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The giant resonance region from 10 MeV,Ex,55 MeV in 90Zr has been studied with inelastic scattering
of 240 MeV a particles at small angles including 0°. The isoscalar monopole resonance was found to contain
100±12% of theE0 energy weighted sum rule with a centroid ofs17.81+0.32−0.20d MeV. Eighty one percent
of the isoscalarE1 energy weighted sum rule was located in two peaks havingEx=s17.1±0.4d and
s26.7±0.5d MeV, G=s5.4±0.3d ands8.8±1.0d MeV, and containing 13±3% and 70±10%, respectively, of the
E1 energy weighted sum rule.
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I. INTRODUCTION

The locations of the isoscalar giant monopole resonance
(GMR) and giant dipole resonances(ISGDR) are important
because their energies can be directly related to the nuclear
compressibility and from this the compressibility of nuclear
mattersKNMd can be obtained[1,2]. We have previously re-
ported measurements ofE0 andE1 giant resonance strength
[3,4] in 90Zr using small angle inelastica scattering at
240 MeV. TheE0 [3] strength distribution in90Zr was found
to extend up toEx,25 MeV rather than being a Guassian
centered at about 16 MeV as had been previously reported.
This changed the centroid of the strength significantly and
brought the value ofKNM obtained from the energy of the
90Zr GMR in agreement with that obtained from the GMR
energies in116Sn, 144Sm, and208Pb. We have also reported
[4] observation of the ISGDR in90Zr (as well as in116Sn and
208Pb), but with the strength split into two components,
qualitatively consistent with the predictions of Colòet al. [5]
and Vretenaret al. [6] who argue that the upper component is
the compression mode. However the energies we obtained
for the two components differed considerably from the pre-
dictions. Furthermore, only 40% of theE1 strength was iden-
tified in that work (though it was erroneously reported in
Ref. [4] that a total of 122% of theE1 strength had been
identified—see discussion below). We have developed a new
detector system that measures both vertical and horizontal
scattering angles which significantly improves measurements
made with the spectrometer at 0°. Therefore we have studied
90Zr again with this much improved experimental system.

II. EXPERIMENTAL TECHNIQUE AND DATA
ANALYSIS

Beams of 240 MeVa particles from the Texas A&M
K500 superconducting cyclotron bombarded a self-
supporting Zr foil 3.9 mg/cm2 thick, enriched to 98% in
90Zr, located in the target chamber of the multipole-dipole-
multipole spectrometer[7]. The useful horizontal and verti-

cal acceptances of the spectrometer were measured by plac-
ing appropriate slits at the entrance to the spectrometer and
found to be approximately 5°, in agreement with calculations
using RAYTRACE[8]. A slit at the entrance to the spectrom-
eter (approximately 5° horizontally and 6° vertically) was
used to block particles that would otherwise scatter from
internal components of the spectrometer.

The focal plane detector(approximately 50 cm deep and
60 cm long) consisted of resistive wire detectors used to
measure position and angle in the scattering plane(described
in Ref. [9]) and two pairs of drift chambers[10] located
before and after the horizontal detector which measure the
position and angle normal to the scattering plane. The “trans-
parency” of the detector system(percentage of uniformly
distributed particles that pass through without hitting any
wires) was calculated to be approximately 90%. A plastic
scintillator at the exit provided a timing and total energy
signal. In the scattering plane, position resolution of approxi-
mately 0.9 mm and scattering angle resolution of about 0.09°
were obtained. The out-of-plane scattering angle resolution is
r dependent due to the optical properties of the spectrometer
(the angle resolution of the detector is independent of posi-
tion) and was approximately 0.3° in the giant resonance re-
gion improving to better than 0.1° atEx,50 MeV. The focal
plane detector covered fromEx,9 MeV to Ex,56 to
64 MeV, depending on scattering angle. Using a combina-
tion of energy loss measured in ion chambers placed between
the resistive wires and total energy measured in the scintil-
lator, a particles could be distinguished from other ions(pri-
marily deuterons).

At uspec=0°, runs with an empty target frame had an
a-particle rate approximately 1/2000 of that with a target in
place anda particles were uniformly distributed in the spec-
trum. Cross sections were obtained from the charge col-
lected, target thickness, dead time, and known solid angle.
The target thickness was measured by weighing and checked
by measuring the energy loss of the 240 MeVa beam in
each target. The cumulative uncertainties in target thickness,
solid angle, etc., result in about a ±10% uncertainty in abso-
lute cross sections.24Mg spectra were taken before and after
each run with each target and thes13.85±0.02d MeV L=0
state[11] was used as a check on the calibration in the giant
resonance region.
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Sample spectra obtained are shown in Fig. 1. The giant
resonance peak can be seen extending up pastEx=30 MeV.
The spectrum was divided into a peak and a continuum
where the continuum was assumed to have the shape of a
straight line at high excitation joining onto a fermi shape at
low excitation to model particle threshold effects[12].
Samples of the continua used are shown in Fig. 1.

III. MULTIPOLE ANALYSIS

The multipole components of the giant resonance peak
were obtained[12] by dividing the peak into multiple regions
(bins) by excitation energy and then comparing the angular
distributions obtained for each of these bins to distorted
wave Born approximation(DWBA) calculations. The uncer-
tainty in the strength of each multipole due to the fitting
process was determined for each multipole by incrementing
(or decrementing) that strength, then adjusting the strengths
of the other multipoles to minimize totalx2. This continued
until the newx2 was 1 unit larger than the totalx2 obtained
for the best fit.

Optical parameters for the calculations were determined
from elastic scattering[12] and are given in Table I along
with Fermi parameters used for the density distribution of the
nuclear ground state. Single folding density dependent
DWBA calculations(as described in Refs.[9,13]) were car-
ried out with the codePTOLEMY [14]. The transition densi-
ties, sum rules, and DWBA calculations were discussed thor-
oughly in Ref.[15] and, except for the isoscalar dipole, the

same expressions and techniques were used in this work. The
transition density for inelastica particle excitation of the
ISGDR given by Harakeh and Dieperink[16] (and described
in Ref. [15]) is for only one magnetic substate, so that the
transition density given in Ref.[15] must be multiplied by
the square root of 3 in the DWBA calculation.

A sample of the angular distributions obtained for the gi-
ant resonance(GR) peak and the continuum are shown in
Fig. 2. Fits to the angular distributions were carried out with
a sum of isoscalar 0+, 1−, 2+, 3−, and 4+ strengths. The is-
ovector giant dipole resonance(IVGDR) contributions were
calculated from the known distribution[17] and held fixed in
the fits. Sample fits obtained, along with the individual com-
ponents of the fits, are shown superimposed on the data in

FIG. 1. Inelastica spectra obtained at two angles for90Zr. The
thick gray lines show the continuum chosen for the analysis.

TABLE I. Optical and Fermi parameters used in DWBA
calculations.

V sMeVd Vi sMeVd r i sfmd ai sfmd c sfmd a sfmd

40.2 40.9 0.786 1.242 4.901 0.515

FIG. 2. The angular distributions of the90Zr cross sections for
an 800 keV wide bin centered at the excitation energy indicated on
the figure(in MeV) for inelastic a scattering for three excitation
ranges of the GR peak and the continuum. The lines through the
data points indicate the multipole fits. Contributions of each multi-
pole are shown. The statistical errors are smaller than the data
points.

YOUNGBLOOD, LUI, JOHN, TOKIMOTO, CLARK, AND CHEN PHYSICAL REVIEW C69, 054312(2004)

054312-2



Fig. 2. The continuum distributions are similar over the en-
tire energy range, whereas the angular distributions of the
cross sections for the peak change as the contributions of
different multipoles dominate in different energy regions.
The effects of variations in continuum choices on the ex-
tracted multipole distributions was explored as described in
Ref. [18].

The(isoscalar) E0, E1, E2, andE3 multipole distributions
obtained are shown in Fig. 3 and the energy moments and
sum rule strengths obtained are summarized in Table II. Due
to the limited angular range of the data,E4 strength could
not be distinguished from higher multipoles and those results
are not included. Several analyses were carried out to assess
the effects of different choices of the continuum on the re-
sulting multipole distributions. Analyses were made using
continua chosen with several different criteria[e.g.,(a) using
a slope for the linear part which did not quite match the data
at high excitation;(b) lowering the continua so that it was
always below the data;(c) changing the low energy cutoff
and slope of the continuum; and(d) deliberately altering the
continuum slope and/or amplitude at only selected angles].
The strength distributions obtained from these analyses were
then averaged, and errors calculated by adding the errors
obtained from the multipole fits in quadrature to the standard
deviations between the different fits. In general theE0 and
lower part of theE2 distributions were relatively insensitive
to the continuum choices while theE1 andE3 distributions
were more dependent on the continuum choices[18]. TheE1
distribution was also fit with two Guassians and these are
also shown in Fig. 3 and the parameters obtained are listed in
Table II.

The continuum distributions are fit primarily byL=1 and
L=2 angular distributions, with some small amountL=0 at
lower excitation and in some casesL=4 at higher excitation.
This continuum “E1” and “E2” strength corresponds to
many times the EWSR’s for each of the nuclei and hence
(most of it) cannot be due to inelastic excitation ofE1 or E2
strength in the target nuclei. The possible contributions to the
continuum are discussed thoroughly in Ref.[18].

IV. DISCUSSION

The E0 distribution shown in Fig. 3 consists of a peak
around Ex=16.9 MeV with a “tail” extending up pastEx
=25 MeV containing 100% of the isoscalarE0 energy
weighted sum rule(EWSR) and has a centroid ofs17.81
+0.32−0.20d MeV. This GMR distribution is compared to
that reported by Youngblood, Lui, and Clark[3] in Fig. 4 and
the agreement is excellent. Earlier works identified only the
E0 strength in the peak. A Hartree-Fock random-phase ap-
proximation calculation by Hamamotoet al. [19] showed a
very similar tail on the GMR peak in90Zr and this calcula-
tion is superimposed on the data in Fig. 5. The values ob-
tained for the centroidsm1/m0d and for sm1/m−1d1/2 in this
work and in Ref.[3] are in excellent agreement.

The E1 distribution is separated into at least two peaks
and has been fit with two Gaussians(shown in Fig. 3) with
centroids ofs17.1±0.4d MeV and s26.7±0.5d MeV contain-
ing 13±3% and 70±10% of the isoscalarE1 EWSR. The

upper component is expected to be the compression mode
[5,6] while the structure of the lower component is an open
question[5,6]. The only previous report of ISGDR strength
in 90Zr was in Ref.[4] where a total of 40% of theE1 EWSR

FIG. 3. Strength distributions obtained for90Zr are shown by the
histograms. Error bars represent the uncertainty due to the fitting of
the angular distributions and different choices of the continuum as
described in the text. The smooth lines show Gaussian fits.
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was identified. It was erroneously reported in Ref.[4] that
122% of theE1 EWSR was observed, however the normal-
ization of theE1 distributions reported in that work was off
by a factor of 3 because the Harakeh and Dieperink[16] sum
rule used is for only one magnetic substate. TheE1 distribu-
tion from Ref.[4], renormalized by this factor of 3, is com-
pared to the present work in Fig. 4. While the shapes of the
distributions are similar, approximately twice as much
strength was observed in the present work. This is in part due
to the much better peak to continuum ratio in the 0° data and
in part due to the much better coverage of the angle range
from 0 to 3° where the isoscalar dipole is strongest. The
better peak to continuum ratio is due both to the elimination
of events scattered from the top and bottom slits(using the
vertical angle measurement) and to the better overall angular
resolution since the previous measurement averaged over the
vertical opening of the spectrometer. With the vertical mea-
surement and ray tracing we can now bin the events into
spectra corresponding to,0.5° bins from average center of
mass angles of 0.4° to 3.3° whereas without the vertical mea-
surement the resulting average over the vertical opening re-
sults in 0° data only from average center of mass angles of
1° to 2°. The smallest useful angle obtained from the first
uspec.0° angle isuc.m.=3.1°.

Piekarewicz[20] has carried out self-consistent calcula-
tions of both isoscalar monopole and dipole compressional
modes in a relativistic random-phase approximation(RRPA),
and the resulting strength distributions using the NLC inter-
action sKNM =224 MeVd are shown(with an arbitrary nor-

malization) superimposed on our data in Fig. 5. Except for a
few hundred keV shift, the calculated GMR distribution is in
remarkable agreement with the data over the entire energy
range. However the experimental centroid of the upper com-
ponent of the ISGDR is nearly 5 MeV less than that of the
calculated distribution. A portion of this might be attributed
to strength not yet located in the experiment as only
81±10% of the isoscalarE1 strength was located in the ex-
periment. Colòet al. [5] calculated ISGDR distributions in
nonrelativistic RPA and their result for90Zr using the force
SGII sKNM =215 MeVd is superimposed on our data in Fig.
6. They identify the peaks aboveEx,22 MeV as the com-
pression mode, with the lower peaks being of another origin.
The center of their compression mode strength lies several
MeV above the center of the higher peak, which might be
attributed to strength missed experimentally. The lower com-
ponents are in somewhat better agreement with the data, par-
ticularly considering theEx,10 MeV lower cutoff of the
data. In heavier nuclei such as144Sm and208Pb where 97
+10−20 % and 114+12−25 % of theE1 EWSR were ob-
served[18] theoretical calculations which generally repro-
duce GMR energies show the compression mode ISGDR
several MeV above the experimental peaks.

The E2 strength is concentrated in an(almost) Gaussian
peak centered at 14.65±0.20 MeV containing 88±9% of the
isoscalarE2 EWSR. Results from three earlier measurements
[21–23] of GQR strength in90Zr are listed in Table II. None
of the earlier measurements took into account the(now
known) E0, E1, and E3 strength lying above the(then

TABLE II. Paramameters obtained for isoscalar multipoles in90Zr.

Moments

E0 − Error + Error E1 − Error +Error E2 − Error + Error E3a − Error + Error

m1 sfractiond 1.00 0.12 0.12 0.81 0.10 0.10 0.88 0.08 0.11 0.78 0.15 0.09

m1/m0 sMeVd 17.81 0.20 0.32 24.15 0.50 0.60 14.30 0.12 0.40 22.91 0.50 0.70

rms widthsMeVd 3.35 0.35 0.60 4.63 0.40 0.70 2.14 0.25 0.45 4.27 0.45 0.60

sm3/m1d1/2 sMeVd 18.69 0.30 0.65

sm1/m−1d1/2 sMeVd 17.55 0.18 0.25

Gaussian fits

E1 Pk1 E1 Pk2 E2

Centroid(MeV) 17.1±0.4 26.7±0.5 14.65±0.20

FWHM sMeVd 5.4±0.3 8.8±1.0 4.9±0.2

Fraction EWSR 0.13±0.03 0.70±0.10 0.88±0.09

E2

Buenerdet al. [21] Borgholset al. [23] Youngbloodet al. [22]

Centoid(MeV) 14.05±0.3 14.0±0.4 14.0±0.2

FWHM sMeVd 4.0±0.3 3.0±0.5 3.4±0.2

Fraction EWSR 0.51 0.66±0.17

HEOR

Bertrandet al. [28] Yamagataet al. [29]

Centroid(MeV) 27 26.5±1.5

FWHM (MeV) 9±1

Fraction EWSR 0.18±0.04 0.47±0.20

aMoments for HEOR onlysEx.15 MeVd.
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known) E2 andE0 peaks, probably resulting in the assump-
tion of an unrealistically high continuum at higher excitation.
This would result in lower strengths, lower excitation ener-
gies, and smaller widths for the GQR than obtained in the
present measurements, all consistent with the values in Table
II.

Ma et al. [24] have calculated the ISGQR distribution in
40Ca, 90Zr, and 208Pb (as well as16O) with a relativistic
mean-field description in an RRPA calculation and results
obtained with the NL3 parametrization are compared to our
experimental results[18,25] in Table III. For each nucleus
the calculated energies are approximately 2 MeV above the
experimental values. One of the improvements in the Maet
al. work is the inclusion of configurations coupling the
empty state in the Dirac sea with occupied states in the Fermi
sea(“ah coupling” in their notation) which had a substantial
effect on the energy of the GMR[26] obtained from RRPA
calculations and brought RRPA results into better agreement
with time-dependent relativistic mean-field calculations for
the GMR. This however “pushes” the GQR energies up sub-
stantially and the distributions calculated without ah cou-
pling are in much better agreement with the experimental
data.

The E3 strength is split into a lower component atEx
,12 MeV, containing,8% of the isoscalarE3 EWSR,
probably a portion of the low energy octupole resonance-
(LEOR), and the high energy octupole resonance(HEOR)
centered at Ex,s22.9+0.7−0.5d MeV containing 78+9

−15% of the isoscalarE3 EWSR. The 1"v LEOR resonance
[27] generally contains approximately 25% of theE3 EWSR,
but lies mostly below the 10 MeV threshold of this experi-
ment. Bertrandet al. [28] with 200 MeV proton scattering
reported 18% of theE3 EWSR centered at 27 MeV while
Yamagataet al. [29] using 100 MeV3He scattering reported
47% of the E3 EWSR centered at 26.5 MeV. Neither of
these experiments did the small angle scattering necessary to
distinguishE1 from E3 strength(at the time of these experi-

FIG. 4. TheE0 distribution obtained in this work is compared to
that from Ref.[3] in the top panel. TheE1 distribution obtained in
this work is compared to that from Ref.[4] in the bottom panel. The
distribution from Ref.[4] has been renormalized as discussed in the
text.

FIG. 5. (Top) Calculations by Hamamoto, Sagawa, and Zhang
[19] and by Piekarewicz[20] are compared to the experimentalE0
strength distribution.(Bottom) Calculations by Piekarewicz[20] are
compared to the experimentalE1 strength distribution.

FIG. 6. The ISGDR strength function calculated by Colòet al.
[5] is compared to the experimental strength function obtained from
the data shown in Fig. 3.
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ments, the ISGDR had not been observed in90Zr). As E1 and
E3 angular distributions differ significantly only at small
angles, it is likely that too high a continuum was used during
the analysis of both of these experiments causing them to
miss the strength around 21 MeV, so that the strength they
attribute to the HEOR is actually a combination of theE3
andE1 strength in the region of 27 MeV.

V. CONCLUSIONS

Within errors, all of the 2"v isoscalarE0 strength and
most of the isoscalarE1, E2, and 3"v E3 giant resonance
strength was located in90Zr in the region 10,Ex,35 MeV.

Much of theE0 strength is concentrated in a Gaussian like
peak centered around 16 MeV but the strength continues up
to above Ex=25 MeV resulting in a centroid ofs17.81
+0.32−0.20d MeV. This is in agreement with the results of
Ref. [3] which led to the conclusion thatKNM ,231 MeV. A
HF-RPA calculation by Hamamoto, Sagawa, Zhang[19]
shows a similar tailing of the strength while an RRPA calcu-
lation by Piekarewicz[20] using the NLC parametrization
sKNM =224 MeVd gives a good representation of the shape of
the distribution but lies a few hundred keV high. The ISGDR
is seen to consist of two components, the upper component
(presumably) being the compression mode[5,6]. Micro-
scopic predictions with RPA-HF calculations[5] with the
SGII sKNM =215 MeVd interaction and relativistic calcula-
tions [20] for 208Pb using the NLC parametrizationsKNM

=224 MeVd show the compression mode peak higher than
the experimental peak by 1–2 MeV, similar to116Sn, 144Sm,
and208Pb [18]. Whether this is a problem with the models or
an experimental issue of missing strength is not clear.
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