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A nonlinear integrodifferential equation for the correlation function between two nucleons
in nuclear matter is obtained. This equation results by writing the (trial) expression of the
energy per particle in nuclear matter in a suitable form and applying subsequently the varia-
tional principle. The investigation of the behavior of the equation for large internucleon dis-
tances 7, leads to a new integral constraint on the correlation function.

1. INTRODUCTION

The determination of the nucleon-nucleon corre-
lation function, which is used in the variational
or “Jastrow” approach to nuclear matter!~® has
been a thorny problem for a long time.

In this approach the trial many-body wave func-
tion

N
Uy =Sy 1 fryy) (1)
i<i
is employed for the calculation of the (trial) ex-
pression of the energy per particle E/N.

In expression (1), S, is a Slater determinant in
which the orbital parts of the single-particle wave
functions are plane waves and f the nucleon-nucle-
on correlation function. This should be chosen to
be zero inside and at the hard-core radius c of the
nucleon-nucleon potential and to approach unity
sufficiently rapidly for large internucleon dis-
tances.

The E/N is written in the form of a cluster ex-
pansion

E
F=81+82+é’3+--- (2)

in which only the first few terms are retained. The

expansion is often truncated at §, and the energy
per particle depends upon the correlation function
only through the second term, which is proportion-
al to the constant density p of the (infinite) nuclear
matter. The first term is just the Fermi energy:
3 I°K,*
8:=% ——F—Zm . 3

The problem of determining f has been faced in
two ways:

In the first, a suitable analytic form is assumed
for the f in which there are certain parameters
and the E/N is minimized with respect to them.

It was realized, however, that the correlation
function has to be restricted in order to avoid the
so called “Emery difficulty,”® * which is due to the
absence of normalization in the above-mentioned
truncated cluster expansion of E/N. Various re-
strictions have been used. The early types of
them have been suggested in Ref. 3. The condi-
tions which were employed recently are of inte-
gral form, and one of the parameters in the ex-
pression of the f is fixed by the requirement that
the considered condition is satisfied. It should be
noted, however, that it is not clear which of the
various conditions is the appropriate one to be
used, and consequently there is a degree of arbi-
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trariness in imposing the one condition or the
other.

In the second way of determining f, a function-
al variation is applied to the truncated cluster
expansion. This approach meets also with diffi-
culties, because the Euler equation does not have
the proper asymptotic behavior, and as a result
f does not tend to unity sufficiently rapidly for
large distances.

In order to avoid the existing difficulties, Jas-
trow had the ingenious idea of suggesting the im-
position of an “ad hoc” integral constraint when
the variational principle is applied to the truncat-
ed expansion. This has been further pursued re-
cently by Schifer and Schiitte.® Similar work has
also been done, for hypernuclear matter, by Gry-
peos, Kok, and Ali.® Although this approach is
quite attractive, the introduction of the arbitrary

constraint in the variation is not fully satisfactory.

In this paper we attempt to solve the existing
problem by trying to apply the variational princi-
ple in a different way, in which the missing nor-
malization becomes apparent. The present inves-
tigation is somehow similar tc that we have devel-

oped for other systems of physical interest, name-
ly, the impure nuclear matter’ and the many-par-
ticle Bose system.® The experience from the study
of these systems” ¥ has been quite useful. The
problem of nuclear matter, however, is much
more difficult, owing to the antisymmetry of the
wave function. Note that in the case of impure nu-
clear matter (e.g. of a A particle in nuclear mat-
ter) we are interested in the determination of the
A-nucleon correlation function and no difficulties
of this sort arise because of the nonidentity of the
two particles.

In the next section we derive a new nonlinear
integrodifferential equation for the nucleon-nucle-
on correlation function. This is the Euler equa-
tion of the suitably posed variational problem we
mentioned previously.

In Sec. 3 we study the behavior of the integro-
differential equation for large internucleon dis-
tances 7, and we derive an integral constraint
on the correlation function, which is suggested by
the requirement of the proper asymptotic behavior
of this equation. The final section is devoted to a
discussion.

2. DERIVATION OF A NONLINEAR INTEGRODIFFERENTIAL EQUATION
FOR THE NUCLEON-NUCLEON CORRELATION FUNCTION

The system which we consider consists of N fermions (nucleons) enclosed in a volume Q. This system
is supposed to be in its ground state and also that N is very large, as well as Q, such that the density is

constant:
H’_‘
Q P

The Hamiltonian of the system is

n h—z N 2 N
H——%IQVK + 2, V(ry,)

I<n

(4)

(5)

where V,, are the (short-range) interparticle potentials, which are assumed to have a hard core of radius
c. If there is a soft core instead, then ¢~ 0. In such a case the correlation function is expected to be sup-

pressed for small 7,,.

The expectation value of the Hamiltonian with respect to trial many-body wave function (1) is

N N N N
_ [silsey) (—(ﬁZ/Zm) pRARS> V(r,,,)\)s,, 1 (r,)a%, - d¥,

H) = . - (6)
fS:sN II f2(r;)a¥,- - - d ¥y
i<]
As was shown by Aviles,? we can obtain from the above formula the following (trial) expression for the
energy per particle in nuclear matter:
E 77 3 2K 2 . 72 2. - .
£ I 2 [ (359 =191+ Vs ) Gelrin) =g 57 Bl | i, ™

where the radial distribution functions G, (r,,) and F(¥,;) are defined as follows:

N
II F3(r;;)SkSyd Ty - -dT
Ny-1 J 1 i /ONONG T3 N

Gr(12) =53
Pfr) fw;w?,---ﬁ,,

s

(8)
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N
N(N-1) fg PP )Vy(SESy)dTs- - -dTy .
02f2(7’1z) * I .
‘I’N\I’Nd ry drN

F(T,) =

The cluster expansions of these functions are well known?®;

Gp(ryp) =Dy +p f [h13h23D123 +2113(D 155 “D13D1z)]d'f3 terey, (10)
-F(fu) =_V.1D12 + Pf[h.tshzs—eJ)xzs + zhm(_V.xDLza ‘Dm-v’xDm)]d Ty+-0, (11)
where
1., 311(KE1'12)
Dy =1-=1%Kpry), UKp71p) = (12)
S Kp7y3
1 2
D=1~ 'S'[lz(KFrm) + lz(KF"ls) + lz(KF"'za)] +§E UK 7 10) UK 5 13) UK 57 25) (13)
and
hyy =f2(7’4;)—1, i,7=1,2,3. (14)

For nuclear matter in which we are particularly interested, the degeneracy of the single-particle levels
is s=4. We write the radial distribution functions G, and F in the following forms [which are easily ob-
tained from expressions (8) and (9)]:

N-1 Gp(713)

G (712) = ) (15)
’ P ffz('rla)cp("lz)d T
Fr,) -2t — ) (16)
P ffz(rxz)GF (rp)d T,
and we substitute into expression (7):
E 3 thFz (N~ l)zpf[( Vf)z szf] + V(’Vm)fz) Gp (r)-5—3% sz2 F( 12)]d?12
N -5 2m 7 ' (a7

Pff 2(7'12)GF (rp)d T,

By writing the E/N in this form we can allow for the normalization. Variation of (17) is equivalent (in the
limit N— o, -, such that N/Q =p) to variation of (7) provided that

pf [ f2Gplry,) = 1]d T, =finite constant . (18)

We should note that this constraint has its origin to the denominator and the factor (N - 1) in expression
(17), which appear because we have written the functions G, and ¥ in the form (15) and (16), respectively.

It is observed that condition (18) is a sort of “general constraint” in the sense that it merely, expresses
the fact (in a concrete manner, however, which is very important for the structure of the equation to be
obtained and its asymptotic behavior) that the correlation function must be of “finite range.” The precise
value of the integral in (18) is not yet known. The “specific constraint” on the correlation function will be
derived in the next section.

The variational problem we have to solve is therefore the following:

L f L fof' o f )y =0, (19)

where £ is given by

£=8,+18, (20)
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with
72 af \* i 2 df 2 et df (T, =
=l | == = e =12,
£, {Zm [(d"'m) f<d1’12 712 A7 1z )] +V(7'1z)f GF(7’12) om fdrm (712 F(rm)) 7'12 (21)
and
=[f2GF(712) - 1]7'122 . (22)
The Euler equation of the variational problem is
9L d 8L d? o
3L _d 88, 4 3L .. 23)

of dry, 8f' dry of”

. By taking into account the dependence (through integral expressions) of the distribution functions G and
F on the correlation function we obtain after some algebra the following equation:

(_ ZE) [’l’nzci‘(’rlz) jfz + (21‘1267,,(7'12) 71 ggf!ﬁ)%]

n? T
+ | 722 [ V) +A1Gr(ry,) + om 7'12_(;,‘]'3
12

N

() [ (R 7)) 1
*r {<—ZE;L—> [(d_if?j d <di’,{ ‘rzm d.ié)] +[Vlria) +l]f2} 15Ge(ry) a(;l

4 10 (Fa ) -
T < 2m>fd"1z 29f ("'12 F(f,) ) =0.

(24)

In this equation 8/5f denotes partial derivative with respect to f.
We see that the Euler equation is a nonlinear integrodifferential equation. This has to be solved with
boundary conditions

f€)=0, fle)=1. (25)

We may note in passing that (24) has similar structure to the Euler equation for a many-particle Bose
system. In the case of such a system the terms arising from the F do not appear and also instead of G,
we have the function G, defined by

: N
N(N-1) fg,fz(”u)d?s'“dr
P2 (r) N ’ (26)
‘III fz(’r”)d'l"l' . 'dr

Glry) =

In Ref. 7 an approximate expression for G(r,) has been used.
We give finally the equation which results if we make the transformation

flrg) =1 —rLu(‘rm) ) 27
12
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This equation is:

n? 1 E)GF(rm)> du [dGF(rlz) 1_3_(2&..* )]_di
m0712{<cp(7’1z)+4 af d""m2+ ary, +4 8f \712 Fifyo) ary,

J9Ce ) T gir,) L2 (e ma ) oL ivien) 0] (6ot + 2820
12 2 712 of

= =r 2 [ Vlry) +2] (GF(nz) +% gcg#ﬁ)

2 kA 2 “32 - -
L (;I:Ja F(‘fm)) + é%,,m{d_GFﬁ’Jﬁ +iry, [d_Gz(_”La_). _4 (Iz& F(F12)>] }
12

2m dry, dry®  dryp \7y,
& 2Gp(ryy) o P2 )1 0GR ry) [, A% (w _ du li(fn_.** ><_u__ du)
V) N e G o "By v drg) 357\ TR (F )
(28)

The boundary conditions for the new correlation function » are

u(c)=1, wu(»)=0, (29)

3. INTEGRAL CONSTRAINT ON THE CORRELATION FUNCTION

It is interesting to investigate the behavior of the integrodifferential equation for large values of ,,. As
we shall see this investigation will lead to the “specific” constraint on the correlation function, we men-
tioned in the previous section.

Let us consider first the simplest case, namely, that the cluster expansions for G, and ¥ are truncated
at their first term. That is

Gp=Dy, F=VD,. (30)
Therefore we have

9G oF

A5 X -

Y 0, 5f 0. (31)

Taking into account expression (12) and that for large 7,,,
l(KF'rlz) =0, (32)

we see that in the region of large distances r,,, G tends to unity and F to zero. The potential V(r,,) tends
also to zero. Therefore, beyond a certain very large distance d, the equation takes the form
7 d*u
m dr,,®

Au=1c3(—x), d<rp<o, (33)

It is obvious that the boundary condition at infinity [#() =0] cannot be satisfied, since the right-hand side
of the above equation becomes infinitely large when 7,,~ . Even if A =0 [which means that constraint (18)
is not taken into account] this condition cannot be satisfied. In such a case the solution of (33) is C 712+ Cy
(d<7;3< =) and even if we choose ¢, =0, u becomes a constant and therefore f behaves for large 7y, @S
1-cc,/ry,, with the effect that the integral in (18) has not a finite value, as we expect.

Let us now truncate the cluster expansions for G, and F at the next term (proportional to p). That is we
include the three-body terms but we neglect the higher terms, indicated by dots in formulas (10) and (11).
We see that the distribution function G, can be written in the form

Gplry) =1+ ng)(”m) s (34)
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where

| =3

1 1 2 - 1 2 1 -
G(Ig)(ﬁz) == S L +p fhmhzs (1 s (132 + 1yg% + Ipg%) + &z Il 1alz3> dT;;+2p fhxa (" S L +?112l1slaa e l132l122) AT .

[We have put UKz7;;) =1y, i,j =1,2,3.]

(35)

Taking into account expression (32) and that the integrals in expression (35) are supposed to be calculat-
ed with a function =% - 1 =(c?/7,*Ju® — (2¢/7,,)u approaching zero sufficiently rapidly for large »,,, we

see that for d<v,,<

Gg)("m) =0

(36)

and therefore G, becomes again close to unity for large »,,. Obviously the functions dG./dr,, and d*G,/
dr,® should tend quite rapidly to zero. The examination of the asymptotic behavior of the other functions

in the equation, namely,

T, = 3G 9 (T1, =
Yo, % 8Gr O (T 3z
Y12 (Fsa) af ’ aof (712 (1‘12)>

can be done in a similar way. Among these functions the 8G,/3f requires some special attention and we

shall deal with it in detail.

The expression for 8G,/8f can be easily obtained from (10) (truncated at the three-body terms):

oG -
?fE:Pf [4f13h23D123 +4f13(D 155 ‘D13D12)]d Ts.

We write

f=1+fO (that is fO=- fu) ,

(37

(38)

where f®tends sufficiently rapidly to zero for large distances. In this way we obtain the following expres-

sion for 8GR /8f :

3G _ 8G\?
of K* <8f> ’
where

K=4Pj(D12 - l)df12+4pf (f*=1)DdT,.

(39)

(40)

Note that we have put, in the above definite integrals, »,, instead of 7,,. The function (3G,/3f)® is given

by

aG\? 1 1 2 - 1 1 2 -
(g) = 4Pfh23 (‘; L," - 5 L +? l12l1alzs>d T3 +4pf Fhss <D23 s L’ - 5 Lg? +? llzlmlza)d T3

1 . 2 1 -
+4pff‘1°3’ <—§l232>dr3+4pf(1 +f9 (—llzlml23 —?lmzlmz)dra. (41)

SZ

It is easily seen from this expression that for
large 7,,

(?)“”:o. (42)

Taking into account all the above remarks we
see that while the left-hand side of (28) [having
also divided both sides of (28) by crm] can approach
zero as 7,, becomes very large, there is a term
surviving in the right-hand side of the equation.
Unless it is required that this term be zero, the

T

existence of a solution #, approaching zero for
large 7,, is not possible. This term is

lcn[-m +1iK)]. (43)

Therefore we must have K =-2. That is

4pf(D12 -1)d7, +4pf{fz(»r12) -1)D,,d ¥y, =-2.
(44)

This condition may be written more compactly as
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follows:

20 f [1=72(r)Dp)d Trp =1. (45)

We may remark that the very important term
r/cl-2(1+3K)], as well as the other equally im-
portant terms in the left-hand side of the equation
(28) which become asymptotically —A(1+K) [note
that we have divided both sides of (28) by c7,,]
owe their origin to constraint (18) (since other-
wise X should be zero), and to the inclusion of the
three-body terms in the cluster expansion of Gp.
If these terms had not been included then K =0 and
the terms (43) could not become zero, since A #0.
It is also clear that in order (28) has a solution
which tends to zero for #,,—~«, the value of A must
be negative.

If four-body and higher terms are included in the
cluster expansions, the examination of the asymp-
totic behavior of the equation may proceed in a
similar way. This, however, becomes very com-
plicated.

We finally point out that condition (45) is a “spe-
cific” constraint on the correlation function in con-
trast to (18), which merely requires the value of
the integral p [[f2Gg(r,) - 1]1d T, to be any finite
number. The examination of the asymptotic be-
havior of (28) led us to “specific” constraint (45)
and therefore the value of the Lagrange multiplier
A should be chosen in such a way that this condi-
tion is satisfied. Then the value of the integral in
(18) is also specified.

4. DISCUSSION

According to the results of the previous sections
the nucleon-nucleon correlation function is ob-
tained by solving numerically the nonlinear equa-
tion (24) with boundary conditions (25) [or equiva-
lently (28) with boundary conditions (29)], choos-
ing the value of X in the prescribed way.

It might be argued that due to the complexity of
the problem such an approach is not practical. It
should be noted, however, that at least an approx-
imate solution may be obtained if we linearize first
this equation and follow techniques analogous to
those used for the impure nuclear matter prob-
lem.!* The pure nuclear matter problem we are
discussing is of course more complicated, but no

fundamental difficulty should arise in obtaining
such an approximate solution, provided that a com-
puter with very high speed and large memory is
available.

On the other hand the analysis of Sec. 3 has led
to a new integral constraint on the correlation
function. This constraint could therefore be used
when a correlation function of given analytical
shape is assumed, as for example'?~!*

0, Os7r,s<c

(1 - e-p1<r12—c))(1 + Ve—pg(rlz—c)) ,

(46)

C <7<,

flry) ={

The value of v should then be chosen to be one of
the roots of the second-order equation

AVE+Br+C=0 47

to which condition (45) is equivalent for a correla-
tion function of the type (46). The A, B, and C are
given integral expressions. The other parameters
(41, My, and Kp) are determined by minimizing the
trial expression of the energy per particle with re-
spect to them.

It is clear that in the above described approach
at least two parameters should appear in the cor-
relation function, so that the one is fixed by con-
dition (45) while the other is left for the minimiza-
tion of E/N. Therefore one-parameter correlation
functions, such as

0, Os7rpsc

fry) ={ (48)

l_e‘l-'(’m‘fa‘)’ CS7 < ™,
which has been frequently used in the past, are
not appropriate.

It might also be advisable to take u, =y, in the
expression of the correlation function (46) if the
value of the so-called “healing integral” (or
“wound integral”),

H =Pf (1-f12)’D1pd T, (49)
is large, since this would indicate that the magni-
tude of the omitted higher terms is not sufficiently
small.

It should be also noted that the constraint we
have obtained on the basis of the theoretical argu-
ments developed in Sec. 3 differs from two other
well-known conditions (given in the form of inte-

TABLE I. Comparison of the constraints on the correlation function for various physical systems.

Many-particle

Physical system Bose system

Impure nuclear matter

(hypernuclear matter) Nuclear matter

Constraint on the

ZP.[(I =5y, %5, 5, =1
correlation function

P f (1 -f’Dp)diyy =1 2p f (1 =f " Dyp)dFp =1
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gral constraints), which have been used in nuclear
matter calculations, but have not been obtained in
a way similar to that we have exhibited, namely:
(a) The (first order) “normalization condition”:

p [ (1-fu'Du)dT,=1; (50)

(b) The “orthogonality condition,” which arises
from the imposition of an “average Pauli principle
restriction”:

pf(l —f12)D g d F13 =0. (51)

These conditions have been discussed recently
by Clark and Ristig.’® The first’® ' is formally
closer to ours, though there is a difference by a
factor of 2. The second'?"!® is imposed “in a de-
sire to make Jastrow theory look as much like
Brueckner theory as possible.”!®

Finally it seems appropriate to make a compari-
son of integral constraint (45) with the correspond-
ing constraints for the other systems, that is of
the hypernuclear matter and the many-particle
Bose system, we have studied in a rather similar
way.”®

It is seen from Table I that in the case of the
many-boson system the constraint differs from
(45) in certain aspects. This constraint goes over
to (45) if fp p,~ f1; and the antisymmetry is neglect-
ed (that is D,, =1). Obviously this is expected.

Pertaining to the case of hypernuclear matter
the difference is due to the lack of a factor of 2
in the constraint for this system. This may well
be understood by making a comparative study of
the derivations of the constraints in the two cases.
In the ordinary nuclear matter the pair of nucle-
ons (1,2), which we treat explicitly in the varia-
tional treatment “is coupled” to the third nucleon
by two functions k =f* -1, while in the case of
hypernuclear matter the pair (1, A) is coupled to
nucleon 2 by only one k function. Note also that
in the latter case the constraint is again on the
nucleon-nucleon correlation function and not on
the A-nucleon one, for which the integrodifferen-
tial equation was derived.

In conclusion we would like to emphasize the
significance of the appropriate treatment of the
energy denominator and the inclusion of the three-
body terms in the cluster expansions.
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