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The high spin structures in86Nb are analyzed using the cranked Nilsson-Strutinsky model. Energy versus
spin curves as well as deformations and electric transition quadrupole moments are considered. It is concluded
that different single-particle parameters compared with the standard values lead to better agreement with recent
experimental results.
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I. INTRODUCTION

Configuration dependent cranked Nilsson-Strutinsky cal-
culations with the modified oscillator potential have been
very successful in describing high-spin rotational bands in
different regions of the nuclear periodic table. The best ex-
amples are found in nuclei with a few particles outside
closed shells where it has been possible to describe many
bands up to their maximum spin values with a surprising
accuracy[1]. These bands are generally built in the valence
space but often with one or a few holes in the core. Further-
more a good understanding of superdeformed bands in dif-
ferent regions have been obtained using this model, see, e.g.,
[2–4]. One region where this model has met some difficulties
is, however, nuclei with holes in a100Sn core, i.e., nuclei
with the proton as well as neutron valence space in the upper
part of theN=3 shell and in theg9/2 subshell. One specific
case is87Nb where calculations tend to give rotational bands
which terminate much more favored in energy, i.e., the bands
slope more downwards when drawn versus a standardIsI
+1d reference, than observed in experiment[5]. The prob-
lems became more apparent to us when we carried out cal-
culations[6] for 86Nb [7] where we noticed similar features
as for87Nb. Problems of this kind are also seen for86Zr [8,9],
even though the configurations of the observed bands appear
to be better understood in this nucleus than in the Nb iso-
topes.

One specific feature of these bands inA=86, 87 nuclei is
that they are generally calculated as oblate or close to oblate
at intermediate and high spin values which can be under-
stood from the fact that their configurations are most natu-
rally described as holes in a core. Another difficulty is that
the observed yrast line consists of many competing struc-
tures displaying a large variety of collective and single-
particle degrees of freedom.

The features discussed above have been obtained using
either so calledA=80 parameters[10] or standard param-
eters[11]. The aim of the present study is to investigate if the
difficulties can be overcome if different single-particle pa-
rameters are used. Especially, we generalize the modified
oscillator potential so that we have full freedom when find-
ing optimal positions for the subshells.

To aid us in our search, we used Hartree-Fock(HF) and
relativistic mean field(RMF) calculations to investigate the
variation of the position of thej-shells with mass. We found

this mass-dependence to be quite strong and especially that
these models suggest that thef5/2 subshell comes below the
p3/2 in the upper half of theZ,N=28−50 shell. This is con-
trary to the ordering of these subshells in the parametriza-
tions mentioned above which appear to be valid lower down
in the Z,N=28−50 shell. Supported by these findings, we
have tried to fit the position of the subshells in the modified
oscillator model to reproduce the observed bands in86Nb,
87Nb and86Zr as well as possible.

Since this is the first calculation for86Nb using the
cranked Nilsson-Strutinsky model(CNS) we present a de-
tailed discussion for this nucleus including total energies,
Qt-values and deformation paths. The results for87Nb and
86Zr are only discussed briefly. In general, we get an im-
proved understanding of the structure of the high-spin bands
in theseA=86, 87 nuclei. However, the new parameters are
not without problems and in the summary we discuss some
reasons why they might be expected.

II. MODEL

The calculations of the band structure and deformation
paths in theA=86, 87 nuclei were performed using the
configuration-dependent cranked Nilsson-Strutinsky model
or for short the CNS-model[1,11]. In this model the de-
formed potential is rotating uniformly around a fixed axis
and the rotation or rather the effects of the rotation is treated
as an external potential.

A. Single-particle orbitals

The Hamiltonian used to describe a nucleon in the rotat-
ing nucleus is the cranked Nilsson(modified oscillator)
Hamiltonian[11,12]

hv = hh.o.s«2,gd − V8 − v jx + 2"v0r2«4V4sgd, s1d

wherehh.o. is an anisotropic harmonic oscillator whose de-
formation is defined by«2 and g. The second term of the
Hamiltonian is of the form

V8 = "v̊0kNsNdh2l t ·s+ mNsNdsl t
2 − kl t

2lNdj.

The indext in the orbital angular momentum operatorl t in-
dicates that it is defined in stretched coordinates[13]. The
l t ·s and l t

2 terms are usually made dependent onN by intro-
ducing anN-dependence for the two constantsk and m.
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When making the transition from the laboratory coordinate
frame to the intrinsic(body-fixed) frame, the new termv jx
appears, which expresses the centrifugal and Coriolis force
existing in the rotating coordinate system. Furthermore one
also includes a higher order hexadecapole deformation,
2"v0r2«4V4sgd, wherer is the radius in the stretched coor-
dinate system.

The Hamiltonian is diagonalized using the eigenfunctions
of the rotating oscillator[14], unxn2n3Sl, as basis states. The
couplings between basis states of differentNrot=nx+n2+n3
are small and therefore neglected. The main advantage of the
rotating basis is thus thatNrot can be treated as an exact
quantum number which is exploited when defining configu-
rations as discussed below. The diagonalization of the
Hamiltonian(1) gives the eigenvaluesei

v, which are referred
to as the single-particle energies in the rotating frame or the
Routhians.

B. The total energy of the nucleus

The total energy is obtained using the shell correction
method. Thus, the shell energy,Esh, is calculated using the
Strutinsky procedure[15] and the total energy is then defined
as the sum of the shell energy and the energyErld, obtained
from the rotating liquid drop model[16],

EtotsId = EshsId + ErldsId. s2d

This renormalization ensures that the total nuclear energy is
correct on “the average.” Finally, minimizing the total
nuclear energy for a given angular momentum with respect
to deformation gives the equilibrium shape and correspond-
ing energy.

The transition quadrupole momentsQt are calculated
from the deformations assuming a uniform charge-density
distributionr0 inside the nucleus[1,17].

C. Configuration labeling in the CNS-model

A configuration in the CNS-model is a specification of
which one-particle orbitals are occupied by nucleons. In or-
der to follow how a specific configuration develops when the
nucleus undergoes shape changes as it is being cranked up to
higher and higher frequencies, one needs to keep track of the
different orbitals. Following one orbital as the nucleus under-
goes shape changes might seem like an easy task. However
due to the strong mixing that occurs between the orbitals
they exchange character and does not stay pure for long. One
way to make it easier is to remove so-called “virtual cross-
ings” [11]. A virtual crossing occurs when two orbitals come
close to each other, exchange character and then separate
again without actually crossing. To replace these virtual
crossings with real crossings makes the orbitals develop
more smoothly.

The parity- and signature-operators commute with the
Hamiltonian. This makes it possible to associate every or-
bital with one parity and one signature. Furthermore, as men-
tioned above, the total oscillator shell quantum numberNrot
;N is treated as pure which means that each orbital belongs
to a specificN-shell.

A further tool is the classification into high- and low-j
orbitals [18,19]. At spherical shape, the subshell with the
highest value ofj (the intruder shell) separates from the other
j-shells within theN-shell and is found lower in energy. Al-
though only approximate it is generally possible to make
such a classification also for deformed shapes. Thus, in the
present calculations the orbitals with the highest values of
k j2l in everyN-shell have been classified as high-j orbitals.

The actual labeling of the nuclear configurations is done
by specifying for eachN-shell how many neutrons and how
many protons that occupy orbitals of different signaturea
and high- and low-j character(see Sec. 3.6 of Ref.[1]). It is
also convenient to define the quantityImax as the maximum
spin value which can be obtained in a specific configuration
from rotation around the symmetry axis, i.e., from non-
collective rotation with a specific distribution of the particles
over thej-shells. Note that in principle any spin value can be
obtained for collective rotation but values larger thanImaxare
generally of no experimental interest.

III. PARAMETERS

In order to get a good agreement with experiments one
has to use parameters in the Nilsson potential that gives cor-
rect level ordering for the particular nucleus under consider-
ation. Parameters approximately valid for large mass regions
have been obtained by fitting to experimental data. For86Zr
and 87Nb previous calculations have been performed[5,8]
using theA=80 parameters of Galeriuet al. [10] For 86Zr
these calculations reproduce the experimental bands to a
large extent but there are reasons to believe that a better
agreement could be achieved by modifying the parameters
slightly. Similar conclusions can be drawn from an earlier
study of 86Zr using somewhat different parameters[9]. For
87Nb, the calculations usingA=80 parameters[5] appear not
so good, when considering how well the model works in
other regions[1]. For 86Nb, no investigations using the CNS
model have been published.

In order to investigate the level ordering and its variation
with mass, Hartree-Fock(HF) and relativistic mean field
(RMF) calculations were performed. The SIII parametriza-
tion [20] was chosen for the HF calculation since it has been
widely used and is known to give a good description of a
large variety of nuclear properties. For the RMF calculation
the NL3 force was used[21]. HF calculations for all three
nuclei using the same interaction revealed that the mass de-
pendence among these three nuclei is very much negligible.

The mass dependence ofk and m was discussed in Ref.
[25], where evidence for a quite strong mass-dependence for
m was found. The main conclusion was thatm increases with
mass within theN=4, 5 shells when going from one magic
number to the next.

A similar trend for theN=3 shell can be seen in Fig. 1
where results from HF and RMF calculations are presented.
In these calculations the number of neutrons was gradually
increased from 20 to 50 and the number of protons was ad-
justed to keep the nucleus close to the line ofb-stability. The
N=3 shell starts getting filled when the number of neutrons
exceeds 20 and when the number reaches 50 theN=3 shell
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and theg9/2 subshell are completely filled. Both the HF and
the RMF calculations show the same trend with mass which
can approximately be reproduced by increasingm with in-
creasingN in the N=20-50 range. For the nuclei investi-
gated, thep3/2 shell is below thef5/2 shell for lower mass
numbers but with increasing mass the ordering of these sub-
shells is reversed. The three nuclei considered here have
masses,90 which means that it seems reasonable to use a
larger m than in theA=80 parameters. This largerm-value
has the effect of increasing the cost for the different configu-
rations to build the last units of spin, since these maximal
spin states are built with holes in the low-lyingf5/2 subshell.

A natural explanation for the mass trend comes from the
filling order of the orbitals. When thef7/2 subshell is filled
the density is moved away from the center of the nucleus.
This creates a deeper potential at some distance away from
the center and theN=3 particles which can take most advan-
tage of this deeper potential are the ones in thef7/2 and f5/2
subshells. As thef5/2 subshell starts being filled, thel =3
nucleons benefit even more and the overall effect can be
described by an increasingm.

From a shell model point of view, it has been discussed
how the monopole interaction between spin-orbit partners
like d5/2 and d3/2 in the sd-shell or g9/2 and g7/2 in the A

=100 region leads to an effective lowering of these subshells
[22,23]. Even though parts of this effect would probably be
described as caused by deformation in a mean field ap-
proach, it is interesting to note how the analogous interaction
between thef7/2 and f5/2 partners should lead to a lowering
of the f5/2 subshell when particles are added to thef7/2 sub-
shell (cf. Fig. 1). It is also interesting to note that the
neutron-proton interaction gives the main contribution, see
also Ref.[24].

Potential altering effects could also occur with many par-
ticles excited tog9/2. In this case excited configurations are
formed by emptyingp3/2 and p1/2 orbitals and fillingg9/2
orbitals which leads to a decrease in density close to the
center of the nucleus and an increase further away, favoring
the high-j shells.

The shallower potential closer to the center might affect
the spin-orbit potential which is generally taken to be pro-
portional to the derivative of the central potential. It was
shown in [26] that for j-states with large occupation prob-
abilities in a region of reduced density, the amplitude of the
spin-orbit splitting is sometimes greatly reduced. Such con-
figuration dependent effects, which are assumed to be small,
might be simulated in the present model with some configu-
ration dependence of the parameters. However no such at-
tempts are made here.

In Fig. 2, four sets of energy levels corresponding to dif-
ferent parameters are shown. The spherical single-particle
energies corresponding to standard parameters[11] and to
A=80 parameters[10] are shown together with the energies
obtained from fits to the high-spin bands in86Nb and87Nb
(set A) and in 86Zr (set B), respectively. These fits are cer-
tainly not unique but as discussed below, they clearly lead to
an improved agreement between the observed bands and the
calculated configurations. Note especially that, in agreement
with the HF and RMF calculations, the fits predict a lowering
of the f5/2 subshell for these nuclei with only a few holes in
the N=3 shell.

In order to obtain more freedom when finding parameters
for this region we introduced anl-dependence fork andm in
addition to theN dependence. This gives us full freedom
when placing thej-shells. However we keep one restriction,
namely that the mean value of everyN-shell is preserved.
The new freedom can be utilized for example to place the
j-shells as predicted by a Woods-Saxon potential as in Ref.
[27]. The spherical Nilsson energieseN,l,j corresponding to
the parameters used are listed in Tables I and II.

The parameters describing the surface and Coulomb ener-
gies in the rotating liquid drop energy, Eq.(2), are taken
from Ref. [28]. The corresponding rigid body moment of
inertia is calculated assuming a uniform mass distribution
inside a volume ofs4/3dpr0

3A with r0=1.2 fm.

IV. CALCULATED ROTATIONAL BAND STRUCTURES
IN 86Nb

In the calculated potential energy surfaces forI .10−30,
minima are generally seen ate2=0.15–0.25,g=−40–−60. In
single-particle diagrams calculated for these deformations,
there is a gap at 43 particles for both protons and neutrons

FIG. 1. Mass-dependence of theN=3 andg9/2 single-neutron
energies. The upper panel shows a spherical Hartree-Fock(HF)
calculation using SkyrmeIII parameters and the lower panel a
spherical relativistic mean field calculation using the NL3 force.
The energies are plotted as a function of neutron number in the
rangeN=20−50 along theb-stability line. The different energies
are placed so that the mean values of theN=3 orbitals is constant,
i.e., the absolute values on they axis have no significance.
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corresponding to 5g9/2 particles and twoN=3 holes. As seen
in Fig. 3 the most favored proton configurations are formed
with two holes below this gap, i.e., with 3, 4 or 5g9/2 protons
and the most favored neutron configurations contain two par-
ticles above the gap i.e., 5, 6 or 7g9/2 neutrons.

In this mass region, configurations are often labeled by
the number ofg9/2 particles, see Ref.[1]. Here, we will use a

more complete labeling, namely two digits and a1 or 2
sign so that also the signature within the different groups of
orbitals is specified. The first digit shows the number of
holes in theN=3 orbitals and the second digit the number of

FIG. 2. Spherical single-proton(upper panel) and single-neutron
energies(lower panel) calculated with a modified oscillator poten-
tial for different choices of parameters. Sets A and B were found by
fitting to experimental excitation energies in86,87Nb and86Zr, re-
spectively. Both sets A and B produce the same ordering between
the f5/2 and p3/2 subshells as predicted by the HF and RMF
calculations.

TABLE I. Spherical Nilsson energies in units of"v0 resulting
from parameter set A.

eN,l,j Protons Neutrons

e4,4,9/2 4.943 5.068

e3,3,7/2 4.207 4.186

e3,3,5/2 4.662 4.676

e3,3,3/2 4.684 4.693

e3,3,1/2 4.819 4.843

TABLE II. Spherical Nilsson energies in units of"v0 resulting
from parameter set B.

eN,l,j Protons Neutrons

e4,4,9/2 5.028 4.996

e3,3,7/2 4.208 4.187

e3,3,5/2 4.612 4.626

e3,3,3/2 4.742 4.751

e3,3,1/2 4.847 4.871

FIG. 3. Single-proton(upper panel) and single-neutron(lower
panel) energies at a typical deformation of86Nb shown as a function
of cranking frequencyv. The energies are calculated using param-
eter set A. At this deformation, the relevant proton configurations
are built by creating two holes below theZ=43 gap, indicated by
open circles, and the importantN=45 configurations are formed by
placing two neutrons, indicated by closed circles above theN=43
gap. The configurations are labeled by the number ofN=3 holes
andg9/2 particles as explained in the text.
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particles in theg9/2 subshell. The sign is given as a subscript
of an odd number of particles and indicates the signaturea
of those particles. No subscript is given for the standard case
of a=0 for a even number of particles while two1 signs are
shown for the specific case with two more particles ina
=1/2 than ina=−1/2.

The most important total configurations are illustrated in
Fig. 4. They are built from the configurations indicated in
Fig. 3 and in addition signature partners so that in total six
proton and six neutron configurations are included. The en-
ergy of the low-lying total configurations is now calculated
and the minima are followed through deformation space
se2,e4,gd as they are cranked to higher spins. These mini-
mized energies of86Nb are shown relative to a rigid rotor
reference in Fig. 5. The main reason for subtracting the
“standard” [29] rigid rotor reference fErld =s"2/2JrigIsI
+1dd with "2/2Jrig =0.007s158/Ad5/3 MeV=18.9 keVg is to
remove the dominant quadratic dependence on spin making
it possible to show the energy difference on an expanded
scale. Furthermore, by using the same(A-dependent) refer-
ence for all nuclei, it becomes possible to compare the gen-
eration of angular momentum in different mass regions, see
e.g., Ref.[1]. In this approach, pairing correlations are ne-
glected which means that calculations are realistic only for

states with spins above<15", i.e., it is only for these spin
values we can expect any quantitative agreement between
calculations and experiment.

One important fact when comparing calculations and ex-
periment in86Nb is that one band, namely band 6, has been
observed to the very high spinIp=33−. Considering the con-
figurations shown in Fig. 4, the only theoretical counterpart
is achieved with 5g9/2 protons and 6g9/2 neutrons. Another
configuration terminating atI =33− is obtained with 6g9/2
protons and 7g9/2 neutrons, but particles are excited across
the 43 gaps in this configuration which makes it much higher
in energy. Core excited configurations are also calculated
much higher in energy and thus less interesting for the spins
observed.

The f45+,1+6g configuration which will thus be identified
with band 6 is drawn in the lower right panel of Fig. 5. It is
necessary that this band with relatively manyg9/2 particles
comes in the yrast region which requires that theg9/2 sub-
shell for protons must be relatively low in energy. This was
one important constraint when fixing parameter set A. In-
deed, with theA=80 parameters, this configuration comes
too high in energy to make it a reasonable candidate for band
6. A similar difficulty was noticed for87Nb in Ref.[5] where,
using A=80 parameters, no theoretical counterpart with
Imax=61/2 was found for band 3 observed toIp=s61/2d− and
where it is only for configurations with 5g9/2 protons that
such a high spin value can be achieved.

Another important feature of the bands drawn in Fig. 5 is
that most bands show a relatively smooth behavior with a
tendency to slope more and more upwards close toI = Imax
when the number ofg9/2 particles increases. This is contrary
to the bands obtained withA=80 parameters where the bands
have a stronger downward slope at high spin which is also
seen in the calculation for87Nb [5]. This difference is mainly
due to the relative positions of thep3/2 and f5/2 subshells,
where the lowerf5/2 position with present parameters leads
to a higher energy to build the highest states in general
agreement with experiment. To conclude this subsection, it is
important to realize the difficulties to make an objective fit of
the single-particle parameters, i.e., the parameter sets used
here are certainly associated with some arbitrariness.

A. Positive-parity structures in 86Nb and comparison
with experiments

The observed positive-parity bands of86Nb [7] are drawn
in the upper panel of Fig. 6. It is especially bands 2 and 3
which are low in energy at high spin and where one could
hope to find calculated counterparts. Comparing with Fig. 5,
the a=1 configurationsf23+,05+g and f45+,27+g appear to
describe these bands quite well. They are thus drawn in the
lower panel of Fig. 6 together with the signature partner
f45+,27−g which could then be expected to describe band 4.
Additionally, the signature partnersf23± ,27+g which might
be an alternative interpretation of bands 3 and 4 are drawn in
the lower panel of Fig. 6. Finally, also the closed core con-
figurationsf01+,05±g are drawn in Fig. 6. The closed core
configurations terminate atIp=16+,17+ at oblate shape,g
=60°. Their deformations are thus very different from that of

FIG. 4. Combination of the more interestingZ=41 proton and
N=45 neutron configurations to total configurations for86Nb. The
proton and neutron configurations are labeled by the number ofN
=3 holes andg9/2 particles and by the signature for an odd number
of particles as explained in the text. The maximum spin valuesImax,
calculated under the assumption that a distinction can be made be-
tween orbitals off7/2 character and the otherN=3 orbitals, are also
given. Parity and signaturesp ,ad of the configuration is indicated
along with the spinImax of the total configuration. Positive parity
configurations are shown on a shaded background. The favored
configurations in each group containing the same number ofg9/2

particles are underlined. Configurationf1+2,05+g is not included
since it has a different deformation as seen in Fig. 12 below.
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the more collective configurations illustrated in Fig. 4 which
is the reason why they are not included in that figure. It
seems however that they could be the theoretical counterpart
of the observed 16+,17+ states at 5027 and 5533 keV,[7]
which are drawn in the upper panel of Fig. 6 and which
appear to have a somewhat reduced collectivity.

Let us now discuss the more interesting bands in some
detail, i.e., bands 2, 3 and 4.

1. Band 2

The two states drawn forI =23 in the lower panel of Fig.
6 correspond to different minima in the potential energy sur-
face shown in Fig. 7. The configuration has five neutrons in
g9/2 coupling to a maximum spin of 12.5". The three protons
in g9/2 couple to a maximum spin of 10.5" which makes a
total of 23". One possibility is then to couple the proton
holes to spin zero. This can be done by putting them both in
p1/2 which creates the minimum atg=60 in theI =23 poten-
tial energy surface shown. Atg=60 the symmetry axis is the
cranking axis implying that this 23+ state is aligned and thus
encircled in Fig. 6.

The other minimum in Fig. 7 can be followed in defor-
mation and reachesg=60 at I =27". At this spin, two states
are marked. The lowest energy state is obtained by putting
the proton-holes in orbitals off5/2 andp3/2 character, respec-
tively, and the excited state comes from putting them both in

f5/2, as can be understood from Fig. 2 above. In both cases,
these two holes couple toI =4 combined withI =23 from the
g9/2 particles.

Examining theQt values shown in Fig. 8, there seems to
be no strong indication of band termination although theQt
values for band 2 decline somewhat toward the maximum
spin seen. Note however that the last values are pretty uncer-
tain. Overall the calculatedQt values for thef23+,05+g con-
figuration are in good agreement with experiment. The
Qt-value in connection with theI =23 state is calculated us-
ing the higher energy collective minimum which appears
consistent with experiment.

2. Bands 3,4

These bands are connected through a sequence of M1
transitions which exhibit an alternating pattern in the B(M1)
strengths. This is not surprising considering, e.g., Ref.[30]
where it was found that even a small rotation has a drastic
effect on the transition matrix elements between nucleons in
high-j orbitals. Basically the result predicts that M1-
transitions from the unfavored to the favored band are in
some cases much suppressed compared to transitions from
the favored to the unfavored band which probably explains
the observed B(M1) values. As concluded above, the con-
figurations most likely to be associated with these bands are
the signature partnersf45+,27+g and f45+,27−g. Examining

FIG. 5. Calculated total energies of86Nb relative to a rigid rotor reference. Parameter set A, which has been fitted to optimize the
agreement between experiment and theory, is used in the CNS calculation. Terminating states are indicated by large open circles. Dashed
lines are used for configurations built from particle-hole excitations across the 50 gap. These core-excited configurations are considerably
higher in energy than the valence space configurations and thus less likely to be associated with experiment.
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the Qt values shown in Fig. 8 the agreement is less satisfy-
ing. Both configurations seem to be too deformed and thus
too collective to be good candidates. There are two other
signature partners withQt values in better agreement with
experiments. These aref23−,27+g and f23+,27+g which are
less deformed and thus withQt values closer to the experi-
ment. However Fig. 6 shows that these configurations are
located somewhat too high in energy, especially at the high-
est observed spin values, to be really good candidates for
bands 3 and 4.

3. Deformation trajectories

The deformation paths for some of the more interesting
configurations are depicted in Fig. 9. Note that these configu-
rations tend to be oblate which is understood from the fact
that they are most naturally described as hole states, espe-
cially the [45,27] configurations for which both theg9/2 sub-
shell and theN=3 low-j shells are more than half full. It is
also interesting to note that these configurations do not reach

the non-collectiveg=s−120° ,60°d axis at theirImax values.
The f23+,05+g has fewer particles excited tog9/2 which

leads to a different deformation than the other configurations.
There is a forking atIp=23+ in the deformation path of this
configuration which is caused by the second minimum in
Fig. 7. This means that the nucleus in this case has two paths
to choose from and choosing the smoothest path increases
the energy for theIp=23+ state.

B. Negative-parity structures in 86Nb and comparison
with experiment

The observed negative-parity bands are drawn in the up-
per panel of Fig. 10. Bands 5 and 6 are regular bands in the
I <20–30 range while band 9 is low-lying up to the highest
spin value observed,I =23; i.e., it is mainly for these three
bands that we could hope to find theoretical counterparts.
Comparing with the calculated bands in Fig. 5, the

FIG. 6. Comparison between experimental(upper panel) and
calculated(lower panel) energies in86Nb relative to a rigid rotor
reference. Only configurations with positive parity likely to be iden-
tified with experiment are displayed. Also shown are the 16+ and
17+ states which are naturally interpreted as the closed core[01,05]
configurations. Closed symbols are used for signaturea=0 and
open symbols fora=1. Dotted lines indicate some of the transitions
between the experimental bands. Identical symbols are used in the
two panels to indicate our preferred interpretation. Dashed lines in
the lower panel indicate those parts of the calculated bands not seen
in experiments, according to present interpretation.

FIG. 7. Potential energy surface for the positive-parity configu-
ration f23+,05+g at I =23". Each lattice point has been minimized
with respect to «4-deformation. The contour line spacing is
0.1 MeV.

FIG. 8. The electric transition quadrupole momentsQt vs initial
spin I i for the positive parity bands. Experimental values for bands
2, 3, and 4 are compared with the calculated values for some
configurations.
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f3−4,27+g, f45+,1+6g and f1+2,0.5+g configurations appear
to describe the high spin energy characteristics of these ob-
served bands quite well. They are thus drawn in the lower
panel of Fig. 10 together with two more bands, namely

f3+4,27+g and f23+,1+6g. The former configuration should
probably be identified with the lower spin range of band 6,
where connecting M1 transitions indicate that it is the signa-
ture partner of band 5, while the latter configuration is an
alternative interpretation of band 9.

1. Bands 5 and 6

As mentioned above, because band 6 proceeds to spin
33 ", it can only be associated with thef45+,1+6g configu-
ration havingImax=33, see Fig. 5. Furthermore the assign-
ment of band 5 to thef3−4,27+g configuration is very solid in
the sense that this interpretation is essentially independent of
parameters. These assignments can also be tested by compar-
ing observed and calculatedQt values as shown in Fig. 11.
The observed values for bands 5 and 6 show large fluctua-
tions, probably because of band mixing. Therefore, we can-
not expect the calculated values for pure configurations to
come very close, and the fact that the observed values are
generally somewhat lower than the values calculated for con-
figurationsf3−4,27+g andf45+,1+6g is not unexpected. Note
also that theQt values have not been determined at high
enough spin to give much clues about band termination. The
deformation paths for these configurations are shown in Fig.
12. As in the positive-parity case, the configurations are pre-
dicted to have deformations aroundg=−40°–−60°, i.e., Fig.
3 can be consulted to get a better understanding of the rel-
evant single-particle orbitals. Note also that these bands do
not reach the non-collective axis even at theirImax values.
Comparing Figs. 11 and 12, the discontinuity in theQt versus
spin curve for configurationf3−4,27+g can be understood
from the corresponding shape trajectory where a jump in
deformation is calculated. The jump is due to a rather large
and shallow energy minima in the total energy surface for
spin valuesI =28–32. In this case, choosing a more continu-
ous path similar to that for the signature partnerf3+4,27+g
results in only a small energy cost and might be considered
the more physical path since it results in a more continuous
variation of the wave function.

FIG. 9. Calculated deformation trajectories for the configura-
tions considered in Fig. 6. For the trajectories drawn, the deforma-
tion decreases with increasing spin. The trajectories are drawn in
steps ofDI =2 up to I = Imax.

FIG. 10. Comparison between the experimental(upper panel)
and calculated(lower panel) energies of negative parity in86Nb
relative to a rigid rotor reference. The different rotational bands are
drawn in a similar way as the positive parity bands in Fig. 6.

FIG. 11. The electric transition quadrupole momentsQt vs ini-
tial spin I i for the negative parity bands in86Nb. Experimental val-
ues for bands 5, 6 and 9 are compared with the calculated values for
some configurations.
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2. Band 9

The most natural candidate for band 9 is certainly the
configurationf1+2,05+g. The calculated band comes down
somewhat too steep in Fig. 10, but it is at the right position
and its Imax value corresponds to the highest spin state ob-
served in band 9 indicating that it terminates at this spin
value. Another assignment could be configurationf23+,1+6g
which is at the right place and not as steep but does not
terminate until spin 29". For this band, the experimental
Qt-values are located between those calculated for the two
configurations, see Fig. 11. The decline among the last three
observedQt values and the sharp bend in the energy versus
spin curve at the last spin seem to support the band termina-
tion interpretation based on thef1+2,05+g configuration.
Similar conclusions can also be drawn from the observed
g-ray intensities[31] which show a large decrease when ap-
proaching theI =23 state.

C. Discussion of86Nb configurations and comparisons
with 87Nb

With the assignments above, we have found calculated
configurations of86Nb which describe the energy character-
istics of all low-lying high-spin bands, 2,3,5,6 and 9 quite
well. There are however two configurations displayed in Fig.
5 that are calculated low in energy but with no experimental
counterpart, namely the signature partnersf3−4,05+g and
f3+4,05+g. Considering Fig. 4, the observed bands are as-
signed to configurations in the upper left as well as in the
lower right corner, i.e., configurations with large difference
in the total number ofg9/2 particles. Therefore, the problem
with the low [34,05] configurations, with an intermediate
number ofg9/2 particles, cannot be cured by a variation in the
same direction of the proton and neutrong9/2 subshells. If the
g9/2 subshells were lowered it corresponds to a favoring of
configurations with manyg9/2 particles so that the[34,05]
bands would come even lower relative to the[12,05] and
[23,05] configurations assigned to bands 2 and 9. If the en-
ergy of theg9/2 subshells were increased on the other hand, it
leads to similar problems for the[34,05] configurations rela-

tive to the configurations with moreg9/2 particles assigned to
bands 3, 5 and 6. Such changes will thus only destroy the
balance between configurations with few and manyg9/2 par-
ticles but not help to increase the relative energy of the
[34,05] band which have no experimental counterpart. On
the other hand, we may note that the unobserved[34,05]
bands have relatively manyg9/2 protons being located to the
left in Fig. 4. Therefore, if theg9/2 proton subshell was lifted
relative to that for neutron, it would in general increase the
energy of these “unobserved configurations” relative to those
assigned to experimental bands. This puts some doubt on
present parameter set A in Fig. 2, with the protong9/2 sub-
shell considerably lower than that for neutrons. These posi-
tions are however required to get the relative energies of the
configurations assigned to band 5 and 6 in agreement with
experiment, especially the low energy for the configuration
f45+,1+6g with Imax

p =33−, which is assigned to band 6.
Another configuration which appears low in Fig. 5 is

f2++3,05+g. However it is coming down very steep and is
low in energy only forI =24+ and 26+. Furthermore it has a
somewhat strange feature with the same signature for both
N=3 holes. Therefore, it is not surprising that it does not
have any experimental counterpart.

As mentioned above, the parameters used for86Nb have
been fitted to the level scheme of both86Nb and 87Nb. In-
deed, the level scheme in these two nuclei have large simi-
larities with most band in86Nb having their counterparts in
87Nb. The detailed results for87Nb can be found in Ref.[5]
and will not be presented here. In general however, with the
new parameters, the bands are less down-sloping close to
termination when drawn versus the standard reference in
general agreement with experiment. There are however simi-
lar problems as in86Nb, e.g., with calculated low-lying bands
with 4 g9/2 protons and 6g9/2 neutrons which have no ex-
perimental counterpart. The fact that the low-lying calculated
[34,05] bands have no correspondence in the presently ob-
served level scheme of86Nb (and the[34,06] bands in the
level scheme of87Nb) suggest some adjustment for the rela-
tive energies of the calculated bands. In any case, however,
these configurations are expected to come relatively low in
energy making it worthwhile to continue the search for the
corresponding bands in the experimental level scheme.

V. HIGH-SPIN BANDS IN 86Zr

The level scheme of86Zr has been analyzed using both
standard parameters[8] and another parameter set similar to
A=80 parameters[9]. In general the assignments of the high-
spin bands seem pretty clear. Therefore this nucleus consti-
tutes a useful playground when investigating different pa-
rameters in this mass region.

In Fig. 13 all observed positive-parity bands have signa-
ture a=0 corresponding to even spin values. In the middle
panel of Fig. 13 the parameters labeled(A) have been used
which are the ones fitted to86Nb and87Nb. The configura-
tions likely to be identified with experiments are[44,06] and
[22,06]. Note that the relative positions of these two high-
spin bands are not well reproduced with these parameters. In
the lower panel, single-particle parameters fitted to86Zr (set

FIG. 12. Same as Fig. 9 but for negative parity configurations of
86Nb.
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B of Fig. 2 and Table II) have been used and the result looks
more promising. Compared with theA=80 parameters the
curves generally obtain more unfavored terminations for
both parameter sets, A and B. This is caused by the lowering
of the f5/2 subshell and agrees better with experiment. In-
deed, the agreement between experiment and calculation is
quite good for parameter set B. Even the calculated aligned
28+ state, built with the fourN=3 proton holes coupled to

I =4, appears supported by a discontinuity in the observed
band. Then, for theI =30+ state, theN=3 holes couple to
their maximum spin,I =6.

In the negative-parity case(see Fig. 14), the two configu-
rations likely to be associated with experiments are the sig-
nature partnersf3+3+,06g and f3+3−,06g. Both configura-
tions are predicted rather low for both parameter sets and
seems to be in fair agreement with experiments. Note that the
even spin band is interpreted as a signature partner in theg9/2
protons. Such high-j partners seem more likely to exhibit
M1-transitions than those which have exchanged the signa-

FIG. 13. Comparison between the experimental(upper panel)
and calculated(lower panels) energies in86Zr relative to a rigid
rotor reference. Only bands with positive parity are drawn. Case(A)
is calculated with the same parameters as for86Nb and case(B) is
calculated with parameters more adapted to86Zr.

FIG. 14. Same as in Fig. 13 but for bands with negative
parity.
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ture of a nucleon in low-j orbitals. This is seen here and also
seems to be the case for the negative parity bands in87Nb
(Ref. [6]). For the favored negative parity band, the agree-
ment has been pretty bad close to termination in previous
calculations[8,9] and the more soft termination with present
parameters comes much closer to experiment.

VI. CONCLUSIONS

In this study, we have tried to find improved single-
particle parameters to describe the high-spin bands in86Nb
and neighboring nuclei. The relative positions of theN=3
andg9/2 subshells as functions of particle number have been
investigated in self-consistent models. Furthermore, in
configuration-dependent cranked Nilsson-Strutinsky calcula-
tions with the modified oscillator potential, the single-
particle parameters have been varied to fit the observed
bands. The most important conclusion, common to both stud-
ies is that contrary to the level ordering used in previous
calculations, thef5/2 subshell must be placed below thep3/2
subshell in this mass region.

With the revised parameters, the general features of the
rotational bands close to termination is described much bet-
ter than before, i.e., when plotted relative to a standard rigid
rotation reference, the calculated and observed bands have
similar slopes as functions of angular momentum. Further-
more, it was possible to find reasonable interpretations of all
low-lying high-spin bands of86Nb in terms of configurations
with 7 to 12g9/2 particles. Indeed, states which most likely
correspond to the maximum spin states in the closed core
configuration with 6g9/2 particlesI =16+,17+ were also iden-
tified. One problem is that one configuration with 8g9/2 par-
ticles is calculated as yrast for spin valuesI <20–30 but it
does not have any experimental counterpart. However, with
uncertainties of 0.5–1.0 MeV in the relative positions of the
different bands, such discrepancies are not too surprising. It
was also suggested that in this region with a large variation

in the number of high-j particles between different bands, the
assumption that all bands can be described with the same
single-particle parameters could be a somewhat rough ap-
proximation. It would thus be interesting to investigate if a
better description could be achieved in self-consistent calcu-
lations.

Similar calculations were also tried for86Zr where, ac-
cording to previous studies, the configurations of the differ-
ent bands are well established. These calculations resulted in
a good agreement between the lowest calculated bands and
the observed high-spin bands. We also made some comments
about the high-spin bands of87Nb which are very much
analogous to those in86Nb and where one can also note
similar successes and problems in the theoretical description.

In general, the high-spin bands in86,87Nb appear strongly
mixed which is certainly a difficulty when comparing with
the theoretical calculations, where pure configurations are
assumed. This mixture will also make it difficult to observe
the B(E2) transition probabilities for the pure bands. It is
therefore not too disturbing that calculated B(E2)’s are in
general somewhat bigger than the observed ones. One should
also note that most of the bands are calculated as oblate or
close to oblate. This is an interesting feature but somewhat
unusual and could therefore lead to difficulties in the theo-
retical description. Another interesting fact is that it is only
bands with fewg9/2 particles which are calculated to termi-
nate and become non-collective when they reachImax, i.e.,
most bands can be followed beyond the maximum spin state
as calculated from their distribution of particles over the sub-
shells. These states withI . Imax are however quite high in
energy and therefore it is very questionable if they could ever
be identified in experiment.
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