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The binding energies of the lowest isospin singlet (J"=1%) and triplet (J"=0%) states of °Li are
calculated on a multichannel three-body model in which the internal structure of the a particle is
approximately represented by a two-state system. The n-a interaction is given by a two-channel
I-dependent potential that is obtained by fitting low-energy scattering data. The np interaction is taken

to be the Pease-Feshbach potential.

The Faddeev equations are generalized to allow spin and internal structure of the particles and are
solved in the separable t-matrix approximation for bound-state energies. The results obtained are in
good agreement with experiments and the effect of the « internal structure is discussed.

I. INTRODUCTION

The three-body model of ®Li was first treated
in great detail by Wackman and Austern.! They
solved the three-body Schrdédinger equations by
the Rayleigh-Schrédinger variational technique.
The calculated electromagnetic moments and the
charge radius of the ground state are in general,
in good agreement with experiments. The energy
levels are, however, shifted upward from the ex-
perimental values by about 3.5 MeV. Moreover,
the spacing between the 0* level and the ground-
state level is found to be too small that the 0*
level lies below the 3* level in contrast to ex-
periment.

The problem has also been considered by Shan-
ley? in his study of d-« scattering. He applied the
formalism of Amado® with separable two-body po-
tentials to solve the three-body problem. While
he obtained rather good fits to the d-a scattering
data, the binding energies he found were a little
too small even before the repulsive Coulomb en-
ergy was included. Shanley attributed these dis-
crepancies to the repulsive s-wave N-a interaction
he had chosen.

More recently, Shah and Mitra* calculated the
binding energies for the lowest isospin singlet
and triplet states of 5Li by solving the Faddeev
equations with separable two-body potentials.
They found that the ground-state (7'=0) energy is
too low and the excited-state (7'=1) energy is too
high.

In all the existing works, an assumption is made
that the « particle is a structureless elementary
particle. While this assumption simplifies the
calculation greatly, its justification is not really

7

convincing.

As has been pointed out by Fulco and Wong® in
their paper on the ground state of the three-«
system, the inelastic channels of the a-a inter-
action may have very significant effects on the
three-body binding energy. In fact, the present
authors have made a calculation on the multi-
channel three-a model of *2C and found that the
binding energies for both the lowest 0" and 2*
states are in good agreement with experiments.
It was also pointed out in Ref. 6 that even though
the effect of internal structure of o particles on
the three-body binding energy is not very large
within the framework of the model itself, a simi-
lar single-channel potential that fits the same two-
body scattering data may give different binding
energies of the three-particle system.

In this paper we shall consider the (npa) sys-
tem as a multichannel three-particle problem by
assuming that the internal structure of the o par-
ticle may be approximately represented by a two-/
level system. This means that the a particle in
the nucleus maintains its identity although it may
be either in its ground state or in its excited state.
With a phenomenological N-a potential obtained
by a multichannel analysis of the low-energy two-
body scattering data, this picture has effectively
taken into account all the inelastic-channel ¢on-
tributions except for breakup of the o particle.

In Sec. II, we make a complete angular momen-
tum reduction of the Faddeev equations that is
generalized to allow the spin and internal-struc-
ture quantum numbers. In Sec. III, we describe
the np potential to be used and how the multichannel
n-a potential is obtained. The results of the cal-
culation are discussed in Sec. IV.
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II. GENERALIZED FADDEEV EQUATIONS

We shall consider a general three-body system of particles that may have different spin or internal-
structure states. The latter will be specified by the set of quantum numbers (r,m,). Thus for an ele-
mentary particle » =m, =0 and for a two-state particle =%, m,=x3. These quantum numbers can be
treated in exactly the same manner as the spin quantum numbers except that they do not couple with the an-
gular momentum operators. Thus, if we work in a representation in which particles j and & form a sub-
system w1th partlcle i left free, then the internal state of the subsystem is characterized by Ri b3 j+rk
and ] = R +T; is the corresponding quantum number for the three-body system.

The three body states in general have three parts: the internal structure part

I'Vi>,-5,7’imri§ (VJTk)RimRi>i, (1)
the spin part
IB,'>{ = I[s,(s,-sk)S,] Sms>i, @)

and the spatial part |B,§,);, where B, and §; have their standard meaning. As is well known, one can per-
mute ¢jk cyclically to obtain the states in different representations. The transformation between i and j
representation is given by

lquj$ ,;7’,) E 2 2 ¢<ﬁz|31>f

S; rymy; Gmg

rv; R, ® v; R; &
x(m - ) (m,j . g ) K RIS |, R B8535 (3)
Since we are going to calculate the energies of bound states with definite spin-parity J, we shall for con-

venience use the three-body state in the following form with obvious notation

,Piqn Q37 >i lpi[(sjsk)s l{]g{, qi(s L)I,,JM,')’;>“ (4)l

where, as in (1) and (2), we have denoted the set of angular momentum quantum numbers collectively by
the symbol a;.

With the three-body states defined as in (4), the generalized multichannel Faddeev equations can be
written in the form

¥ (pgy, z) = @‘f’(pcm)—— > Zf d;b,f dq;? PETq] +€P’q’

+ € -
ijRj 4

i*i ooy,
XK Dpgay |p; a0,y ¥ (b, 4505,2) ?
where
¥D(payz) = {pgay | TV() |, t62)
89 (pqyz) = (pgay | T,(2) ), o
K% Dpgay|p;a;0,7,) = paay| Ti(2) 1p; a,0,7,),
=20 {paay | T=) [psasav:); s sy b 450750 5, (6c)

Ay
where €, g and €5 smp; are the internal-state energies of the corresponding subsystems. In order to solve
the Egs. (5) for bound states, we need to decompose the angular momentum states involved in
K %9 (pgay| p;4;0,v;). This can be done by (i) expressing the two-~body ¢ matrix in three-body Hilbert
space in terms of the ordinary two-body ¢ matrix, (ii) inserting a complete set of states

_Z_Z 'ﬁjﬁjﬁﬂ’j)(ﬁjﬁjﬁﬂ’j ’

P;4;

into (6¢), and (iii) carrying out the angular integrations by rotating the coordinate axes from space-fixed
system to body-fixed system. The procedure is essentially similar to those introduced by Omnes” and by
Ahmadzadeh and Tjon.® The details of the calculation can be found in a thesis by Chuu® and here we simply
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give the reduced form of the kernel:

K(“)(an'}’lqul'aj?’j)=5JJ,~5MMJ- 20 20 8y (S1)FitETETRENR i+ DER;+
RimRi Rmg

><(2(R+1)3yiyka$<'T" R, (R)(rj R, (R)

7; ® Ry\\m,, mpg, —mg m,, Mg, —Mq

4”2 U(L,;, U,;, p°) .
X ijs YiisPj (2£ + 1)(_1)li+lj-Li-Lj+sj+sk-S1
9  ayBibig; siz;i ?

x [(21,+1)(2S;+1)(21,; + 1)(24, + 1)(2S, + 1)(21,, + 1)(29, + 1)] /2

s; L 1) (s; L, I,
Si li gi Sj lj gj

ssijs
8§ £ J § £ J

X3 (-1)2% (28 + 1)§s;' 3 s

I, L; L Ly £ ) . ,,n
X Z Z(O ny, —ng, )(n,i ny; —ng, Y'i"zie’ i’ 2+( -)
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XYE o, By MY, ,,Lj(Gqu L0V 1SS RRy(py o g2 _ €rim ) )
where
m.m. 1/2
= mm;
ay; [(mi +mm)m +mk)] ’ (8)
Bi=(1—-a,)", (9)
Uiy =(ay; 4;+9) /B, (10a)
Li;=(a;;q;,-4°)/B:f, (10b)

and P is the cyclic permutation of the particle indices 7 and j.

It is noted that the azimuthal angles appearing in the spherical harmonics differ from those given in Ref.
8. This is because we have chosen the direction of 'ﬁj to be the z axis, and §; lies in the xz plane. It
therefore follows from the relations

-

piz-aij_ﬁj_ (_I)PBijajy (11a)
q;= ('I)PBU ﬁj— aij?lj (11b)

that the azimuthal angles ¢, ,, =7 and ¢, ,, =7/2+(~1)"r/2. If one fixes the z axis to be the direction of B,
instead of D;, then the results reduce to those in Ref. 8 except for ¢qtp which involves an error as has
been pointed out by Balian and Brezin.!® The step function U in (7) is defined as

if L..<p?<
ULy, Uy p,7) = é: Z)ftl;%ziwizé Vii (12)
and 7z, and », are the components of the angular momentum operators along the body-fixed axis.

The Faddeev equations with kernel given by (7) represent a set of coupled integral equations with two
continuous variables p,? and g,>. Before we attempt to solve it, we shall make the so-called separable
t-matrix approximation introduced by Ball and Wong,! so that one of the variables can be explicitly inte-
grated out. For bound-state problems, the two-body ¢ matrix can be expressed in terms of the complete
set of eigenfunctions ¢, of the homogeneous Lippman-Schwinger equation. Thus

it SSiFRi(pp, 2 - q® - €rim,; EC(‘)(PiS R;mg, 2)¢8 (pSRmy2), (13)

where 4)5,",) satisfies the equation
piv;li(pSRmR’ piSiRymg)

28(2)¢%) (pS Rmyz) = —Zj Z j ap? Py &3, (b;S, R mg,2) (14)
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with the orthogonality condition

G
ZEZf a2 L b, SR 2) 80} pS Rmg 2) _ ¢

p — nm *
The expansion coefficients C% in (13) are given by

C(‘)(p,S R mg,2)= 1—)\"1;((—2)—)——&”(17 S R;my, z).

By solving (14) for ¢,;, we can separate the variables p and g in #3'i$Si®Ei and hence the generalized

Faddeev equations are reduced to a set of coupled integral equations in one dimension:

xublarm, z)=nld(qr;m,

+> >0 Zf dqlzKﬁ"&)"]a_(qrim”, qjyjm,j;z)xsfj)aj(qujm,jz).

ii o orm 7; n;

In Eq. (17), the function x(’) satisfies

@ ( (t) (Z - - r,m”)¢njt(pRmR,z q '1”‘ri) G
¥ (payz)=2P(payz)+7 l—h(‘),(z- S Xelalar;m, z).
n; n; TiMyi
J
The kernel is given by
A (=g =€ m )

KG9 R i " 2
n ymjo; T Z f b; l—hg;j(z—qu—q - )W(aai'Vimri)/jqujz)¢njlj(ijijj,z_qj - €

RmR

and the inhomogeneous part

775.'&‘2 Z J‘ dqj f de W(aa rim, Yjqujz)‘p (quJ'V;Z)

=
=i oy

The function W appearing in (19) and (20) is given by
3/2

w=—T ; ; 1 Z Z( 1)3rit2rjtre-Rjsamg

aijBijq pj +qj +€rjm”~+EijRj 2 R; iMRj (Rma

(r,. R; (R><r, R, (R)
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F) i

TiMrj )

x 35 [(21;+1)(2S;+ 1)(21; + 1)(28; + 1)(2S, + 1)(21 ;+ 1)(28, + 1) ] /2(2L + 1)(=1)?i* 1 ~Li=L s +se=5,;

Sl
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(18)

(19)
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TABLE I. Parameters of na potential,

Vi Vy Vs 0
Solution l (MeV) (MeV) (MeV) (fm)

I 46.815 31.140 0.205 3.580

21.507 46.865 0.325 3.494

38.093 34.0 4.358 3.190
21.332 19.082 0.95 3.025

I

- O O

III. TWO-BODY POTENTIALS

For the neutron-proton interaction, we take the
Pease-Feshbach’ potential which has been shown
to yield a correct triton binding energy in addition
to the low-energy two-nucleon data fitting. It has
also been shown in Ref. 1 that this potential and
Gammel-Thaler potential give very close results
in the ®Li calculation. The analytic form of this
potential is
e~ %P e~ °rp

v 2
Ocp Vz orp S (22)

Vnp (p) = _'Vc

where

V,=46.96 MeV, 0,=0.84706 fm™!,
Vy=23.879 MeV, 0,=0.58824 fm™.

To obtain a nucleon-a potential for our purpose,
we have to make a multichannel analysis of the

MULTICHANNEL THREE-BODY MODEL OF °Li 1333

two-body scattering problem. Since the aparticle
is assumed to be a two-state particle, the Schro-
dinger equation for the nucleon-a@ system can be
written as

ﬁ2
[—gﬁ v, +5e(r,m,)+ (o, r,m,)]w(p, r,m,)
= E‘I’(p, 7, mr) ’

(23)

where the internal energy operator 3C has the
form

3 (r,m,) = ( 60' 2 > (24)

and the potential energy operator V is given by

V(p, 7, mr)=< Vo) V3(P)>-£z( v1(p) va(p)>.

Vso) Valo)/ 21\ vs(p) v,(p)
(25)
If we now write the total wave function as
~ (21+1) (“1;(0))
¥(p, ) = —= 1" P,(cosf
(p r,m) ,Z kop : ’( ) “zt(p) ’
(26)

then for incident energies below the « excitation
energy the Schrodinger Eq. (23) becomes two

TABLE II. Binding energies of 1* and 0% states of ®Li. All the energies are in the unit of MeV and corrected for
Coulomb repulsion energy 0.88 MeV,

Ground state Excited state

Authors n-a interaction n-p interaction 1) ")
Wackman- Gaussian Pease-Feshbach -3.8 ~2.71
Austern
Exponential Pease-Feshbach 0.08 1.27
Shah-Mitra Separable potential for p-wave Yamaguchi-Naqvi —4.131 0.63
interaction only
Shanley Separable potential S wave, Yamaguchi -2.47 1.12
Allessandrini  Hebach form separable potential Separable potential Hulthen -3.06 -0.317
(fits p3,, phase shifts only) form in singlet and Yamaguchi
form in triplet state
Present work
Solution I S + P-wave square well with S wave, Pease-Feshbach -3.57 ~0.45
internal structure
S + P-wave square well without S wave, Pease-Feshbach -3.38
internal structure
Solution II S + P -wave square well with S wave, Pease-Feshbach -2.40 0.74
internal structure
Experimental -3.697 -0.13
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coupled equations

d*u A1+1
dp21+ [koz - pz )

—vl} Uy = Vg Uty =0, (27a)

d? w+1
d;‘;’-[k2+ (pz )—vz]uz,—vaul,=0, (27b)

where we have taken €, =0 for convenience and
defined & by

2
—RP =k -2 €. (28)

The wave functions are required to satisfy the
boundary conditions

;;(0) =245,(0) =0

and behave asymptotically like

uu-z"sin<kop——l£>+i’a,e"<k°p"”/z’, (29a)

2
uzz"Bze_kp . (29b)

The Egs. (27) for square well can be solved analyt-
ically in the resonance approximation.'® The dif-
ferential cross section for elastic scattering is
given by

o Z”k”a,p (cosd)|” (30)
1
where
=i 1) it Sl (31)

E— E,+ 4T,

The first term in (31) is due to the direct channel
and the second term represents the coupled-chan-
nel contributions which is responsible for the
resonance at E, with width T',.

The n-a scattering differential cross sections
for six different energies are fitted by an /-depen-
dent potential. With a set of initially chosen po-
tential parameters, the numerical program cal-
culates the square deviations of the cross section
at eight different angles. Iteration procedure then
starts to minimize square-sum deviation by opti-
mizing the nonlinear potential parameters until
the square-sum deviation is less than 10™*. Two
sets of parameters obtained in this way are listed
in Table I. The « excitation energy €, is taken
to be 20 MeV. '

It is observed that with a weak coupling V;, the
data can be fitted without spin-orbit potential.
This is in contrast to the single-channel potential
in which a term of LS coupling is required.* It
is also noted that p-wave contribution is signifi-
cant in na scattering even at very low energies
and hence the first resonance at 1.15 MeV is main-
ly the p-wave resonance. As the higher partial-

=3

wave contributions are negligible in the three--
body calculation, we have not fitted the scattering
data for c.m. energies higher than 3 MeV when

d wave must be included.

IV. RESULTS AND DISCUSSIONS

We shall limit ourselves to the calculation of
the lowest isospin singlet and triplet bound-state
energies. For definiteness, we label the a par-
ticle as particle 1, the neutron particle 2, and
the proton particle 3. Thus »,=7=%, 7,=7,=0
and s,=0, s,=s;=5=3%

The angular momentum states to be included in
these calculations can be determined with the help
of shell model which requires that the two nucleons
are in the 1p shell while the four nucleons consti-
tuting the o particle have zero orbital angular mo-
mentum. Therefore the two nucleons interact
only in the triplet-even states for T=0 or J=1*
state, and in T=1 or J=0" state they interact
only in singlet-even state. Since the d-wave np
interaction introduces only a small correction®
to J=1" state and is not allowed in J=0" state,
we neglect it in our calculation to save the com-
putation time.

With the two-body potentials given in Sec. III,
one can solve the eigenvalue Eq. (14) and use
these solutions to calculate from (19) all the ma-
trix elements of the kernel K% as a function of
the three-body energy z for a state of definite
spin and parity. The bound-state energy is then
the z value for which the eigenvalue of K%/ is
unity.

The binding energies are calculated for both
sets of the n~a potential parameters. We have
found the ground-state energy of °Li to about 90%
accuracy by taking only p-wave contribution of
n-a interaction. Furthermore, we have also cal-
culated the ground-state energy by setting all the
V’s except V, to zero in the n-a potential to in-
vestigate the importance of the a internal struc-
ture. This gives about 6% less binding than the
complete potential.

The results after correction for Coulomb energy
which is 0.88 MeV are listed in Table II together
with those from the previous works for compari-
son with experiments. It is seen that while our
first solution agrees better with experiments than
the second solution, they both predict almost the
same level spacing which is very close to the ex-
perimental value 3.567 MeV. All the other cal-
culations give a level spacing that differs from
experiments by a factor of 2 or so except for the
results of Shanley? which are close to our second
solution. Although the results of Alessandrini ef
al.’s differ from those given by Shah and Mitra,*
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the calculations are essentially the same in both
cases except that the separable potential for n-a
p-wave interaction used in Ref. 15 is tuned ex-
clusively to the p,,, phase-shift data while in the
work of Shah and Mitra, both the p,,, and pg,,
phase shifts are fitted. As has been discussed
in Ref. 4, the justification for ignoring the p,,,
phase shifts is not very sound, especially in the
three-body calculation. The s-wave xn-a inter-
action, on the other hand, has been ignored in
both of these calculations on the basis of the
Pauli principle. As can be seen in Table II, our
calculation shows that this, in fact, introduces
only about 10% error in the three-body binding
energy.

The effect of hard core in two-body potentials
on the three-body binding energy has been inves-
tigated by Fuda’® for the trinucleon case. He
found only about 3% difference in the binding en-
ergies corresponding to square-well potentials
with and without core for the two-nucleon inter-
action. Thus it should not cause any significant

change in the present calculation.

Although the ground-state binding energy is re-
duced only by about 6% when the « internal struc-
ture is neglected, it does not mean that a single-
channel square-well potential for na interaction
will produce the same result since V, alone does
not fit the scattering data anymore.

In view of the above discussion, it appears that
SLi can be fairly well described as a bound (zpa)
system provided that the internal structure of the
a particle is properly taken into account.
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