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Movement of Efimov states if°C as a result of increasing the-8C binding energy from about
100 to 500 keV is studied in a three body model €, assumed to ba+n+18C system, employing
separable potentials for thren andn-18C binary subsystems. The computational analysis shows that for small
values of energieé< about 120 keY which are just necessary to bind the two bddy'®C) system, there
could be more than one bound Efimov states. But the states are found to go on disappearing one by one as the
binding energy is increased beyond 200 keV. As originally pointed out by Amado and NRibte. Rev. D5,
1992(1972)], the Efimov states move into the unphysical sheet associated with the two body unitarity cut on
increasing the strength of the binary interaction to bind the two body system. By undertaking a detailed study
of the scattering of neutron on a bouf*éC) system, we find that these states move over to the physical
scattering region causing a resonance-tC scattering around neutron incident energy of 1.6 keV, having a
width of about 0.25 keV.
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With the realization thati2rich halo nuclei, characterized binary (n-18C) system is known to be bound, and according
by their weak binding and large spatial extension, are theo the earlier experimental datd0] has binding energy
most suitable objects to search for Efimov states, severdl60+100 keV. Sometimes back, we had set up a three body
theoretical investigationgl—-6] on this topic have been vig- model employing separable potentials for the binary sub-
orously pursued in recent years. More than three decadeystems to study the Efimov effect im Balo nuclei, such as
ago, Efimov showe(i7] that the number of bound states for 1“Be [11] and 1B, ?°C, and 2°C [12]. The results clearly
three particles interacting through short range potentials maghowed the occurrence of Efimov state?¥@ near the three
grow to infinity as the strength of a pair interaction ap-body threshold. Thus, for the-'C binding energy around
proaches to just bind two particles and then decreases to 140 keV, an Efimov state at about 152 keV was predicted
small finite number for stronger binding. Although the exis-along with the ground state energy of°C to be
tence of Efimov states have been predicted in numericed.18 MeV—found to be in reasonable agreement with the
model calculations, but so far, to the best of our knowledgeexperimental data. This result was also found to be in more
not a single state in a physical system has been identifiedr less quantitative agreement with the independent investi-
experimentally as an Efimov state. gation carried out by Amorinet al. [4]. We also noticed that

Amado and Noble studying the analytic properties of theif the n-18C binding energy is lowered to about 100 keV or
Fredholm determinant in a three boson mof&jl showed even less than that, there could be, in conformity with the
that with the increase of potential strength, the Efimov stategsonclusions drawn by Efimov, more than one bound Efimov
move into the unphysical sheet associated with the two bodygtates.
unitarity cut. A detailed analysis was followed by Adhikari  Recently, Coulomb dissociation dfC into n+*C has
et al. [9] to study the movement of the Efimov states in thebeen studied at 67/13], where the angular distribution of
three boson model and in ttewave spin doublet®S;,,) n+18C in the c.m. led to a determination of neutron separa-
three nucleon system. The key question addressed there wisn energy in'°C to be 530+130 keV. This experimental
whether the Efimov states, with the increase in potentiatesult thus opened for us the doors to revisit our earlier
strength, move over to virtual states in the unphysical sheednalysis investigating the behavior of the movement of the
or two of the Efimov states collide to produce a resonanc&fimov states as a result of increasing theéC binding
pair, one of which may come close to the scattering regiorenergy from 200 keV to about 500 keV. To this end, we set
and produce an observable effect on the physical scatteringp the three body scattering equations to study the scattering
process. of neutrons by*®*C—a bound state of the-'8C system—

In the context of halo nuclei, the nucle?fC, considered using two body separable potentials. By computing the inte-
as a three body system consisting rofn+18C(core, ap-  gral equations for amplitude af-!°C scattering near the
pears to be one of the most physical examples. Here thelastic scattering but below the three body break-up thresh-
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old we investigate the behavior of elastic scattering ampli- TABLE I. 2°C ground and excited states three body energy for

tude as a function of incident neutron energy. The analysiglifferent two body input parameters. It can be noted that the three

clearly points out that with the increase of*®C binding  body energy becomes less than the two body energy beypnd

energy, the Efimov states if'C have moved over to the =225 and 110 keV as discussed in the text. Hence the first and

the scattering threshold at about 1.6 keV. €,=240 and 140 keV, respectively. However, the results of the cal-
The object of this short communication is to report theculation are shown in Fig. 1.

results of the numerical analysis on depicting the behavior of

Efimov states, which in a three body bound syst&fiC) n-1%C energye, €(0) es(1) &(2)
appear as excited states, and then in the scattering sector kev MeV kev kev
(n-1°C elastic scatteringmove to the unphysical sheet caus- 60 3.00 79.5 66.95
ing an observable effect in the form of a resonance. Reca- 14, 3.10 116.6 101.4
pitulating some of the basic steps, developed in Ref] we
write the wave function for the three body bound state in 140 3.18 152.0 137.5
momentum space employing the separable potentials for the 180 3.25 186.6
binary interactions, viz.n-n andn-c in the s state, as 220 3.32 221.0
240 3.35 238.1
(B12,P3, E) = D™H(P12, B3 E) (P12 F(P3) + f(p22) G(By) 250 3.37
+f(pa)G(P2)], (1) 300 344
o, 350 3.51
there the thr_ee b(_)dy energy ter(py2, P3;E)=p1o/ 2, , _ 400 357
+p3/2, , .~E, in which the first two terms represent the ki- 450 363
netic energy and the third the total enefgin the three body 500 3.69
c.m. system. Herp,, is the relative momentum of particles 1 550 3.74

and 2 labeling the two neutrons apg, is the reduced mass,
ps is the relative momentum of the third partiolee., the
core) with respect to the c.m. of the two, ang,,_; is the  Efimov state disappears and moves over to the second un-
corresponding reduced mass. The two body structure funghysical sheet. The main point of observation from Table | is
tions g(p;;) and f(p;;) refer to thes-state separable interac- that the difference between the three body energy of the Efi-
tions forn-n andn-c pairs, respectively. The details of these mov state and the two body binding energy becomes nar-
potentials along with the strength and range parameters arewer and narrower and eventually becomes negative with
given in Ref.[14]. The spectator functions(p) and G(p)  the increase in two body strength parameter.

appearing in Eq(1) describe, respectively, the dynamics of  To get a further insight we plot in Fig. 1 the difference of
the core(*8C) and of the halo neutrons and satisfy the ho-three body and two body binding energy vs the two body

mogeneous coupled integral equatigase Ref[14]) energy for the first and second Efimov states thereby con-
[AL! = hy(P)IF(P) = 2 f ddKy(p,9G(A), 2 20}
5 L o ) 15
(A~ PG = [ daKAR.DF(D)+ [ deK(pOCQ.
10

€

where the detailed expressions for the keriglsK,, andKy
along with the symbols are given in R¢lL4]. These equa-
tions are then numerically computed as an eigenvalue prob-
lem following the procedure described in detail in Refs. 0
[11,17 to determine the three body ground-state energy as

well as the energy of the Efimov states. Table | depicts the

three body energy fof’C ground state and excited Efimov S5
states for different two bodyn-*8C) binding energies. As
pointed out earlier, when the-c pair interaction just binds ol .
the two body(n-8C) system having binding energy around 100 150 200 250
60—-100 keV, the three body system shows more than one
Efimov state but for binding energy equal to or greater than
140 keV there appears only one Efimov state; the second one FIG. 1. Plot of the difference of three body and two body bind-
moving over to the unphysical region. When the two bodying energy vs the two body energy for the fi(solid line) and
binding increases further, say, beyond 220 keV, even the firstecond(dashed ling Efimov states.

€q - &5 (keV)

n- 1 8C energy (keV)
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tinuously tracing the movement of these states as a functiobody binding energy is numerically greater than that of the
of the two body binding energy. We note that while the sectwo body, this factor monotonically decreasegascreases.
ond Efimov state remains bound till the two body bindingOn the other hand, itx3 approachesy3/2a we then face a
energye, is 110 keV, it moves over to the continuufiee.,  singularity and fora3< a3/2a the singularity crosses over to
€3(2) < e5] for energye, greater than that, crossing over the the unphysical sheet. How does such a behavior affect in the
horizontal line representings=e,. Similarly the first Efimov  scattering sector?

state is bound up te,=225 keV and then crosses over the We want to analyze the effect of this singularity on the
horizontal line at about 230 keV thereby moving over to abehavior of the scattering amplitude fior'°C elastic scatter-
continuum state. These “superfluous” solutions of the threéng. To study the scattering process the functi&(p) in Eq.
body homogeneous integral equations, in fact, provided us €), describing the dynamics of the neutron in the presence of
clue to look for the scattering sector to investigate the effectn-'8C) system, must be subject to the boundary condition,

of these states in the continuum. viz.

The feature noted above can, in fact, be attributed to the 4ra(f)
presence of the singularity in the two body propagator G(B) = (2)38(6 - K +M 5
[AZ-hy(p)]~* which can be explicitly written as (B =@m ap-k) p?— k- 1€’ ®)

i e ) , d, s 2 o -1 where the first term represents the plane wave part and the
[Ac"—he(p)I™=| | p*+2da5— —aj J(p%a3ia3) | second term is the outgoing spherical wave multiplied by an
off-shell scattering amplitude in momentum space for the
(4) scattering of neutron b¥?C. The scattering amplitude is nor-

where o2 and o2 are the parameters related respectively tomalized such that, for thewave scattering,
the three body and two body binding energies, Hz.—¢; edsins
=—a2l2u,, €=a3l2u,; and d=(m+my)/(2m+my) and a aP) =i = fk= .
=m/(m+m,). The functionh(p?, a3; a3) represents the form
of integral which can be easily worked out. The main pointBefore applying the boundary condition, we rewrite E8).
to note here is that the facttp?+ 2da§—ga§)‘1 is essentially  substituting Eq(2) for F(p) and finally get the equation for
a two body propagator. As long ag> a3/2ai.e., the three the off-shell scattering amplitude as

(6)

) . ddK (B, §)ad SKA (5 G,k
47T< g)h(pz,kz;ag)ak(p):(277)3K3(p’k)+ 4 Wu@ws f daK(P, DK4(G,K) ()
- Kq(6,9)a(q’
+ 2(4m) f quﬂﬂ@”h(q) J dq,% "

This integral equation needs to be solved numerically for thehe first Efimov state are, respectively, just below the three
scattering amplitude. Fa-wave scattering and in the limit body threshold whereas for the third binding energy both the
when k— 0, the singularity in the two body cut does not Efimov states are in the continuum. We find that in all these
cause any problem; in fact the amplitude has only the reatases the zero energy scattering length parameter has the
part. By employing Gauss quadrature and using a mesh sizealue, though is quite sensitive to the'®C binding energy,
of 80X 80 matrix, the off-shell amplitudey-¢(p) is com-  yet it retains a positive sign all through. It thus rules out the
puted by inverting the resultant matrix, which, in the limit, possibility of the Efimov states turning over to the virtual
a9(P)p—o— —a, gives the value oh-1°C scattering length. states in the three body system. Here it is important to men-
This value, although has a positive sign, turns out to be quitéion that the investigationfd 5] carried out so far in studying
large. Nevertheless, the positive signature of the scatterintpe behavior of Efimov states in a three body system for
length not only rules out the possibility of a virtual state in equal mass particles, both in nuclear and atomic systems,
n-1°C system but also supports a bound state, which is quitbave all shown that the bound Efimov state turns into a vir-
consistent with the experimental finding. tual state rather than a resonance. As we shall see below the
To investigate the effect of two body binding energy onpresent study turns out to be the first of its kind to show that
the three body scattering length, we study the zero energfpr the unequal mass particles, the Efimov states in the three
n-1°C scattering for different values of the binding energy ofbody system move over to produce a resonance near the
the n-18C system. Thus, for instance, choosing the bindingscattering threshold for the scattering of particle by a bound
energye,=100, 220, and 250 keV, we wish to scan the re-pair.
gion where in the first two cases the second Efimov state and At incident energies different from zero, i.&# 0, the
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FIG. 2. Plot of elastic cross section of'°C scattering vs c.m. energy of neutron fe®C binding energiege,) of (a) 250 keV, (b)
300 keV, andc) 350 keV, respectively. The full curves represent the behavior of the cross section as obtained by computation whereas the
dotted curves represent the Breit-Wigner fits as described in the text. The dashed a@vehiows the behavior of the cross section for
n-18C binding energy of 200 keV.

singularity in the two body propagator is tackled by follow- resonance width has the corresponding values of 0.27 and
ing a very elegant technique of continuing the kernel onto @.32 keV, respectively. Another feature which can be noticed
second sheet originally proposed by Balslev and Combefom Fig. Ac) is that for higher binding energy of the
[16]. According to this, the integral contour is deformed from pn-18C system the behavior of the computed cross section
its original position along the real positive axis to the posi-deviates considerably as compared to the Breit-Wigner
tion rotated by a fixed angle. In other words, we let theshape. Nevertheless, there is a definite prediction of the oc-
variablesp,q, etc., become complex by the transformation,currence of a resonance iR'°C scattering near threshold at
p— p.€¢ andg— q,e7*%. Here the anglep is merely a pa- 1.5 to 1.7 keV.

rameter to be so chosen that the new contour lies as far away To ensure that the appearance of the peak in the scattering
as possible from the singularities. By this operation, the kercross section is an unambiguous signature of a resonance in

nel of the integral equation is analytically continued so as tn-1°C scattering, the present analysis has been further sub-
become compact. It must, however, be added that the choice

on the values of the anglé is not completely free. These 2.0
values are restricted by the requirement that the imaginary ] 8'_ &y =250 keV
part of the scattering amplitude calculated from the integral )
equation must be unitary, i.e., it must satisfy the condition 16}
Im(f,)=—k. !
In Figs. 2a), 2(b), and 2c) we depict the behavior of 141
elastic scattering cross section, vs incident energy of the 12 i
neutron on'°C for three different binding energies, i.e., 250, ’
300, and 350 keV of th@-18C system. We find that as the =10k
incident energy of the neutron is increased from 1.0 keV £ i
(c.m. energy to about 1.4 keV the cross section stays more 08
or less constant at about 100 b. Then suddenly it shows a o6k
sharp rise around 1.6-1.7 keV and falls to about 200 b )
around 1.8—1.9 keV. The full lines in the figures represent 04}
the behavior of the cross section as obtained by computing .
the integral equation whereas the dotted curve shows for 02}
comparison, the fit of the Breit-Wigner resonance shape by N <
using the calculated value of the resonance energy and the "-1.0-0.8-0.6-0.4-0.20.0 0.2 0.4 0.6 0.8 1.0
width of the resonance. For binding energy of 250 keV of the Re fi

n-18C system, the resonance position is obtained at 1.63 keV

while the full widthI" has the value 0.25 keV. However, for  FIG. 3. Argand plot of Inf,) vs Ref,) within a unit circle in
higher energies of, say, 300 and 350 keV, the position of thehe n-1°C scattering when the binding energy of'éC system is
resonance shifts to 1.7 and 1.53 keV, respectively, while théaken as 250 keV.
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jected to the following two criteria: first, by using the rela- tering cross section does not produce the resonancelike peak
tion of the resonance enerde=(1%k%g/(21), whereki,  structure and remain more or less constant with the incident
=k3-k? andkg andk, are the real and imaginary parts in the energy of the neutron.
complexk plane, viz.k=kg—dk; and the widthl'=(kgk;)/ , To conclude, the present analysis clearly shows that on
we compute by using the values of resonance energy and thecreasing the strength of the binary interaction to bind the
width, the correspongmg_lvalues &k and3k,, Y}’h'Ch are  two body system, the Efimov states move into the unphysical
f_ound to_be 3.7%10°* fm™" and 1.53<10°* fm™, FeSPEC- sheet associated with the two body unitarity cut. By studying
tively. This ensures that not only does the resonance lie in thﬁwe scattering of neutrons dAC(n+2%C) near the scattering
fourth quadrant in thé plane but alsdkg>k;. The second . S .
criterion is to study the behavior of Rig) and In(f,) on the thrtlashold we here predict that for binding energies of
Argand diagram as a function of energy around the resot"- °C) system greater than or equal to 250 keV, the disap-
nance position. In Fig. 3, we depict a plot of (fp vs Ref,)  Pearance of these Efimov states?fC gives rise to a reso-
within a unit circle as we increase the incident energy of thehance at the neutron c.m. energy around 1.6 keV with a full
neutron from 1.0 to 2.75 keV in steps of 0.25 keV, wherewidth of about 0.25 keV. This is, to the best of our knowl-
the binding energy of then-*C system is taken to be edge, the first analysis of its kind where the effect of the
250 keV. We find that as the energy is increased the poinbccurrence of Efimov states in a three body bound system
described byRef,,Im f,) indicates an anticlockwise motion has been shown to appear in the form of a resonance in the
in the Argand plot, thereby satisfying an important conditionscattering sector. It would therefore be interesting if the fu-
to be obeyed for the occurrence of a resonance. ture experiments could be directed to confirm the occurrence
It may be interesting to ask whether the scattering crossf a resonance in the-°C system near the scattering thresh-
section would still predict the resonance type structure if they|d. This would indeed go a long way in our understanding

pair energy of the bound system is decreased, to sayp reveal a direct impact of the existence of Efimov states in

mov state in the three body system is found to occur. To

answer this, we depict by a dashed curve the plot of scatter- V.S.B. and V.A. gratefully acknowledge financial support
ing cross section fon-1°C scattering in Fig. @) taking the  from the University Grants Commission for the research
(n-*8C) binding energy to be 200 keV. We find that the scat-project.
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