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Pion charge exchange on deuterium
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We investigate quantum corrections to a classical intranuclear cascade simulation of pion single charge
exchange on the deuteron. In order to separate various effects, the orders of scattering need to be distinguished
and, to that end, we develop signals for each order of scattering corresponding to quasifree conditions. Quan-
tum corrections are evaluated for double scattering and are found to be large. Global agreement with the data
is good.
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I. INTRODUCTION The approximate event generator must have the property that

The solution of the many-body Schrédinger equation forlt can be sampled and that the probability for a given event
scattering problems is difficult indeed. For this reason quan¢@n be calculated. Of course, the full calculation will be more
tum mechanical reaction calculations are often replaced wit§fficient if the event generator gives results close to the “cor-
their classical analogs. The replacement of the quanturfﬁCt" answer. For this event generator we will use the classi-
problem by the classical one was first suggested by Serb&gl simulation mentioned above. It is known to give good
[1]. He observed that the early data seemed to be consistef@sults for simple reactions such as quasielastic scattering.
with a simple cascade of collisions within a Fermi gas modeDeviations from the model are also seen, and it is never sure
of the nucleus. This idea was followed by a long list of if these discrepancies should be ascribed to new physics or to
developing codegsee Refs[2-16). the fact that the model is purely classical. Because of its

For heavy-ion reactions the final state is very compli-simplicity we have chosen the*+d— pp=° reaction to in-
cated, and the cascade calculation became one of the fevgstigate some quantum corrections.
tools available to predict results. The relativistic quantum To elucidate, to the extent possible, the role and magni-
molecular dynamic§RQMD) approach[8] and the Liége tude of the quantum corrections, we have been led to explore
code[9] provide two standard calculational techniques forthe role of various paramete(sounter size, lower momen-
treating intermediate energy heavy ion reactions. The cod#im cuts, absorption parameters, gia.relation to either the
from Valencia[10] is capable of treating proton and pion data or the model.
projectiles. New approaches include a code developed by Li

et al. [11] using a set of coupled transport equations and a 1. DATA
cascade model developed with relativistic heavy-ion colli- _
sions in mind, the ARQa relativistic cascadecode[12]. For the case of single charge exchange on the deuteron,

Almost all of these models rely on the treatment of thethere exist fairly complete dafd 3] on the cross section with
scattering from the point of view of classical probabilities @ coincidence between the two final protons such that the
with each scattering being treated independently. Of coursBnal state was entirely determined. The coincidences were
we know that there are phases arising from quantum meb€etween pairs of counters on opposite sides of the beam at
chanics which should enter into the calculation of the total228 and 294 MeV so that the reaction took place in a plane.
probability. The counter positions are at 20°, 45°, 60°, and 125° on each

If one wanted to perform a fully quantum mechanical cas-side of the beam. This would seem to give 16 pairs but all
cade one possibility might be to consider all possible result§oincidences are not possible. Removing {26°,-20°),
arising from the initial conditions and then calculate the(60°,-1259, (125°,-609, and(125°,-1259 cases, there
guantum mechanical probability of each event. These probremain 12 angle pairs. By convention, the momentum distri-
abilities would then be used as weights. This would be arbution displayed will be that of the counter corresponding to
extremely inefficient procedure, however, since the dominanthe first element of the angle pair.
fraction of the events, if chosen completely randomly, would The coincidence requirement opens up new possibilities
occur with very small probability and most of the calcula- for analyzing the data. The quantum correction that we con-
tional time would be wasted. A far more efficient proceduresider is the one due to quantum vs classical double scatter-
would be to choose the events according to some approxing. The data of Tacilet al. [13] present the opportunity to
mate (well defined probabilistic rule and then correct the explore its nature. One might think that the double scattering
approximate rule by taking for the weight of the event thecontribution to single charge exchange on the deuteron is
ratio of the probabilities. This is a standard technique insmall, and that is, in general, true. However, in the cases in
Monte Carlo procedures known as “importance sampling.’'which just one charge exchange on the neutron takes place
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(without a scattering from the other nuclgpthe spectator important correction since, for high-energy final pions, these
proton has very low momentum in the final state due to théwo nucleons often have low relative energies. In the present
low Fermi momentum of the deuteron. In most experimentsase the two final nucleons cannot have low relative energies
(in particular the one we shall consider h¢le3]), the two  (because the counter pairs require a substantial separation in
protons are detected with a minimum momentum. Underngle so this final state interaction correction was not in-
these conditions the double and higher scattering contribueluded.
tions are the most important. As can be seen in the above mentioned descriptions, the

This positive feature is balanced by the fact that the acabsorption is controlled by a parameter which expresses the
ceptance of the experimental system must be understoogrobability that an absorption takes place when it is permit-
Since the spectrum of one proton was measured in coincied by conservation laws. In the present work we varied this
dence with the second proton the threshold on the seconghrameter to fit the experimental absorption cross sections
detector is important. [24]. Even large variations of the cross-sect{arfactor of 3

The data show a smooth variation as a function thded to variations in the magnitude of the charge exchange
counter pair position as well as a function of incident pioncross sections of at most of the order of 20—-30 % with no
energy. However there are very strong, narrow peaks in theajor change in the shape of the spectra.
momentum spectra which are perhaps surprising. We shall The first problem to be approached in attempting to make
argue that these peaks are normal kinematic features and canclassical solution to the many-body scattering system act as
to some extent, serve as indicators of orders of scattering. We simulation of the quantum system is the realization of the
need to characterize the data in terms of the multiple scatteinitial density of particles in the bound target. While one can
ing components since the relative weights of each order arehoose the coordinate positions appropriately, the distribu-
different at 228 and 294 MeV. tion of momenta of the particles also needs to be taken to

In the treatment of these data we first run a cascade codeatch the quantum case. The technique for the construction
to generate an event file with charge exchange events. Thi a nucleus withA nucleons is given in Re{23].
file is then analyzed with appropriate threshold cuts, selec- For the case of the deuteron a direct sampling method can
tion of the number of scatterings, etc. After some studiede used to take the spatial distribution directly from a prob-
attempting to match the experimental thresholds we decidedbility density. For the radial density we have taken that of
to use a standard momentum threshold of 226 Meféf all ~ the solution with a one-pion-exchange potenfz8—29.
of the cases. The counters were taken to have an extension of Since we intend to have the two nucleons propagate under
5° in the # sense and the back-to-back condition was enthe action of a potential, once the position of an initial
forced by requiring that cad¢=<-0.99, whereA¢ is the  nucleon is established the kinetic energy is fixed by the re-
difference in azimuthal angles for the two protons. lation

lll. CLASSICAL CODE T +V(n) =E, @
The present INQintranuclear cascagleode was origi- whereT is the kinetic energy of the particle and is the
nally developed to treat moderate-energy antiproton annihipotential chosen. Once a valuerois chosen then a value of
lation in nuclei and has been applied to that end several timethe kinetic energyand hence of momentunis fixed. Since
[14-18. However, the annihilation of an antiproton leads to(as we will see shortlythe coincidence requirement leads to
pions (or at least it is so treated by the modahd so the delta functions for the momentum distributions for double
history of pions in the energy range below, and of the ordescattering in the absence of Fermi motion in the deuteron, it
of, 1 GeV is essential to the calculation of energy depositionis important that the distribution of this quantity be realistic.
Of particular importance for the thermalization of the nuclear If the potential in this equation is chosen to be the same as
matter are pion absorption and production. For this reasothat used in the quantum mechanical problem to provide a
the code needed to be checked against reactions initiated Isplution giving the density, in general the distribution of the
pion beamg[19]. Calculations have been done to comparemomenta obtained from the classical procedure just outlined
with data on antiproton annihilation of 5—-10 GeV antipro- will give a (very) different distribution of momenta from the
tons on several nuclg0]. Considerable success has beenone obtained from the square of the momentum space wave
obtained in predicting the rapidity distributions of strangefunction derived from the solution of the quantum problem.
particles produced in antiproton reactidis$]. The question In particular, the quantum solution gives a distribution of
of pion absorption and comparison with data has been adnomenta which has support to infinity, whereas the classical
dressed21] and the code has been used for the comparisosolution, because of the fact that a typical potential used in
with inclusive datd22]. It was quite successful in describing the solution of the nucleon-nucleon problem has a maximum
the overall spectrum although there is a problem with thedepth, has a cutoff at a finite value. This cutoff comes at a
number of final pions in the region of the delta resonance. point well within the range of interest of momenta so that the
A description of the basic features of the pion version ofresulting momentum distribution is far from realistic.
the code can be found in R¢R23] where pion double charge This problem can be solve@t an expense as we shall
exchange orfHe was treated with a quantum correction for seg by choosing the potential such that the momentum dis-
final state interaction for théunobservel nucleon pair on tribution is correct if the radial density is the one desired. In
which the two charge exchanges took place. This was athe present case, we have taken the binding energy of the
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FIG. 1. Comparison of the measurements of Fermi momenta by
Bernheimet al. [29] with a fit to the data(dashed ling and the
result of the INC(solid line) using the potential derived in the text
and shown in Fig. 2. Also shown is the square of the momentu
wave function of the one-pion-exchange deutefdotted.

FIG. 2. The potential obtained as described in the text. The solid
line is the potential directly from the procedure and the dashed line
shows the fit used in the cascade code. The dash-dotted line shows

n%he Malfliet-Tjon[30] potential as modified ifi28].

r being able to have correct spatial and momentum distri-
utions with conservation of energy. For double scattering or
higher this potential is not very important since the nucleons
Qave high energies and are little affected by the final state
Interaction between the two nucleons.

For single scattering, however, where the Fermi momen-
m (after final state interactiormust be detected in one of
the pair of counters, the error can be substantial. Since only
the tail of the Fermi momentum distribution has large
enough values of momentum to be observed in the detectors,
the exact values of the momentum in the tail is crucial. For a
number of cases the single scattering plays a small role while

p(rdr=g(T)dT (2)  for others it contributes in certain parts of the spectrum in
ways that might not be imagined without some reflection.
for which the integrated forntaking account of the proper  Since we know the initial distribution and we can select

deuteron to be zero so that the kinetic energy is equal to thf
negative of the potential.

To find the potential which will make these two distribu-
tions compatible in the classical sense, we first transform th
momentum distribution to a distribution of kinetic energies.
The momentum distribution used in this case is taken from a
fit to the data of Bernheimat al. [29] where the data and the u
fit are shown in Fig. 1.

Given this distribution, the condition that the kinetic en-
ergy distributiong(T) be obtained from a given radial distri-
bution p(r) is

limits to give the boundary conditiongs the events with single scattering in the calculation and accu-
o T mulate the distributions of the final proton momenta, the ef-

F(r) = J p(r)dr= f g(MdT=G(T). (3) fect of this potential in the final state can be observed. Figure

r 0 3 shows such a comparison for four angle pairs. The curves

have been normalized to the same integral values. It is seen

that the momenta for the case of the forward angle counters

have been shifted to lower values as expected from the above
T(r) =G YF ()] (4) arguments. In_ ot_her_cases_the distributior_l is very similar to

the starting distribution or increased at high momenta. The

is made. The potential is then identified with the negative oflargest angle counters show a double peaked structure.

the kinetic energy. The numerical inversion procedure intro-

duces some error byt is stable except_for very small values of IV. SINGLE, DOUBLE, AND TRIPLE SCATTERING

r, where the numerical procedure limits to a constant poten-

tial, whereas the true result goes to infinity. Afit is then made While the quasifree single scattering peak has been

to the potential which follows the potential in the region known for a long time, it is interesting that in a coincidence

where it is well determined. In general the procedure worksexperiment one can expect peaks from quasifree double and

well and the resultant momentum distribution from the simu-triple scattering. Since peaks in spectra are sometimes inter-

lation is shown in Fig. 1 compared with the input distribu- preted as particle masses, one should be aware of the pos-

tion. The agreement is good but not perfect. sible presence of such peaks to avoid misinterpretations that

The resulting potential is shown in Fig. 2. It is seen that itcould arise. Scattering is carried only to fourth order, i.e.,

has only a cursory resemblance to a semirealticpoten-  after the pion has scattered four times it is not allowed to

tial at larger and is completely different at smallwhere it interact. Thus, what we call quadruple scattering really rep-

lacks the repulsive hard core. This potential is the price paidesents all of the rest of the scatterings which would have

To obtain the desired solution the functioR§r) and G(T)
are tabulated numerically and then the numerical inversion
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occurred as well. We are not able to give an analytical discurve displays the result with the threshold cuts in place and
cussion of this higher order but we will treat the first threeone sees that most of the single scattering is eliminated by
orders. the cuts. In some cases a remnant of the single scattering is
left. Interesting are the cases of the angle p&d&s°® ,-45°)
and(60°,-20° where the quasifree peak is in the center of

. . _ . the spectrum and only the tails of the distribution remain
The quasifree scattering peak is well known in measure-

. : . . ) ) dafter the cut resulting in peaks at high and low momenta,
ments in which a single particle is observed and, indeed, . : . -
with precisely the opposite shape to the original spectrum

appears prominently in many cases. It corresponds to a free

nucleon at rest being struck. Since the Fermi momentu efore the cuts. Clearly, _it is difficult t0 be sure of the
distribution typically peaks at zertor low) momentum, a strength of these peaks since they depend on the values of

peak in the final momentum distribution is observed at thehe cuts and, especially, on the final state interaction poten-
value of momentum appropriate for free scattering. In addi-tial- In these two cases, since the momentum distribution has

tion there is a distribution of counts on either side with theP&en modified only slightly by the final state interaction, one
extent of the wings depending on the Fermi momenta. may expect that the predictions are at least qualitatively cor-
In the present coincidence experiment, where for the casiect.
of single scattering a substantial Fermi momentum is needed The remnants after cuts shown in Fig. 4 for 294 MeV are
for the observation of the spectator proton, the maximum ofimong the largest for that energy. The remaining single scat-
the quasifree peak is explicitly excluded. The most one mightering cross sections at 228 MeV are large, not only in the
expect to see is one or both of the wings of the distributioncase of the counter pairs shown but in the pdi2°,
This effect can lead to rather unexpected contributions to the45°) and (45°,-20°) and to a lesser extent for the pairs
spectrum. (45°,-60° and(60°,-45°). For the(20°,-60° angle pair
Figure 4 shows results for single scattering. The dottedhe final momentum for the quasifree peak is clearly visible
curve shows the distribution without any thresholds for thewithout cuts but mostly eliminated with them. The effect of
counters, and the quasifree peak is clearly seen. The solithe cuts is rather different at 228 MeV and 294 MeV.

A. Single scattering

054611-4



PION CHARGE EXCHANGE ON DEUTERIUM

PHYSICAL REVIEW &9, 054611(2004

20,—-60
228 MeV

)

dP
ol v =
T

dQ
%))
T

1

™ -
T T

o(P) (ub/aAQ
)

—_
T

[=}

- —~

— .
L ooo'--oo.-o“_'_._rl_‘
LS = e |

V] 100 200 300 400
P, (MeV/c)

600 100 200 300 400 500 800
P, (MeV/c)

700

- 45,—45
228 MeV

ap))
[e>] =2 [e-]
T

2
L

dQ
o
T

1

'
T

a(P) (ub/d0

(=
T

B I
|
|
N

L |

él

-

- 45,—-45
294 MeV

- L7l
-+ oyl
1L '.....-'[. |

t]‘-—’l—l_‘—l—L»= 4 |_L !

0 100 200 300 400
P, (MeV/c)

500

600 100 200 300 400 500 600
P, (MeV/c)

700

60,—-20
228 MeV

dp
2 m‘) N o
T

dQ
o
T

1

]
|

I

| |
I a

-
T

o(P) (ub/dQ
N w

. -
|
|

|

—
T

(=]

—+ 60,-20
294 MeV

L - O
se ‘-l
! | i ! I

0 100 200 300 400
P, (MeV/c)

500

600 100 200 300 400 500 600
P, (MeV/c)

700

FIG. 4. Single scattering with
and without cuts at 228 and
294 MeV. The data points shown
in this figure and all of the figures
to follow are from[13].

B. Double scattering E=w+M=Vu2+(k,—ky)2+ M2+ K2

= VI G - 2K ko + YMP + K, (6)

We now discuss the existence of quasifree double scatter-
ing peaks where each of the two particles will receive a
substantial momentum from the scattering process. For this
reason in this study we limit ourselves to the case of zeravherex is the cosine of the angle between the incident pion
Fermi momentum. By specifying the angle of the outgoingdirection andk;. Solving this equation folk4|, we have
(first) nucleon, with the incident pion momentum known, the
kinematics of the reaction are expressed by
2Mk X

Kil=kyj= =57
el =k E - KXYE

(7
kﬂT = kl + k! (5)
Since the final pion momentum from the first scattering is
known, it can be used as input for the second scattering, and,
wherek; is the final energy of the first struck nucleon dnd with the direction of the final nucleon fixed by the experi-
is the pion momentum after the first scattering. Equating thenental conditions, all angles and energies are again known.
total laboratory energy before and after scattering, we haveWe can apply the same formula to find
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TABLE |. Expected peaks from quasifree double scattering for a pion incident energy of 294 MeV. The
numbers are for the position of peaks expected in the first counter of the pair. The first number corresponds
to the case where the first struck nucleon was detected in this counter and the second number corresponds to
the case where the second scattered nucleon was detected in the first member of the counter pair. In the pairs
in which one of the counters is at 125°, only one value is possible since the first scattering cannot lead to a
particle recoiling at greater than 9Q&ithout Fermi motioi.

Angle pair 20, 125 20, 60 20, 45
Peak positio(s) (MeV/c) 573 573 507 573 316
Angle pair 45, 125 45, 60 45, 45 45, 20
Peak positio(s) (MeV/c) 415 415 557 415 447 415 75
Angle pair 60, 60 60, 45 60, 20
Peak positiongMeV/c) 287 529 287 486 287 165
Angle pair 125, 45 125, 20
Peak positionMeV/c) 259 376
2MKy value of the recoil angle for the initial scattering,, for a
2= m ) fixed 6, all kinematics are defined. The probability of such

an event will be given in terms of a product of the three
whereE’ =\k?+u?+M andy is the cosine of the angle be- scattering cross sections involved. Performing the transfor-
tweenk andk,. mation from the distribution iz=cos# to the distribution in
Thus, for a given angle pair there are two momeetch  final moments;(z) (the momentum of the first nucleadter

in a different countgrwhere one might expect to observe a the secondscattering, the momentum distribution is given
peak. Since the first scattering must lead to the recoil of th¢yy

nucleon in the forward direction, when one counter at 125° is

involved there is only one value possible corresponding to dP _dP dkg 9
the scattering to the forward counter first. Tables | and Il give di, dz dz )
the peak position expected at 294 and 228 MeV, respec-

tively. where the quantitydP/dk; is the probability of the triple

Figure 5 compares calculations with and without Fermiscattering taking place for a given dk;/dz typically has a
momentum for double and total scattering. They are mad&ero in the range of interest. This zero occurs at the maxi-
including the quantum correction to be discussed in the nextium energy possible for triple scattering, which, in fact,
section. It is seen that peaks do indeed come where predictegincides with the maximum energy possible for the reaction
by the above consideratiorishown as triangles in the fig- (regardless of the number of scatteringiiple scattering is
ure). Fermi motion and higher order scatterings tend to bluithe first order in which this maximum momentum can be
and hide them but they are often visible in the final result. reached. This peak will have the same form for any value of
Fermi momentum and hence is not broadened by the motion
of the nucleon. Since the measurement is a coincidence cross
section, one expects a companion peak in the second counter

In this casgperhaps remarkab)yone also has regions of at the energy of the second scattering which corresponds to
strength in the quasifree process. The reason for the exishe Jacobian peak. While the Jacobian peak is clearly seen in
tence of structure is a Jacobian peak introduced by a transhe experimental results the companion peak is usually much
formation discussed in the following. If we assume that thebroader and generally not visible. It is worthwhile to note
entire triple scattering remains in a plane, then for a giverthat the counter size can influence what is seen since there is

C. Triple scattering

TABLE Il. Expected peaks from quasifree double scattering for a pion incident energy of 228 MeV. See
Table | for an explanation of the entries.

Angle pair 20, 125 20, 60 20, 45
Peak positio(s) (MeV/c) 488 488 427 488 260
Angle pair 45, 125 45, 60 45, 45 45, 20
Peak positiofs) (MeV/c) 357 357 476 357 378 357 54
Angle pair 60, 60 60, 45 60, 20
Peak positiongMeV/c) 249 458 249 416 249 135
Angle pair 125, 45 125, 20
Peak positionMeV/c) 241 334
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FIG. 5. Total and double scattering with and without Fermi motion at 294 MeV. The solid line represents the contribution of double
scattering and the dashed line gives the total. Both calculations were made without absorption.

a true singularity in these peaks. Table Il gives the positions V. QUANTUM CORRECTIONS
of these Jacobian peaks and the companion peak. In this section we discuss the quantum corrections that we
Figure 6 gives the final momenta of the two nucleons as a q

function of the(assumed in planescattering angle in the first apply for th'e dqub!e scattering only. We will weat spin,

scattering for the angle pair€0°,-1259 and (125° space, and isospin in turn, starting with the general form of
. 9 ge p ' 7. ' the operator in spin space.

-20°). It is seen that the momentum of the particle in the

second counter also has a maxim(nd hence also a Jaco-

bian peak for the cas€125°,-209. For the conjugate pair, A. General form

(sze(go;];iliso?ng;]? (r:nasliols enqetr rfﬁgzzgcg?]r dtggcggi(n Ofet:f . In order to calculate the ratio of the quantum double scat-

the 20° counter Lrjne;ams \tﬁa\t’ tHereI should be two slharp ea%%ring cross section to the classical version we must evaluate

with no Fermi momentum. When Eermi momentum Fi)spin- e double scattering amplitude, which can be expressed as

cluded in the problem the peak in the interior of the distri- A\ (k_k’:ry,rp)

bution will be broadened but that at the maximum of mo- i

mentum will not. 1 e kat2f(q,k )2 DE(k )k
Figure 7 shows results of the INC calculation with a very = 272 f dq P-r2—ie

small Fermi momentum. It is seen that the peaks match the

predictions(marked with the trianglgs While the compan- (10)

ion peak to the Jacobian is normally brogke pair 45°,

-60°), we see that, indeed, the angle p@0°,-1259 is an gk ok f(q,k.)ENf(k,,q)

exception with the second peak being also narrow. There is =T o2 f dqg Py (11

some broadening of the peaks due to the finite size taken for
the counters in the analysis of the events coming from the Following the technique of Ref31] and including plane
INC. wave functions for the nucleon final states, we can express
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operator on a single functiog(r). 100 | ’ Angle pair (125,-20)
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ei(kl.r1+k2.r2—kﬂ,.r1+k7'7-r2)Ads: (Al + qu i k77+ 010'1 -q X kw)
X (A, + g+ k!
(Ao + Bk -0+ Cop -k X ) FIG. 6. Momenta for triple scattering at 294 MeV. The momen-
xg(r), (12)  tumk, is the one measured in the 20° counter &xthat measured
in the 125° counter.
whereq is to be interpreted asi¥. Here the constant4, B,
and C are determined from pion-nucleon phase shifts and

correspond to the two processes possihieelastic scatter- We see that we have terms with no. one. and two deriva-
ing on the proton followed by charge exchange on the neug, s SinceVg(r)=fg'(r)=rg’(r)/r we can make a simple

tron or charge exchange on the neutron followedmelas-  oh13cement in the terms with one derivative. For the terms
tic scattering on the proton. The phase factor on the left i, vo derivatives a second term appears which corre-

cpuld be ig’.“’fed in Some Cases but we need to keep it h.e@eponds to the operation of the derivative on the factor
since we wish to consider the coherence of this scatteringp, s we can expand E(L2) as

(nucleon 1 followed by nucleon)2vith the reverse order.
The functiong(r) is given by

o= ) o (1y  etrrerketaia,
2 =A1AQ(r) + (ABK, - q + AByq - k)g(r)
where we have taken +(B1B,q - kK. -q)g(r) + (ACy0, -k X q
W2+ 12 +ACioq-q X k)g(r) + (B.Cyq k00 -k X g
= 2 1 +B,CK, - Goy -G X k)g(1) + (C1Co0 g

x is the momentum of the intermediate propagating pion, and XKz K X A)g(r), (15)

a is the range of the form factqtaken as 4 fit here.
We consider the transformations of the radius vectors ac-

cording to where we have separated the terms according to the number
of derivatives and the number of occurrences of the spin
operators. Performing the operations we can wst#l as an

2 operator in spin spage
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. ) . . . . "(r
glkartkarakatatkaTIA = AJAQY(T) = 1(A1BK, - T + AjBif - k)9 (r) = BiBof -k k. - Tg(r) = ByBok,, - k;rgT()

- i(Aj_CzO'Q . k;_ X F +A2C10'1 F X kw)g'(l') - (B]_CZF . qu(TZ . k;, X f + Bzclk;_ . fO'l . fkw)g_(l‘)
- (B]_Cz(TZ . k;T X kﬂ.‘l‘ Bzcl(fl . k;T X kﬂ.)gT(r) - C]_Cz|:(0'1 f X k770-2 . k,,n, X f)g_(r)

"‘(‘Tl'k;ﬂ'z'kw_(fl'Uzkw'k;)gT(r)] (16)

whereg (r)=g"(r)—g'/r. the the spin operators for the other terms. We will use the
Terms proportional tg’(r)/r are “quantum” in origin and  singlet-triplet representation for the present problem since

fall off as 1/r? for large distances. For large valuesradlso  the initial state is a pure triplet. The matrix elements needed
for the spin amplitudes are given in Appendix B.

i kT eiKr . i KT
g ——, g'(N—-*—, g'(n —ix—.
r r r B. Isospin of the deuteron

The spin-independent terms will be diagonal in the initial In order to include the effect the definite isospin of the
and final states, but we must take the expectation values afeuteron we can write the amplitude as
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[ FIG. 8. Double scattering comparing classical
1 : T k n (dashed ling fully quantum(solid line), and par-
Lo tial quantum effects without the coherent deu-
o Ly teron wave function (dash-dotted ling at
s 228 MeV.

o(P) (4b/d0,dQ,dP)
9]
[

]
T
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M=(pp X keikem [DX(K)D* (ky) = DK D (k) IR(r iyl k)72
i#,j=1,2 _ )
fi(a,k)fi(k,,q)d ™ +[DO(K,)D¥(k,) = DX(K,)D* (k) IR(= r,qp)e” krtka) 112
< TEEEE D 0 o - DD LR e
where the operator§ are the pion-nucleon amplitudes in ~R(-r1,qy)e katkn) /2], (20)

spin and isospin space and the bras and kets refer to isospin
states only. We have included the initial and final spatial

states of the pion but not the final state of the two protonsWhere Gi=K~ki is the intermediate momentum of the

) : . ropagating pionthe same asc in the previous develop-
Since there_are two Ofd‘?fs of scattering possible and there afﬁeno in each case. For example, for the second term in Eq.
two terms in the isospin expansion of the deuteron wavi

function, there are four terms in this expression, each of th 16_??5; :slgtlriét?c:]: Sf:tl:\e. rsgt]r((arrz th of the two possible inter-
type presented in the previous section. 9 P

Thus, since an operator cannot act on the same partic ctions represented by the differences of the multiplying con-

successively the effect of one term on the isospin part of th(?n ﬁﬂﬁgi dnoiznnk?é torlzgggcioot?letri]seossﬁitlgrllacrg?::gIrn(?ft?r?é 525_
deuteron wave function is 9 P

teron.

(Pal(pol(fofy + fle)%(|pl>|n2> = [nplp2)), (18)
V2 C. Phases from the proton-proton final state
where each product of’s can be decomposed into terms
from Eg.(16) consisting of a constant multiplying an opera-
tor. We make the simplifying approximation that the ampli-
tudes for the elastic scatterings and charge exchanges depend
only on the pion momentunineglecting the nucleon mo-
tion). Thus, we assume all nucleons at rest for the purpose of (21)
the evaluation of therN amplitudes only.
These considerations allow us to write this in the form

For the spatial final state wave function of the two protons
we have

e—i(kl-rl+k2-r2) + e—i(kl-r2+k2-r1) N ei(kz—kl)-rlzi e—i(kz—kl)-rlz

where the plus sign corresponds to a singlet final state and
(kD) FT(k,) — Tk FX(k,) + kD) F3(k.) — Fi(KL) (K., the minus sign to the triplet final state.
(19) Taking into account the conservation of momentlm
=k, +k;+k, we can combine the phase factor of the two
where fX, f°, and f are, respectively, charge exchangd, terms in Eq.(20) (dropping the overall multiplying constant
scattering, andr* scattering on nucleoh for the momenptto find
Considering, term by term, the components in ELf)
that have the form of constants times operators and taking
the expression for double scattering of a generic operator to
be represented bR(r ,k,k.,q) [=R(r,q;), suppressing the
pion momenta for brevifyand a generic constant amplitude The operators in Eq(16) have a definite character in the
for the corresponding term to 2 we can write parity of r, either even or odd. The next step in computing

[+ & ZR(r,0) ~ [N £ & RIR(-1,0p). (22)
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the quantum matrix element would be to integrate over thissalue ofr) we cannot proceed to this integration step but we
vector, thus picking out the matching terms in the final statewill keep only those terms that would survive this integra-
nucleon wave function. Since we are “correcting” for thetion. This leads us to the following array which must be
guantum effect event by eveand each event has a definite applied term by term:

Spin Triplet to triplet Triplet to singlet

Even [codr -q,)—codr -q,) [R(r,q) +R(r,qp)] [codr -q)+cogr -qp) J[R(r,q,) —R(r,q)]
Odd i[sin(r -qy)—sin(r -qx) J[R(r, ;) +R(r,q)] i[sin(r -gy)+sin(r -q,) J[R(r ,g,) —R(r,qy)]

VI. RESULTS reducing the cross section but their inclusion, though pos-
_ _ _ sible, is beyond the scope of the present work.
Calculations were performegvith 4 x 108 cascadeswith The comparison for the counter paii25°,-209 at

the quantum effects on double scattering discussed beingpg MeV is puzzling. The data reverse their trend from the
implemented in the calculation by computing a weight cor-same pair at 294 MeV while the calculation gives the same
responding to each event. general form.
Figure 8 illustrates, for a typical pair of angles, that the
isospin correction is the most important quantum effect. The
phase correction is much smaller. The constdhts Eq.
(20) tend to cancel for the most important partial waves. If  The poor agreement of the obtained potential with a semi-
the amplitude were completely dominated by the 33 resorealistic nucleon-nucleon potential may worry some, and
nance, there would be a constant reduction factor. That domiyith good reason. However, it seems to be necessary in order
nance is not as pronounced at these energies as at the reg®-obtain some even more important conditions in a classical
nance but there is still a significant cancellation in manysimulation. First, the density distribution of nucleons must be
cases. correct or else the magnitude of the cross section and esti-
Figures 9 and 10 show the various orders of multiple scatmates of multiple scattering will be wrong. Even the early
tering beyond single. The interactions in the cascade werfNC codes did thigmore or less correctly. Second, Fermi
stopped at fourth order so that quadruple scattering reallynomentum must be included. Without this physical effect
includes all higher orders which would have occurred if al-the coincidence spectra would appear as a series of spikes.
lowed to continue. We have seen that the higher orders dfhe correct degree of smearing is very important. Third, en-
multiple scattering are more important at 294 MeV than atergy must be conserved and definite. If one simply includes
228 MeV. One possible reason for this is that the absorptiothe motion of the nucleons without adding a potential to
is less at the higher energy. When the energy is degraded pompensate the kinetic energy of the nucleons that corre-
collisions, the absorption becomes larger and truncates thgponds to the Fermi motion, the deuterium nucleus will not
multiple scattering. This may be one reason why we have shave a definite energy and such features as the Jacobian
much multiple scattering. peaks would be washed out. Thus, these three conditions are
Figures 11 and 12 give the results for all angular pairsabsolutely essential for the present calculation. The selection
with and without quantum corrections in the double scatterof any two implies the third, so there is no choice: we are left
ing. We have seen that the quantum effects inclu@spe-  with a specified potential.
cially the isospin onggive a large decrease in the double  The nonrealistic nature of this potential mainly affects the
scattering cross section which carries over into the total asingle scattering through distortion of the distribution of the
well. We see that the agreement with the data at 228 MeV ifinal state momentum of the spectator particle. Since single
generally good with the possible exception of the countekcattering is largely eliminated by the momentum thresholds,
pairs(60°,-459) and(60°,-60°) where the cross section is we do not expect a large problem. In those cases in which
overestimated in the midmomentum range. At 294 MeV thethere remains a significant contribution from single scatter-
agreement is excellent except for a substantial overestimaiag, errors may occur. We believe that we have taken the
for the pairs(60°,-60°) and (20°,-1259. Much, but not  correct compromise for this particular set of observables. For
all, of the overestimatén the first counter pair at legstan  another casé€one in which very low energy protons were
be attributed to third and higher order scatterings which sugeletected, for exampjeit might be more appropriate to
gests that in some cases the model overestimates these cahoose a realistic potential at the expense of the Fermi mo-
tributions. One possible reason could be that the quantummentum distribution or the correct density.
corrections have not been made to these orders. We antici- The effect of the low-energy experimental cuts is quite
pate that such corrections would go again in the direction ofmportant. The single scattering is very large in some cases

VIl. DISCUSSION
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FIG. 9. Comparison of orders of multiple scattering and the total at 228 MeV. The single scatteritdp fqr-45°) is shown in
Fig. 4.

and small errors in the cuts, which largely eliminate themany particles, we have found that a classical simulation
single scattering, can have a large influence. (suitably corrected for quantum effegtsan be successful in

In the experimental pap¢t 3] a calculation was presented describing even very small systems. To our knowledge this is
based on Faddeev equations. Although it is difficult to com-the first work to try this approach on the deuteron.
pare our calculation with that one because the cuts were not
taken into account, it seems that we have a better agreement
with the data.

This work points out that it is very important to have the ~ We thank R. Tacik for supplying us with tables of data in
correct isospin in the initial state. This can be expected to belectronic form. J.P.D. wishes to thank the Department of
most important in the very light elements. Physics of New Mexico State University for its hospitality

The quantum phase effect seems to be moderate to sma#ind partial support and W.R.G. expresses appreciation for the
In the original INC it was assumed that the large number ofsame to the Université Paris 7-Denis Diderot. This work was
unobserved particles would “wash out” the phases with avsupported by the National Science Foundation under Con-
eraging. It is somewhat surprising that even for this casetract No. PHY-0099729.
with only two nucleons and complete kinematics, this effect
is still not very important. Of course, we can make that state-
ment only about the angles tested.

There is some hope that the overestimate of the cross In the case where the momentum is determined by a po-
section in the third and fourth orders will be corrected by thetential, as in the present model, we can get some feeling for
introduction of quantum effects in these orders as happendithis correction(independent of the form of the poteniidly
in the second order. The testing of this conjecture is left forconsidering a simplified case. We assume that parti¢tae
future work. spectator particlehas a given Fermi momentupy with the

While we began the paper with a very brief review of theangle being given by the coincidence counter. Then particle
beginning history of the INC based on heavy targets andne must have an initial momentum equal and opposite.

ACKNOWLEDGMENTS

APPENDIX A: A SIMPLE LIMIT

054611-12



PION CHARGE EXCHANGE ON DEUTERIUM PHYSICAL REVIEW &9, 054611(2004

4 T T T T T T T T T T T T T T T T T T T T T T T T T T T T
20,—125 20,—125 20,-125 20,-125 N
Double Scattering 3 Triple Scattering ¥ Quadruple Scattering 3 All Orders ¥
> 294 MeV a - .
o 3F 2 T 2 BT T b
o, 2 2
[=]
o
g
Sz2r T T T 1
o
3
a\ '. » '. »
e 1r T .. . T . - B
0 L L 1 1 ettt 1 1 1 L eopmetel L 1 |
O 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 80C
P, (MeV/c P, (MeV/c P, (Mev/c P, (Mev/c)
5 T T T T T T T T T T T T T T T T T T T T T T T T T T T T
45,—-45 45,—-45 45,-45 45,—-45
Double Scattering Triple Scatiering Quadruple Scattering All Orders
~ 4 r T T T B
a H H
5, i
g F
3T I T H T i T 3 1
s
~
s}
T : !
\_b/ i' !'
tr L T LML T T 1
"an e
0 1 L m I 1 1 L rL—#L—f_F—Jﬂ 1 1 1 4 el 1 1 1 L 1 . 1
Q100 200 300 400 500 600 700 800 100 200 3Q0 400 500 600 700 800 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 80C
(Mev/c) P, (Mev/c) P, (Mev/c) P, (Mev/c)
4 T T T T T T T T T T T T T T T T T T T T T T T T T T T T
60,—60 60,—60 60,—60 60,—60
Double Scattering Triple Scattering Quadruple Scattering All Orders
st . . + P + + |

o(P) (ub/dQdQ,dP)

0 -
0 100 200 300 400 500 6006 700 800 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 80C

, (MeV/e) P, (Mev/c) P, (Mev/c) P, (Mev/c)

FIG. 10. Comparison of orders of multiple scattering and the total at 294 MeV. The single scatteri@p for-45°) is shown in
Fig. 4.

With the usual center of mass expressions 12 2 12 2 2
—pﬁ :—p +V:—p —p— or p;zzp’z—pzzq—+q.p_
m m m m 4
P1-P2 P P (A4)
=—F P= + =— 4+ = — -
p 2 ’ pl pZ! pl 2 p1 p2 2 p1

(A1) Assuming that the direction in the center of mass does not
change as the particles propagate to infigéity would be the

) o _ case when they are back to back
where, in factP=0 in this case, we can write the sum of the

kinetic and potential energies in the initial state as q? p’ Vg4 +q - p < q>
Pe=\, tAP 5= | Pt |,
2 4 Pl No¥4+q-p+p®\T 2
P sv=o, (A2) (A9

the final momentum of the spectator particle in the laboratory

where we assume zero binding. After the scattering with moWill be

mentum transfeq, we have T
, _d,_\g%4+q.-p ( q)
=t ———(p— 2 |. A6
q p2 2 \q2/4+qp+p2 p2 2 ( )

P2=Pa P1=P1+d, P'=p+o. (A3) _ _
Thus, adg|— « the momentum of the spectator in the final
state becomes equal to the initial Fermi momentum. How-
In the final state the relative momentum at infinity will be ever, the present case treats only moderate values of momen-

given by tum transfer so a substantial correction is to be expected.
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APPENDIX B: SPIN MATRIX ELEMENTS

With the definitions

PHYSICAL REVIEW @9, 054611(2004

1 _ 1 _
a’=a al=-=(@+ia¥), alt=--=(a-ia),
\2 V2

(B2)

c=axb, (B1)  the matrix elements ofS'S)|o, a0, b|SS) can be written
|
00 @-1 (1,0 (1,+1) (s,8)
(S,S) (0,0 -a-b -ic™? ico -ic*!
(11_1) —jc*? a%p° —a%*l-a O 2a+1p+l
(1,0 -ic®  a%t+a i a-b-2a%"° apl+a%*?
(1,+1) -ic™?! 2a ™ —ah0-a%t a%®

We need this matrix twice, once fa=k, b=k’ and once
for a=f Xk, . For the second case we can write—(f -k

X k'F.
For a single spin operator we have
0,0 (1.-1 (1.0 (1,41
(0,0 0 -at al -a*t
1,-1) at -al at 0
(1,0 al -a! 0 at
(1,+1) at 0 -at al

for the matrix elements ofS'S)|o;-a|SS) and

0,0 1,-1 (1,0 (1,+1
(0,0 0 +at -al at
(1,-1) -at -a at 0
(1,0 -al -a! 0 at
(1,4+1) -a! 0 —-at al

for the matrix elements ofS'S,|o,-aSS).
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