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A theory of the optical potential for scattering of nucleons from nuclei is presented. A
development appropriate for intermediate~ and high-energy scattering is given in this paper.
For low energies the theory provides the leading term of the optical potential which must
then be supplemented by the effects of compound-nucleus formation and inelastic scattering
to low-lying states of the target. Particular attention is paid to the Pauli principle, and it is
shown how standard multiple-scattering theories must be modified if the projectile is identi-
cal to the target particles. The development proceeds in the spirit of the many-body theory
of finite nuclei, but deals with the problem of the addition of a (continuum) nucleon to an al-
ready known strongly correlated nuclear state, The manner in which the correlations be-
tween target and projectile nucleons develop is explicitly displayed. It is the consideration
of these additional two-body correlations which allows us to introduce the Bethe-Goldstone
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type of reaction matrices for the scattering problem.

I. INTRODUCTION

In a previous publication' we constructed an
orthonormal set of (A +1)-body states |X1(<+) Y, and
indicated that these states could be used in a the-
ory of elastic scattering of a nucleon (fermion)
from a nucleus (a collection of fermions in a cor-
related bound state). In this paper, we describe
in some detail the way these states are used to
calculate an optical potential from two-body forces.
In the interest of clarity, some of the results of
Ref. 1 will be recalled, although few of the details
to be found in that treatment will be reproduced
here.

The basic premise of our argument is that al-
though the ground-state wave function of a heavy
nucleus may be considered, to a high degree of
approximation, to be a single Slater determinant
the correlations cannot be ignored. (If we were
dealing with a situation in which all the particles
moved in a Hartree-Fock field, the problem at
hand would be trivial. We seek guidance from
this trivial problem in order to find a good begin-
ning point for the real problem we are attacking.)
We note that there exists a set of single-particle
bound states | ¢,) which may be obtained from a
Brueckner-Hartree-Fock calculation, for exam-
ple. However, single Slater determinants of these
states are not taken as the ground-state wave
functions of the target, but rather as inputs (mod-
el wave functions) for a more elaborate procedure
for the calculation of the correlated nuclear states.
We apply the same general philosophy to the cal-
culation of the scattering states.

Thus we postulate single-particle continuum
states | x¢’) which together with the discrete sin-
gle-particle states | ¢,) form a complete orthonor-
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mal single-particle basis. The prescription used
to construct the continuum states IX‘*)) is not
crucial to the argument. We have made the explic-
it suggestion' that the states |x) and | ¢,) be
eigenstates of the model smgle-particle Hamilton-
ian, &,

hM=(1 -Zb;‘ ¢b><¢b I)ho(l"zb” ¢b><¢b|)

"';l TN R (1.1)

so that the outgoing-wave-continuum-state vec-

tors |x;’) satisfy the convenient “separable” in-

tegral equation,
Ix¢) = 1k) - Z

l ¢b><¢b|h |X+)>

(1.2)

h +i€

We take %, to be the kinetic energy operator in
which case Ik) is a plane-wave state. This is not
a necessary choice, however.

We note that the n’s defined through the relations

[y =nt 10), (1.3)
and
| ¢)=n,10),

where |0) is the vacuum state, are fermion opera-
tors. Then we define antisymmetric (4 + 1)-body
state vectors |x(f),4> and |®, ,) as

(1.4)

+ T
I8 ) =zl @4) (1.5)
and
|‘I’b,A>ETl:|‘1’A>, (1.8)

where we take |®,) to be the exact ground-state
eigenstate of the complete A-body Hamiltonian. If
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|®,) were a Slater determinant of the states |¢,),
then we would obviously have in the (A + 1)-body
states of Eqs. (1.5) and (1.6) an orthonormal set.
However, because we insist that |[®,) be an eigen-
state of H, |®,) must represent a correlated
state, and so the (4 + 1)-body states of Egs. (1.5)
and (1.6) cannot be orthonormal.

The states given in Eqgs. (1.5) and (1.6) define a
subspace of the full (4 +1)-body Hilbert space. It
is shown in Ref. 1 that an orthonormal set of states
which span the same subspace can be constructed
from these states by writing

le,A>=!¢b‘A>+§lq’b",A><¢b"'u|¢b) (1.7)
and

IX(” - +) >+flx(l::A>dk,< @y +)>

+Z|q’b',A><¢b'|w|X(£)>~ (1.8)
bl

Straightforward prescriptions for obtaining the
matrix elements of the one-body operators «, v,
and w, which appear in Eqs. (1.7) and (1.8), are
given in Ref. 1. It is also shown in Ref. 1 that,
when the states IX;” ) are calculated according
to the prescriptions therein, then
(@4l a®|XE,) —=(F| oo (1.9)

where a(?) is the destruction operator for a parti-
cle at ¥. Thus the states |X{? ) may serve as
channel states for elastic scatfering.

The states | X{" ) have been used to define a pro-
jection operator for elastic scattering, P,

_ N\ T/
P_flxmmk(xml. (1.10)

We construct a Hermitian Hamiltonian 3¢, which

equation is

does not connect states in P with states in the re-
mainder of the Hilbert space, i.e., we write a
Hamiltonian of the form

Ho=PXoP+Q%,Q, (1.11)
where P+Q =1. We then define A, to be,
H,=P3,P= f[xi” >dk(e»+EA)(X‘“
(1.12)

Thus, we may write a formal integral equation
for |‘I’(f)A> as

1

(+) - X(+)
) =X e e

- (+)
(H=3)¥P,),

(1.13)

where I\If‘f’A) is the complete eigenstate of the full
Hamiltonian H, satisfying the usual many-body
Schrddinger equation

(E-H)l\If‘f"A)=0. (1.14)

We may also find a formal integral equation for
PI\IJ‘*’ Y, which suffices for a description of elas-
tic scattermg The formal integral equation for
P|\If‘+’ ) is readily obtained by operating on Eq.
(1. 14) w1th P and @ separately to obtain

(+) - (+)
(E-PHP)P|¥Y ) =PHQ|¥Y ) (1.15)
and
(+) — +)
(E"QHQ)Q“I’;.A)—QI‘IP|‘I’§_A>- (1.16)
From Eq. (1.16) we observe that
1
(+) [ S (:)
QY =g omoic YPIVE,) (1.17)

so that by substituting Eq. (1.17) into Eq. (1.15)
we obtain an equation containing P|¥ ) alone. This

- (+) = Q (+)
(E PIH’)PI\I!IHJ PH—————E_QHQH.EHPHIE'A), (1.18)
or
P Q
+) -X‘” - ~_ )y, .
P|\If = E—sco+i€ [H 3(30+HE_QHQH.€H:|P|\IIR’A) (1.19)

Now we also obtain an expression for the elastic scattering T matrix elements by noting that

<k lTel,k) <k 'TORTHIE>+<X - IH ¥, I‘I’m )
=<k | TORTH|k> +<X§"

W |(H =3P ) +<x§j;|(11—:fco)Ql~1;‘fjA>.

(1.20)
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Here T gy refers to the so-called orthogonality scattering of Ref. 1. This contribution to the elastic scat-
termg amplitude is a consequence of the use of the distorted waves ]X () ')+ Substitution of Eq. (1.17) into
q. (1.20) then gives

(&) Ty [1%) =(&’| T oern | B +< -

oA P[H—GCO+H——Q"_.H]P

(+)
E - QHQ +ie ‘IlE,A> ’ (1.21)

Thus we see that if our interest lies only in elastic scattering we may use

Verf=P[H"170+H’E_—Q%a;T€'H:|P (1.22)

as an effective interaction in the P space.
In this representation the wave function Pl\If‘*’ ) is given by

P -
( (+) (+) (+)
¥ T ) )= P[\I! R IX RS v - . lequ>, (1.23)
and the elastic 7 matrix elements are
(&' Ta| &) =(K'| Toaul &) +XD, | Ver [ ¥, ) - (1.24)

1. OPTICAL POTENTIAL

The effective single-particle potential (optical-model potential) v,y is defined to be a one-body potential
which can be used in the one-body Schridinger equation

(E"'hopt)“[))=(E_ho_v0pt)|lz'>=0) (2.1)

where h,, is a one-body Hamiltonian and h, is the kinetic energy operator for a single particle. The only
properties that the one-body potential v,,, must have is that it be short-ranged and that the elastic scatter-
ing calculated from Eq. (2.1) be identical to the elastic scattering calculated from “first principles.” We
may also require that Eq. (2.1) have discrete solutions | ¢,) as well as continuum solutions | J)g) and that

(¢l I7> =0. (2.2)
In that case we may rewrite Eq. (2.1) as

(E—EbDI¢b>€b<¢b|—PhoptP)W>=0, (2.3)
where

pzl—:zl¢,,><¢bi- (2.4)

The continuum solutions of Eq. (2.3), | J;;), have the property
FREIRS (2.5)

so that we may reexpress Eq. (2.3) as

1 "
:) = +) — (-i) 2.6
98 =) v 5 re (Pram PN (2.6)
where the states Ix*’> are the eigenstates of the operator ph,p, and are given by Eq. (1.2). The T matrix
for elastic scattermg is then immediately seen, by inspection of Eq. (2.6), to be

(&' | Ty | &) =(K'| Togral &) +(X5 | pope 1 9E) « (2.7

The Born expansion of Eq. (2.7) is readily seen to be

1

PUon P g T hh e

<k' [T, lk> <k [ Torrul k> +<X )Ipvoptpl X”) +<X(j:7)

pvomp' ‘*’> cee (2.8)

This expansion may be compared, term by term, with the analogous expansion for the expression for the
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elastic scattering matrix element given in Eq. (1.24). That expansion is

+ - 1
(k 'Tel|k> <k'| TORTHIk> +<X - |PVeffP|X( ’ <Xé:.)A PV“‘PFTo_th/“‘P f:)A>+‘ te. (2.9)
Now we note that we have arranged matters so that
1 1
(SN S TS AN IS S Y] )
<X K. A| E = Hy+ie Xk"’-A> <xk,, E-phop+ie Xk"’> (2.10)

where for simplicity we have taken E, =0, above. Thus the two different expressions for (E'l T,| E) are
identical if

O | pvop 0| XY =X | PV PIXE)) (2.11)
and
S =X IXE) (2.12)
X

Now we know that Eq. (2.12) is an identity because we recognize the right- and left-hand sides of this equa-
tion as two different expressions for the same matrix element of the orthogonality scattering S matrix.
Therefore it suffices for us to define pv,, p by means of Eq. (2.11). With this definition of the one-body
operator, puv,, p, we have achieved our goal, and we recognize that Eq. (2.11) is the relation we seek. We
shall discuss methods for calculating the right-hand side of Eq. (2.11) in the next section.

At this point, it is perhaps in order to belabor the obvious and point out that the optical potential, as we
have constructed it, is given as

vop( =pvoptp+[?l¢b)€b(¢b!+(phop_ho)]' (2.13)

With this definition of v,,, one automatically satisfies Eq. (2.2). This is not a necessary condition, how-
ever, and various “optical-model wave functions” may be defined which have the same asymptotic behav-
ior but differ at small distances.

This point can be clarified further if we note that a one-body “wave function” may be defined in the y
representation as

1) =X 1) =(XEL P19 ) =(x8, [9,). (.19

With this definition, we may reexpress Eq. (1.23) in the X representation as

(+) (+) (+) (+) ] (+) T+
I,y =0k - k')+———€*“€f<x APV PIXE) ) aRn(xE) |58, (2.15)
or
. 1 .
O 1) =08 ) + e [ 1Py PIXE YOS dkr. (2. 16)

If we then define the optical potential as in Eq. (2.11), we obtain the result that
~( 1
EN= | 09y = | )Y @)
Pl =199 =18 >+€i_phop+i€pvoptplz‘bk ) (2.17)

This, of course, is just Eq. (2.6).
This analysis only defines the p-space representation of [y%), p|9¢’) =|3¢"); |9¢) is an eigenstate
(with eigenvalue ¢, ) of the one-body Hamiltonian

h=p(ho+Vop) D - (2.18)

In the following we discuss various possible specifications of ¢| w"")

We note that just as Eq. (1.18) or (1.22) is an equation for PI\II&*’ Y, so Eq. (2.6) or (2.17) is an equation
for [$$)=p|y$’). Thus we could, so far as this discussion is concerned add to |$$’) an arbitrary
a.mount of the single-partlcle bound-state wave functions | ¢,) in order to obtain an equally acceptable op-
tical wave function |$$’). We recognize, of course, that the coordinate space representatives of [9&”)

and Izj)&”) would have the same asymptotic behavior and would hence correspond to the same elastic scat-
tering.
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Another insight into the inherent ambiguity in
the “optical-model wave function,” even if that
“optical-model wave function” is calculated from
first principles, becomes apparent from the fol-
lowing considerations.

Let us define an orthonormal set of (A + 1)-body
states lXi"j, , which span the same space as the

states {IX ’ 2, 1X, 4)}. We require that these
states have' the property that
(XEAXE ) =ENE) (2.19)
and
(XEU X, 2) =(F| ) - (2.20)
Thus,
|1Xg) = f | X$%) dF (7)), (2.21)
and
|Xp, a0 = |XEL) dE(F[ 0,), (2.22)

and conversely,
X£0 = [ 1§20 ak o1 #)
+251 X5, 40 (| F) . (2.23)
b

It follows immediately from the above properties
that these states are normalized such that?

X§),|XE4) = 6(F ) . (2.24)

If we now define the spatial representative of the
one-body amplitude to be

(Fleey =@ e, (2.25)
we see immediately that

+ (+) +) +)
19 = [ 1% ak (xg, 1w,

+Z Iﬁbb)(Xb A'\I'(” (2.26)
or
) =138+ D1 ) Ko al ¥, (2.27)

where Iﬂ)‘ki’ ) has been defined above as the solu-
tion of Eq. (2.17). This ansatz then yields a per-
fectly definite prescription for obtaining the one-
body amplitude |¢%’) from the complete (4 +1)-
body wave function |~III‘:;

Such a prescription may be perfectly definite,
but it is far from unique. Another definition that
suggests itself as an equally valid candidate for

this one-body amplitude is
(FloP)=(2,4] a®)| V) (2.28)

With this definition we obtain after a straightfor-
ward calculation that

[97$") =(1=-p)(1+qBaBap) byd +aBall 43,
(2.29)

where p, q, B, v, p are as defined in Ref. 1, and
Izp‘ki") is given by Eqgs. (2.26) and (2.27).

Another one-body amplitude has been given in
Ref. 1. This amplitude is defined through the Fesh-
bach-Friedman states | £74),

(F|9"E) =(e 4 PIEE, (2.30)

This amplitude is easily seen to be related to the
amplitude we have defined in Eq. (2.26), viz.,

[47$) = F~(1+qBaBap) brp| %), (2.31)

where F is defined such that
F(1-p)F=1,

and (2.32)
Fl=(1-p)2.

Likewise the one-body amplitude defined as

(FlymE) =(eral¥ P ) (2.33)
is given by
|97y = F~*[(1+qBaBap) pvb +qBall vE') .
(2.34)

This amplitude may serve equally well as a one-
body amplitude.

All these amplitudes ave identical at lavge dis-
tances but differ inside the nuclear interaction ra-
dius. These remarks may perhaps serve to make
more definite the very well-known argument that
the “optical-model wave function” may not be
treated as a true one-body wave function. We have
shown that several single-particle amplitudes can
be obtained from the exact many-body wave func-
tion. Different “spectroscopic” amplitudes may
be obtained for different purposes. It is also wor-
thy of brief note that for a Slater determinant p =g,
y=B=1, and therefore in that limit we have

[0 =plog) =) = 97y = [pm)

In the following sections we will study the quanti-
ty (X§,| PV P|X§’,) from which we may obtain
the operator DPUopt p, Wthh was defined in Eq. (2.11).
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III. CALCULATION OF THE OPTICAL POTENTIAL

We consider the expression

XE) Vel X$ ) = <X‘+’ [P(H -H,)P+PHQ

with the aim of providing a diagrammatic analysis
appropriate to a systematic hole-line expansion.
Such a treatment is suited to the study of the op-
tical model at intermediate and high energies.?
To this end, it is useful to divide the @ space into
orthogonal subspaces containing various numbers
of holes created on the correlaied ground state,
|®,). Thus we may let

Q=1-P=Q,+Q,+Q,+ "+, (3.2)

where @, is the projection operator onto the space
spanned by the states |X, ,), i.e.,

Qs =? | X, )X, al - (3.3)
Note that states of a particle created on the corre-
lated ground state are in the space spanned by
P+Q,. Insofar as the virtual occupation of the
states | X, ,) is unimportant in the description of
high-energy scattering, we may neglect this space
in our discussion.

1t is useful at this stage to make a distinction
among the bound states, b. If we neglect the dif-
fuseness of the Fermi surface due to long-range
correlations (e.g., pairing), we may divide the
bound states into those that are largely occupied
and those that are largely unoccupied. The former
states will be denoted by B and the latter by B.
(The states n,|®,) and n3|&,) will have norms
close to unity while the states n3|®,) and n}|&,)
will have small norms.) This distinction is a
meaningful one for nuclei, in which the depletion
of an orbit due to short-range correlations is ex-
pected to be about 10-15%.

The states spanning @, are constructed as fol-
lows. We define the state

| l}(ﬁ.iz. 2 =77% 177{2713 | @005 (3.4)
where
Ps=(®4lninsl @) , (3.5)

and proceed to construct an orthonormal set of
states, {| Y(,:: %,,8))» Pased on these states. We
also require that the states IY(k L F,,8) be orthog-
onal to the states IX} o and | X, ).

At this point it is useful to introduce a simplify-
ing assumption as to the structure of the various
density matrices for the correlated state |$,). It
should be understood, however, that this assump-
tion is not necessary to the treatment proposed

1

(+)
E-QHQ +ieQHP]IXM>’

(3.1)

here. Rather, the assumption we suggest is large-
ly for the purpose of keeping our treatment from
becoming unnecessarily complicated, where the
complications would be concerned mainly with
very small effects. It should be kept in mind that
there is no difficulty, in principle, involved in in-
cluding such effects in the present treatment.

We shall assume for simplicity that both

(+)
& [l sy =(@4lnimi] @,4) =0 (3.6)
and
1.1 _
(B4 lnilngzngsm |®,)=0. (3.7

The quantities appearing in Eqgs. (3.6) and (3.7)
are expected to be much smaller than quantities
such as (‘I’Aln317732|‘1’A> (‘I’Al'f) nk:|<1>4),
(@alnd nfng e, @405 (@alnimnegna,l @4, ete.,
so that the loss of generality in making these as-
sumptions is of little practical importance. With
this ansatz, we are now able to neglect the dis-
tinction between the states IX"" )y and I*‘” ) of
Ref. 1.

In analogy to the construction of the states
[x%,) from the states Ix$ 0= n4|®,), i.e. in the
notahon of Ref. 1,

%0 = [ 1) 0 6 1 Ik,

we introduce a matrix ¢ such that the states

( )
l:lkz, ) Efle(.ﬁ kg B'
x AR RO X Lo IXE) XED)
(3.9)
form an orthonormal set.* Note that these are
automatically orthogonal to the |X¥’,) and the

|X,,.'A> in the approximation of Egs. (3.6) and (3.7).
Thus we define

1
L5 1, R, o

In a similar fashion, starting from states with two
destruction operators, such as n} n{gnlan 2,715, |20
we proceed to construct orthonormal states orthog-
onal to the ]X(k 4) and IY%, %z,8)- From these states
we form the projection operator @,. This proce-
dure may obviously be continued until we have
spanned the entire (A +1)-body space.

From Eq. (3.1) we see that we can define an ef-

(3.8)

(3.10)
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fective Hamiltonian H o by

Heo =H +HQE————Q—I;I1—mQH ; (8.11)
so that

Vesr =H op = 3Co (3.12)
Here

Q=1-P, (3.13)

and 3C, is the zeroth-order Hamiltonian defined in
Eqgs. (1.10) through (1.12). We now have written
the projection operator @ as the sum of projection
operators

v
Q=Y Qq; (3.14)
o=1
and Eq. (3.11) becomes
1
Hes=H +H - H .
eff (ZO?QOL)E"(EQB)H(EQ)')'”E (§Q5)
B Y
(3.15)
J
given below, viz.,
HS =H,
H(n) H('E (r;_f—l) 1 Q (n=1)

O E—QHGQ, vie
=)
H s =H gt

and v is defined in Eq. (3.14).
alternative to the direct truncation of Eq. (3.15).

Since Eq. (3.15) is most awkward, it may be re-
arranged according to the procedure indicated
below.
We write the equation
(E-H)|y)=0, (3.16)

as the set of coupled equations,

(E-PHP)P|)=PH};Q.|¥),
(E - QpHQp)Qs |9 =QHP| ) +QgH Z’:s Qul¥) -
(3.17)

These coupled equations may be solved for P|[y),

and we observe that P|y) is the solution of the
equation
[E - PH . P] P|$) =0, (3.18)

where H . is obtained from the iteration scheme

(3.19)
(3.20)

(3.21)

Truncation of this expression for H . by approximation of H.q as H' is

For the present, we shall content ourselves with the truncation® H . =H';, in which case we may write
eff eff y

— 1
PV P=PH —HO)P+PHQ1W

We will now study the various terms in this series.

The use of Eq. (3.8) and the definition of H, leads to

(+) |P(H HO)PIX(H) <X(+) |H|X§§+')A

= [ oy Ik o,

QHP+- -

— (e +E,)8(k-K)

By making use of the definition of the states IXS—” ) and the fact that H|®,)=E,|®,), we then have

(x¢) | PH -Ho)P| X >=f(x‘f,’lv|x%f)<<lulnk,,[ 1@ Ly [x§ k™ dR” - e b(k - K').

(3.22)
[H|x$) AR Gy [x$) - Er+E )8R -K) . (3.23)
(3.24)

Now if we separate H as H =X + V, where X is the kinetic energy operator, and use Eq. (3.6) we may easily

show that

X§) [P0 -E)PIXE) = [ 6y X 6 - D)

f O 1y g @ alned vind, 1 @2 G 1y [ x§)dk” dk”™ .

+)

ﬂ:::)si"’ (X"ﬁ::/ l Y IXH))dEm dE” - G‘ﬁ G(E - R’)

(3.25)

In obtaining Eq. (3.25) we have used the fact that the one-body kinetic energy operator is diagonal in the

states [x§, i.e. (x§Iholx§") =€xd(E - K).



7 ELASTIC SCATTERING OF NUCLEONS FROM CORRELATED NUCLEI 501

The part of Eq. (3.25) independent of V may be written, with y,=pyp, p,=ppp, etc., as
5 7oL = ) o = €8) 7, IXE =X§ 17, ™ o = €0) v, IXE)

= 17" o — €, = DIXE, (3.26)
where we have recalled the relation,
Yo(D=P)¥Vp=b, OF v(Dp=p))=v,7", 3.27)
and
o ol X$0) = eqmd(&” — K™). (3.28)
We have also seen earlier® that vp— 1= %p,, is a small quantity, so that to lowest order
X§ v Mo = €R) vy = DIxED = (e = €)E 1 b, = DY
~ 3(e — e o Ixy) - (3.29)

The foregoing approximations thus yield the result that

x¢) | PH -H)P| XY ,) = 3(eq — e ’IPIx‘*’)+f<x‘*’|v|x§;ﬁ’,><4>,a|nk~[V,n;,,,]|<I>A><x‘;,3,|7lx‘f’)dﬁ”dﬁ"'-

(3.30)
The second term of Eq. (3.30) may be developed further by writing
CALZRAMICNRICNIC AN A VAL VEICNINA A AL NS (3.31)
The treatment of Eq. (3.31) may be facilitated by means of the well-known relation,
{n% [Vond. 0}, -z el vl x§aB)mine » (3.32)

where a and g run over the complete set of single-particle states lx(”’) and | ¢,) and the subscript A indi-

cates the antisymmetrized state vector, !XS;,,,B = lx(f,f,ﬁ) - IB)(%,),,). The matrix element of interest is thus

(éA I{nk"’ V lem]} @A> 2()((”(1'1)[)(%,)”[;)‘4 <B|p| d) ’ (3.33)

where, as usual, {(8|p|a) represents an e}ement of the density matrix.®
At this point we have, then, that

(x§) | PH -H)P|XE )= (e = ex)x§) | vy = DIXE)

+Z f O |y IXENaR” (e vl x§0.8 (Bl o | adydk™ (0. v Ix§

f & v [XENaR” (@ [ [Vynl, o | @ k" ) 1y 1% - (3.34)
To complete this part of the discussion we now need to look at the last term of Eq. (3.34). We again use
Greek letters to denote the complete set of single-particle states and, in this notation, we may write
(v,nd, Ingn=3% 287 nin i aBl vl X$h ¥ )any i - (3.35)
aBy

From Eq. (3.35) we see that in order to evaluate the right-hand term in Eq. (3.34) we need to know the

quantity (, |nininms|@,). This quantity is of course a two-body correlation function. If we define this
correlation function as

(r81p®|Bay=(@4[ninkn,msl@a), (3.36)
then we may rewrite Eq. (3.34) in the form

L+) lP(H HO)P'X(”A> (51('—51()()((”,(')’;; l)le

f(x‘*’lﬂx AR {Z xgrelvlx$8)a(Blpl o)

1
-5 2 (aBlolx§ v &Er]e®| aB)}dk”’ Oy Ixg -
o By (3.37)
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The correlation function of Eq. (3.36) has been investigated in connection with nuclear structure studies.
This correlation function is given through two-body cluster terms, by’

(r8|p®|Ba) =%BZ‘? A<¢'31¢32 [(1 +fIz) [ap) 5y |(1+f)] ®5,Pry)a <¢81r|p| ¢Bl><¢Bgllpl ¢Bg> +eee,  (3.38)
VB2
BBy

where (1 +f,,) is the wave matrix for the Bethe-Goldstone equation, viz.
(1+f) =1 ‘%sz* (3.39)

In Eq. (3.39), K,, is the Bethe-Goldstone reaction matrix as defined for finite systems. With this reduc-
tion we have

1
@4 lV,nt,Ing | 20 =5 D (aBlolxghvia x§ 0% Be)
oBy

1 Te!
=2 Z IA(¢81¢52I ¢! +f.1rz)vml)((f3:)((‘;}>,qdk (X%‘:’z X%r)lfm’ ¢Bl;¢82/>A

By/By
212 x(9n, 0] 0,)(Dn, 10l 95,
1 dk”

=5 2 [ 0,08, Kua XS 08 | Kool 65,08, )4 P3P, » (3.40)
BBz

where we have used the fact that K,, =v,, - v,,(Q/e)K,,, and have also assumed that p is diagonal® in the

space spanned by the |$,). The energy denominator in Eqgs. (3.38) and (3.39) is e=epm +€j - (e, +€ay).
The expression given in Eq. (3.40) may be inserted in Eq. (3.34) to complete the specification of

(x ‘f’ L PH-H)P|X ‘f" )+ We may develop this expression further by writing the continuum matrix ele-

ments of y as
O 1y Ixg) =0®=K) +() | o - D X
=6(k-K)+ 3¢ [pIxgN + - s (3.41)

where we have used the fact that the(y,- 1) term is small. The various terms of Eq. (3.34) may be ex-
pressed diagrammatically. This development is presented in Figs. 1 and 2. It should be noted that the

presence of the (y — 1) terms, which appear in the external lines, is particular to the theory developed in
this work.

K

= < XM X "
T Moy PIX Y > Q) - Z<x'7( )aller‘+’3><,8lpla>

(a) g af
;'. A
= (€60 X Mopep > N >-o *>-<XZ> *>-01>
g
(b)
(c)

FIG. 1, A schematic representation of some of the elements appearing in Eq. (3.34). Upward going lines represent
particles in the orbits IX(-’I)) and downward lines represent holes in the orbits [¢,). (a) The black dot represents the
one-body operator (y, —p). (b) In this figure we represent the first term of Eq. (3.34). (c) Here the cross-hatched cir-
cle represents the ground-state density matrix and the horizontal dashed line represents the interaction, v. We also
indicate an expansion of the density matrix in a conventional representation. (Only direct terms are drawn.) The wavy
line represents the reaction matrix, K. The first and third terms in (¢) may be written as a single term if we associate

the occupation factors with the hole lines. These occupation factors should also be associated with the down going lines
in the second diagram of (c).
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IV. RESUMMATION OF THE PERTURBATION SERIES

It is evident that Eq. (3.34) may not be considered alone, since it contains the matrix elements of the po-
tential which may be singular (due to a hard core) or, at least, very large. We must consider the effects
of the spaces, @,, @,, etc., to provide the possibility of developing an expansion in reaction matrices such
as is conventional for high-energy scattering of strongly interacting particles. The division of the @ space
into various orthogonal Hilbert spaces was made with just this purpose in mind.

We now wish to consider the second term of Eq. (3.22), PHQ,(E - @,H@Q, +i€)"'Q,HP. There are two
types of matrix elements which occur in the analysis of that term. These are matrix elements of the type

(Y%’iizBIHIX&’ ) and (Y"" IH]Y% o) For example, we have

5 M1XE0) =2 f o) ‘*’lomlx‘”x‘:.»dk dB( Py, 7, o H X IR 1Y), (4.1)
and
(FE 1 o HIXE ) =(@aInfnt,ne, Hnt | 2,4)/p5"
=@, lngﬂiznﬁl[H, 77{] [@,4)/Pp* +E (&, In;n'ﬁzn'ﬁ 1"7% |®4)/p5" . (4.2)

The last term in Eq. (4.2) may be discarded at this stage since it does not contribute to Eq. (4.1), since
IY‘f,’ T8 ) and |X§ &‘" ,) are orthogonal.
Further, the kinetm energy contribution to Eq. (4.1) may be obtained from

(@4 | nfmi g [%,nill @) =22, [n5nini i | 840 (D 1o |X§) + €@ a Infn e i @4) (4.3)

From Eq. (4.3) we can see that the kinetic energy term may also be neglected. The second term of Eq.
(4.3) is small and may be dropped. The first term of Eq. (4.3) is quite small as it stands and also does not
contribute to the (Yf’ T8 |H|Xx f’ ) matrix elements if the states of the @, space are orthogonalized to

those of the P and Qb spaces. (More generally we may note that the kinetic energy operator does not cou-
ple the different Hilbert spaces, P+Q;, Q;,@;,- - ., etc., to any significant extent.) This is most clearly
seen if use is made of the commutator method, as above.

With these comments in mind, we consider

@4 nfnene [Vonill@4)/ps"2 =3 2 (84 Indmenininiins| 4Bl v|x§ 8. /ps"2 . (4.4)
o

We now make use of a relation we shall use several times in this section, viz.

7% M3NE) = (8%, 80% 1o = O%pa0F,8) + MEME, 0% 8 — BT, 0% 0 — MENE ,O% 8 +1INE, O%p0) +niMINE R, (4.5)

) — +)
<Xza |P(H-H°)PIXR-.A

+ +

K K

FIG. 2, Diagrammatic representation of Eq. (3.34). FIG. 3. A diagrammatic representation of a term ap-~
Various elements have been defined in Fig. 1, and use pearing i(n }che evaluation of Eq. (4.4). The intermediate
has been made of Eqgs. (3.39) and (3.40). The crosses in states | X Y and | ¢>,, y are summed in this term. The
the down-going (hole) lines are a reminder that the holes wavy line represents a reaction matrix and the dashed

are associated with their occupation factors, pg. line a potential matrix element.
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to reorganize Eq. (4.4) as

(@4 Innt,me [Vintll @002

‘Z) (P4 |77377 5| @) (Xw &“ [v] X(”5)APB_1/2

+3 ZB)8<<I>A [nd 0%, 0% 8 = MEN%,0% 0 — 1%, O%,0 +11 0%, 0%, 5| @) (Bl 0| X§ 0)0, ™2
o

3 2 (2, Ingnlnﬁniznilns |®.4) (@Bl x§ 6)ps™12. (4.6)
o

The first term on the right-hand side of Eq. (4.6) is
E(x‘*’x“’lle-‘:’bh(élpl%)pa'”z‘E(x‘” ‘*’llef’%h(%lpl¢B>pa'm

_<X(1:)X(1:;l le(+)¢B>ApB . (4.7

In obtaining the final equality in Eq. (4.7), we have assumed that the ¢, are chosen so as to diagonalize p
in the space of bound states.

The second term on the right-hand side of Eq. (4.8) gives rise to diagrams of the type shown in Fig. 3.
We neglect these two-hole terms for the present. The last term on the right-hand side of Eq. (4.6) gives
rise to even more complicated forms which we also neglect in this discussion.

At this point our main concern is to resum the perturbation series, so that the matrix elements of the
potential may be replaced by the matrix elements of a reaction matrix. To this end we concentrate on the
simplest kinds of diagrams with the fewest hole lines.

If we keep only the term given in Eq. (4.7), we then arrive at the approximate result for Eq. (4.1), viz.

(V§) s s [HIXE )= Z f I8, om0, xE,) RIAR, ) XE, | 01X @ a)apsdR (XY Ix§) +2 -

f X 0s IS, X5 R, G X ) | 01 x8) da)aps™ 2K U 1y XY ++ - - (4.8)

In Eq. (4.8) we have noted that o is expected to have larger diagonal than off-diagonal elements in the
bound-state labels. This “eliminates” the sum over B’. The above matrix element takes one from the P
space into the @, space.

Let us now consider the matrix elements of QLH @,. In the representation in which we are working, we
need to study the matrix elements (YL*’ , B,IH lyg s »)» Which according to the definition of the states
IY%‘,’? 5 of Eq. (3.9) may, in turn, be *obtained from the matrix elements:

> +) - -
T lHlY‘ 7,5 =@alndmigme, Hnf nf ns| @057 %05

1/2

=(®4 '71;'77?277?1[}1’ 77}2177{2775] [®4)05™Y %05 ™2 +E 1(®4 I"];"’W'zn'ﬁ'ﬂ% 1’7%2773 [® 4005 2pp "M%,

(4.9)
In order to evaluate the right-hand side of Eq. (4.9) we must then study the matrix element
1
@4 |ng g B nf ndngl1@4)
We first observe that
@alnf g, ng, 1B nd vk 0, 11@0=(@4lng mg g, [H, b nd In,1@4)+@4ln] ng ngnf nf [H,n N1 @,0 .
(4.10)
With the help of Eq. (4.5) once more, the second term on the right-hand side of Eq. (4.10) is now seen to be

@Iy, (g, ng, ni nd NH,m,119.4)

=(@almy LB, 1, 1@ ) {00k, ~ k) olk, = K7) = 8(k, ~kp)o(k, =K} +(@ 4|}, (nf nf ng g, + =) H, g1 @4),
= —€p pp O | O(k, - k1) 6(k, — k2) - 6(k, — k) 6(k, —K)}+++ . (4.11)
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The neglected terms on the right-hand side of Eq. (4.11) represent hole interaction terms, which we shall
not consider in the present treatment. The 1dent1ty (®,] 775 [H,n5]| @)= =€y pg 05y is straightforward and
has been established in nuclear structure studies.’

We now write the first term on the right-hand side of Eq. (4.10) as

t Tt t 1 Tt
(@ al g, [, g g Ing [ @ 4)=(® u| gz, {[%, i g+ [V, URRIGNEIVE (4,12)

and proceed to examine the kinetic energy term in this equation.
The kinetic energy operator is

K= f €% n*n*dk+ Z f <¢b| Ro| X +)> 771,77k dk+2 f (X‘;)I ho|¢b>nk un dk+z<¢b| Rol by ) mm' . (4.13)
bb’
The last three terms on the rlght hand side of Eq. (4.13) do not contribute significantly to the matrix
element (® | nB,nkznk,[ ,nklnk 2]7;B|<I>A) Thus we evaluate this matrix element as
t 1.1 >

CAPMET AL S TR UNE INES f (@ g e [n ng, nf kI nple ) € k. (4.14)

The commutator in Eq. (4.14) is readily seen to be
T N 1.1 b T T S

[ ngs ng ot =ni ng, ok = ky) —nfnf ok-T,), (4.15)

so that we immediately obtain
T Tt t Tt
(@ al mg i, (3, ng mi Ins @002 (e + e )@ alnp et ne,ns| @ 4)
= pp Ogp(er, + €, ) 8k, = K)ok, = k) = 6(k, - k!)o(k, —kz)]+- - . (4.16)

The last equality in Eq. (4.16) represents still another application of Eq. (4.5), and the terms indicated by
the three dots are here ignored for the usual reasons.

We must now evaluate the potential energy matrix element (&, | nB,nk, 1, v, nklnkz]na |®,). To this end
we write the potential energy operator V as

- f(x‘”x‘k*;lvlx‘;;x&’>nk3nk4nk5nkedk Ak, dkydigg+- - . (4.17)

The terms which have been indicated by three dots in Eq. (4.17) have been dropped because they represent
hole interaction terms in the matrix element under consideration. The potential energy matrix thus
becomes

t .1
(@ 4 mg iy [V, i iz, 1151 @ 4)

1 T T 1% Tt
=3 f diy dk, dis die (X | I XEXE D) (@ al Mg M 1[5 15 0 Mg T 1,1 | @D 4000

(4.18)
The commutator on the right-hand side of Eq. (4.18) is easily seen to be
to 1 T 1 T T\ T T Vah T
[ M g M 1i,) =0 0 {00k, - )00k, — Ky) - 00k, - k,) 6k, ~k)
+ -> - + - - + -> -> ¥ -> -
+1g i, 0k = ko) = nz O(ky —ke) + 1t iz 8(k, = Ks) =1 mpr 0(k, =K}, (4.19)
and hence
T T T .1
(@4 g i Ik mé e o i i Ins 1@ 0)
= pp O {0(K] — K, 6(k] = ;) - 6(kj - &) (k] — k) {6k, - Ky)8(k, - Kq) = 6(k, — k) 50k, =Ky} +++
(4.20)
so that
T Tt 4 +
(@ almp e[V mi e, 115 @) = pg S () xE)| VI XEXED 4t (4.21)
where we remind the reader that
, (+)X(':i I (+) (+) Ix(;ix(;; (4‘22)
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_We now have all the ingredients required to evaluate the @, matrix elements of the Hamiltonian H to with-
in the approximations indicated above. This result is simply
+)
<Y-l(:'1'—1:'2,8' | &] Ym Ky B> - (€k1+€k2 €5+ E4) 0

X {5(k1 - k1)6(k2 -k - G(El 'Eé)a(ﬁz "E{)}‘*( “)X(}::)' v] XMX(;) dabpprtee o (4.23)

The two results given in Eqgs. (4.8) and (4.23) enable us to evaluate PHQ,(E - Q,HQ, +i€)"'Q,HP, within the
indicated approximations.
At this stage in our discussion it proves to be convenient to define propagators ¢, and g, as

Q
§i= (E Q,HQ1+Z€) (4.24)
and
@ 49
Bz <E Qo@, +ie (4.25)
These propagators are connected through the familiar relation
91=g1+g1Q1(H_3Co)Q1 S1y (4.26)

which may be regarded as a special case of the abstract relation A™*=B"'+B™Y(B-A)A™".

Heretofore we have only concerned ourselves with P3P and have left open the complete definition of
JC,, except for the fact that we have insisted that P3¢ @ =0. At this point we propose as a useful definition
for @,3C,Q,:

Q,%0Q, =5 Z j | Vg p)(er rex —en +EN(YE)p | dk, dE,. (4.27)
The energies e} and €5 in Eq. (4.27) we take to be the kinetic energy of the particle state and the renormal-
ized energy of the Brueckner-Hartree-Fock hole state, respectively.

We note now that

@) Q@ @ \ oy @
<X i o po i Xk,,A> (XL, | HS.HXE )
X“ ,H[g1+g1(H ZCO)g1+---]HIX(” ). (4.28)
The first term in the perturbation series may be obtained from the knowledge of (Y* %o B |H ]X e A) To
obtain the higher term in this series we need the matrix elements, (Yk, 50| (H = :;co)l et 5). The

development of this expression involves various terms, which may be classed as particle particle, parti-
cle hole, particle core, etc. Also contained are terms from the kinetic energy operator that give rise to
terms involving €%, and €f,, and terms that depend on the fact that ¢+ 1. We have dropped the particle-
core terms arlsmg from the potential energy (these must be renormalized in any case) and have kept the
kinetic energy of the particles and the particle-particle interaction terms. The hole-core terms have been
easily taken into account, as in Eq. (4.11); these need not be renormalized. The operator @,3¢,Q, of Eq.
(4.27) has been defined such that there are no “self-energy” terms in the evaluation of
(Y‘I’ n o (H =3 Y }B) .

For S1mphclty we have also set the operator ¢ which orthonormalizes the | Y‘” ) states [as in Eq. (3.9)]
equal to unity.

Now, combining Eqs. (4.23) and (4.27), we obtain

(V) o o E=5YE o D= OENE 0IXE X)) 4 O - (4.29)
If we use the approx1mat1on in Eqs. (4.8) and (4.29), we then obtain

X3 | H gy +&(H = 3,) g +&(H =30) g(H =3¢0) gy ++ - 1 HIXE )

= ‘E <X(I:’)¢B vlz( >”12"”12<%‘2>Ul ('Qe—>”12+“ :

~ Z< ¢B| (KIZ vlz)l ¢B>A Pp - (4.30)

X+)¢B> Py
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In this equation, @,, is a two~body Pauli operator, K,, is a generalized Bethe-Goldstone reaction matrix
(K1 =015 = 012(Q12/€)Kyz]l, €=ho(1)+ho(2) = (€5 +€i), and h, is the one-body kinetic energy operator.
In this approximation we have

1 . - >
Q12 =2 flx‘;;x‘f;h dk, dsz(X(f;X(f;I’ (4.31)
and
=y — Qp
Kl =0 ””[Qm[hou) (D) @z — (W i€) ]K“(“’)

(+) (+) NN
_ I X'k'1X',;2> dEl dkz(Xi:IX‘gzl
=V -v”‘-f ex +ei, = (w+ie)
Equation (4.32) represents the generalization of the Bethe-Goldstone equation (with zero potential for par-
ticle states) for positive parametric energy. The modification of these equations to include the effects of
the operator o on the intermediate state propagators is discussed in the Appendix, as the notation in that

case becomes somewhat more complicated.
In this approximation (o =1), we have

(x| HSHIXE =S f OE 171D dR” () $a | Koo = v1a| X0 050 4 5 dR™ (X8, || X)) (4.33)
B

Kpp(w) . (4.32)

At this point it is useful to rewrite the second term in Eq. (3.34), separating the density matrix into
bound and continuum parts. With (¢5|p|dz:) =0z5:05, We have for that term, designated as I,,

L=3 f(x‘;ﬁ’lylx‘fb dk" (Xt ¢ v X 05 ) 05 Ak 0] X
= |

+f O 17 IXED aRm OGN Lol & D a Ol ol dk™ dky diy (60 17 X8 - (4.34)

Now we may add Eq. (4.33) to Eq. (4.34). This has the effect of replacing the potential term in the first
part of I, by the matrix elements of the reaction matrix K,,. To accomplish the same replacement of v by
K in the second term of Eq. (4.34) we have to consider a selected class of terms arising in the develop-
ment of(X‘kI,"AI HS,H|XY ), where

- Q .
92'(E— szfazne)' (4.35)

To keep this discussion from becoming unreasonably long, we have indicated some of these renormaliza-
tions in the diagrammatic representation of Fig. 4.

Once both terms of I, have been renormalized, such that K appears instead of v, we may write Eq. (3.22)
as

XS Vel XL )2 (€= €)X (v, = D)
k', A ' k

+3 f O Y1) dk” [(ral K| x84 (Bl ol ) 1dk™ (x| v] X&)
aB

1 (+) RN di
AT [ OB (tatagl Kl ()
B

182
X dk" dk" () XE | K| bp, 05,0 4 Pn,0m, O [ 7 [ XEY 4200 . (4.36)

Some of these terms'® of V4 are shown diagrammatically in Fig. 5. We note that the quantity appearing in
square brackets in Eq. (4.36) should be considered as a single entity despite the factorized notation.! A
correlation diagram which we have not discussed but which has received a good deal of attention'? is in-
dicated in Fig. 6. The inclusion of diagrams of this type in our work would involve a detailed study of the
role of the @, space.

It is not difficult to see that at high energies Eq. (4.36) will go over to the impulse-approximation result.
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>M@ =>-0+ 0 +}:_g m }m )(}:@

(a) (b)

FIG. 4. (a) A diagrammatic representation of the series of interactions which are summed to yield a reaction matrix
(wavy line). Only direct terms are shown. The cross on the hole line indicates the inclusion of the occupation probabil-
ity of this orbit. Except for the leading diagrams, this series arises from the inclusion of the many-body states of the
Q4 space in the theory. (b) A series of diagrams which may be summed to renormalize the potential interaction involv-
ing continuum portions of the ground-state density matrix. The wavy line represents a reaction matrix and the dashed
line represents the potential matrix elements. Note that the intermediate states in all but the leading diagram of this
series arise from the inclusion of the states of the @, space in the theory.

For sufficiently high momenta we can replace y by vnity and | x‘ki’) by IE), a plane wave. Also we may
write

1
K12=K1f;ee" gee[%l—z 'Z:]Km: (4.37)
where
1 .
K.{;ee =V = 'sz; nge (4.38)

free

is the free nucleon-nucleon scattering matrix. At high energies K, - K,,, and if we further neglect the
binding energies of the struck particles we may evaluate K at the energy of the incident particle, ;.
These approximations yield the familiar result for the high-energy optical potential:

XNV el XE )~ (K, 8| V | K, @) = §<E', oK™ ()| &, B)a(Blol @), (4.39)

o

where IE, d,)= a%l@ a). If one further neglects the momentum of the struck particle, one has

(K, 84|V |k, @ ) ~ K™(et, §) (@) , (4.40)

FIG. 5. A diagrammatic representation of some of the FIG. 6. This diagram has received much attention as
(direct) terms of Eq. (4.36). The diagrammatic elements a multiple-scattering term which depends on the corre-
have been defined in Fig. 1. Terms having two black lation structure of the target nucleus (Ref. 12). This
dots are not shown, Again the wavy line represents the diagram has not been discussed in this paper because
reaction matrix, up-going lines refer to orbits lx(‘}) 2 it represents a higher-order term in a systematic hole
and down-going lines to orbits |¢,). Crosses on the line expansion. In the language of this paper, this dia-
down-going lines indicate that the occupation factors gram represents a matrix element which involves inter-

pp should be associated with these lines. mediate states which are in the @, space.
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where § is the momentum transfer and p(q) is the Fourier transform of the density p(¥), normalized such
that

fp('f) df=A, (4.41)

with A being the number of target particles.

In Egs. (4.40) and (4.41) we have neglected the last term in Eq. (4.36) since at very high incident energy
the correlated particles of the target are not of sufficiently high momentum so as to undergo exchange with
the incident particle.

Recalling Eq. (2.11), we have in the approximation y,=1 and with the neglect of the last term in Eq. (4.36),

X 0ol XD = % (X ol KIX8) (Bl ol @) - (4.42)
The equation for the optical wave function, as discussed in Sec. II is,

(€& = phop = bv D) ¥F) =0, (4.43)
or

+) (_1—) IX'kt')> dk <X+)ivopt|¢l

937 = %3 >+f e en i . (4.44)
This equation may be compared to the one which obtains if we put p=1 in Eq. (4.43),

(e'k"ho"voptﬂlz;(f)) =0, (4.45)
or

TN % Ik >dk'<k’|voptl¢(+)>

|9%’) =1k} + e e (4.46)
The matrix elements of v, in the plane-wave representation are given by the analog of Eq. (4.42),

& [vopl B) = 23 (K | KIK8) 4 (8l 0l @) - (4.47)

Now one can ask under what circumstances will |J$’) be a good approximation to | $¢’). Clearly, at high
energies, where the distinction between Ix” ) and [k ) becomes unimportant, Eq. (4.44) may be replaced
by Eq. (4.46). At low energies the validity of this approximation is related to the degree to which v, is en-
ergy dependent through the energy dependence of the reaction matrix K. We recall that the solutions of
Eqs. (4.44) and (4.46) are identical if K is energy independent (as in the case of Hartree-Fock theory where
we can replace K,, by v,,). Some numerical investigation is clearly called for to understand the importance
of using the more correct Eq. (4.44), rather than the approximate form, Eq. (4.46).

In this section we have seen how the potential terms involving v may be renormalized; however, we have
not discussed the role of compound-nucleus formation or virtual excitation of low-lying modes of the tar-
get. These (dispersive) effects (which are most important at low energy) will not be discussed at this time.

APPENDIX

In Eq. (4.31) we defined the Pauli operator,
1 G +
Q1zEZf|X(l:)X(':)>Adk ak, )X ;|=J-Ix‘f;x‘;;>dk1dk O (A1)

which is appropriate for the Bethe-Goldstone equation for finite systems, if one neglects the potential in
the unoccupied states, but maintains the requirement that the particle (unoccupied) states be orthogonal to
the hole (occupied) states. The operator given above is the result of approximating the orthogonalization
operator ¢ by unity. We recall that the matrix elements of o were of the form (X(f: x(fz)l ogne | XE 3’ X5 ; Y, where
the subscripts B, B’ indicate that ¢ is a matrix in the space of bound-state orbitals. Itis expected that, in
lowest order, o does not depend on the bound-state labels.

In that approximation, we may generalize Q,, to

[0l X, X)) dk dR O X | ol X0 xg,) dky AR (A2)

- (+) () (+) (
= [ 1) %)) ak aki O o &

)
’
2
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To simplify the notation, §,, may be written as
Q12=0Q 1,0 - (A3)
We can introduce an operator K,,=v,, - 0,,(Q,,/€)K,,, which satisfies
Q
K2 =K, sz[":a le}sz
~ Km—Km[%ﬁ—%:le I (A4)

While the effects of the operator ¢ are quite small, it is probably of some interest to indicate the struc-
ture of this operator. We may define

(P, ol T8, 5,00 = Omme[ 00kt - Ry) 00k, kD) 0k, = Kp) 00k, kDT - (1 52 | 8mva 3 X)) - (A5)
Using the defm1t10n of the states | f/&”i ) and keeping the leading contractlons, we find
(+) (+) ) (+) >
O X Aoa X D = olly KD O] o) = 00R; ) 1)
2 1

+ ok, - kz)<x‘”lplx”>—( k)(x*’lplx‘l;*;)}w“"'

Equation (A6) may be written as (A6)
A=[p(1)+p(2)], (A7)

where we have put py~ 1. Equation (A6) may be obtained from Eq. (A7) if one takes the indicated matrix
elements.

We recall that the states | Y‘” _p) have been defined such that
<Y(l:') k5B’ | Y‘Ji fap) = 55'5[5&{ -k, o(ks - k,) - o(k] - k,) 6(k; — k,)]

)
= f E<x‘=2x‘;,loa'aulx‘gi,x‘tf»dk”dk”(Y‘*’ | T g, o)

k2 k 2, B"
BB

X dk'” dk’”( (}:”)I k"'l Opgmp l X-» (+}> (A8)

In the approximation given by Eqs. (A5) and (A6) we may then write, in schematic form,

o(l-Aa)o=1, (A9)
so that

o~ (1+4/2)~1+3[p(1) +p(2)], (A10)
or

o~ 1+ [y,(1) = p(1)] +[7,(2) = p(2)], (A11)

where the operator y,=p +%p, was introduced previously as a modification of the propagator in the P space.

*Work supported in part by the National Science Foun- pletely occupied (that is, the eigenvalue of the density
dation. matrix, 7, is equal to unity for these states).
IR. R. Scheerbaum, C. M. Shakin, and R. M. Thaler, 30ur results may also be used at low energies as well,;
“Scattering from Correlated Systems” to be published however, in that case our theory does not contain the
in Ann, Phys. effects on the optical model of compound-nucleus forma-
quuation (2.24) is more correctly given as tion and inelastic scattering. In the present approxima-
(+) (+) - tion the imaginary part of the optical model arises from
IX ) 0&-7) ,,%Zt)(f’l%) @[T particle knockout, for which the threshold would be ~8

where the sum is over those bound states which are com- MeV.
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4Note that these states are defined so as to satisfy an
sorthornormality condition of the form

Yy, ly®
( ki'ké’B" ki,k2,3>

=6k k)oK, ~kj) - 6(k, - K})6(k, -K)).

This normalization accounts for the factor of § in Eq.
(3.10).

5It may serve to clarify the nature of the truncation if
we examine
1

H(2) =H(’.) +H(1) g m—
eff eff efo E "‘QzHi}%Qg +ie

g2 g%g’
with
1) - —_1
HY H+HQi 5ot ric it -

The propagator (E —Q,HYQ,)™! may be expanded as

1 1 . 1 Q
E-Q,HYQ, E-Q,HQ, E-Q,HQ," >

HQ,

—1 1
XE‘QtﬂQtQ‘HQ2E-—QzHQzQ2+“. )

The lowest-order terms of H(ef,f) are then

HD =g+ g m Ly gy gy @y
eff e e, e, e ey ey

+H&H21H&H +H.?_ZHQ.1H_Q_ZH oo
et (2] ey 32 ey €y
where

Qi _ 1
e UE —Q;HQ; Tie

The main virtue of this scheme is thus apparent. The
propagators never link the orthogonal subspaces.

with the assumption (x*)|o|¢,) =0, discussed above,
we have k

p= ,,Eb: (052 (D510 1575l

+ [ IR 2o DR L)

This relation may be used to reexpress the matrix ele-
ment given in Eq. (3.33) in terms of the bound state and
continuum parts of the density matrix.

"See for example, J, da Providéncia and C. M. Shakin,
Phys. Rev. C 4, 1560 (1971); 5, 53 (1972).

8The |¢,) may be chosen to accomplish this diagonali-
zation so that

(¢8,l0l05,) =03,8,Pp, .

SHere €y is the Brueckner-Hartree-Fock (renormal-
ized) single-particle energy,

€g =(@plhyl ¢ p) +2 (¢p¢n|K1yldpdp) 405" .
B

See for example, C. M. Shakin and J. da Providéncia,
Phys. Rev. Letters 27, 1069 (1972). Note that there is
an error in sign in the theorem as stated in this refer-
ence. A consistent set of definitions leads to

(@alnf L H, g | ®,)=—€pppdpp’.

10The second term of Eq. (4.36), which appears ex-
panded in the third line of Fig. 5, is usually neglected,
following G. Takeda and K. M, Watson, Phys. Rev. 97,
1336 (1955). Estimates of this term have been made by
R. R. Scheerbaum and will be reported elsewhere,

The full development of the second term in Eq. (4.36)
involves a careful study of the energy dependence of
the K matrix elements. If the @ and 8 in this term re-
fer to a bound state, |¢z), the energy variable in the
K matrix is € , - |ep|. However, in the case that a and
B refer to conr{inuum orbits, the off-shell property is
more complicated. See, for example, Fig.4(b). The
bracketed expression must be considered as a short-
hand notation. The off-ghell character of the K matrix
appearing in this equation will be discussed more fully
in a future publication.

2o, K. Kerman, H. McManus, R. M. Thaler, Ann.
Phys. (N.Y.) 8, 551 (1959); E. Kujawski, Phys. Rev.
C 1, 1651 (1970); H. Feshbach and J. Hiifner, Ann, Phys.
(N.Y.) 56, 268 (1970); H. Feshbach, A. Gal, and
J. Hiifner, Ann. Phys. (N.Y.) 66, 20 (1971); E. Lambert
and H. Feshbach, Phys. Letters 38B, 487 (1972), and
E.Lambert and H. Feshbach, Ann. Phys. (to be published).



