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The angular momentum projected generator coordinate method, with the axially symmetric quadrupole
moment as generating coordinate, has been applied to study the shape coexistence and quadrupole collectivity
in the neutron-deficient isotopes182–192Pb. The finite range and density dependent Gogny interaction, with the
parametrizationD1S, hasbeen used in the calculations. A good qualitative agreement with the available
experimental results is found. Our results indicate thatZ=82 remains, on the average, as a magic proton
number for the considered nuclei and also support the experimental evidences for rotational bands built on
coexisting low-lying states of oblate and prolate shapes.
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I. INTRODUCTION

The low-lying states in neutron deficient lead isotopes
have been studied theoretical and experimentally during the
last three decades. The interest in this region is due to the
presence of three 0+ states within 1 MeV excitation energy in
several even-even lead isotopes. The spherical 0+ ground
state is associated with theZ=82 magic number while the
other two excited 0+ are associated with prolate and oblate
configurations based on particle-hole excitations. Nuclei
aroundZ=82 exhibit a variety of coexisting configurations
[1–14]. In particular, neutron-deficient Pb isotopes are spec-
tacular examples of coexistence between oblate, spherical,
and prolate low-lying 0+ states. On the other hand, the recent
discovery that the magicity of theN=20 andN=28 is more
fragile than expected, see, for example, Ref.[15], has moti-
vated the study of a possible erosion of proton shell closures.
In this direction, recent studies[16–18] have provided valu-
able information about nuclei nearZ=82 and have motivated
an active investigation of the possible loss of magicity of this
proton shell.

Experimentally, yrast and near-yrast states in the neutron-
deficient Pb isotopes have been extensively studied using
fusion-evaporation reactions. In the lighter isotopes
184,186,188Pb around the neutron midshell nucleus188Pb, rota-
tional bands have been observed in these experiments which
were associated with prolate deformed shapes[2,19]. Crucial
for the study of shape coexistence in these nuclei is the iden-
tification of excited 0+ states some hundreds of keV above
the ground state which is not possible in fusion-evaporation
reactions. The first excited 0+ states in192–200Pb were iden-
tified in b-decay experiments using on-line isotope separa-
tors already fifteen years ago[6,12]. For the lighter isotopes,
however,a decay becomes more and more probable relative
to b decay and thereforea decay of Po isotopes combined
with conversion electron spectroscopy to detect the E0 de-
cays from the excited 0+ states to the ground state is the ideal
tool to study excited 0+ states in186,188.190Pb. This type of
experiments have recently been performed for all three iso-
topes mentioned above[3,4,20]. However, these experiments

become more and more difficult when going to the lighter
isotopes since the production cross sections for the Po iso-
topes in fusion-evaporation reactions are getting smaller(and
the fission background larger) and at the same time, thea
decay half-lives decrease down to milliseconds, complicating
the separation process. Therefore,186Pb is so far the lightest
Pb isotope for which two excited 0+ states could be estab-
lished.

The question if there were strongly deformed nuclei near
Z=82 was already raised in Refs.[21,22]. At the mean field
level there have been calculations using the Strutinsky
method which have found low-lying deformed minima in Pb
and Hg isotopes[23–25]. In Refs. [26–29] the relativistic
mean field approximation was used to study shape coexist-
ence in Pt, Hg, and Pb nuclei. The results of these studies
were in contradiction with experimental data, especially the
ones concerning deformed ground states in Pb and those of
superdeformed ground states in Hg isotopes. TheZ=82 shell
closure in neutron-deficient Pb isotopes has been studied in
Ref. [30] using both relativistic and nonrelativistic(Skyrme)
mean field models and again deformed ground states were
predicted. All these results clearly indicate that the standard
relativistic mean field forces[31–34], and also some of the
Skyrme forces, do not reproduce the ground state properties
of at least some neutron-deficient nuclei in this region. Very
recently[35], the new relativistic effective interaction NLSC
has been introduced to describe ground state properties in Hg
and Pb nuclei. Other Skyrme parametrizations[36–42]) also
reproduce properly these states.

It is clear that a detailed description of the very rich struc-
ture of the energy landscapes in Pb and other nuclei of this
region requires the inclusion of correlations beyond the mean
field (see, for example, Refs.[36–42]). First, due to the pres-
ence of coexisting minima a configuration mixing calculation
is called for. Second, symmetry restoration brings important
topological changes in the corresponding mean field energy
landscapes(see, for example, Ref.[41]). Furthermore, the
states of the systems considered are probably the result of the
subtle dynamical interplay between fluctuations in the collec-
tive parameters(mainly the quadrupole deformation) and the
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zero point motion associated with the restoration of broken
symmetries(mainly the rotational symmetry) and this inter-
play should be accounted for within a unified formalism.

The purpose of this paper is to perform a systematic study
of the quadrupole collectivity in the neutron-deficient iso-
topes 182–192Pb. This set of nuclei is very challenging and
attractive since, as mentioned, the experimental data[1–14]
give evidences for strong shape coexistence between differ-
ent low-lying configurations. Therefore, an accurate descrip-
tion of them, for different spin values, can be considered as a
good testing ground for both effective forces and theoretical
approximations. Besides this, we can also check the stability
of theZ=82 proton shell closure, both at the mean field level
and beyond, under extreme conditions associated with a very
neutron-deficient regime. In the present study both configu-
ration mixing and angular momentum projection are taken
into account in the framework of the angular momentum
projected generator coordinate method(AMPGCM) [43]. We
have used in our calculations the Gogny interaction[44] with
the parametrization D1S[45]. As it has been shown, this
force is not only well suited to provide reasonable results for
many nuclear properties all over the nuclear chart, but also to
supply a good description of the phenomenology of the
quadrupole collectivity in the regionsN<20 [43,46–52] and
N<28 [48,49] within a free parameter framework similar to
the one used in the present paper. The quadrupole collectivity
around Z<82 has been previously considered with the
Gogny force in the framework of the collective Hamiltonian
[39], within the GCM[40] without angular momentum pro-
jection, and also at the mean field level[54].

The paper is organized as follows. In Sec. II we briefly
describe the theoretical formalism used in this study. This
formalism is the AMPGCM[43,47,48,50–52] with the axi-
ally symmetric quadrupole moment as generating coordinate.
The results of our mean field, angular momentum projection
(AMP) and configuration mixing calculations(AMPGCM)
for the isotopes182–192Pb are discussed in different subsec-
tions of Sec. III. Finally, Sec. IV is devoted to some conclud-
ing remarks.

II. THEORETICAL FRAMEWORK

As in previous works[43,47,48,50–52], we have used a
mean field based procedure where the underlying mean field
is determined first and then additional correlations are in-
cluded through the AMPGCM with the mass quadrupole mo-
ment as generating coordinate. We have restricted ourselves
to axially symmetric configurations and used the following
ansatz for theK=0 AMPGCM wave functions:

uFs
I l =E dq20fs

I sq20dP̂00
I uwsq20dl, s1d

where P̂00
I is the angular momentum projector operator re-

stricted toK=0 states. The set of intrinsic wave functions
uwsq20dl was generated by solving the full Hartree-Fock-
Bogoliubov(HFB) equations constrained to the desired mass
quadrupole moment q20=kQ20l=kwsq20dz2−1/2sx2

+y2duwsq20dl. The quasiparticle operators associated with

each intrinsic stateuwsq20dl were expanded in an axially sym-
metric harmonic oscillator(HO) basis containing thirteen
major shells and the two length parameters of the basisb'

and bz were chosen to be always equal to keep the basis
closed under rotations[53,55] (this is also the reason to in-
clude full HO major shells in the basis). The same oscillator
length was used for all the quadrupole deformations consid-
ered in order to avoid completeness problems in the configu-
ration mixing calculations[55].

The amplitudesfs
I sq20d as well as the energiesEs

I of the
AMPGCM statesuFs

I l are obtained through the solution of
the Hill-Wheeler(HW) equation

E dq208 HIsq20,q208 dfs
I sq208 d = Es

I E dq208 NIsq20,q208 dfs
I sq208 d,

s2d

which is given in terms of the projected norm

NIsq20,q208 d = kwsq20duP̂00
I uwsq208 dl s3d

and the projected Hamiltonian kernel

HIsq20,q208 d = kwsq20duĤP̂00
I uwsq208 dl. s4d

To account for the fact that the mean value of the particle’s
number operator usually differs from the nucleus’ proton and
neutron numbers, we followed the usual recipe(see, for ex-

ample, Refs.[56,57]) and replaced in Eq.(4) the operatorĤ

by Ĥ−lZsẐ−Z0d−lNsN̂−N0d wherelZ and lN are average
chemical potentials for protons and neutrons, respectively.
The averaging procedure is performed among all chemical
potentialslsq20d, see Ref.[57] for further details.

As the functionsfs
I sq20d cannot be interpreted as probabil-

ity amplitudes, we introduced the collective wave functions

gs
I sq20d =E dq208 f s

I sq208 dsN1/2dI*sq20,q208 d, s5d

which are orthonormal and their module squared has, there-
fore, the meaning of a probability.

The BsE2d transition probabilities and the spectroscopic
quadrupole momentsQspecsI ,sdsI ù2d are given by

BsE2,I i → I fd =
e2

2I i + 1
UE dq20dq208 fsf

I f*sq208 d

3kI fq208 iQ̂2iI iq20lfsi

I i sq20dU2

, s6d

QspecsI,sd = eÎ16p

5
S I 2 I

I 0 − I
DE dq20dq208 f I,s*sq208 d

3kIq208 iQ̂2iIq20lf I,ssq20d s7d

with
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kI fq208 iQ̂2iI iq20l
s2I i + 1ds2I f + 1d

= o
m
S I i 2 I f

− m m 0
DE

0

p/2

db sin bd−m,0
I i sbd

3kwsq208 duQ̂2me−ibĴyuwsq20dl,

where the indicesi and f stand for the initial and final states

andQ̂2m are the charge quadrupole moment operators. As we
are using a large, no core configuration space no effective
charges are needed. Further details on the computational pro-
cedure can be found in Ref.[43].

III. RESULTS

This section presents the results of our calculations. Since
the mean field approximation is our starting point, it will be
discussed first in Sec. III A. Calculations beyond the mean
field are considered in Sec. III B to consider the effect of the
angular momentum projection. In Sec. III C the effect of
configuration mixing and angular momentum projection is
discussed. Partial results for some lead isotopes at the mean
field level[41] and within the GCM approach[40] (but with-
out angular momentum projection) have been already dis-
cussed elsewhere, therefore, in the corresponding subsections
we shall just concentrate on the discussion on aspects and
nuclei either not discussed before or relevant for the under-
standing of the AMPGCM approximation.

A. Mean field approximation (MFA)

The results of theq20-constrained HFB calculations are
displayed in Fig. 1, where we show(thick lines) the mean
field potential energy surfaces(MFPES) for the isotopes
182–192Pb as functions of the axially symmetric quadrupole
momentq20. All these nuclei have spherical ground states, as
a clear indication of the strong signature of theZ=82 proton
shell closure at the mean field level. On the other hand, sev-

eral oblate and prolate competing minima appear at very low
energy, reflecting a pronounced shape coexistence. The first
0+ excited states in the light isotopes182–186Pb are prolate
and the second ones oblate with deformation parametersb2
=0.29, 0.32, and 0.29(b2=−0.18, −0.18, and −0.20), re-
spectively. In 188–192Pb, the situation is reversed: the first
excited states are oblate with deformation parametersb2=
−0.20, −0.20, and −0.17 while the second ones are prolate
with b2=0.28, 0.25, and 0.22, respectively. The spherical,
oblate, and prolate states are practically orthogonal, the larg-
est norm overlap is 0.0066, corresponding to the spherical
and oblate states of the nucleus188Pb. This orthogonality
guarantees that the energies of these states can be used to
calculate excitation energies. Experimentally the shape
change of the first and second excited states takes place in
186Pb, two mass units earlier than in our calculations. The
excitation energies of the three minima as well as their quad-
rupole moments are given in columns 3 and 4 of Table I. The
agreement with the experimental results[1–14], shown in the
first column of the same table, is very good if one takes into
account that no additional fitting of the interaction has taken
place.

In Fig. 1 the proton and neutron pairing energies are also
shown. As expected, the proton pairing energies vanish at
and around the spherical shape because of theZ=82 shell
closure. The neutrons, on the contrary, display very large
pairing energies around these shapes. These results explain
the fact that two quasiparticle states are not found at energies
below the collective prolate or oblate minima. At largerq20
values the neutron pairing energies decrease very sharply
while the proton ones rise at the same extend. Neither the
proton nor the neutron pairing energies change very much
with the mass number. Other mean field quantities, like
single particle energies, for example, can be found in
Ref. [41].

Though our HFB results provide a reasonable description
of the known excitation energies for the 0+ states in these

FIG. 1. Mean field potential
energy surfaces(continuous thick
line) as well as the absolute value
of the pairing energies for neu-
trons (dashed line) and protons
(continuous thin line) for the nu-
clei 182–192Pb considered as func-
tions of the axially symmetric
quadrupole moment. The energy
scale is the same for all curves.
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nuclei, this raw mean field approximation can only be con-
sidered as zero order treatment because additional correla-
tions may modify the results already described. Because of
the very pronounced shape coexistence it is really difficult to
assertbeforehandto which extent this will happen.

B. Correlations beyond the mean field:
Angular momentum projection

Before considering the full AMPGCM it is instructive to
look into the angular momentum projected potential energy
surfaces(AMPPES) defined as

EIsq20d =
HIsq20,q20d
NIsq20,q20d

. s8d

These quantities are the diagonal terms of the AMPGCM
matrix and provide very useful information because it gives
the energy gained by angular momentum projection as a
function of the quadrupole moment. This energy is in many
cases the most important part of the interaction and when-
ever the AMPPES shows a well pronounced minimum the
probability distribution[Eq. (5)] concentrates around it. In
Fig. 2, the quantitiesEIsq20d are plotted for the nuclei
182–192Pb andIp=0+, 2+, 4+, 6+, and 8+. For details about
the omitted points aroundq20=0 see Ref.[43]. The corre-
sponding MFPES(dashed lines) are also included for com-
parison.

In the MFA we observe that with decreasing neutron num-
ber, i.e., as we approach the drip line, the PES’s get wider. It
is interesting to observe that the effect of the AMP is to

reinforce this tendency, i.e., the projected PES are broader
than the MFA ones. ForIp=0+ the general behavior of the
projected surfaces is rather similar in all isotopes. Atq20=0,
as expected, one does not obtain any rotational energy cor-
rection to the spherical mean field. At approximately −3 b
and +3 b, two nearly degenerate(the energy differences be-
tween them are 59, 67, 64, 60, 63, and 67 keV for182–192Pb)
minima appear. The origin of these two peaks can be traced
back to the peculiar behavior withq20 of the matrix elements
kwsq20d uHJy

2uwsq20dl and kwsq20d uJy
2uwsq20dl for closed shell

nuclei, see Ref.[58]. These matrix elements enter in the
semiclassical expression of the rotational energy correction.
The minima at ±3 b are separated by the spherical barrier
which is around 3 MeV in all cases. As we will see later on,
these two additional AMP minima, though bringing such a
significant topological change with respect to the MFPES, do
not provide new physical configurations because they aver-
age to produce a highly correlated spherical ground state. For
quadrupole moments with absolute values larger than 3 b the
AMPPES look rather similar to the MFPES, but shifted, on
the average about 4 MeV. The main characteristic of the
MFPES, i.e., the coexisting prolate and oblate minima, is
maintained by the AMPPES. The excitation energies of these
AMP prolate and oblate 0+ minima as well as their quadru-
pole moments are displayed in columns 5 and 6 of Table I.
Concerning the quadrupole moment of the lowest 0+, we do
not quote any value because there are two almost degenerate
minima at ±3 b. We observe that the AMP excitation ener-
gies(and also theq20 intrinsic deformations) are very similar
to the mean field results. Notice that the energy difference
Es03

+d−Es02
+d is independent of the origin of energies, i.e.,

TABLE I. Excitation energies and intrinsic quadrupole moments of 0+ excited states in182−192Pb. The quadrupole moment is defined as
q=kQ20l. The quadrupole moments of the 0+ excited states are not known experimentally. States designated as oblate(prolate) in experi-
mental papers are put on the oblate(prolate) line.

Experiment MFA AMP AMPGCM GCM

Nucleus EsMeVd EsMeVd qsbd EsMeVd qsbd EsMeVd qsbd EsMeVd qsbd

182Pb 0.000 0.000 0.0 0.0 0.00 0.22 0.0 0.00

0.817 0.788 10 0.761 11 1.13 10.45 0.970 10.6

2.20 −6 2.23 −7 2.50 −5.93 1.78 −0.22
184Pb 0.000 0.000 0.0 1.4 0.00 0.22 0.0 0.00

0.610 0.490 11 0.421 11 0.850 10.74 0.68 10.3

1.60 −6 1.52 −7 1.90 −5.50 1.61 −3.6
186Pb 0.000 0.000 0.0 0.0 0.00 0.23 0.0 0.0

0.532 1.04 −7 1.03 −7 1.44 −6.46 1.28 −6.2

0.600 0.512 10 0.538 11 0.89 10.30 0.79 10.0
188Pb 0.000 0.000 0.0 0.0 0.00 0.15 0.0 0.0

0.600 0.787 −7 0.802 −7 1.25 −2.60 1.04 −6.4

0.710 0.871 10 0.876 10 1.33 5.95 1.15 9.23
190Pb 0.000 0.000 0.00 0.0 0.00 0.12 0.00 0.00

0.658 0.861 −7 0.810 −7 1.31 −6.09 1.12 −6.3

1.020 1.81 9 1.71 10 2.12 8.77 1.67 0.4
192Pb 0.000 0.000 0.0 0.0 0.00 0.32 0.0 0.00

0.77 1.04 −6 1.01 −7 1.29 −6.56 1.34 −5.15

2.96 8 2.86 9 2.79 6.49 1.69 −1.03
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independent of our choice ofEs01
+d, and it also agrees very

well with the corresponding difference in the MFA.
For Ip=2+, 4+, 6+, and 8+, the lowest energy deformed

minima of the AMPPES in182–186Pb are prolate with intrinsic
deformations of 11 b. In188Pb we observe a very strong
competition between the oblate minimum at −7 b and the
prolate ground state at 10 b forIp=2+, the energy difference
amounts only to 16 keV. This shape coexistence is also
present for the spin valuesIp=4+ and Ip=6+ for which the
energy differences are 224 and 540 keV, respectively. The
corresponding energy difference reaches 872 keV forIp

=8+. In 190Pb for the spin valuesIp=2+,4+, and 6+, the ab-
solute minima of the AMPPES are oblate with intrinsic de-
formations around −7 b but forIp=8+ a shape transition
takes place and the ground state becomes prolate with an
intrinsic deformation of 10 b, the corresponding energy dif-
ference between the prolate and oblate wells amounts only to
95 keV. On the other hand, the lowest energy minima of
192Pb for all spin values are always oblate.

C. Correlations beyond the mean field: Angular momentum
projected configuration mixing

From the results already described in Secs. III A and
III B, we realize that not only the MFPES but also the
AMPPES, for different nuclei and spin values, show the phe-
nomenon of shape coexistence. Consequently, a configura-
tion mixing calculation is needed for a better understanding
of the structure of the states under discussion as well as to
check the stability of a given minimum when quadrupole
fluctuations are taken into account. With this in mind, we
have carried out AMPGCM calculations along the lines de-
scribed in Sec. II. The intrinsic axial quadrupole momentq20,
with values −20 bøq20ø30 b and with a meshDq20
=100 fm2, has been chosen as generator coordinate.

The ground state energy gain, with respect to the AMP
approach, by the configuration mixing amounts to
−1.032 MeV, −1.081 MeV, −1.025 MeV, −1.091 MeV,
−1.143 MeV, and −0.924 MeV for the nuclei182–192Pb, re-
spectively. One could also ask, for comparison, for the en-
ergy gain by allowing shape mixing in the wave functions in
the pure GCM approximation, i.e.,without angular momen-
tum projection. See also Ref.[40] for further details on the
calculations.1 The energy gains, with respect to the HFB so-
lution, are −0.819 MeV, −0.859 MeV, −0.921 MeV,
−0.931 MeV, −0.959 MeV, and −0.941 MeV for the
182–192Pb nuclide, respectively. It is interesting that these
numbers, though somewhat smaller, are comparable to the
AMPGCM ones. In Fig. 3 we show the binding energy per

1The calculations shown in this paper are similar to the ones of
Ref. [40], the small discrepancies in both results are due to the fact
that in the results presented in this work we have included in the
HFB and in the GCM calculations the term corresponding to the
two body kinetic energy which was neglected in the earlier calcu-
lations.

FIG. 3. Binding energies per particle as a function of the neutron
number.

FIG. 2. Angular momentum
projected potential energy sur-
faces (full lines) for the nuclei
182–192Pb and for the spin values
Ip=0+,2+,4+,6+, and 8+, plotted
as a function of the axially sym-
metric quadrupole momentq20.
The mean field potential energy
surfaces (dashed lines) are also
plotted for comparison. In each
nucleus, the energies are referred
to the Ip=0+ ground state.

BEYOND MEAN FIELD DESCRIPTION OF SHAPE… PHYSICAL REVIEW C 69, 054319(2004)

054319-5



particle in the different approximations as well as the experi-
mental values[59]. We find the very satisfactory results that
the degree of agreement with the experiment increases with
the sophistication of the theory. Notice that the largest energy
gain, about 3 MeV, is provided by the AMP.

In Fig. 4 we have plotted the AMPGCM energiesEs
I ,

obtained by solving the HW equation[Eq. (2)], for the
grounds=1, the firsts=2, and seconds=3 excited states in
each nucleus forIp=0+, 2+, 4+, 6+, and 8+. Each energy
level has been placed along the deformation axis according
to its “average intrinsic quadrupole moment” defined as

q̄20
I,s =E dq20ugs

I sq20du2q20. s9d

The values ofq̄20
I,s are given in column 8 of Table I for the 0+

states and for the other spin values in Table II. In order to
gain a deeper insight about the structure of the states, we
have also plotted in Fig. 6 the corresponding collective wave
functions squaredugs

I sq20du2 for I =0" , 2" , 4", and 6".
Let us first discuss the 0+ states. In columns 7 and 8 of

Table I the energies and intrinsic quadrupole moments of
these states are given. The first noticeable fact in this table is
that in the configuration mixing calculations the ground
states, 01

+, of all nuclei are practically spherical. As we can
see in Fig. 6, this is due to the fact that prolate and oblate
configurations at ±3 b have almost the same weight in the 01

+

collective wave functions. ConsequentlyZ=82 remains on
the average a magic proton number for these nuclei. The

prolate or oblate character of the 02
+ and 03

+, see Table I, is the
same as in the MFA and in the AMP approaches. In fact, with
the exception of the nucleus188Pb, whose quadrupole mo-
ments are only in qualitative agreement with the ones calcu-
lated in MFA and AMP, for all other isotopes the agreement
of theq20 values obtained with the AMPGCM, AMP, and the
MFA is even quantitative. Looking in Fig. 6, at the wave
functions of the 02

+ and 03
+ states, we find that only in188Pb

the corresponding wave functions have a two peak structure,
this mixing being not possible either in a MFA or in the AMP
approach. In the AMPGCM theory the isotope188Pb is the
one where the change of the oblate and prolate character of
the first excited states of the182–192Pb isotopes takes place. It
is, however, surprising that after the mixing most of the
states remain rather pure: The 01

+ states are a very specific
linear combination of “cuasispherical” shapes, and with the
exception of the nucleus188Pb the 02

+ and 03
+ are either pro-

late or oblate. In a situation of strong shape coexistence at
the MFA one would expect, in general, strong mixing of the
wave functions at a configuration mixing approach. In regard
to the excitation energies and the comparison with the avail-
able experimental data we observe how the oblate minimum
is pushed up in energy for the lightest isotopes and mini-
mizes its excitation energy at a larger mass numbersA
=188d than suggested by the experimentsA=186d [1]. On
the other hand, the prolate minimum is pushed up for the
heaviest isotopes and minimizes its excitation energy forA
=184. It is interesting to note how in186Pb, the excitation
energy of the prolate minimum agrees very well with the
experimental one for the corresponding 0+ state but, on the
other hand, the excitation energy of the oblate 0+ state is
overestimated considerably. Similar results have been ob-
tained in Refs.[41,42].

Concerning the comparison of the different theoretical
predictions for the excitation energies of the 02

+ and 03
+ we

FIG. 4. Band diagrams for the
nuclei 182–192Pb obtained by solv-
ing the Hill-Wheeler equation of
the AMPGCM. The Ip

=0+ AMPPES is also plotted to
guide the eye. See text for further
details.
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observe in Table I that the AMPGCM values are, in general,
larger than in the MFA and the AMP methods, and the agree-
ment with the experiment deteriorates to some extent. Notice
that this behavior is the opposite to the one found for the
binding energy of the 01

+ state. To disentangle AMP effects
from configuration mixing effects we can look to the pure
configuration mixing calculation mentioned above, i.e.,
GCM without angular momentum projection. The quadru-
pole moments as well as the excitation energies of the
ground states and the two lowest excited states for the nuclei
182–192Pb are presented in columns 9 and 10 of Table I. The
prediction of the GCM concerning quadrupole moments re-
confirm the MFA and the AMP results, i.e., the ground state
are spherical and the first and second excited states are oblate
or prolate depending on the nuclei. The only exceptions are
the second excited states of190Pb and192Pb which in MFA
and AMP are predicted to be prolate and in the GCM ap-
proach they are more spherical than deformed ones. In the
GCM calculation the prolate state appears as the third ex-
cited one. With respect to the excitation energies of the pro-
late and oblate states we find that the GCM values are closer
to the MFA and AMP results than the AMPGCM ones. The
agreement with the experimental data on the average is also
good. With the exception of the nuclei186−188Pb, where there
is mixing, the general trend of the GCM results as compared

to the MFA is to increase the excitation energy of the 02
+ state

and to lower the one of the 03
+ state, favoring in several cases

the agreement with the experiment. The inclusion of the pro-
jection, i.e., the AMPGCM approach, produces a general
stretching of the spectrum, and, as mentioned above, the
overall agreement with the experiment is, paradoxically, not
as good as the MFA, the AMP, or the GCM theory.

Often it is argued that theg degree of freedom should be
included in these type of calculations. As a matter of fact,
calculations with the Gogny force by Delaroche and co-
workers [39] have shown that in the neighbor Hg isotopes
the triaxial shapes play an important role. To verify the effect
of g deformation in our calculations we have solved as an
example the sb ,gd-constrained HFB equations for the
nucleus186Pb. The corresponding energy contour plots are
shown in Fig. 5. Here we can clearly see along the axial axis
the three minima depicted in Fig. 1 as well as a rather soft
surface in theg direction. In fact, the triaxial barrier connect-
ing the prolate and the oblate minima amounts to 1.25 MeV,
smaller than the one connecting both minima through axial
shapess1.75 MeVd. This is an indication that considering the
g degrees of freedom could change our conclusions. One
should consider, however, that this is an static estimation. At
the GCM level the dynamics at thesb ,gd plane should be
considered and in the AMPGCM, additionally, the effect of

TABLE II. Intrinsic and spectroscopic quadrupole moments(in e b) for Ip=2+, 4+, 6+, and 8+ and s
=1,2,3, for the set ofnuclei considered in this paper.

Nucleus Is"d q̄20
I,s=1sQspect

I,s=1d q̄20
I,s=2sQspect

I,s=2d q̄20
I,s=3sQspect

I,s=3d

182 2 10.52s−2.69d −1.09s0.29d −3.93s1.00d
4 10.66s−3.49d −7.03s2.28d 11.58s−3.78d
6 10.84s−3.91d 14.97s−5.38d −9.00s3.26d
8 11.03s−4.18d 17.47s−6.64d −10.81s4.12d

184 2 10.83s−2.75d −4.11s1.05d 0.11s−0.03d
4 11.00s−3.58d −6.84s2.23d 12.60s−4.08d
6 11.21s−3.99d 14.08s−5.02d −7.56s2.69d
8 11.46s−4.30d 15.20s−5.70d −9.11s3.42d

186 2 10.41s−2.63d −6.67s1.68d 9.36s−2.36d
4 10.61s−3.40d −7.16s2.28d 14.57s−4.69d
6 10.88s−3.84d 14.73s−5.19d −7.46s2.64d
8 11.31s−4.20d 14.67s−5.45d −7.90s2.94d

188 2 3.83s−0.96d −0.53s0.13d 0.18s−0.05d
4 10.04s−3.19d −7.12s2.26d 14.08s−4.47d
6 10.28s−3.59d −7.44s2.59d 15.07s−5.23d
8 10.52s−3.89d −7.74s2.86d 15.57s−5.72d

190 2 −6.15s1.51d 5.01s−1.24d 4.27s−1.03d
4 −6.97s2.19d 9.55s−3.00d −0.38s0.14d
6 −7.28s2.52d 9.86s−3.40d 15.87s−5.48d
8 9.98s−3.68d −7.42s2.70d 19.07s−6.96d

192 2 −6.58s1.62d 1.05s−0.26d 7.25s−1.79d
4 −6.83s2.15d 8.59s−2.68d 0.32s−0.10d
6 −7.00s2.40d 9.23s−3.15d −8.54s2.90d
8 −7.24s2.63d 9.66s−3.49d 21.90s−7.89d

BEYOND MEAN FIELD DESCRIPTION OF SHAPE… PHYSICAL REVIEW C 69, 054319(2004)

054319-7



the AMP will significantly change thesb ,gd energy
dependence.2 For a realistic estimation of the importance of
this degree of freedom the calculations should be performed;
work in this direction is in progress.

In Table II, we show the average deformationsq̄20
I,s corre-

sponding to thes=1,2,3collective wave functions of Fig. 6
for the spin valuesIpù2+. The 21

+, 41
+, 61

+, and 81
+ collective

wave functions in182–186Pb are well inside the prolate wells.
The 21

+ wave function in188Pb still contains a significant
admixture of the oblate and prolate wells but the 41

+, 61
+, and

81
+ states are well prolate deformed. In190Pb, the 21

+, 41
+, and

61
+ collective states are well inside the oblate wells but a

shape transition takes place forIp=8+ and the ground state
becomes prolate. In192Pb, the 21

+, 41
+, 61

+, and 81
+ states are

oblate. Details concerning the very interesting pattern shown
by the excited states withIpù2+ can also be seen from this
table.

A more precise definition of the quadrupole moment for
protons for each of the AMPGCM states can be obtained
from the results of the exact spectroscopic quadrupole mo-
mentsQspecsI ,sd for protons(no effective charges have been
used) 7. The values obtained for each of the wave functions
uFs

I l are given in Table II. We can also compute the total
intrinsic quadrupole moments from the spectroscopic ones
using the expressionqint

I,s=−fs2I +3d /2IgsA/ZdQspecsI ,sd
where theK=0 restriction has been taken into account and
also the fact that our values ofq20 are, by definition, half of
the usual ones. The factorA/Z is used to take into account
that the spectroscopic quadrupole moments are given in

terms of the proton mass distribution whereas the intrinsic
quadrupole moments are the total ones. As can be readily
checked from Table I and II, the quadrupole moments ob-
tained from the spectroscopic ones agree rather well with the
corresponding averagesq̄20

I,s for the spin values considered in
this study.

The above mentioned results allow us to group some of
the levels provided by the AMPGCM as members of bands.
In the lightest isotopes182–186Pb, the 02

+, 21
+, 41

+, 61
+, and 81

+

states can be considered as members of a prolate rotational
band. Moreover, the 23

+,42
+,63

+,83
+ states in182Pb and the

22
+,42

+,63
+,83

+ in both 182,186Pb are oblate and together with
the 03

+ state could be the members of oblate deformed bands
in these nuclei.

The 03
+,21

+,41
+,61

+,81
+ states and the 02

+,22
+,42

+,62
+,82

+ states
could be associated as members of prolate and oblate bands
in 188Pb which show irregularities atIp=0+ and Ip=2+

caused by the significant admixture of the oblate and prolate
wells (see Fig. 6) in the corresponding 03

+,21
+ and 02

+,22
+ col-

lective wave functions leading to a reduction of the average
deformation in these states as compared with the other mem-
bers of the bands.

The oblate band in190Pb has the sequence of states
02

+,21
+,41

+,61
+,82

+ while the prolate band with the members
03

+,22
+,42

+,62
+,83

+ shows an irregularity atIp=2+ which can
again be traced back to the significant admixture of oblate
and prolate configurations in the 22

+ collective wave function.
The oblate and prolate bands in192Pb have the members
02

+,21
+,41

+,61
+,81

+ and 03
+,23

+,42
+,62

+,82
+.

The excitation energies of the predicted prolate and oblate
bands are compared with the available experimental data
[1–14] in Fig. 7. The excitation energies of the lowest mem-
bers of the prolate bands in182–186Pb are close to the experi-
mental values. On the other hand, for the oblate bandhead in
186Pb we have obtained an excitation energy of 1.44 MeV
which largely overestimates the experimental one of
0.53 MeV. The same is also true for the oblate bandheads in
188–192Pb.

Consistent with the experimental data and also with other
theoretical predictions(see, for example, Ref.[25]), the pro-
late bandhead dominates the structure in the lightest isotopes,
minimizing with respect to the spherical ground state forN
<104. We observe that, our predictions overestimate the ex-
perimental excitation energies, i.e., our spectrum is more
stretched than the experimental one. This can be traced back
to many reasons: the free parameter character of our calcu-
lations or the fact that other degrees of freedom not taken
into account in the calculations(triaxilities, pairing fluctua-
tions, etc.) may play a role. A nice result is that our calcula-
tions still follow the experimental isotopic trend and support
the interpretation of the experimental data in terms of shape
coexisting oblate and prolate bands.

Concerning transition probabilities, very recently there
have been some measurements by Dewaldet al. [61] in
188Pb. They have measured the valuesBsE2,41

+→21
+d

=160s80d W.u.(Weisskopf unit)—from this value they ex-
tract a deformation parameterb=0.2—andBsE2,21

+→01
+d

=5s3d W.u. In our calculations, see Fig. 4, the lowest lying
21

+ and 41
+ states have prolate deformation and the second

2In general, the energy gain by AMP is larger, for fixedb defor-
mation, for triaxial shapes than for the axial ones[60].

FIG. 5. Energy contour plot in thesQ0,gd plane for the nucleus
186Pb, withQ0=Îq20

2 +q22
2 and tang=q22/q20. From −1446.75 MeV

up to −1442.75 MeV each contour line increases by 0.25 MeV and
from −1442 MeV on by 1 MeV. The contours from −1446.75 MeV
up to −1445.25 MeV have been done alternating dashed and dotted
lines.
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ones, 22
+ and 42

+, an oblate one. While the 2+ states are rather
mixed and energetically close to each other, see Fig. 6, the 4+

ones have a clear prolate or oblate character. In our calcula-
tions we obtain BsE2,41

+→21
+d=262 W.u. andBsE2,42

+

→22
+d=142 W.u.—the intrinsic deformations beingbs21

+d
=0.12 andbs41

+d=0.28—indicating that our 4+ states are not
enough mixed as compared with the experimental ones. For
the E2 transition to the ground state we obtainBsE2,21

+

→01
+d=1.4 W.u. andBsE2,22

+→01
+d=8.7 W.u., indicating

again that our wave functions are not enough mixed.

IV. CONCLUSIONS

We have performed several calculations, starting from the
naive mean field approach up to the very sophisticated angu-
lar momentum projected generator coordinate method with
the finite range density dependent Gogny force. The four
approaches analyzed provide the same underlying basic pic-

FIG. 6. Collective wave functions squared for
the ground statess=1 (continuous thick line) and
first s=2 (thick dashed line) and seconds=3
(thin dashed line) excited states of the isotopes
182–192Pb. The wave functions are given forIp

=0+, 2+, 4+, and 6+. The corresponding pro-
jected energy curve is also plotted for each spin
value. They-axix scales are in energy units and
always span an energy interval of 15 MeV(minor
ticks are 0.5 MeV apart). The collective wave
functions have also been plotted against the en-
ergy scale after proper scaling and shifting, that
is, the quantityEs

I +153 ugs
I sq20du2 is the one ac-

tually plotted. With this choice of the scales we
can read from the figure the energy gain due to
quadrupole fluctuations by considering the posi-
tion of the wave functions’ tail relative to the pro-
jected curve.

FIG. 7. Rotational bands in182–192Pb. Prolate(oblate bands are
represented by filled(empty) symbols. The circles(squares) corre-
spond to experiment(theory). To guide the eye, states with the same
spins in different nuclei have been connected with continuous
(theory) dashed(experiment) lines.
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ture of strong coexisting spherical, oblate, and prolate
shapes.

The overall agreement with the experiment is very satis-
factory, provided the free parameter character of our calcu-
lations. For the ground states energies the agreement with the
experiment increases with the quality of the theoretical ap-
proximation, a quantitative agreement being only achieved in
the AMPGCM. This is not the case for the excited states,
where we obtain a rather stretched spectrum even in the
AMPGCM. The experimental transition probabilities are in
between of the theoretical predictions for prolate and oblate
states. These last two facts seems to indicate that although
the axially symmetric quadrupole moment seems to be the
basic ingredient, it may not be sufficient and some missing
correlations(triaxial deformations, pairing fluctuations, etc.)
may play a role to improve the agreement with the experi-
ment.

Of course, one should not only think about missing cor-
relations but also keep in mind that the parameters of the
force were adjusted at the mean field level. That means, a
fine tuning of the force could be necessary in case that even
taking into account relevant missing correlations the agree-
ment with the experiment does not get better. We think that
the three coexisting 0+ states could be used to elucidate this
point.
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