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The calcium isotopes "Ca through ' Ca are described within the framework of the conventional shell

model using a phenomenological effective two-body interaction, The residual interaction consists of usual

j-j pairing plus a surface-tensor force. ' Ca is assumed to be an inert core. Besides all possible
configurations arising from 1f», and 2p„, orbits, configurations of the form (1f7/g" (lf»g"2where
n, + n, = n (the number of extracore neutrons) and n, = 1, 2, are also considered in the basis
vector spaces. The calculated ground-state energies as well as the excited energy levels are in good
agreement with the experimental values. Reproduction of single-neutron spectroscopic factors for
stripping and pickup reactions is also good.

1. INTRODUCTION

The calcium isotopes form a good set of nuclei
for a conventional shell-model calculation. Fol-
lowing the shell-model picture, the nucleons are
filling a well-isolated 1f», orbit. A large amount
of experimental information has been gathered
from one- and two-nucleon pickup and stripping
reactions. The experimental situation as regards
the lf„, nuclei has recently been reviewed by
Ricci and Maurenzig. '

In the past, many calculations of the level struc-
tures of the calcium isotopes using the empirical
effective-interaction method have been reported.
The basic idea of this method is well known and
has been emphasized many times. ' We shall brief-
ly report such calculations as an introduction to
the investigation described in this paper. In the
earliest works, ' ' only pure 1f», neutron contigu-
rations were included. A reasonable first-order
agreement with the experiments was obtained.
Some improvements have been achieved in a more
realistic approach allowing neutrons also in the

2p3/2 orbital. In fact, there is experimental evi-
dence for admixtures from higher configurations.
For example, the first —,

' state in "Ca has a large
admixture of (f„,'(J, =2)P„,]. This is why one
scarcely sees the p„, admixture in the "Ca(d, P)-
"Ca reaction. '

England and Osnes' considered pure lf„," as
well as (lf, &,

" '2P„,) configurations. They ob-
tained good agreement for the odd isotopes. Their
results for the even isotopes, however, were not
as good as for the odd isotopes. The first excited
0' and second 2' states in 'Ca and ' Ca were not
reproduced. These states, however, are believed
to arise from core excitations. In another sys-
tematic calculation of the calcium isotopes, Feder-

man and Talmi' included all shell-model states
arising from the ground configurations (1f7&2" up to

and of those obtained from it by raising one or two

If,» neutrons into the 2P», orbit. They also in-
cluded deformed states in 4'Ca. They were able to
reproduce the second 0' and 2' states in ~Ca with
the If7&, and 2P, &, active neutrons only. These
states were taken in the fitting procedure. Re-
cently, Federman and Pittel' have made a detailed
study of the calcium isotopes with particular atten-
tion on the (t, P) reaction data. " It has been ob-
served that the best agreement with the experi-
ment is obtained when the 0; levels in 4~Ca (1.90
MeV) and 'Ca (2.42 MeV) are assumed to arise
from core-excited configurations. In their work
also, the states were described in terms of an
inert 4OCa core plus neutrons in the lf„, and 2P»,
single-particle orbitals. For the isotopes through
"Ca, two neutrons were allowed to occupy the

2p3/2 orbital . In Table I, we present some of the
resulting set of two-body matrix elements deter-
mined by the empirical effective-interaction meth-
od. We find that even in the same basis-vector
spaces (Refs. 8 and 9) the resulting set of two-
body matrix elements depends to some extent on
the energy levels taken in the fitting procedure.
Thus in one case, 0+, and 2; states in ' Ca were
well reproduced, while in the other work these
were not obtained. However, the agreement with
the experiments for both the cases is of the same
order.

In the above mentioned method, the two-body
matrix elements are determined directly by the
least-squares fit to the experimental data. Gen-
erally, there are large numbers of adjustable pa-
rameters. As a result, a good agreement with
the experimental values is obtained. However,
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TABLE I. Values of effective-interaction two-particle
matrix elements which involve only 1f7&2 and/or 2p3&2
orbits. Entries in the column headed PSTI are two-
particle matrix elements used in our work.

2Ja 2/5 2gc 2 Jd

Federman Federman
and and

Talmi Pittel PSTI
(Mev) (Mev) {Mev)

7 7 0
7 7 2
7 7 4
7 7 6
7 3 2

7 3 3
7 3 4
7 3 5
3 3 0
3 3 2

3 3 0
3 3 2

7 3 2

7 3 4
3 3 2

2.64
0.83
0.20

—0.28
1.98

—1.98
0.93

-0.59
1.40
0.00

1.64
1.20
0.74
0.35
0.60

2.80
1.29
0,17

-0,34
0.35

—0.78
0.60

-0.60
1,35
0.28

0.78
0.27
0.50
0,31
0.33

2.71
0.94
0.42

-0.39
0.92

0.52
—0.03
-0.72

1.67
0.18

1.10
0

~See Ref. 8. b See Ref. g.

one has to make a very restrictive assumption
regarding the configuration spaces. There is lit-
tle scope to enlarge the model vector spaces.
Then the number of variable two-body matrix ele-
ments increases drastically. The experimental
information becomes insufficient todetermine them
with reasonable accuracy. Even in the case where
only lf», and 2P», orbitals were taken into consid-
erations, the two-body matrix elements deter-
mined by the least-squares fit to the experimental
binding energies and level energies had large sta-
tistical errors when all of them were allowed to
vary. The parameters could undergo rather large
changes without seriously affecting the agreement
with the experiments. Por this reason, Feder-
man and Pittel' did not vary the nondiagonal two-
particle matrix elements. There are also uncer-
tainties in the configurations necessary to de-
scribe the nuclear states under investigation.

In another popular method, the effective two-
body matrix elements are calculated from free
nucleon-nucleon interactions by reaction-matrix
methods. Interaction matrix elements can be cal-
culated between states of many configurations.
Thus uncertainties in the configuration spaces can
be removed to a large extent. McQrory, Wilden-
thal, and Halbert" studied the calcium isotopes
'Ca through "Ca within the framework of the con-

ventional shell model. They used a "realistic" ef-
fective interaction derived for this mass region

by Kuo and Brown" from the Hamada-Johnston
free nucleon-nucleon potential. The quality of the
agreement was not as good as that obtained by the
empirical effective-interaction method which in-
cluded the 2p», orbit in the model vector space.
Ground-state energies were poorly reproduced.
They also observed an abrupt change in the quality
of the agreement between theoretical and experi-
mental values from 6Ca to 'Ca. This is in con-
tradiction to the results obtained by the empirical
effective-interaction method. An improvement
was achieved by changing some of the two-body
matrix elements. This method of calculating nu-
clear properties with the realistic potential is
promising. Any lack of agreement with experi-
ments directly points to the inadequacy in the
treatment of the many-body problem. But there
are difficulties. There are uncertainties in the
nucleon-nucleon phase shifts, even at low energy,
especially in the 'S-'D mixing parameter. " The
uncertainty at high energy is considerable in most
channels. Thus a potential is not obtained uniquely
by the fit to the observed phase shifts. Secondly,
it is well known that the renormalization effects
are very important. Renormalizations are done
to compensate for the omission of excitations into
orbits absent from the active model space. The
problem is then how to compensate for the omis-
sion of the configurations involving partially oc-
cupied orbits for some basis states within the
model space. Finally, a variation of 10-15%of
the matrix elements is probable due to approxi-
mations used in calculating the reaction matrix
as pointed out by Kuo and Brown. " Our aim of
the above discussion is to point out that there are
still considerable uncertainties in the effective in-
teraction itself when it is deduced from a realistic
potential. Here we like to point out that there is
a profound difference between the force used by us
and the realistic forces. This point will be clear
if one makes a comparative study of the matrix
elements obtained by us (see Table I) and those
obtained by Kuo and Brown" from the Hamada-
Johnston free nucleon-nucleon potential. The
comparison should be made both for the bare and
core-renormalized matrix elements. Let us con-
sider f», P, &, two-body -matrix elements for J =2,
2, 4, and 5. For our interaction [pairing-plus-
surface-tensor interaction (PSTI)] these values
are, respectively, +0.92, +0.52, -0.03, and -0.72
and the corresponding values with the bare ones
are +0.631, +0.213, +0.216, and +0.119. In our
notation a positive sign indicates attraction. Thus
we get much more repulsion in high J, i.e., J=5.
Note that a J= 5 matrix element is also unique in
I.-S coupling. It is 1.=4 and 8=1, i.e. pure spin
triplet. Since it is also T =1 we have the relative
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l odd, for example l =1. So the only way to get
this matrix element repulsive and large is to have
triplet repulsion. The trouble with the realistic
forces is that, being Serber-like, they have the
l = 1 interaction very weak, and even slightly at-
tractive. We feel that it is very important to have
a large and repulsive&f„&12 ~=5ll &2lf7&Aq2 ~=5&
matrix element for getting a good fit with the ex-
perimental values. The specific tensor force used
by us fulfils this requirement.

The uncertainties mentioned above can be re-
moved to a great extent if we use, in the shell-
model study, a phenomenological effective two-
body interaction with a few adjustable parameters.
The only criterion is that such an interaction
should give a good set of two-body matrix ele-
ments. A large configuration space can be used
and it is also possible to obtain a good agreement
with the experiments. The wave functions ob-
tained, in view of greater configurational free-
dom, are also realistic. Thus calculations in this
category are also attractive. Komada" used Serb-
er and Rosenfeld spin-exchange forces for the
study of "Ca, "Ca, and 44Ca with lf»„2P,&„and
2p„, mixing. The calculated ('-,' ) level in "-Ca. was
found to be lower than the calculated (—', }level for
the Hosenfeld mixture. Haz and Soga" dealt with
the four calcium isotopes "Ca through "Ca using
a potential with seven adjustable parameters.
They considered all possible configurations of
neutrons distributed in the 1f,„and 2p», orbits.
The (-', ) levels in 4'Ca and "Ca were predicted
too low.

In a previous communication, '6 we have pro-
posed a phenomenological effective two-body in-
teraction for a shell-model study of the calcium
isotopes. It has been shown that it is possible to
get a good set of two-body matrix elements from
this interaction. This conclusion was drawn by
an attempt to reproduce an empirical set of bvo-
body matrix elementse by which the experimental
data were well described. In this paper, we pre-
sent our study of the calcium isotopes "Ca through
'Ca using our effective two-body interaction. We

shall limit ourselves to discussing. binding ener-
gies, energy levels, and spectroscopic factors
for one-neutron transfer reactions. In our calcu-
lations we allow active neutrons in the lf,&„2P,&„
and 1f„,orbits with the restriction of a maximum
two neutrons in the 1f„,orbit. The model vector
spaces and different assumptions are described
in Sec. 3. We describe the effective two-body in-
teraction in detail in Sec. 2. In Sec. 4 we describe
the calculation and in Sec. 5 we discuss the results.
Single-particle spectroscopic factors are present-
ed in Sec. 6. A brief summary of our investiga-
tion is given in Sec. 7.

2. EFFECTIVE TWO-BODY INTERACTION

In the work of I.evinson and Ford" on the cal-
cium isotopes, we find that the empirical poten-
tial should be shallower and of longer range than
that required by the nucleon-nucleon scattering at
low energy. Mitler" had shown in the work of in-
termediate shell-model calculation for 'Ca and
~'Ca that the effective two-body internucleon po-
tential should be long ranged, with a weak-repul-
sive (rather than attractive) triplet-odd part and a
strong-attractive (rather than weak-repulsive} ten-
sor part.

It is desirable that a phenomenological form of
an effective interaction will contain some of the
features believed to be present in a realistic nu-
cleon-nucleon potential. Let us consider Hamada-
Johns ton's" nucleon-nucleon potential. Its short-
range part has a strong central-force component
in the singlet-even state. So there is some justi-
fication for treating the short-range part of the
internucleon potential by the j-j pairing force."
The j-j pairing force acts only in the single-even
state. Moreover, the pairing nature of particle-
particle interaction is enhanced by renormaliza-
tion effects due to core excitations. An important
feature of ground-state energies of nuclei with
fixed proton or neutron number is the pairing ef-
fect, but a pairing force alone is a very poor ap-
proximation to the effective nuclear interaction.
The longe-range part of the realistic force is
mainly determined by the one-pion exchange po-
tentia, l which is of tensorial character. The need
for a tensor force for shell-model study has been
demonstra. ted in the past. " ' There are indica-
tions that a part of the residual interaction takes
place at the nuclear surface. The long-range part
of the "pairing-plus-quadrupole" interaction"
which has been quite successful in accounting for
many systematic features of nuclear levels, is
well known to act mainly when nucleons are at the
nuclear surface. In view of the above discussions
we have considered an effective two-body interac-
tion which consists of the usual j-j pairing force
and a long-range part of tensorial character act-
ing at the nuclear surface only. The form of the
effective two-body interaction used in our investi-
gation is given below. As before, we shall refer
to it as PSTI' throughout this paper.

where

(o, ~ r)((r, ~ r) 1,
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and the operator q» is defined by its antisymmetrized matrix elements

(q, q, ZM~q„~q, j,ZM&=[(2q. + I)(2q, +I)]-""f,„~, , ~„.
Antisymmetrized two-body matrix elements for the tensor part of the relation (1) in the j jc-oupling

scheme can be easily obtained by the multipole-expansion method given by Talmi. " The result for T = 1
is given below in ] = s+l coupling scheme:

(j.j,

HAMI

a(~'/z, ') f (r, —z, ) f(r, —z,)s,.lj.j.JM)

= -6~10Bj,jj,j, l, l, l, l„[(1+5„)(1+5,~)] "'(-)~&+~~+'~+'b+~

].
Eo ja ~ ~b jb

—,
' l, j, (1,01,0~ IO&(1,01,0~ 10)

1 1
~ ~ 2 ~g Jg 2

+(-1)' .' .' —,
' l, j„—,' l, j, (1,01„0~ IO)(1,01,0~ 10)

1 ~ 1

x .' . =', l, j, —,
'

l~ j~ (l Ol 0~ 20)(l 01~0~ 0)

+ —,
' I, q, —,

' l, q, (1,01,0~00&(1,01,0~20&

1 1

+(-)'- —&'.' ". —,
' l, j, —,

' I, q, (1,01,0~20)(1,01,0~00)

+ g l~ gg -2 l, j, (1,01~0~00)(l), 01,0~ 20)
~

+—M10 p (2K+ 1)
I

(2)

In the above relation, x signifies (2x+1)'",
(1,01,0~ 20), etc. are Ciebsch-Gordan coefficients.

p L, j,
—, $, j, etc.

2 1

stand for 9j coefficients. %'e assume that the par-
ticle radial wave functions all have the same am-
plitude 3t the nuclear surface and the state-inde-
pendent radial integrals thus obtained are ab-
sorbed in the parameter J3.

3. ASSUMPTIONS AND CHOICE

GF CGNFIGURAV'IGNS

A. Assumptions

We assume that the basic assumptions of general
shell models are valid Bnd the effective nuclear
forces are two-body forces. In our calculation we

consider "Ca as an inert core. Thus, total ener-
gy of a calcium isotope "'"Ca can be written as
the sum of two parts: E =E,+E. „where E, is
the binding energy of the Ca core and E;„, is the
interaction energy of the n extracore neutrons
moving in a central field supplied by this core.
We take the central field in which the extracore
neutrons move to be the same for all nuclei in
which these particles can be placed in the same
j orbit. This is consistent with our previous find-
ings on the systematics of nuclear separation en-
ergies. " Accordingly we expect that the interac-
bon parameters determining E;„, remain constant
for the isotopes 'Ca through 'Ca. Moreover,
there is evidence that "Ca forms a good closed

2 29

B. Choice of Configurations

In our investigation we consider If„„2p»„and
If„,as active orbitals. We form states by dis-
tributing extracore neutrons in these orbits. How-
ever we allow a maximum. of two neutrons in the
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lf„, orbit. All Pauli-allowed configurations of the
form (lf„,)", [(1f„,)"&(2P„,)"2] where n, + n, = n (the
number of extracore neutrons) [(lf„,)" '(lf„,)'],
and [(lf»,)" '(lf„,)'] are considered. The unper-
turbed lf„, orbit is rather high. It is plausible to
assume that the excitations of three or more neu-
trons in the lf„, orbit will not affect the low-lying
states appreciably. On the other hand, since our
effective two-body interaction has a strong pairing
character, we believe that the excitations of two
particles in the lf„, orbit are important.

4. DESCRIPTION OF THE CALCULATION

The calculations are made within the framework
of the conventional shell model. The energy ma-
trices are constructed in terms of two-particle
matrix elements and the single-particle energies.
We then diagonalize the model Hamiltonian in the
model vector spaces described before. The eigen-
values are characterized as nuclear energy levels
and the eigenvectors as wave functions of nuclear
states. We work in the seniority scheme.

Now we discuss the choice of the single-particle
energies (spe). In our truncated basis-vector
spaces, we need three single-particle energies

E'
pp E+ /

The values we use, are con-./" 3/2 5/2'
sidered from the shell-model interpretation of the
"Ca spectrum. We take the values from the work
of Belote, Sperduto, and Buechner" on the "Ca-
(d, P)~'Ca reaction. We find that in ~'Ca there is
splitting of the single-particle strength of the

2p„, and 1f», orbits. The position of the (-', )
ground state of 'Ca has a spectroscopic factor
of about 1. Thus the neutron separation energy
in "Ca determines the unperturbed lf», single-
particle energy. The 2p», strength was found to
be split over two states and the unperturbed level
was determined by weighting the two -', levels at
1.95 and 2.47 MeV by their spectroscopic factors.
The If», level which was observed to be split over
three states, carries only half of the single-par-
ticle strength. The spe taken in our investigation
are given below

e~y /
= 8.36 MeV,

e, p /
= 6.29 MeV,

e~~ /
= 2.86 MeV .

For the sake of convenience we consider binding
energies as positive quantities. We use the con-
vention in which a larger number represents a
more tightly bound state. We take the absolute
values of spe because we are interested in calcu-
lating the ground-state energies as well as the en-
ergy spacings.

The splitting of the single-particle strength in

"Ca suggests that 'Ca is not a very inert core.
It has been shown that this can be understood with
the introduction of core-excited states.""It is
desirable to include core-excited configurations
for the shell-model study. For simplicity, we
shall not consider this in our investigation. This
is, of course, a major imperfection of the work
we are discussing. There are uncertainties in the
single-particle energies. We expect that the slight
changes in the spe can be absorbed by the effective
interaction between nucleons without altering the
quality of agreement between theory and experi-
ment significantly.

There are two adjustable parameters in the ef-
fective two-body interaction which we use in the
present study. We determine these parameters
by a fit to the experimental values. For this pur-
pose we focus our attention on the experimental
ground-state energies. Since we describe the cal-
cium isotopes relative to the "Ca core, the ex-
cess of the binding energies relative to 'Ca is
determined by the interaction of the extracore neu-
trons. A major part of it comes from the one-
body part of the interaction. For example, if we
assume that the ground state of "Ca is a pure

(lf„,)' state then the one-body contribution is
66.88 MeV and only 7.06 MeV comes from the two-
body part. Thus, considerable discrepancies be-
tween calculated and experimental ground-state en-
ergies point to a defect of the residual two-body in-
teraction. We think so because we have assumed
that a slight change in the spe can be absorbed in
the effective two-body interaction. From previous
works, is clear that the low-lying states of the cal-
cium isotopes are dominated by pure (lf„,)" con-
figurations. Thus the four two-body matrix ele-
ments (f», 'J~V»~ f„,'J) with J=O, 2, 4, and 6
are very important in determining these states.
The results on strengths for ground-state to
ground-state transitions suggest that the ground
states for " ~'Ca are almost pure. Moreover,
the e,z„, is less uncertain. The ground states
are affected primarily by the matrix elements
(f»,'J~ V»~ f„&,'J) and are less sensitive to other
two-body matrix elements and to the single-par-
ticle energies. So, we hope to get a good set of
two-body matrix elements by adjusting the interac-
tion parameters so as to get a reasonable agree-
ment with the experimental binding energies. Fi-
nally, it is well known that the core-excited states
appear in the calcium isotopes through "Ca. If
the excited energy levels are considered in deter-
mining the interaction parameters, there is a
chance that some core-excited states are also in-
cluded in the fitting procedure. We do not want to
make any assumption regarding the choice of the
core-excited states. Once the parameters are de-
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TABLE II. Calculated and experimental binding energies for Ca- Ca rela-
tive to 4 Ca, The units are MeV. The percentage of ground-state wave function
made up of pure (1f7&2)" configuration is also shown.

Mass number
of

calcium isotopes

Binding energies
Experimental Calculated

(Me V) (Me V)

Percentage of
pure (1f7&2)"

configuration

42
43

45
46
47
48

19.84
27.76
38.90
46.32
56,72
64.00
73.94

19.65
27.66
38.58
46.24
56.80
64.09
74.26

95.88
95.88
91.80
92.16
88.38
89.87
86.99

a From Hef. 33.

termined we calculate the excited energy levels.
It is, therefore, possible to judge which of the ex-
perimentally observed states can or cannot be ac-
counted for by our chosen configurations. The two
interaction parameters A and B are determined by
a fit to the seven experimental ground-state ener-
gies. The parameters thus determined are given
below:

A. =-0.194 MeV and B=-2.020 MeV.

In order to give an idea of the two-body matrix ele-
ments which we have used in our calculations, we
present some of them in the Table I. The

(f», 'J~ V»~ f„,'J) matrix elements are all quite
similar to those obtained in empirical effective-
interaction calculations. The average value, de-
fined by V,„,=P~(2J+1)(f„P„,J~V„~f„P„,J)/
g~(2 J+1) of the f„,P„, two-body -matrix elements
is -0.0005. It is slightly repulsive. Federman
and Pittel pointed out that it was essential to con-
sider the various 2' levels in "Ca in the fitting
procedure to reduce the stastical errors in

f„,p», two-body m-atrix elements. ' However,
the assignment of 2' to levels at 6.33 and 6.79 MeV
are less certain. We did not consider excited lev-
els to get the interaction parameters.

S. RESULTS

A. Binding Energies

In Table II we show the calculated and experi-
mentally determined binding energies relative to
4'Ca. The experimental values are taken from the
1964 mass table. " The agreement is good. We
also show the percentage of ground-state wave
functions made up of pure (lf„,)" configurations.
It indicates that the ground states of these iso-
topes are dominated by pure (lf„,)" configurations.
This is consistent with the experimental results
on strengths for ground-state to ground-state tran-
sitions.

B. Energy Spectra for the Even Isotopes

We have calculated only positive-parity states
for even-even nuclei. For this reason, we omit
parity assignments from the energy spectra for
the even calcium isotopes and we also do not pre-
sent the experimental negative-parity levels.

6.19

5.47
5.18

4.5 4
4.25
3.97

2.4 5

1.87

6.27
6.10
6.01
5.85

5.2Q,
5.0$
4.86
4.75
4.4 5

2—2 (4)

365 2
339 2
3.1 9

2.75
2.42 2

184 0
1.52 2

6.QO

5.82

5.37
5.23:
4.5 6—
4.2 3

3.83

1.92

0

CALCULATED (a)

0

E X PE RIME NTAL

42(

CALCULATED (b)

FIG. 1. Experimental and calculated energy levels
of 4'Ca.

"Ca

In the case of the 4'Ca nucleus, the calculations
are done in two basis-vector spaces with the same
interaction parameters. For the first model space,
extracore neutrons are allowed to occupy only
lf„„2P»„and lf,~, orbits. For the second mod-
el space, all the f Pshell or-bits, i.e. lf„„2P„„
lf„„and 2p„, orbits, are active. The single-par-
ticle energy taken for the 2P», orbit is 4.23 MeV.
The calculated and observed positions of levels in
4'Ca are shown in Fig. 1. "Calculated (a)" in Fig.
1 shows the results for the first model space and
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"Calculated (b)" shows the spectrum for the sec-
ond model space. The experimental values are
taken from the (t, p) reaction data of Bjerragard
et al." We have not shown the unassigned experi-
mental levels. The calculated binding energy for
the second model space is 19.70 MeV relative to
the "Ca nucleus while for the first model space it
is 19.65 MeV. We see that the relative positions
of the levels with respect to the ground state are
not affected significantly with the inclusion of the

2P», orbit in the basis-vector space. However,
one 4' level appears at 5.82 MeV which corre-
sponds to the observed 4' level at 6.10 MeV. The
dominant strength in this state is

~ f,&P»„J=4),
which has an amplitude of 90%. The 0' level ob-
served at 1.84 MeV is not described in both the
model spaces. The same result has been obtained
in most of the previous calculations described in
the introduction. Federman and Talmi' described
this level as a deformed state which is in agree-
ment with the (d, t) reaction data. '4 Pickup data'4
also show that the 1.52- and 2.42-MeV 2' levels
equally share the

~ f», ', Z= 2) configuration. These
two states have been nicely described by mixing
deformed states formed by exciting two protons
from the s-d shell. "" The resulting wa, ve func-
tions for both these states have been found to con-
tain a strong

~
deformed, J= 2) component. In our

calcula. tions we have not considered core excita-
tions. Accordingly, we expect that our model pre-
dicts one 2' level in this region sharing the total

~ f,~,', 4=2) strength. We also expect that the
position of this unperturbed level is determined
by weighting the two 1.52- and 2.42-MeV 2+ levels
by their spectroscopic factors for neutron pickup
from the lf, &, orbit. The unperturbed position thus
determined (P S, E, /Q S) is at 1.99 MeV. Spec-
troscopic factors for l=3 pickup are taken from
the Ref. 34. For the first model space, the cal-
culated 2; level is at 1.87 MeV and the l = 3 spec-
troscopic factor is 0.40 which is nearly the sum of
the observed 1=3 spectroscopic factors (QS;
=0.42). For the second model space, the calcu-
lated 2+, level is at 1.92 MeV. The 4+ assignment
to the level at 4.45 MeV was made by Lippineott
and Bernstein. " This assignment is based on the
inelastic e-particle scattering experiment. In
view of our results we feel that this assignment
is correct. The calculated second 0+ state roughly
matches with the observed 0' state at 5.85 MeV.
The agreement between the calculated and experi-
mental spectra appears good. The density of
states observed in the "Ca(t, P)"Ca reaction" is
greater than our calculated density. This indicates
the importance of core-excited configurations not
included in our basis-vector spaces.

z.'
O
I-
I—

X
LLI

{0)
- I6)
(4)
2

{4)
0

0

7
8
2,6

I,5~' 16
-2.3~~1,'4

0 /+i
4 3,0,5

-3
2,5
6
4
2

0

EXPE R I ME NTA L CALCULATED

44C(

FIG. 2. Experimental and calculated energy levels
of 44Ca.

The calculated and observed spectra of 4~Ca are
shown in Fig. 2 and tabulated in Table III. The ex-
perimental values are taken from (d, p) and (t, p)
reaction data. ' ' The experimental spin a,ssign-
ments shown in the table are taken from different
experiments. ' ' 4 Only a few levels are dra. wn

in the figure. It ayyears that the agreement be-
tween the calculated and experimental spectra is
good. The 0' state at 1.89 MeV is not reproduced.
We believe that it is a core-excited level. In the
4'Ca(d, P)"Ca reaction, both the 2' states at 1.16
and 2.67 MeV are strongly excited." We think
that the 2' level at 2.67 MeV is also a core-ex-
cited level and this state is strongly mixed with
the sheD-model state. Accordingly, we expect
that the unperturbed position of the shell-model
2,' state is determined by QS,E,/QS, , where S,
denotes l =3 spectroscopic factors for these two
2' levels; The position of 2' level thus deter-
mined is at 2.00 MeV. Our ealcula, ted 2,' level is
at 1.86 MeV and its l =3 spectroscoyic factor is
1.32 which is very close to the sum of the l=3
spectroscopic factors (1.30) of the 1.16- and 2.66-
MeV 2+ levels. s' The calculated spectrum exhib-
its one 2' state at 2.77 MeV which is close to the
observed 2' state at 2.67 MeV. However, the
wave function of this state is strongly admixed
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TABLE III. Calculated and experimental levels in 44Ca.

Exp. Cal. Exp, Cal.

No. {MeV) J (Me V) J No, (Me V) J (Me V) J

10
11
12
13
j4

20
21
22
23
24

0
1.16 2

1.89 0

(4)
2,67 2

3.05 4
3.30 (6)
3.37 (2)
3.59 (0)
3.66 (5, 6)

3.68
3.73
3,79
3,88
4.03

4.10
4.21
4.36
4.49 (2)
4.60

4.62
4.66 (2)
4.70
4.83
4.99

0 0
1.86 2
2.45 4
2.77 2
3.l 9 4

3.27 6
3.66 2
3,66 5
4,01 3
4.33 4

4.92 3
4.92 5
4.94 0
4.99 1
5.04 2

5.10 4
5.12 1
5.24 4
5.24 8
5.35 3

5.37 2
5.51 5
5.59 6
5.67 3
5.85 7

25
26
27
28
29

30
31
32
33
34

35
36
37
38
39

40
41
42
43
44

45
46
47
48

5 02 (4)
5.14
5.17
5.24
5.30

5.35
5.39
5.41
5.47
5.56

5.74
5.78
5,83
5.87 (0)
5.98

6.05
6.16
6 44
6.58
6.74

6.78
6.91
7.00
7.84

5.99
5.99
6.11
6.39
6.65

6.66
6.75
6.96
7.31
7.35

7.48
7.57
7.72
7.76
7.84

7.97

and the calculated spectroscopic factor (see Ta-
ble lX) indicates that this level would be populated
very weakly in the (d, p) reaction. Thus we be-
lieve that this 2' state does not match with the ob-
served 2' state at 2.67 MeV. In view of our re-
sults, we predict such a 2' state in the 3-MeV
region.

Based on our results we also feel that the 4' as-
signments to the states at 2.29, 3.05, and 5.02
MeV (see the table) and 6' assignment to the level
at 3.30 MeV are correct. Qf the two possible
spins (6' and 6') for the level at 3.66 Me&, our
results justify 5' assignment to this level. The
calculated second 0' level, however, does not
correspond to the 0" assigned 3.59-MeV level.
For comparison between other theoretical and ex-
perimental levels, we refer to Table III. From
the table it is clear that the calculated density of
levels between 3 and 5 MeV is less than the ob-
served density. This indicates the importance of
the extension of our basis-vector spaces and the
inclusion of core-excited configurations. Another
point which we like to mention here is that the cal-
culated density of levels between 5 and 7 MeV
agrees well with the observed density in this re-
gion.

p)
——= 0)

5

QO3, 4,5
0

O

I—

X
LLj

0

EX P ER t MENTAL CALC ULATE D

FIG. 3. Experimental and calculated energy levels
of "Ca.
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TABLE IV. Calculated and experimental levels in 4~Ca.

Exp. Cal. Exp. Cal,

No. (MeV) (Me V) J No. (Me V) J (Me V) J
0
1.35
2.42
2.58
2.98

2
0

(4)

0 0
1.87 2

2.46 4
3,25 6
3,42 2

25
26
27
28
29

6.27 (2)
6.38
6.56
6,63 (2)
6.75

6.02
6.13
6.53
6.64
6.88

3,02 2

3.64 (2)
3.78
3.86
4.23

3,87 3
4.21 4
4.36 0
4.55 1
4,76 0

30
31
32
33
34

6.84
6,97
7.03
7.11
7.18

6.88
6.89
6.91
6.93
7.05

10
11
12
13
14

15
16
17
18
19

20
21
22
23
24

4.28
4.43
4.75
5.00
5.05

5.32
5.40
5.54
5.61
5.64

5.69
5.78
5.86
5.96
6.06

(2)
(4)

4.81 5
4.82 3
4.87 4
4.94 2

5.02 2

5.06
5.15 4
5.29 6
5.38 5
5.39 3

5.55 3
5.74 5
5.80 4
5.96 2

5.99 7

35
36
37
38
39

40
41
42
43
44

45
46
47
48
49

7.24
7.28
7.32
7.39
7.45

7.50
7.51
7.68
7.75
7,92

8,39

7.14
7,29
7.33
7.41
7 44

7.66
7.69
7.74
7.75
7.77

7.82
7.83
7.84
7.84
7.91

The calculated and observed spectra of ~'Ca are
shown in Fig. 3 and tabulated in Table IV. The ex-
perimental values are taken from the Nuclear Data
Sheets. ~' In the figure, only the spin-assigned ex-
yerimental levels and the calculated levels uy to
5.3 Me& are drawn. Table IV gives a detailed
comparison between the calculated and the ob-
served spectra. The agreement between the two
spectra is, on the whole, good. It appears that
some of the states, in particular the 0' state at
2.42 Me7 and 2' state at 3.02 MeV are to be inter-
preted as core-excited states. We reproduce only
one 2' level for the two observed at 1.35 and 3.02
Me7. The calculated 2,' level is at 1.87 MeV.
This is consistent with the assumption that these
two 2' levels are strongly mixed as in the case of
'Ca and ~Ca nuclei. The calculated 2,' level

matches with the observed 2' level at 3.64 Me&.
The (t, p) reaction data'0 favor 2' assignment to
the 4.43 MeV state. Based on the inelastic scat-
tering 4'Ca(d, d') results Belote etal. ~' assigned
3 to this level. Our calculated 2,' level does not
match with this level. The calculated second and
third 0' levels seem to be low. The agreement
between the observed and calculated density of

levels, in particular between 5 and 8 MeV, is
very good (see the table). Such agreement is also
observed in the case of ~~Ca. We have mentioned
before that the core excitations also play a role
in ~Ca. Inclusion of core-excited configurations
in the basis-vector spaces wi11 certainly increase
the calculated density. Here we like to mention
that in the case of ~6Ca, the experimental levels
are mainly available from the (t, p) reaction data.
In the case of ~Ca, a large number of levels be-
low 5 Me& are observed in the (d, p) reaction
which are not seen in the (t, p) experiment. Thus
we hope that more levels will be seen in the case
of "Ca also in other experiments. Similar argu-
ments have been given by Mcorory, Wildenthal,
and Ha]bert. ~~

"Ca

The calculated and the experimental energy lev-
els are listed in the Table V and shown in Fig. 4.
The experimental values are mainly taken from
the 'Ca(p, p'y) 'Ca reaction. ' En this experiment
mostly all the levels, observed by other experi-
ments, were recognized and in addition many new
levels were established. We have also included in
the table two more levels observed at 6.48 and
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(2)

—(2)

6.79 MeV in inelastic a scattering44 (6.48 MeV)
and (f, p) experiments. " Levels which are as-
signed with only negative-parity spins are omitted.
Experimental spin values are taken from different
marks. ""' ' The calculated first 2' level is
a little lom. The first excited 0' level is weH re-
produced. This indicates that this is not a core-
excited state. This is supported by the (f, p) ex-
periment. " The (t, p) transition to the first ex-
cited 0' state is 60% of the ground-state transi-
tion. Configuration of the type (f»,)" (d„,) ' for
this 0' state cannot explain such strong transi-
tion. ' The calculated second excited 0' level is,
however, j. MeV high. Our results do not agree
with the 2 assignment to the level at 4.62 MeV.
The over-all agreement between the calculated
and the experimental spectra is good. The strik-
ing feature is that the calculated density of states
agrees very well with the observed density.

E XPERlMENTAL CALCULATED

FIG. 4. Experimental and calculated energy levels
of Ca

C. Energy Spectra for the Odd Isotopes

Now me describe our results for the odd calcium
isotopes. In our model, only negative-parity
states for odd-A. nuclei are calculated. So me

omit parity assignments from all the theoretical
and experimental spectra. For the sake of con-
venience, we show 2 J value for each level. Multi-

No.

Exp.

{MeV)

E
(Me V) J No. (Me V) J

TABLE V. Calculated and experimental levels in 4 Ca.

Cal. Exp, Cal.

{MeV) J

10
11
12
13
14

15
16
17
18
19

20
21
22

0 0
3,84 2

4.29 0
(3-, 3)

4.62 (2)

5.15 (3-, 5)
5.27
5,32
5.46 0
5.74 (2, 3, 5-)

{4)

6.79
6,82
6.90
7.31
7,40

7.44
7.59
7.65

6.11 (2)
6.35 (4, 2, 1 )
6.48
6.62
6.65

0 0
3.27 2

3.82 0
3,82 3
4.20 4

4.79 5
5.55 2
5.59 2
6.10 4
6,47 2

6.50 0
6.64 1
6.73 4
6.88 3
6„91 6

6.92 2

7.32 3
7.41 5
7.43 4
7.62 2

7.86 6
7.87 4
7.95 1

23
24
25
26
27

28
29
30
31
32

33
34
35
36
37

38
39
40
41
42

7.67
7.96
8.04
8.07
8.08

0.25
8.28
8.38
8.44
8.49

8.53
8.59
8.60
8.67
8.79

8.81
8.83
8.89
8.92
8.96

9.13
9.21

8.03 3
8.11 5
8.23 6
8.57 4
8.63 1

8.65 0
8„70 6
8.79 1
8.81 0
8.81 3

8.9'1 2

8.93 6
9.01 4
9.07 2

9.19 7

9.21 5
9.32 3
9.36 4
9.48 3
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FIG. 5. Experimental and calculated energy levels
of 4'Ca.

Figure 5 and Table VI show the comparison be-
tween the calculated and the observed spectra of

pie spin assignments to one calculated level mean
that there is a level for each indicated spin at the
same energy. Energy levels which are tentatively
assigned with positive-parity syins are omitted
from the discussion.

4'Ca. The experimental values are taken from the
compilation of Endt and Van Der Leun~' and (d, p)
reaction data. ~' Since our calculated density of
states is much less than the observed density, we
have preferred to list only the negative-parity-
assigned experimental levels. However, we have
included the 2.75-MeV level which has three pos-
sible 2J values (2', l5, 1'). The experimental
spins shown in the table are obtained from differ-
ent sources. ~ ~' " In order to increase the cal-
culated density of states it is essential to consider
core-excited configurations in the basis-vector
spaces and also to increase the model space by
the inclusion of other orbitals. The position of
the first calculated —,

' level is somewhat too high.
Qur calculations more or less support the assign-
ments of —,', '-,', and '-,' to the 2.10-, 1.68-, and
2.75-MeV levels, respectively. ~ " The calcu-
lated first and second —', levels agree well with
the established 0.59- and 2.05-MeV —', levels.
The tentative assignments of —,

' to the levels at
3.28 and 3.81 MeV appear to be valid in view of
our results. ~'

4$g

Figure 6 compares the experimental and calcu-
lated energy spectra of 4'Ca. The experimental
values are taken from Nuclear Data Sheets. ~
Qnly negative-parity spin-assigned experimental
levels (except two levels at 1.56 and 1.58 MeV)
and the calculated levels up to 5.3 MeV are drawn
in the figure. The bracketed experimental spins
indicate a tentative assignment. There are 90
levels below 6.31 MeV listed in the Nuclea~ Data
Sheets and we have calculated only 50 levels up to
6.5 MeV. It indicates the importance of core ex-

TABLE VI. Calculated and observed energy levels of 43Ca.

No.

Exp.

(Me V) 2J
Cal.

E
{MeV) 2J No.

Exp.

(Mev)

Cal.

(MeV) 2J

0 7

0.37 5
0.59 3
1.68 (11)
2.05 3

0 7
0,80 3
0.94 5
1.62 9
1.74 3

14
15
16
17
18

3.29 (3, 1)
3.31 (3, 1)
3.56 (3, 1)
3.60 (3, 1)
3.81 (7)

3.80
3.90
4.01
4.53
5.08

9
7

13
11

7

2.07 (15)
2.10 (9, 3, 1)
2.27 (9)
2,61 (1,3)
2.67 (5)

1.98 11
2,96 1
3.00 5
3.07 3
3.12 15

19
20
21
22
23

3.86 (1,3)
4.20 (1)

(1,3)
4.46 (5)
4,90 (1,3)

5.27 15
5.31 3
5,42 5
5.65 5
6,13 7

2.75 (3', 1', 15) 3.18 7
288 (1 3) 330 9
2.95 (3, 1) 3.52 5
3.28 (7, 5, 3, 1) 3.65 11

4.98 (1,3)
5.03 {1,3)
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We confirm this assignment. The —,
' assignment

to the level at 2.25 MeV does not agree with our
results. The calculated —,

' level at 3.46 MeV is
in very good agreement with the observed 2

level
at 3.46 MeV. It is mentioned in the Nuclea~ Data
Sheets~~ that the 1.56- and 1.58- MeV level pair
may be the —,

' and '-,' components of the (f»,) '
configuration. Our result support these assign-
ments. Many of the spins which are tentatively
assigned agree with our results. Qn the whole the
agreement between the calculated and observed
spectra is good.

47g

EXPERlMENTAL CALCULATE. D

FIG. 6. Experimental and calculated energy levels
of "Ca.

citations in this nucleus also. Since the number
of experimental levels is too much we have pre-
ferred to list only the calculated energy levels in
the Table VII. The calculated first —,

' level is too
high and the first and second —', levels are a little
low. We predict a third —,

' level at 2.8V MeV.
This level nicely agrees with the observed level
at 2.84 MeV which is tentatively assigned with —,

The calculated and observed spectra of 4'Ca are
shown in Fig. 7 and they are tabulated in Table
VIII. The experimental values are taken from
Nuclear Data Sheets. " In this case we have also
shown those positive-parity spin-assigned experi-
mental levels whose l„ transfers are uncertain.
In the figure, however, only negative-parity spin-
assigned levels are drawn and the spins of those
levels for which authors cannot distinguish be-
tween l„=2 and l„=3 transfer, are not indicated
(see Ref. 41). For a critical comparison between
the two spectra, we refer to Table VIII. The ex-
perimental information on the spins of the energy
levels in 4'Ca is not sufficient. Most of the spins
are tentatively assigned. It is difficult to draw
any conclusion about the agreement between the
two spectra. However, some of the spin assign-
ments agree with our results. The calculated

TABLE VII. Calculated energy levels of 45Ca.

Cal.

(MeV) 2J No.

Cal,

(MeV) 2J

Cal.

(MeV)

0
0.83
0.91
1.50
1.64

2.00 11
2.75 5
2.81 1
2.87 3
2.97 7

3.00 9
3.06 15
3.22 5
3.46 1
3.53 11

3.61
3.62

17
18
19
20
21

22
23
24
25
26

3.64 9
3.67 7
3.90 3
3.98 13
3.99 7

4.00 5
4.05 9
4.30 11
4.43 13
4.46 9

448 7
4.58 7
4.69 11
4.76 15
4.85 3

5.14 11
5.19 5

35
36
37
38

39
40
41
42
43

45
46
47
48

5.20
5.24
5.42
5.44
5.48

5.67
5.84
6.01
6.03
6.19

6.20
6.29
6.24
6.40
6.42

6.50

15
3
5
5

13

7
9
3
3

11
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FIG. 7. Experimental and calculated energy levels
of 4'Ca.

first excited level (3 ) is too low and the -', as-
signment to the level at 4.06 MeV does not corre-
spond to our results. The remarkable feature
which we like to point out here, is the agreement
between the calculated and observed density of

states. There are 35 levels (including those
whose I„ transfers are uncertain) reported below
6.6 Me7 and the calculated number of levels be-
low 6.6 MeV is 36.

6. SINGLE-NUCLEON SPECTROSCOPIC
FACTORS

To the extent that the present theory of direct
reaction is applicable, stripping and pickup re-
actions give structural information about the wave-
functions of nuclear energy levels through their
spectroscopic factors (S). In this section we com-
pare the experimental spectroscopic factors for
these two types of reactions with those calculated
using our wave functions.

Table IX shows the comparison between the cal-
culated and experimental spectroscopic factors
for stripping reactions. The agreement is good,
particularly, for those cases where levels are
strongly populated in the transfer reactions. How-
ever, our calculated values are reversed for 4'
levels at 2.29 and 3.04 MeV in 44Ca. The domi-
nant strength in the calculated 4' level at 2.45
MeV is ~(f„,)4, v=-2, g=4) which has an amplitude
of about 96%.

In Table X we compare the spectroscopic factors
for pickup reactions with our calculated values.
A.gain, the agreement is good. The calculated
spectroscopic factors are large for those levels
which are strongly excited in the pickup reactions.
This is in accordance with the experiments.

TABLE VIII. Calculated and observed energy levels of 47Ca.

No.

Exp.
E

(Me V) 2J

Cal.

(MeV) No.

Exp.

(MeV) 2J

Cal.

(MeV) 2J
0 (7)
2.02 (3)
2.85 (1)
2,85 (5, 7)
2.88 (1)

0
1.35
2.60
2,76
2.79

18
19
20
21

5.19 (1,3)
5.22
5.25
5.31 (5, 7)

(5, 7)

5.03 15
5.26 7

5.49 9
5,62 1
5.66 5

10
11
12
13

3.30 (1,3) 2,84
3.43 (5, 7) 2.89
3.57 (1,3) 3.11
3.88 3.52
3.97 (3+, 5 ) 3.56

4.02 (1,3) 3.58
4.06 (1) 4.01
4.10 4,18
4.22 (3,5 ) 4.22
4.40 (1,3) 4.44

9
7

13
11
3

28
29
30
31
32

5.46 (5, 7)
5.49 (1, 3)
5.64 (5, 7)
5.76 (1, 3)
5 81 (5, 7)

5.84
5.87 (1, 3)
6.06 (5, 7)
6.19
6.27

5.71
5.78
5.79
5.83
5.88

5.90 11
5.99 3
6.05 3
6,14 7
6.17 5

15
16
17

4.60 (5, 7)
4.78 (5)
4.81 (1,3)

4.73
4.78
4.90

6,37
6.56

6.27 11
6.33 5
6.40 9
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TABLE IX. Experimental and calculated spectroscopic factors from stripping
reactions.

Calculated
2J

(odd A)
or J

(even A)

Experimental
2J

(odd A)
or J S

(even A) l =1
Final

nucleus (Me V)(MeU) l =3 l =1

0.0
0.80
1.74
3.07

0.750.0
0.59
2.05
3.28

0.008
0.96
0.008

0.05
0.75
0.05

44( ab 2.88
0.09 0.58
0.01 0.72

0.20
1.32
1,48

3.83
1.32 0.003
0.001 0.004
1.33
0.002 0.002
1.33

0.0
1.86
2.77
2.45
3.19
3.27

0.0
1.16
2,67
2.29
3.04
3.30

0.42 0.0
0.83
1.50
2.87

0.510.0
1.43
1.90
2.85

0.12
0.64
0.21

0,011
0.92
0.011

4'tCa d 0.0
1.35

0.27 0.260.0
2,01 0.82 0.90

a Reference 47.
b Reference 39.

J. Rapaport, W. E. Dorenbusch, and T. A. Belote, Phys. Rev. 156, 1255 (1967).
J. H. Bjerregaard, O. Hansen, and G. Sidenius, Phys. Rev. 138, B1097 (1965).

Experimental
2J

(odd A)
or J S

(evenA) l =1 l =3

Calculated
2J

(odd A)
or J

(even A)
Final

nucleus (Me V) (Mev)l =3 l =1

42( aa 0.0
1.53

0.75
0.03 0.21

0.75 0.0

0.40 0.0002 2 1.87
2.44
2.76
3.20

0.04 0.21
0.10 0.75

1.08
0.72 0.0006
1.04

2,45
3.31

"Cab 0.0
0.59
2.05

3.8 3.83 0.0
0.80
l.74

0,10
0.18

0.003
0.14

Ca 0.0
1.90

6.5 5.76 0.0
1.50&0.04 0.17

4'Ca ' 0.0
2.02

6.48 7.72 0.0
1.350.13 0.14

~ Reference 34.
b Reference 49.
~ J. H. Bjerregaard, O. Hansen, and G. R. Satchler, Phys. Rev. 160, 889 (1967).
d R. J. Peterson, Phys. Rev. 170, 1003 (1968).

TABLE X. Experimental and calculated spectroscopic factors from pickup reac-
tions.
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7. SUMMARY

In this paper we have described a conventional
shell-model study of the calcium isotopes
(A = 42-48) using a phenomenological effective
two-body interaction. The effective interaction
consists of usual j-j pairing force plus a tensor
force which acts at the nuclear surface only
(PSTI). PSTI has two adjustable parameters.
These parameters have been determined by a fit
to the experimental ground-state energies only.
The reasons for taking ground-state energies to
obtain the interaction parameters are discussed
in the text. ~'Ca is assumed to be an inert core.
Besides all possible configurations arising from
I f,~, and 2p», orbits, we have also considered a
configuration of the form (If„,)"' (If,g,)"' where
n, + n, = n, the number of extracore neutrons and

n, =1, 2 in the basis-vector spaces. Since the
If», orbit is rather high we think that the excita-
tions of three or more neutrons in that orbit will
not alter our findings appreciably. To have an
idea of the effect of increasing the basis-vector
spaces, calculations for 4'Ca are also done in
another model space where all the f-p single-par-
ticle orbits are active. In view of our results,
we remark that it is necessary to consider exci-
tation of particles out of the "Ca core to under-

stand the spectroscopy of the calcium isotopes
~'Ca through 4'Ca in a more accurate way. Some
of the excited levels, in particular, the second
0' and 2' levels of 'Ca, 4~Ca, 'Ca, are to be
interpreted as core-excited levels. The agree-
ment between the calculated and experimental
ground-state energies and excited energy levels
is good. The striking feature is the remarkable
agreement between the calculated and observed
density of energy levels of "Ca and "Ca. For
these two nuclei, we believe that the core excita-
tions do not play any significant role in determin-
ing the energy levels. %e have also compared
the experimental spectroscopic factors for strip-
ping and pickup reactions with those calculated
using our wave functions. The agreement between
the two is also good.
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Yields for 40 nuclides have been determined in the interaction of 3- and 29-GeV protons with V.

Most of the radionuclides were measured by direct y-ray spectroscopy of the irradiated targets; stable

Ne and Ar isotopes were measured by mass spectrometry; radicargon isotopes were determined both
mass spectrometrically and by radioactivity measurements. Charge dispersion curves were derived from

independent and cumulative yield measurements for the mass regions 22—29, 36—41, and 42-48. The
curves for 29 GeV are almost identical with the corresponding ones for 3 GeV. Total isobaric cross
sections were determined at many mass numbers by estimating the unmeasured cross sections, from the

charge dispersion curves, and adding them to the directly measured ones. Thus mass-yield distributions
were obtained. At 3 GeV the total isobaric cross section is 30 mb at mass 47 and it decreases to a
minimum of 8 mb around mass 24. At 29 GeV the cross sections are slightly lower than at 3 GeV for
the heavier products, down to about mass 30, and somewhat higher for the lighter products, below

mass 30. The mass-yield distributions from V are similar to those determined from Cu and Ag. It is

shown that the experiniental results (including those from Cu) do not agree as well with the Monte
Carlo cascade calculations of Metropolis et al. , as has been generally supposed.

INTRODUCTION

Several detailed high-energy proton spallation
studies of the light- and medium-weight elements
aluminum, "copper, ' ' and silver' have been
made. Most of these studies were based on ra-
diochemical separations and were usually limited
to product nuclides with half-lives ~%0 min. T'o

study charge-dispersion and mass-yield relation-
ships it is necessary to measure the yields of
many nuclides on both sides of P stability. Such
data help us understand the nuclear reaction
mechanisms.

With the availability of high-resolution Ge(Li)
detectors and fast magnetic tape read-out sys-

tems it is now possible to identify and measure
without chemical separation the yields of nearly
all y-emitting radionuclides produced from a tar-
get with Z ~30 irradiated with GeV protons. ' "
For targets with Z&30 the problem of unresolved
y-ray lines becomes increasingly troublesome'
and the proportion of the radionuclides that cnn
be determined becomes more and more limited.
Mass spectrometry, though in general less sensi-
tive than radioactivity measurement, has also
been used in nuclear reaction studies. " " By
combining these two methods we have measured
the cross sections for 40 nuclides with half-lives
greater than 2 min produced in the bombardment
of vanadium with 3- and 29-GeV protons. Prom


