they can be writ-

U(ry,rp;E) =Up(r; E)8(rp) + Ue(ry,rpE), (3

The wave functions for the valence orbitals of importancewhere the directyy and nonlocal exchanddg terms are
for the heaviest Sn isotopes are displayed in Fig. 8 where the
solid curves are the functions specified f6fSn and the
dashed curves show those fdfSn.

IV. SCATTERING FROM HYDROGEN-GEDANKEN
RESULTS

We have used the canonical single particle wave function
for all of the Sn isotopes to fold an effective NN interaction

Up=2 %(J wE(S)vD(rls)%(s)ds)

Ue=2 &len(rvexrden(ra)], (4)

Wherevp andvg, are combinations of the components of the

effective NN interactions{,, are ground state occupancies of
nucleons within the shellrf}” and ¢,(s) are nucleon single
particle states. The occupancies are the particular OBDME:

L N L ™7 ]
N A T
E 003+ [\ - Msp 1 1%
,OS 3 4 N - 130Sn + 1 &
E 002_— i'_i —“— A —_ i
0.01 ) « T 4 / -
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o 0.015F ‘,i - , oo
I 1 ] 12
gSO.OlO— 'f - !.i \ — g’%
> I / T 1 v B
0.005 - 4 e
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0.0000~=5"2"% 2 4 6 8
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FIG. 7. Radial wave functions for four neutron orbits in
134’144'150'1%&

FIG. 6. The moduli square of the radial functions for four neu-
tron orbits in102110:13&
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FIG. 8. Radial wave functions for four neutron orbitsff%sn Sn isotope
17
and*’sn. FIG. 9. The reaction cross sections for 200 MeV proton scatter-
ing from the even mass Sn isotopg@ep) and the differences be-
tween those total reaction cross sections for adjacent isotopes
ln=(Vo=g(1,2,++ A I [a @ 2] 0l Wyg(1,2, 7+ A, (bottom.

5

where the operator is the usual particle-hole operator. Note . . .

some models may allow non-Hartree components in thd/ave scattering amplitudg9]. Also, at much higher ener-
A-particle wave functionga change of principal quantum 9i€S: those sums are known to equate to the geometric cross
numbey which will then allow nondiagonal zero spin state section for each nucleus. So reaction cross section values
expectations in Eq5). They give additional contributions to reflect a bulk character of the structure of each nucleus and
the optical potentials, as do elements witts 0 when one Vvalues of the total reaction cross sections may then be the
considers odd mass or special nuclei sucilasHowever, first obvious evidence of the propriety of any chosen model
none such occur with the model structures we have choseier the structure of the isotopes. If any can be measured
for the Sn isotopes. All details and the prescription of solu-accurately, the differences between the total reaction cross
tion of the associated nonlocal Schrodinger equations argections between adjacent even mass isotopes may also be
given in the recent reviey8]. The results to be discussed test of the structure models since, as portrayed in the bottom
herein have been obtained by solving the actual nonlocategment of Fig. 9, there is a noticeable variation of many mb
Schrodinger equations defined with potentials as given byredicted. Note that the differences show a trend to smaller
Eq. (3). For the present calculations, the effective NN inter-values with increasing mass save for a “quantum” jump

actions have been defined by their mapping to thewhen the neutron number is 82, and for some uniqueness
Brueckner-Bethe-Goldstorgematrices of the BonnB NN in-  with masses 150—156, but any such clear variation will re-
teraction[28].

quire an accuracy of measurement of a percent or two. None-
We consider the elastic scattering of 200 MeV protonstheless, the actual value first, and the trend of differences

from each of the even mass Sn isotopds 100-176. By  second, may signify propriety of the structures chosen to
inverse kinematics the cross sections we determine are alstescribe the isotopes.
those for the scattering of 200 A MeV Sn ions from hydro- There appears to be little difference between the cross
gen; some of which can be, or may soon be, obtained isections found using the SkP and the SLy4 forces to give the
sufficient numbers to form a radioactive ion beam for experi-ground state structures. This is shown for a select set of Sn
ment. The choice of 200 MeV was made, not only becausésotopes in Fig. 10. The differential cross sections for
the effective force at this energy has been used in mang00 MeV proton scattering fror?%110:120.1%8n gre shown in
successful predictions of actual scattering data from stabléhe top panel with each scaled by factors of 1, 2, 4, and 8 to
nuclei[8] but also data at that energy froffPb gave a clear distinguish them from one another more clearly. The ratio to
signature of its neutron density profil@]. Rutherford scattering for these same nuclei and at 200 MeV
Possibly first measurements with such exotic nuclear proare displayed in the bottom panel of this figure. The solid
jectiles may be of the total reaction cross sections and thé&ashed curves were obtained by using the structure found
SLy4 model predictions for those are shown in the top panelith the SkP(SLy4) force. On this scale there is little to
of Fig 9. There is a distinct mass trend in those results so thatistinguish between the alternate model results. But the two

total reaction cross section gradually increases with isotopstructure models do predict cross sections that differ in detalil
mass from~1 b to 1.63 b for’°Sn. The sums that define the and such is shown in Fig. 11 for the set of isotopes
reaction cross sections are dominated by the large partigf®110:120,130.140,150.18} Therein the percentage difference,
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the top panel while the ratios to Rutherford results are displayed ift0° (Squaresscattering for all even mass Sn isotopes as evaluated
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using the SLy4 model of their structure.

difference between the model predictions would be about a
mb/sr. For larger angle results, where the cross section mag-
nitude is of the order of a mb/sr the differences,
~0.05-0.1 mb/sr may not exceed experimental uncertain-
ties. Nonetheless there is a progression in these cross section
differences found using the sets of matter densities given by

is plotted for each nucleus as identified. Differences can beghe SkP and SLy4 structure models as one increases the iso-
large (20%) as with**%Sn coinciding with cross ection mag- tope mass and when compared with data, such might suggest

nitudes of a few mb/sr at scattering angte80° —40°. That
coincides with momentum transfer values-ef—2 fnt and

preference for one model of structure over the other; presup-
posing of course that one is indeed a better description of

are values which might be distinguished by measurement. Ipeality. To illustrate this further, in Fig. 12 we show the cross
the main however, the model differences characteristicallgection values at 30° and 40° scattering that result from us-
are 5% —10%, so that at scattering angles of 20° where préng the SLy4 structure model to form-folding optical po-
dicted cross sectiongor 200 MeV) are about 20 mb/sr, the tentials. The momentum transfers for these scattering angles
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are ~1.5 and~2 fm™1, respectively. At these momentum
transfer values, clearly the variation of the structure details
with mass have noticeable effect. There is some evidence for
a more packed neutron distribution in the structures at neu-
tron number 82 and some evidence of surface orbit variations
with neutron numbers 100, 102, and 104. The latter, how-
ever, may simply be an idiosyncrasy of the model calcula-
tions. Thus, and as found in a study of scattering ff8f®b

[9], the neutron distribution through the nuclear surface in
particular, reflects strongly in the calculated values for elastic
scattering cross sections for momentum transfers 1-2.5 fm
with cross section values1 mb/sr.

Other properties of the cross sections reflect possible mea-
surable trends. In Fig. 13 diverse variations with mass in the
entire set of isotopes are shown. Such are quantities from
scattering having analogies with the bulk nuclear properties
determined previously from the mean-field matter densities
[6]. In the top panel the variations with mass of magnitudes
of select(low momentum peaks in the calculated cross sec-

FIG. 11. Percentage differences between differential cross sedions are shown. The first obvious peak in the differential
tions for 200 MeV proton scattering which were calculated usingcross section is displayed by the filled circles. That changes
the two structure model densities.

markedly as one progresses from proton to neutron drip
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0.2 '_MH:_D JRRNAIT ] fied by the prescriptions. The particular values involved are
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s 16 oo, T % eeee N the differential cross sections have their first definite peak are
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| | | | ] 0.88 fnit in 1%%n to 0.7 fmt in 7%n.

1 I 1 1 I 1
100 110 120 130 140 150 160 170
Sn isotope V. COMPARISON WITH DATA

There have been many experimental studies of proton

FIG. 13. Some low momentum transfer characteristics of . . .
200 MeV proton scattering from the 110—170 even mass Sn isoscattering from Sn isotopes. Our literature search on those

topes. In the top panel, the ratio to Rutherford cross section valueg@Ve the listing as shown in Table V. The proton energy was
for scattering angled, are denoted by théilled) circles while the restricted to the range 16—200 MeV; a range for which we
differential cross section values faf;, are depicted byopen  felt most comfortable about using tigefolding method of
squares. The values of the angles for each target are shown in ti€fining optical potentials, and for which range we are con-
central, and the corresponding momentum transfers in the bottorfident about the effective NN interactions we have defined
panels. The subscripts to the angles designate those at which tih&]-
first and second peaks occur in the relevant cross sections. From that list we have chosen for analysis, some of the
data taken at 39.8, 49.35, 65.0, and 200.0 MeV. A complete
analysis of all of the available data will be made and reported
lines, from the value of-150 mb/sr for'®Sn to a value of in some fashion subsequently. In all of the figures to be
~500 mb/sr for'’°Sn as shown and on te540 mb/sr for shown, unless otherwise stated, the calculated results were
17651, As with the total reaction cross section results thisobtained from optical potentials formed by folding a Mel-
variation would be a measurable effect in future scatterindoourne effective NN interactiof8] for the relevant incident
experiments, and one that may be an easier characteristic @mergy, with the OBDME and single particle wave functions
define than the higher momentum properties we describedetermined by the SLy4 model of structure for each and
earlier. They-axis in this case is to be read as b/sr. In the topevery isotope of Sn. ThewBA9s program[23] was used to
panel we also display the values of the ratio to Rutherforgoerform the folding and to find solutions of the relevant
cross sections found at the scattering angles corresponding $iehrédinger equations.
the second peak in those ratios. They are portrayed by the The first result we show is of the scattering of 39.8 MeV
opaque squares with theaxis now in dimensionless units. protons from*2°Sn. In Fig. 14, our calculated cross section as

TABLE V. Selected list of references to data and analyses of data from proton elastic scattering from Sn

isotopes.

Energy Isotopes References
16.0 116, 120, 124 [31], [32], [33]
204 116, 118, 120, 122, 124 [34]

24.5 116, 118, 120, 124 [35], [36], [34]
30.3 112, 114, 116, 118, 120, 122, 124 [371, [38], [39], [40], [41]
39.6 116, 118, 120, 122, 124 [301, [42], [43]
49.35 112, 114, 118, 120, 124 [32]
61.4-65 118, 120 [44], [45], [46]
100.0-104.0 120 [43], [47], [48], [49]
133.8 116 [50]
156.0-160.0 116, 118, 120 [51], [52]

200 120 [53]
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FIG. 14. The cross section as a ratio to Rutherford for the scat-
tering of 39.8 MeV protons front*°Sn. The dataRef. [30]) are FIG. 16. Polarizations for the elastic scattering of 39.8 MeV
compared with the result of a calculation made usinggtielding protons from*'6:118120.128y The datd42] are compared with cal-
optical potential as described in the text. culated results as found using tgdolding model.

a ratio to Rutherford scattering is compared with d&@].  calculated values for the five isotopes giving a band of pre-
Clearly the trend of the data is reproduced by ¢hamlding  dictions, the trend of data is well reproduced by the predicted
optical potential calculation and some details are also welalues, at least to 90°. The quality of fit to individual polar-
matched. Similar quality of matching to data for the set ofizations is presented in Fig. 16. The maxirmeositive and
even mass isotopeS->1#8n, is revealed in Fig. 15. The data negative values are in good agreement with the characteris-
[42] for the sequence of isotopes 116—124 are displayed btic shapes between the sharp rises in valtresn negative to
down filled triangles, by uggopaqué triangles, by filled dia- positive) being predicted. The variations between data and
monds, by opaque squares, and by filled circles, respectivelgalculated values are not great and it seems within the realm
For the same sequence the results of our calculations at# possibility that small changes to the chosen structure
displayed by the double dot-dashed, the single dot-dasheehodel can improve the agreement. Such is also the conclu-
the dashed, the dotted, and the solid curves, respectivelgion we may draw from the comparison of results with data
With all data collected in this figure, and the spread of the

[a—y
ol\)
I

[a—y
OO
I
PomEE OO0 M= =
RO ONNEA NNPAANXXONPA

do/dQ (mb/sr)
5»—
[

G/GR(O)

OO = =t

L2
[ERS

0, (Ge2)

FIG. 17. The cross section as a ratio to Rutherford for the scat-
FIG. 15. The differential cross sectio(®p) and polarizations  tering of 49.35 MeV protons frort®129122.128n The dat432] are
(bottom) for the elastic scattering of 39.8 MeV protons from compared with the results of calculations made ugjfglding op-
116.118,120.122.1%n with symbols giving datg42]. tical potentials.
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12051, At those energies many successful predictions have

~

10 been made of cross sections for proton scattering from stable
§103_ nuclei[8]. Included in that set were predictions of scattering
E Ll from two Sn isotopes of the set considered herein. Those Sn
g 101 cross-section calculations of the past were made using single
vlo particle oscillator(HO) wave functions determined with an
P10k oscillator length given by adY® rule, i.e., values of 2.215
and 2.221 fm were used fot%sn and'?°Sn, respectively. In
L the following figures, we display cross sections found using
0.5 those HO model densities by the dot-dashed curves. Those
L results found using the SLy4 and SkP model densities are
A; 0.0 shown by the solid and dashed curves respectively.
- In Fig. 18 the differential cross sections and analyzing
-0.5 ?owers for the elastic scattering of 65 MeV protons from

185n [54], are compared with our predictions. In the case of
the differential cross section, there is little differereel %)
between those found using the SLy4 and SkP structures but
both are distinctly better than the cross sections found by
using HO functions. This is emphasized in the next figure.

powers(bottom) for the elastic scattering of 65 MeV protons from HOV\(’jever' Wh'letthe SLyI?(am,jthStlée ”'EOd?I resulgs are '!: q
183, The datd54] are compared to the results of the calculations 9900 agreement generally wi e structure and magnitude

made using the SLy4solid line), SkP(dashed ling and HO(dot-  Of the data, the calculated minima are too deep; a feature
dashed ling models. indicative of the need for more absorption. The 65 MeV

force we have used gave excellent fits to 65 MeV data from
many nuclei[8], including depth of minima. Perhaps this
taken at 49.3 MeV. Cross sections as ratios to Rutherford arkeature may be due to processes beyond the Born limit in-
shown in Fig. 17. The dat82] now display a variation with herent in use of thewsAgs code.
target mass that is not readily mapped by our calculated re- The preference for the SLy@®kP) model as well as other
sults. With?212%5n, the peak values of the ratios exceed ourevidence for increased absorption, is also evident with the
predictions by 30% —40%. However, the trend of data agotal reaction cross section. The SLy4 model predicts 1.48 b
well as a number of specific details are well matched and wéor this property while the HO calculation yields 1.41 b. The
consider then that the results confirm credibility of the SLy4measured valugs5] is 1.535+0.047 b but it is with the ana-
structure. lyzing power at 65 MeV that the SLy@kP) densities give a
Finally, we show results found for the elastic scattering ofsignificantly better result in comparison to the HO model.
65 MeV protons from**¥sn and of 200 MeV protons from While the HO result is a fair reproduction of the data struc-
. , ture, the SLy4(SkP model result gives not only the correct
10 10 location of the maxima and minima but also shows the over-
all trend, seen in the data, of increasingly positive values
with increasing angle. They also depict best the marked
asymmetric shape of each peak structure of the data. It has
been noted8] that the location and gradient of variation
from most negative to most positive values in analyzing

FIG. 18. The differential cross sectiorigop) and analyzing

o

Elos 10" powers correlates quite well with the distribution of nucleons

< h h th I f

= through the nuclear surface.

a To emphasize the disparity with the cross sections shown
= in Fig. 18, in Fig. 19 we show the cross sections in larger

E scale. The error bars on the data remain within the size of the

dots shown with values usually less than 1% of the quoted
magnitudes. The curves depict the results obtained with the
10 SLy4 model(solid) and the HO mode{dot-dashegand the
results are split into two scattering angle ranges as indicated.
3 The HO model results give a sharper decrease with momen-
I R I tum transfer than do either the actual data or the SLy4 model
4 50 60 70 cross sections, so that the HO model cross section is too
0 _(deg) large at angles forward of 20° and too small for all but two
C.m. .
larger scattering angles. The SLy4 model results on the other
FIG. 19. The differential cross sections for the elastic scatterindiand have quite good trend with momentum transfer, being a
of 65 MeV protons from'&n. The datd54] are compared to the quite excellent fit to the data forward of 20° and reproducing
results of the calculations made using the Sksdlid line) and HO  the position and peak magnitudes of data for larger angles.
(dot-dashed linemodels. As noted before, it is with the values of the minima that there

b
(=
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scattering angle range shown. Both features are evident in
the HO and SLy4 calculations without the exact angular
structures in the data being reproduced. The SLy4 and SkP
results do match the observed peak magnitudes and valley
depths very well and the two densities yield slight differ-
ences in the spin measurable.

VI. CONCLUSIONS

We have made predictions of the observables of the elas-
tic scattering of 200 MeV protons from the even—even iso-
topes of Sn from'°%Sn to 2’%3n taking the structure of the
isotopes from a Hartree-Fock-Bogoliubov model using the
Skyrme interaction. Two parameterizations of the Skyrme
force have been used. The matter densities obtained from
those models show consistent trends. As mass increases from
A=100-176, the neutron central density increases and a neu-
tron skin emerges. Also, as the proton number is fixed, the
addition of neutrons not only increases the volume but also

FIG. 20. The differential cross sectiorigop) and analyzing
powers(bottom) for the elastic scattering of 200 MeV protons from

1205n. The datd56] are compared to the results of the (:alculationsengenders a dllu_tlon of the proton d_ls_trlbutlon. . .
made. The curves are as for Fig. 18. The SkP result is not given for, The changes in the_ nucle(_)n densities re_flect in the predic-
the cross section as it is indistinguishable from the SLy4 result. tions made for the differential cross sections of 200 MeV

proton elastic scattering. As the neutron number increases,

the first three minima tend to lower momentum transfers and
is a mismatch. The position of the minima are well repro-the intervening first maximum becomes more pronounced.
duced. That effect as the neutron skin becomes more manifest is

The 200 MeV scattering results froti’Sn are an excep- large enough to be distinguishable in experiment.
tion to the pattern so far established. In this case it is the HO For the set of isotope5®**Sn cross sections, polariza-
model rather than the SLy4 one which reproduces data weltions, and analyzing powers in proton elastic scattering have
The differential cross sections and analyzing powers ar®een measured at various energies. Most of that data com-
shown in Fig. 20 from which it is clearly evident that the HO pare well with predictions frong-folding optical potential
model tracks the measured ddta6] well for all angles calculations when those potentials are defined by folding
shown. The SLy4 model result is not as good, though itwith the SLy4 model of the structure of the isotopes. How-
agrees with the forward angle<30°) scattering data well ever there is little difference between those results and ones
enough. The SkP model result is indistinguishable from theobtained by using the SkP model but both models give re-
SLy4 one on this scale. The actual differences in cross sesults that are much better, usually, than those found by using
tion are less than a percent at most scattering angles. Bothnaive oscillator model for the structure of the isotopes. The
the SLy4 and SkP models thus overestimate the cross sectidact that there are marked differences between the HO and
and predict some structure not seen in the data for largeBLy4 model predictions signifies the value of using proton
scattering angles. Such discrepancies have been noted éfastic scattering data in testing model specifications of the
other circumstances, notably in a comparative st[@lyof  ground states of nuclei. The 200 MeV results for the scatter-
model structures fof°®Pb and in identifyindHe and*'Lias  ing from *%°Sn is exceptional. Bearing in mind the effects
nuclei with extended neutron distributioieeutron halop  observed in a recent study@] of proton scattering from
[57,58. Furthermore, RIA model results for 200 and 2°®Pb, perhaps the neutron matter distribution just within the
295 MeV scattering22] find predictions that are larger, and nuclear surface as determined by either of the calculations
have more structure, than the data for scattering angleseeds slight variation.
greater than-15°. It is also of note that the 200 MeV data at  Overall we have shown that the Skyrme-Hartree-Fock-
scattering angles25° are smoothly decreasing and so quiteBogoliubov models give a very reasonable description of the
unlike the equivalent data at lower energies. However, notground states of the stable Sn isotopes and, assuming they do
that the “problematic” data in this 200 MeV cross sectionso for the other masses, then the cross sections for scattering
has a magnitude<l mb/sr; cross section magnitudes for from hydrogen will distinguish the progressive addition of
which we have lessened confidence that processes other thaeutrons to form the isotopes.
inherently considered within thg-folding method can be It is hoped that, with the proposed new generation of ra-
neglected. dioactive beam facilities, data for the elastic scattering of
As with the differential cross section results, our predic-heavy neutron-rich nuclei from hydrogen will be obtained at

tions for the analyzing powershown in the bottom half of select momentum transfer values where our predictions of
Fig. 20 are good but there is room for improvement. Thecross sections are sensitive to the major details in the neutron
asymmetry seen with the 65 MeV data is less severe at thidensity. We contend that such experiments and analyses
higher energy but, of course, there are more peaks within theerve as an important test of the models being developed to
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describe exotic nuclei and which inherently give distinctiveResearciiKBN) under Contract No. 5 PO3B 014 21. We also
differences in features such as the neutron rms value. gratefully acknowledge the assistance of Dirk van der Knijff
of the Advanced Research Computing Group, Information
Division, University of Melbourne for use of the high per-

This work was supported by a grant from the Australianformance computers of that Group to find all of the results
Research Council and by the Polish Committee for Scientifi¢lisplayed.
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