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We comment on currently used B-decay formulas in astrophysical and superheavy-element
applications. A new formula of comparable simplicity but significantly improved accuracy is
presented which predicts B-decay rates that increase more strongly with energy than do con-
ventional extrapolations in the neutron-rich superheavy-element region.

In B-decay formulas currently used in astro-
physical applications and the calculations of half-
lives of superheavy elements, the dependence on
Z is completely neglected' or taken into account
“on average” by a constant factor, 10“%2 Thus,
the B-decay half-life of such formulas depends on
the energy only. In this paper, we report a formu-
la in which the effect of the Coulomb interaction of
the B particle by the nuclear charge on the half-life
is explicitly taken into account. The exponent of
the energy term in our expression for the half-life,
instead of being a constant integer, normally 6 (see
Refs. 1 and 2), is replaced by a Z-dependent num-
ber. For example, increasing Z from <10 to 118
changes the exponent in the new formula from 6
to 5. As we show below, the currently used for-
mula is a good approximation for small Z and
large decay energy only.

To derive the new formula, we start with the
Coulomb correction factor,®
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where

w is the total energy of B particle in units of
myC?,

R is the radius of the residual nucleus in units
of i /myc,
P=(w2 - 1)1/2 ,
S=[1-(azy]"?,
n=aZw/P, and a is the fine-structure constant.
By comparing with numerical calculations, we
found that we can take
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to within 5% accuracy in the area of interest.
(C =Euler’s constant.)

Following Feenberg and Trigg,* we use the ap-
proximation

1 e2mn 1 3 uw?
——1_e-m=“’zm“[1-" 20 T 8wt :17;] @)



7 ASTROPHYSICAL B-DECAY FORMULAS AND SUPERHEAVY... 1255

where

27y
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Thus, F(Z,w) can be written as
1 3 w? 2 s -3/2,
F(Z,w)= (Z)[l u(2 2+8w >+4w4](w -1) W

(4)

and
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tion.” Using this, Eq. (6) becomes:

fw, Z2)=B(Z)
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The Fermi integrated function, f(Z,w,), is given
by®

D)Y2w, —w Pwdw .

£(Z,w,)= fw°1~“(z,w)(w2 -

(6)
Substituting for Fw, Z), we make a change of
variables to obtain®
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where ,F, is the generalized hypergeometric func-
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where

w=-1 w?-1
and x =——5—
w+1 w

y:

For w > 1, keeping only the highest-order term in
w, the above expression reduces to our final ap-
proximate formula for the Fermi-integrated func-
tion:

+
w3 28

f(w,Z)=B(Z)(s+1)(1 +25)(3+2s)° ®

For small Z, i.e., s~1 and B(Z)=~1, we get

fw, z)= (10)

30’

which is the current approximation.® 2
To calculate the half-life, we follow the method
of Nix and Fiset.? Since

w—-—é— 9 5+1, (11)
MC?~ MmyC?

where w 5 is the total maximum energy of the
emitted B particle, we can write f(wg, Z) as

B(Z) 1
(s +1)(1 +28)(3 +25) (m,c?)**2® w gt

f(w59 Z)

(12)

So the average value of f wg, Z) is given by!
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where p is the average density of states in the
daughter nucleus. One uses the empirical result
given by Fowler, Seeger, and Clayton® for p. The
inverse half-life? is then, in our approximation,

_1___1_ B(Z) 1 )3*23
Ts ft (s+1)(s+2)(1+2s)(3 +Zs)< m,yC?
X3p[wp*? = (moc?)* >, (14)

where ft is the comparative half-life.®
Z this reduces to

1_ 11 _p

Ts ft 540 (m, 02)5 [wg® — (m, )] (15)

For small

which is the formula used by Nix and Fiset? ex-
cept for the factor of c(Z,)=10%5.

Keeping common factors as constant parameters,
the half-lives obtained by the new formula were
compared with those predicted from a formula
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FIG. 1. A plot of Z versus wg for various values of
Tg(P)/ft . This common factor is given by the numbers
next to corresponding curves. The solid lines result
from the new formula and the straight, dashed lines
from the conventional formula (Ref. 2). We set R
=1.2(2.52)!/3m,c/k in Eq. (5) although use of a con-
stant average value, e.g., R =0.022, leads to results
which are practically indistinguishable in this plot, i.e.
most of the curvature in the solid lines is due to other
Z dependence in the new formula.

used by Nix and Fiset (Fig. 1). We find that:
(a) For Z>100 and 1< wz<10 MeV, the half-lives
predicted by the new formula are shorter;

=3

(b) for Z<90, the new formula predicts longer
half-lives. A comparison with experimental data
for wy 22 MeV in the lead region® supports this
trend of our formula.

Applying the standard estimate® for the error in
T resulting from an error in @5, we found that
the error in our Tg is less than 10*@*%) s
=[1=(aZ)]¥2 The error in Ref. 2 is 10", We
observe that for large Z the new formula reduces
the error by an order of magnitude.

Log,,f(Z,w) was calculated using the final ap-
proximate value we derived and compared to the
almost exact value obtained by numerical calcula-
tion. It is found that:

(a) For wg 22 MeV, the error was less than 0.08
in absolute values for all Z <130;

(b) the error decreases as one considers larger
Z and wg values. For example, for Z=80 and
wg =15 MeV, the error is less than 0.02 in ab-
solute value, while that of the current approxi-
mation, f(Z,w)=w%/30, is approximately 1%;

(c) for wg =1, the error is less than 0.5 for all
Z values.

We conclude that the new formula, Eq. (14), for
the half-life has comparable simplicity but con-
siderably improved accuracy. The conventional
formula can therefore be replaced in all its cur-
rent applications. Also, the small error in
log,ofw,Z) suggests that Eq. (9) provides a good
approximation to calculate the f¢ values for al-
lowed transitions. After this paper was submitted,
the new formula was used to calculate »-process
cycle times.® It gave results that are about 1
order of magnitude shorter than previous values.
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