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The discovery of a set of analytic solutions to describe nuclei at the critical point of spherical-deformed
phase transitions has led to an increased interest in the properties of 0+ excited states. This idea provides the
motivation for the present investigation to determine sets of interacting boson model(IBA ) parameters that
reproduce the properties of all low-lying, positive-parity excitations, including the first excited 0+ state, for a
wide range of even-even, collective nuclei. Detailed fits of isotopic chains in the rare-earth region are shown
to reproduce the energies of the positive-parity states and to provide a reasonable description of their transition
matrix elements. Two neutron separation energies, isomer shifts, and isotope shifts are also described using a
truncated IBA-1 Hamiltonian. A proposed set of polar coordinates allows for a mapping of these parameters
into the IBA symmetry triangle and a comparison of trajectories for different isotopic chains.
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I. INTRODUCTION

Over the last 25 years, a large number of interacting bo-
son model(IBA ) calculations have been performed, estab-
lishing that the model[1] is a valuable tool in understanding
nuclear structure. One important feature of the IBA is its
ability to describe the collective properties of nuclei span-
ning a large variety of structures with a single, simple Hamil-
tonian. This was first demonstrated by Scholtenet al. [2] in a
study of the Sm isotopic chain using a simplified Hamil-
tonian. Further phenomenological studies have been carried
out using the full SU(6) Hamiltonian to describe chains of
nuclei ranging from Ba to U(see, e.g., Refs.[3,4]) or using a
truncated Hamiltonian to describe the Ru and Pd isotopes[5]
and theZ=50 to 82 shell[6].

Recently, with the introduction of dynamical symmetries,
E(5) (Ref. [7]) and X(5) (Ref. [8]), to describe nuclei at the
critical points of second- and first-order phase transitions,
respectively, and with supporting evidence[9,10] that some
nuclei exhibit structures very close to these paradigms, more
attention has been focused on the low-lying excited 0+ states.
Previous IBA-1 calculations[6] gave significant deviations
from the data in their predictions for the lowest 0+ excited
sequences. This is perhaps not surprising since excited 0+

states have long proved difficult to understand. The recent
emphasis on the first excited 0+ sequence, which is one of the
key signatures in the E(5) and X(5) models, and the success
of these models in accounting for their properties, suggest
that it might be possible to determine a set of parameters
within the framework of the IBA-1 which reproduce the
properties of all low-lying, positive-parity excitations.

Using a simplified, two-parameter Hamiltonian, the ener-
gies, electromagnetic transitions, two neutron separation en-
ergies, and isomer and isotope shifts are calculated for sev-
eral rare-earth isotopic chains. The evolution of the resulting
parameters and observables is then analyzed over a wide
range of structures. From the parameters obtained, a map-
ping of each isotopic chain in the IBA parameter space is

illustrated in the IBA symmetry triangle using a simple set of
polar coordinates.

II. DESCRIPTION OF METHOD

Calculations were performed in the framework of the
IBA-1 (where no distinction is made between protons and
neutrons) using the extended consistentQ formalism(ECQF)
[11] with the Hamiltonian[12,13]

Hszd = cFs1 − zdn̂d −
z

4NB
Q̂x · Q̂xG , s1d

where

Q̂x = ss†d̃ + d†sd + xsd†d̃ds2d s2d

and n̂d=d†·d̃.
The same quadrupole operator is used in the Hamiltonian

and the E2 operator, which is given by

TsE2d = eBQ, s3d

whereeB represents the boson effective charge.
The Hamiltonian of Eq.(1) involves two parameters,z

andx (c is a scaling factor). The boson numberNB is given
by half the number of valence protons and neutrons, each
taken separately relative to the nearest closed shell. In this
analysis,NB is obtained relative to the standard magic num-
bers 50, 82, and 126.

The parameter space for this Hamiltonian is traditionally
represented by a triangle[14] with one IBA dynamical sym-
metry at each vertex. Figure 1 illustrates the IBA symmetry
triangle with the three dynamical symmetries in terms of the
Hamiltonian parametrization in Eq.(1). In this parametriza-
tion, the three symmetries are given byz=0, anyx for U(5),
z=1, x=−Î7/2 for SU(3), andz=1, x=0 for O(6). Transi-
tion regions between the three symmetries can be described
by numerical diagonalizations of the above Hamiltonian[Eq.
(1)] for intermediate parameter values.
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Generally, the overall structure of a typical collective
even-even nucleus can be interpreted by taking into account
a few key observables. Considered in the fits was basic in-
formation on the ground, 02

+, and quasi-2g
+ bands. In terms of

the energies, emphasis was placed on the ratios:R4/2
;Es41

+d /Es21
+d, Es02

+d /Es21
+d, and Es2g

+d /Es21
+d, where the 2g

+

state is a member of the two-phononlike multiplet in vibra-
tional nuclei or else the bandhead of the quasi-g band in
rotational nuclei. For the electromagnetic transition prob-
abilities, the BsE2d ratio, B2g=BsE2;2g

+→01
+d /BsE2;21

+

→01
+d, as well as the branching ratio,R2g=BsE2;2g

+

→01
+d /BsE2;2g

+→21
+d, were considered. These observables

were chosen because they involve bandheads that are easy to
identify and are measured precisely enough to allow for a
useful comparison.

Parameters for each nucleus were determined by consid-
ering contour plots[6] of the above five observables. In al-
most all cases, with exceptions discussed below, a small
range of parameters is able to reproduce the experimental
energy ratiosR4/2, Es02

+d /Es21
+d, and Es2g

+d /Es21
+d, to within

5%. This result is in contrast to previous fits in this region
[6], where the same Hamiltonian of Eq.(1) was used; how-
ever, less emphasis was placed on reproducing the energy of
the first excited 0+ state so that, generally, the calculations
differed from the experimental 02

+ energy, in some cases, by
several hundred keV. In addition to a reduced emphasis on
fitting the 02

+ state, the previous fit[6] of this region kept the
strength of the quadrupole-quadrupole interaction strictly
constant. In the present work, this strength was allowed to
vary and it was found to be approximately constant for large
boson numberssNBù10d, but reduced in the vibrational
limit, as would be expected in order to reproduce spectra
close to the U(5) limit. Since the above ratiosR2g and B2g

can involve weak or forbidden transitions, less stringent
agreement between the measured values and calculations
was required than for the energy observables. Considering
that the BsE2d value for the 2g

+→01
+ transition is on the order

of a few percent of the value for the collective 21
+→01

+ tran-
sition, agreement of the calculations ofB2g within a factor of
,2 was taken as acceptable.

For both the energies and electromagnetic transition prob-
abilities, a scaling factor is involved:H=cHo for the Hamil-
tonian andTsE2d=eBQ for the quadrupole operator. Since

the parameters were obtained from ratios of energies or elec-
tromagnetic transitions,z andx are independent of the scal-
ing factors c andeB. The scaling factor c in the energies was
chosen to normalize the predictions to the experimental 21

+

level energy. The effective chargeeB was determined by nor-
malizing the predictions to the experimental BsE2;21

+→01
+d

values; it varied only slightly from nucleus to nucleus, rang-
ing from values of 0.13 eb to 0.15 eb.

For some nuclei, some of the above observables[R2g, B2g,
or Es02

+d] are not known. In a few nuclei, only Es21
+d andR4/2

are known, which does not sufficiently constrainz andx. For
these nuclei, the choice of parameters was based on repro-
ducing the known observables while at the same time at-
tempting to follow the trend of parameters in neighboring
nuclei.

Traditionally, the focus of IBA calculations is on repro-
ducing energy spectra or electromagnetic transitions, often
ignoring the description of other important quantities that
can be calculated with the model. Calculations of binding
energies BEsNBd can provide a sensitive test of the Hamil-
tonian used to fit entire chains[15,16] and can aid in distin-
guishing between apparently equivalent descriptions of en-
ergy spectra and electromagnetic transitions. In this work,
two neutron separation energiesS2n, given by

S2n = BEsNBd − BEsNB − 1d, s4d

are also analyzed for each isotopic chain. In order to calcu-
late binding energies on an absolute scale, terms related to
the global Hamiltonian[linear and quadratic U(6) Casimir
operators] must be added to the Hamiltonian given in Eq.
(1). In calculating two neutron separation energies, this trans-
lates into an additional contribution which is linear in the
number of bosons

S2n8 = A + BNB + BEsNBd − BEsNB − 1d, s5d

with the coefficientsA and B taken as constant across an
isotopic chain[15].

Other quantities that are often absent from IBA calcula-
tions involve nuclear radii, which are easily calculated using
the electric monopole operator. Within the rare-earth region,
past calculations[2,17] have focused only on the Sm isotopic
chain. Two quantities related to differences in nuclear radii,
isomer and isotope shift, can act as a sensitive probe of the
structure of the nucleus since they are expected to change
rapidly in transitional regions. Both quantities are related to
the expectation value of the number ofd bosons[18] and in
transitional regions can reveal the character of the transition
[19].

The isomer shiftdkr2l is a measure of the change in
nuclear radius between the first 21

+ state and the ground state
and is proportional to the difference in the expectation value
of the number ofd bosonskndl in the two states[18]:

dkr2l = kr2l21
+ − kr2l01

+ = bfkndl21
+ − kndl01

+g. s6d

In connecting the data to the calculations, the only parameter
is b, which acts simply as a scaling factor.

FIG. 1. The IBA symmetry triangle. Symmetry limits are given
in terms of the parametrization of the Hamiltonian in Eq.(1). Also
included is an illustration of the polar coordinatesr and u as de-
fined in Eq.(8).
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The isotope shiftDkr2l is a measure of differences in radii
in the ground state between nuclei one neutron pair away
from each other. In the IBA, it contains, in addition to the
term proportional tond, a contribution from the core, inde-
pendent of the structure of the nucleus[18], given by

Dkr2lsNd = kr2l01
+

sN+2d − kr2l01
+

sNd = g + bfkndl01
+

sN+2d − kndl01
+

sNdg,

s7d

where, in the IBA-1 model,b is the same quantity as in the
expression for the isomer shift in Eq.(6) and g is the con-
tribution from the core, which is the same for the entire
region.

III. APPLICATION TO THE RARE-EARTH NUCLEI

Considered in the fits were collective even-even nuclei
sR4/2ù2.0d in the rare-earth region withZ=64 to 72 andN
=86 to 104. In all, 40 nuclei are included in this survey. The
data were taken from the Nuclear Data Sheets[20] with a
cutoff date at the end of 2001, except where noted.

The parametersz and x obtained for each nucleus are
summarized in Fig. 2 and are given explicitly in Table I.
Overall, the evolution of both parameters is relatively
smooth, as would be expected in order to describe the
gradual change in structure as boson number is varied. How-
ever, for some isotopic chains, there is a deviation in the
evolution of the parameters, typically as they approach mid-
shell. In some cases, this change could be an indication of an
intruder structure, which will be discussed in more detail
below. Typically,z increases as boson numbers increase and
the nuclei evolve from vibrational to rotational, as expected.
This trend is observed for all isotopic chains up toN=92.

For N.92, the Gd, Dy, and Er nuclei are described by an
increasingz, while for Yb and Hf,z remains relatively con-
stant up to midshell. The different trends in the evolution of
parameters for various isotopic chains is even more pro-
nounced for the parameterx, with a clear separation into two
distinct groups. For the Gd and Dy nuclei, the absolute value
of x starts out large for vibrational nuclei and gradually ap-
proaches −0.2 asN increases. A completely opposite trend is
exhibited in the Yb and Hf chains, wherex is close to zero
for vibrational nuclei and then grows towards the SU(3)

FIG. 2. Evolution of the parametersz and x for the Gd-Hf
isotopes as a function of increasing neutron number. Dashed lines
correspond to parameters obtained when considering the experi-
mental 03

+ state as the first collective excited 0+ state.

TABLE I. Parametersz and x for each isotopic chain as ob-
tained in the present work.

Isotope N NB z x

Gd 86 9 0.30 −1.32
88 10 0.41 −1.32
90 11 0.59 −1.10
92 12 0.72 −0.86
94 13 0.75 −0.80
96 14 0.84 −0.53
98 15 0.98 −0.30

Dy 86 10 0.35 −1.10
88 11 0.49 −1.09
90 12 0.62 −0.85
92 13 0.71 −0.67
94 14 0.81 −0.49
96 15 0.92 −0.31
98 16 0.98 −0.26

Er 86 9 0.30 −0.85
88 10 0.55 −0.62
90 11 0.63 −0.61
92 12 0.69 −0.60
94 13 0.75 −0.53
96 14 0.84 −0.37
98 15 0.91 −0.31
100 16 0.82 −0.36
100a 16 0.96 −0.25

Yb 86 8 0.41 −0.11
88 9 0.58 −0.23
90 10 0.69 −0.35
92 11 0.72 −0.42
94 12 0.73 −0.52
96 13 0.73 −0.58
98 14 0.74 −0.61
100 15 0.70 −0.75
100a 15 0.73 −0.69
102 16 0.62 −1.20
102a 16 0.72 −0.89

Hf 88 8 0.56 −0.30
90 9 0.65 −0.37
92 10 0.70 −0.45
94 11 0.69 −0.53
96 12 0.70 −0.60
98 13 0.67 −0.79
100 14 0.66 −0.84
102 15 0.61 −1.10
104 16 0.65 −0.96

aParameters were obtained by considering the second excited 0+

state as the first collective 0+ state.
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value of −1.32 as neutron number approaches midshell. The
evolution of parameters for the Yb and Hf chains is drasti-
cally different from previous fits in this region[6], and is a
consequence of treating the 02

+ state equally with the 2g
+ state,

as will be discussed in more detail below.
A fundamental observable to describe the structure of a

nucleus is theR4/2;Es41
+d /Es21

+d energy ratio. For the nuclei
included in this study, all chains begin as vibrational with
R4/2 near 2.0 and move towards rotationalsR4/2→3.33d as
neutron number is increased. This behavior is illustrated in
Fig. 3 using the Gd and Yb chains as examples. For the Gd
chain, the change inR4/2 is quite sharp, while for the Yb
isotopes, the evolution is much more gradual. The calcula-
tions reproduce these behaviors.

The calculated energy spectra are compared with the
available experimental data for a sample of nuclei in Fig. 4,
including examples of vibrational(156Er, R4/2=2.3), transi-
tional (154Gd, R4/2=3.0), and rotational(160Gd and 172Yb,
R4/2=3.3) nuclei. As expected, the calculations provide a rea-
sonable description of the low-lying spectra for a wide range
of structures. All calculations for both the transitional and
rotational spectra show a systematic underprediction of the
moment of inertia of the excited 02

+ sequence, resulting in an
expansion of the band compared with the experimental se-
quence. The quasi-g band is reproduced well in all struc-
tures, with a slight overprediction in the energy spacings.
One interesting feature is that two good rotational nuclei,

160Gd and 172Yb, are fit with strikingly differentx values
s−0.5 and −1.2, respectively). This is due to the very differ-
ent relative energies of the 02

+ and g bands. Theg band is
significantly lower than the 02

+ band in 160Gd and signifi-
cantly higher in172Yb. It is well known [21,22] that theg
band is lowered asx deviates from the SU(3) value of −1.32
and that reversing the order of these bands[i.e.,
Es2g

+d.Es02
+d] requiresx values near SU(3) and significant

coefficients of thend term in Eq.(1) (see contour plots of
Refs.[6,11]).

A comparison of the systematics of experimental and cal-
culated energies of key states for the Gd-Hf isotopic chains is
given in Fig. 5. The overall agreement is excellent, with the
calculations almost always agreeing with the experimental
energies to within 5% or better. The most obvious discrep-
ancies occur when there is a large energy separation between
the 2g

+ and 02
+ levels (Dy and Er withN=98). In looking at

the evolution of these two levels as a function ofN, again the
isotopic chains exhibit two different behaviors. ForN.90,
the energy of the 2g

+ state remains constant or decreases asN
increases for the Gd, Dy, and Er nuclei, while undergoing a
gradual increase in the Yb and Hf chains. This behavior is

FIG. 5. Comparison of experimental level energies(symbols) and IBA calculations(solid lines) for the 21
+, 41

+ members of the ground
band and the heads of the 2g

+ and 02
+ bands for the Gd, Dy, Er, Yb, and Hf isotopes. Data are taken from Ref.[20], except for162Yb taken

from Ref. [29]. Dashed lines correspond to fits considering the experimental 03
+ state as the first collective excited 0+ state.

FIG. 3. Evolution of experimental(symbols with dashed lines)
and calculated(solid lines) R4/2 values for the Gd and Yb isotopes
as a function of increasing neutron number.

FIG. 4. Comparison of calculated and empirical energy levels
for some rare-earth nuclei.
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reversed when considering the evolution of the 02
+ state. For

Gd, Dy, and Er, Es02
+d gradually increases asN increases,

while for the Yb and Hf nuclei, it remains relatively constant.
The evolution of the excited 02

+ states in the Er and Yb
chains for Nù100 suggests the possibility of an intruder
structure. As illustrated in Fig. 5, there is a clear change in
the trend of the first excited 0+ state energy for Er withN
=100 and Yb withN=100, 102. A discontinuity in the trend
of the parameters is also observed(Fig. 2) for the above
nuclei. By considering the second experimental excited 0+

state as the first collective excited 0+ state in the IBA space,
both energies and parameters follow a much smoother trend
as indicated by the dashed lines in Figs. 2 and 5. More data
are necessary to establish which experimental excited 0+

state corresponds to the collective IBA state.
Another sensitive structural quantity is the ratioR2g

=BsE2;2g
+→01

+d /BsE2;2g
+→21

+d, which is zero in the U(5)
and O(6) limits and increases to the Alaga ratio of 0.7 in the
rotational limit for largeNB. As shown in Fig. 6, the overall
experimental trend is reproduced by the calculations. How-
ever, the values are, in general, underestimated by the model.
There are also some nuclei for which it is not possible to find
a consistent set of parameters to reproduce both the energy
levels as well as this branching ratio. The most obvious case
is 154Gd, where the predicted ratio spikes well above any
reasonable value. It is worth noting that a similar problem
was encountered in fitting154Gd by the authors of Ref.[11].
Figure 7 illustrates a contour plot of the ratioR2g with NB
=11 for a range of parameter values including the best fit for
all observables. The crosshatched square region indicates the
locus of parameter values where the experimental energy ra-
tios R4/2, Es2g

+d /Es21
+d, and Es02

+d /Es21
+d are reproduced to

within 5%. In this region, the model predicts only very large
valuess.1d for R2g. More realistic valuess,0.8d for R2g are

obtainable with a different choice of parameters(i.e., uxu
,1.32 andz.0.64); however, these parameters result in en-
ergies for the 2g

+ and 02
+ states that differ by.600 keV from

the experimental values.
Other branching ratios, such as BsE2;3g

+→41
+d /BsE2;3g

+

→21
+d, are reproduced well using the parameters chosen in

the method descibed above. This quantity goes to infinity in
both the U(5) and O(6) limits and to the Alaga ratio of 0.4 in
the SU(3) limit. As shown in Fig. 8, the calculations follow
the expected trend of the data and also reproduce well the
individual experimental ratios.

In considering the above observables, the level of agree-
ment between theory and experiment was basically the same

FIG. 6. ExperimentalR2g=BsE2;2g
+→01

+d /BsE2;2g
+→21

+d ra-
tios (symbols) compared with the IBA calculations(solid lines). For
cases whered is not measured, limits are represented by arrows.

FIG. 7. Contour plot of the observableR2g=BsE2;2g
+

→01
+d /BsE2;2g

+→21
+d in the z ,x plane for NB=11. The cross-

hatched square area indicates the choice of parameters that repro-
duce the experimental energies of low-lying excitations in154Gd.

FIG. 8. Experimental BsE2;3g
+→41

+d /BsE2;3g
+→21

+d ratios
(symbols) compared with the IBA calculations(solid lines). For
cases whered is not measured, limits are represented by arrows.
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for all isotopic chains. This is not the case, however, for all
observables. Consider, for example, the ratioB2g=BsE2;2g

+

→01
+d /BsE2;21

+→01
+d, illustrated in Fig. 9. Considering that

the numerator is either a forbidden or interband transition,
while the denominator is a collective intraband transition,
this quantity is expected to be small. For all isotopic chains,
the theory provides reasonable agreement, with predictions
no larger than 0.05, which is the same range as seen in the
data. For the Yb and Hf isotopic chains, the individual values
are well reproduced. In the Gd, Dy, and Er isotopes, how-
ever, detailed agreement is obtained only for a few vibra-
tional isotopes, while the trend for increasingN is not repro-
duced and, by the middle of the shell, the calculations
diverge from the data by a factor of,2.

Having obtained a reasonable fit to the energies of the 02
+

states, it is appropriate to consider transitions from these
state as well. Unfortunately, the relevant experimental data
are sparse, with only three known absolute BsE2;02

+→21
+d

values in this region. The calculations for the ratio
BsE2;02

+→21
+d /BsE2;21

+→01
+d for all isotopic chains are

shown in Fig. 10 and are compared with the known data.
Perhaps not surprisingly, all the curves follow the same trend
(large for smallN then decreasing to zero asN increases)
since the numerator is allowed in the U(5) limit and forbid-

den in the SU(3) limit. Interesting though, is that the calcu-
lations(spanning a wide range of structures) are in excellent
detailed agreement with the experimental values.

In addition to reproducing the properties of the low-lying
excitations, the fit parameters obtained in this work also re-
produce well the properties of the yrast states. Using Dy as
an example, the yrast energies and BsE2d values up to spin
10+ are compared to the predictions in Fig. 11. Perfect agree-
ment corresponds to a point that lies exactly on the diagonal;
most of the energies lie very close to this line and the BsE2d
values are usually within 2s of the diagonal line.

As mentioned previously, while the energies and electro-
magnetic transition properties are reproduced reasonably by
the fit parameters, a sensitive test of the applicability of the
Hamiltonian to the entire isotopic chain can be achieved by
considering two neutron separation energies. It has been
shown[16] that it is possible to find parameters that predict
well the experimental energy spectra yet differ significantly
from the experimental data in their predictions of two neu-
tron separation energies. The results of the calculations ofS2n8
for the Gd and Yb chains are given in Fig. 12, using the
additional constants(given in MeV) A=17.23, B=−0.670
for Gd andA=20.35,B=−0.581 for Yb. A reasonable de-
scription is obtained for both the nonlinear behavior of the
Gd chain and the linear behavior of the Yb chain. The non-
linearity in theS2n8 behavior of the Gd chain is similar to that
observed for the Sm isotopic chain[2] and, in fact, Gd mir-
rors Sm in the evolution of many basic observables. It has
been suggested[23] that a flatness in theS2n8 evolution is

FIG. 11. Theoretical versus
experimental (a) yrast energies
and (b) BsE2d values for
152–164Dy up to spin 10+. The
dashed line corresponds to an ex-
act agreement between experi-
ment and theory.

FIG. 9. ExperimentalB2g=BsE2;2g
+→01

+d /BsE2;21
+→01

+d ra-
tios (symbols) compared with the IBA calculations(solid lines).

FIG. 10. Experimental BsE2;02
+→21

+d /BsE2;21
+→01

+d ratios
(symbols) compared with the IBA calculations(lines).
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evidence of a first-order phase transition. Previous studies of
other properties of the Sm and Gd chains have found that
these nuclei undergo such a transition[12].

The isomer shiftdkr2l is expected to change dramatically
in the transitional region, going fromb in U(5) to b / s2NB

−1d in SU(3) [18], which results in an order of magnitude
difference. As is shown in Fig. 13(a), this large drop has been
observed experimentally in the Gd chain and is reproduced
well by the calculations, takingb=0.03 fm2. Again, the be-
havior for Gd resembles that of Sm[2] and is once more an
indication of a first-order phase transition[19]. While no
experimental data are available for the Dy, Er, or Yb chains,
the calculations are given in Fig. 13(b) using the sameb as
for Gd. Notice the decreased sharpness of the transition from
large values ofdkr2l to small values for increasingZ.

In the evolution ofR4/2, S2n8 , anddkr2l, a strong similarity
now emerges. For each of these quantities, there is a sharp

evolution as a function ofN for the Gd isotopes, and a more
gradual evolution asN varies for the Yb chain. This behavior
will be important to the discussion of trajectories in the tri-
angle in the next section.

In Fig. 13(c), the results of the calculation of the isotope
shift Dkr2lsNd are compared with the available experimental
values for Gd. Takingb=0.03 fm2 from the fit to the isomer
shift data andg=0.15 fm2 gives predictions which reproduce
the data forNù90 well, but do not reproduce the sharp spike
that occurs atN=88. In order to better reproduce the jump in
Dkr2lsNd that occurs atN=88, a largebs=0.15 fm2d and nog
term are necessary. However, using ab of 0.15 fm2 in the
isomer shift calculations would shift the results by a factor of
5, leading to a gross overprediction of the experimental data.
This creates an obvious discrepancy, since the IBA-1 param-
eterb in Eqs.(6) and(7) might be expected to be the same.
This discrepancy inb values could be due to the different
contributions to the isomer and isotope shifts of the valence
protons and neutrons which, obviously, is not considered in
the IBA-1 model. Indeed, fits[24–26] using the IBA-2,
where a distinction is made between valence protons and
neutrons, require different values for the proton and neutron
components ofb in fitting isomer and isotope shift data.

The data and predictions forDkr2lsNd are given for the Dy,
Er, and Yb chains in Fig. 13(d). The predicted values are
calculated using the sameb andg parameters(0.15 fm2 and
0, respectively) taken from the best fit to the Gd isotope shift
data. Again, there is a decreased sharpness with increasingZ,
both in the predictions and the data, for the spike observed at
N=88. The combination of both the discontinuity ofDkr2lsNd

at N=88 and its decreasing sharpness with increasingZ is
evocative of the behavior of both the two neutron separation
energies and isomer shifts. Since bothS2n8 anddkr2l can pro-
vide an indication of a first-order phase transition, their simi-
larities with the isotope shift behavior suggest that the dis-
continuity atN=88 in Dkr2lsNd could also point to a signature
of a first-order phase transition.

From the above discussion, it is apparent that these iso-
topes tend to group into two classes, the Gd, Dy, and Er

FIG. 12. Two neutron separation energies for the Gd and Yb
isotopes (symbols) compared with the IBA calculations(solid
lines).

FIG. 13. Experimental values
(symbols) and calculations(lines)
of isomer and isotope shifts.(a)
Isomer shifts for the Gd isotopes.
(b) Isomer shifts for the Dy, Er,
and Yb chains.(c) Isotope shifts
for Gd. (d) Isotope shifts for the
Dy, Er, and Yb isotopes. Data are
from Ref. [20] except for the iso-
tope shifts for Er and Yb nuclei
which are extracted from Fig. 3 of
Ref. [30]. The values of param-
etersb and g in Eqs. (6) and (7)
are given in the figure.
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nuclei and the Yb and Hf chains, reflecting quite different
sets of systematics between these two sets of nuclei. This
will be discussed further in the next section.

IV. MAPPING THE SYMMETRY TRIANGLE

In order to quantitatively describe the IBA parameter
space within the symmetry triangle, a coordinate system can
be implemented(see for example Ref.[27]). We propose a
simple set of polar coordinates to plot the IBA parameters
within the triangle space. This mapping converts the param-
etersz and x of Eq. (1) into radial and angular coordinates
sr ,ud by

r =
Î3z

Î3 cosux − sin ux

,

u =
p

3
+ ux, s8d

whereux=s2/Î7dxsp /3d.
These coordinates allow for a convenient and simple de-

scription of the entire triangle, withu ranging from 0° to 60°
andr acting as a standard radial coordinate from 0 to 1. For
example,r=0 for U(5), r=1, u=0 for SU(3), and r=1, u
=p /3 for O(6). An illustration of these polar coordinates is
included in Fig. 1.

With the identification of a set of parameters that provides
a reasonable description of the evolution of the low-lying
properties of the rare-earth nuclei, the trajectories of each
isotopic chain can now be quantitatively mapped into the
IBA triangle. The trajectories in the symmetry triangle cor-
responding to the fit parameters for the Gd-Hf isotopic
chains are shown in Fig. 14 in terms of the polar coordinates
defined in Eq.(8).

Inherent to the IBA model is a region of phase/shape co-
existence[23,28]. As z is increased from zero, a first-order
phase transition occurs as the nuclei evolve from spherical to
deformed. This occurs for allx values except forx=0, where
the transition is second order. The region of phase/shape co-
existence is included in Fig. 14 forNB=10, corresponding to
the typical boson number of nuclei in this region. The coex-
istence region varies to some extent with boson number and
for larger boson number, moves slightly closer to the U(5)
region of the triangle.

As N is first increased from the closed shell atN=82, all
isotopic chains present an increasing quadrupole deformation
[moving from U(5) towards the SU(3)-O(6) leg]. More spe-
cifically, all chains originate near the spherical, U(5) corner
of the triangle, cross the phase/shape transition region, and
continue into the deformed region. One very interesting fea-
ture of the evolution of each isotopic chain is that they all
cross the phase transition region around neutron numbers 88
and 90.

In the phase transition region, largerZ values show in-
creasedg-softness. For Gd, the first two nuclei in the chain
are g-stiff, lying on the U(5)-SU(3) leg of the triangle. The
g-softness increases slightly for the Dy and Er nuclei and
even more so for the Yb and Hf nuclei, which lie very close

to the U(5)-O(6) leg of the triangle. Going back to the ob-
servations on the behavior ofR4/2, S2n8 , dkr2l, andDkr2lsNd, it
appears that for nuclei close to the U(5)-SU(3) leg of the
triangle (axially symmetric), such as Gd and Dy, the mani-
festation of the transition from spherical to deformed is quite
sudden, as evidenced by the sharp variation in the above
observables. AsZ is increased and the nuclei become more
g-soft, the more gradual evolution ofR4/2, S2n8 , dkr2l, and
Dkr2lsNd suggests that the phase transition manifests itself
less abruptly.

Past the phase transition region, the two groups take on
quite different trajectories. The Gd, Dy, and Er isotopes show
an increasingg-softness andb deformation[closer to the
O(6) limit with an increasingz]. The Yb and Hf isotopes
present increasingg-rigidity [moving toward the U(5)-SU(3)
leg] with a constantb deformation. The different trajectories
for Yb and Hf stem from and reflect(see Fig. 5) the low-
lying 02

+ states in the heavier isotopes and the highg-band
energies. In contrast, Gd, Dy, and Er present the more typical
situation in which theg band is rather low lying at,1 MeV
and the 02

+ excitation is somewhat higher.

V. CONCLUSION

Placing an equal emphasis on all low-lying, positive par-
ity excitations, calculations were carried out for theZ=64 to
72, N=86 to 104 even-even rare-earth nuclei. They repro-
duce very well the energies of the bandheads and provide a
reasonable description of the transition strengths. Other

FIG. 14. Trajectories in the IBA symmetry triangle for the
Gd-Hf isotopic chains. The slanting lines enclose the region of
phase coexistence and phase transition corresponding toNB=10.
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quantities, such as two neutron separation energies, isomer
and isotope shifts are also well described. Using a set of
polar coordinates, the trajectory of each isotopic chain is
mapped in the IBA symmetry triangle. It is observed that the
isotopic chains break into two distinct trajectories, one con-
taining the Gd, Dy, and Er isotopes, and the other consisting
of the Yb and Hf isotopes. The results for Yb and Hf are
quite different than previously obtained in calculations that
gave less weight to the 02

+ levels. The different trajectories

mirror the behavior of different observables, includingR4/2,
Es2g

+d, Es02
+d, S2n8 , dkr2l, andDkr2lsNd.
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