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Phase transitions versus shape coexistence
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In the present paper, we discuss the differences that underlie a topic of current intensive research and debate,
e.g., the appearance of phase transitions and shape coexistence in atomic nuclei. Besides a formulation of the
basic differences, we discuss on one hand some typical examples of shape coexisgtandtbe Sn and Pb
closed shell regionsand, on the other hand, of phase transitions. The present discussion should allow a more
transparent way to analyze nuclear structure changes in particular mass regions.
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I. INTRODUCTION citations. There exists extensive experimental and theoretical

The concept of deformed shapes and the appearance {pfformation about_ nuclei that seem to form a Fransition in
different shapes in a given nucleus was introduced in nucledtetween a spherical phagexhibiting anharmonic quadru-
physics as early as 1937 by the work of Bohr and Kalckaole vibrational energy specjrand a more deformed collec-
[1]. In those early days, little did one expect how fruitful tive phase that is often associated with energy spectra exhib-
these ideas would turn out to be. The discovery of the firstting rotational properties. Some of these clear-cut examples
excited state with spin*0in the doubly magic nucleu¥0O are situated at the neutron numhker90 for the rare-earth
and its subsequent interpretation, starting from rearranginguclei Nd, Sm, Gd7-12, and also in the region of Ru, Pd
four particles from occupied into empty orbitals above the€ven-even nuclef13,14 in which a transition is observed
Fermi level, resulted in a cooperative strong binding energy€tween anharmonic vibrations apesoft vibrational motion
effect. A subsequent highly deformed shape, coexisting withvhen progressing from lighter to neutron-rich nuclei.
the spherical ground statg?], opened up a new field in These transitional regions have been quite well studied in
nuclear physics research, devoted to the investigation ani@rms of algebraic modefsotably within the framework of
understanding of shape coexistence. Soon after, it was redhe interacting boson mode[15-24, but also within the
ized that the atomic nucleus, on its way to fission, had tccollective model[25] leading to the idea of critical point
undergo a number of shape changes in which a specific shaggmmetrie§26-29.
could be trapped as an isomeric state in a secondary potential The variety of shapes occurring in atomic nuclei contin-
minimum, called fission isomel8]. Shape coexistence, in- U€s to be a topic of active and rapidly evolving research as
voking multiple shapes, was predicted and also observed ifxemplified in the recent papers by Andreyehal. [29] and
many spherical nuclei near magic shells and these particuldarner[30]. It is the purpose of this paper to clearly outline
phases could be linked to the occupation of very specific upthe differences between shape coexistence and phase transi-
and/or downsloping orbitals, coined “intruder orbitals,” tlons.
which allowed for a simple understanding of the phenom-
enon of shape coexisten{4,5]. The method put forward in
those papers could be used to predict shape coexistence, el PHASE TRANSITIONS VERSUS SHAPE COEXISTENCE
in the Sn nuclei, around mass numi#er116 and in the Pb . ) _
nuclei from mass numbeX=196 and below. Once fast rota- 1 ne flexibility of the interacting boson mod@BM) al-
tion was employed as a new tool to study nuclear shape@ws an easy parametrization for. the study of phase transi-
spinning up nuclei very fast, like in the case BfDy, a tions on thg extended Casten trlangﬁﬁi,?:a. The Ham|I—_ _
“superdeformed” shape was discovered with axis ratios fofonian th'at incorporates the two opposite forces, one driving
the prolate deformed ellipsoid of 2:1, coexisting with single-t© SPherical shapes and one driving to deformation, can be
particle excitations corresponding to oblate shajgasThis ~ constructed in the,d IBM as follows:
research field has exploded in recent years due to the highly
increased technical capabilities in detecting gamma radiation R [ o
emitted during the slowing down of the rapid rotati@am- H=a| g~
masphere, Euroball, )..

Shape changes also occur in another way in atomic nuclei
when one considers only the ground state and low-lying exwhere the quadrupole operator is given by
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Q= (sd+d'9)@ + x(dfd)®. ) structure of the Hamiltonians and can be measured using the

concept of Shannon information or wave function entropy
(see, e.g., Ref33)).
The parametea is a general energy scaling factdy, the On the other hand, phase coexistence can appear when a
number ofs andd bosons, and; and y are two structural number of basis states, appearing at very high excitation en-
parameters, describing the spherical-deformed transition angtgy (outside of the model space that is regularly considered
the prolate-oblate transition, respectively. In order to visual-as the space of low-lying configurationsnder normal cir-
ize this simple parametrization, the Casten triangle is used inumstancegsuch as particle-hole excitations across closed
which one axis is formed by and the other one by. As a  shellg, can profit from residual proton-neutron interactions.
concrete example by varying from one to zero a spherical- This can be the case in nuclei wign) (almos} closed shell

deformed phase transition is crossed. of protons(or neutrong on one hand, and a large number of
The Hamiltonian(1) is of the type that in a general way, valence neutrongor protong, on the other hand. In such a
can be parametrized by means of a Hamiltonian situation, the proton-neutron correlation energy in thé

excited high-lying configurations can become competitive
with the energy needed to create this family of extra states
and so see the energy drops towards the low-energy regime
[4,5]. Such classes of states are also quite often called “in-
in which the separate Hamiltonial, andH, describe two  truder” excitationgsee Fig. 1, right-hand partin this situ-
different types of motion that are basically incompatible withation, one essentially makes use of a single Hamiltoian
one anothele.g., the example of vibrational excitations on but extends the model space by includivagrious a differ-
one side and the states of an axially symmetric rotor on thent phase and its associated basis states. Therefore one has a
other side. This means that the Hamiltonians do not com-coupling of two different Hilbert spaces afd="H,® H.,.
mute. Otherwise the states of both Hamiltonians would noMostly, this concerns, in practical applications, Mrs,d bo-
interact with each other, e.gH,; made out ofs,d boson son space coupled to &2 s,d boson space. They are used
operators andH, out of f,p boson operators. Explicitly one to describe shape coexistence between notuwsénce ex-
needs nevertheless that both Hamiltonians work in the samgtations and intruder excitations that includp-2h excita-
Hilbert spaceH. This means they are acting on states whichtions. It should be mentioned that both sets of states can
can be expanded in the same set of basis states. Generailiferact and mix with each other via a mixing Hamiltonian
speaking one could state that we deal with a system witlthat does not conserve the boson number.
‘H=H,=H,. The parametes then allows for a smooth tran- To distinguish between phase transition and phase coex-
sition between the two limiting cases in order to describe théstence, the essential feature is that in the case of phase tran-
transition. Studying the ground-state properties along thaitions the two different types of motion can only develop
transition (binding energy and other observahleme can subsets of states resembling the motion generated,;@nd
even get interesting information on the order of the transitiorH,. On the other hand of phase coexistermanpletestruc-
between the two phases. Much attention has been given tares can be generated in each spéoempare, e.g., the
this issue recently, in particular using the IBM and its under-phase transition in the even-even Sm nuclei in which all the
lying symmetries[15-24)). states in the vibrational region smoothly go over into states
The point we like to stress here is that in such a study, thén the deformed region, contrasting with the situation like in
number of basis states is preserved through the transition anble even-even Cd nuclei near mass numberl12 and in
progressing from one limiting case into the otl@ee Fig. 1, the neutron-deficient Pb nuclei, in which different classes of
left-hand part One notices that the eigenstates of one limitstates do appear in each given nucjeliberefore, the use of
will be spread out and finally end up as the eigenstates of thepectroscopic methods providing a complete data set is of the
other limit. The way in which this happens depends on theuitmost importance. Here, light-ion induced reactions and

H=aH;+(1-a)H,, (3
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thermal neutron capture provide essential tq8l4. 20
Finally, it should be mentioned that a complete different e . ot A
approach can be used. This approach concerns the use ol 2™ N N, S
crancking in the IBM[20,35 and is a semiclassical ap- ‘[ T
proach. Here, phase transitions are obtained as a function of | ®F & . o & ot
angular frequencw, and the changes which occur when the % =l = e R
mp-mh states become yrast states, like in the Cd and Pd & " F 3+ > S
isotopes[36], can be described as a phase transi{igi] & . A — 7 2
between a sphericalvibrational, mainly and a deformed E 500 - z: 4+ 41 .
phase. 2 | it
< [
E m(6h)  mW(p4h) m@p2h) T (6p)
I1l. EXAMPLES OF PHASE TRANSITIONS B sk . J,/?__'
AND SHAPE COEXISTENCE | e X
0
Excellent examples of complete structures representing  -1000 ot T
shape coexistence have been observed in the last decade it " 0 | R lecd U PBa @

the Cd isotopes. These isotopes form an excellent test of
shape coexistence as here the intruder states have their low- -5 5 (Color onling Systematics of the lowest family of in-

est excitation energyat midshel) exactly at the line of sta-  y,qer states ifl4cd and in!®Te compared with the regular con-
bility. This allows the unique possibility to study the siX figyrations in11%Ru and in'22Ba. The energies of thespin 3/2
stable even-even Cd isotopes in an as complete way as pasultiplet are normalized in energy. A smooth transition from and
sible. Studies like those of the structure BfCd [38-40  O(6) into a SU3) structure is indicated with these two limits drawn
revealed that these isotopes have complete three-phonafthe extreme left and right of the figure.

spherical structures together with complete more deformed

O(6)-like intruder excitations, leading to very specific inter- shell atN=126. These data point towards the appearance of

actions between botft1]. specific particle-holép-h) excitations across the closed shell
As these collective, intruder configurations most probablyat Z=82. It is precisely the energy gap at tie=82, N
involve proton P-4h excitations across th2=50 shell clo- =126 closed shell of only approximately 3.5 MeV, combined

sure, it might be speculated that their behavior would be veryvith a very large open neutron shéfilling the 82-126 or-
similar to the properties of the ground-state bands in thditals) that enables the proton-neutron quadrupole-
adjacent Ru and Ba nuclei, with the constraint of consideringluadrupole force to lower the excitation energy @F2h,

the same number of neutrons. Sutip-nh excitations can  4p-4h,... configurations as much as to approach the ground
now be handled within the algebraic framework of the IBM state(for the Pb and Hg nuclgand even cross iffor the Pt
[15,42. In this approach, explored in detail in a series ofand possibly the Po nuclei, tp¢4,5]. Because of the in-
papers[43—4§, both particle and hole shell-model configu- creased quadrupole collectivity associated with theseex-
rations are approximately handled as interacting particle angitations, collective bands are observed on top of the low-
holelike s and d bosons. A particular symmetry that allows lying 0" intruder excitations and so indicates the presence of
the transformation of particle into hole bosafs the other ~shape coexistenogee Fig. 3 for the most recent systemat-
way around, and is formally like the isospin transformation ics). A discussion, using-spin symmetry arguments, has
that allows protons to be transformed into neutr¢msthe ~ been used alsf45,46,53, and a very detailed study, using
other way arouny here called-spin or intruder spin, was configuration mixing within the interacting boson model, has
suggested47]. Its presence results inspin multiplets(for- ~ been carried out by Fossiat al. [52].

mally analogous to isospin multiplets in light nugleind Calculations, making use of a deformed mean-field ap-
some interesting realizations of this symmetry were disfroach that study the possible equilibrium staf8-54
cussed in, e.g., the Sn regi$4A0,48. This symmetry then have indicated the possibilities of producing rather close-

'”.‘p“es strong similarities for bo.th ex0|tat|or)_¢nerg(esee TABLE |. Comparison of theB(E2; 2] — 07) values in the even-
Fig. 2) as well as forB(E2) trans!tlon probabllltlgs to hold even Ru and Ba nuclei with the correspondBEE2; 25— 07) in-
between the @-4h intruder bands in the Cd nuclei and the 6 ,derE2 transition in the Cd nuclei with the same neutron number
and @ ground-state bands in the Ru and Ba nuclei, respecyg;.

tively. This would hold for an unbroken I-spin multiplet
structure. A very recent analysig9] in the Ru, Ba, and Cd  neutron cd intruder RU Ba
nuclei has given extra information to strengthen this ideayymper B(E2;2;—05) B(E2;2/—0) B(E2;2f—0})
throughB(E2) values(see Table)l Experiments are planned

to study the very neutron-rickt*126.12&d isotopes in order 62 23%
to explore the behavior of the family of intruder stafég). 64 56117 5815

Another more dramatic but less detail@a terms of spec- 66 61+8 70+5 154+14
troscopic information on energy spectra, transition probabiligg 8624 74+7 11646
ties, ..) example of shape coexistence shows up in the data, 98+16

for the Pb region when removing neutrons from the closed
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o* Using algebraic methods, very interesting calculations
4 l M‘(‘gfl‘;f}L P have been carried out studying different types of phase tran-
I - — i sitions[62,63. Here, the transition between a superconduct-
=/ ing phase, described by the Hamiltonian
- + . I —
T } = 128 T
St 7 — + g —
g [ = o~ & H,=-GSS, (4)
Sab mTT S ~ §
W = = & )
| L _— - — i with
_\6_"'____,»-,,' o= — =
b= 4t — e —_— L
_‘~£._-°T= o= T2 1)i*mal af
- 0+ —— CLOSED SHELLS - S.= 2 1) & My, -m» 5
(82,126) j,m>0
oL T TN [N [T AN TR TN A [ T T NI '
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S = -1t A 6
FIG. 3. Systematics of the lowest Btates in the even-even Pb j,m2>0( V78w m ©)

nuclei. The first excited 2state is also given for reference. The

band members of the yrast structure are given in the mass region

182<A<190. The references are denoted in the introductory par
of the present article.

tand a rotational phase described by the Hamiltonian

Hi=-xQ-Q, (7

lying oblate and prolate minima in the total energy surface

for the Pb nuclei while approaching the neutron mldshellWith Q the SU3) quadrupole tensor operator has been ex-

region atN=104, next to the spherical ground-state configu- lored. In this particular case, analytical solutions exist in the
ration. In the Hg nuclei with a ground state corresponding t WO Iirﬁits butpno simple an,al ticgl solution exists in the
a slightly deformed oblate configuration, a second prolate b y

intermediate situation. In this situation, eigenstates from one

configuration is predicted, mimimizing its energy near mid-
shell (N=104), whereas for the Pt nuclei, a crossing of bothl!m!t are spread out thinly over the_ eigenstates _Of the other
limit and a sharp phase transition in many-fermion systems

minima is implied and the prolate deformed minimum be- results and no clear case of phase coexistence shows up.
comes the lowest configuration at midshell. For the Po nu

clei, the situation looks somewhat more complicaféd]
with an oblate minimum, approaching the spherical ground- IV. CONCLUSION
state configuration nedt=110, and a prolate minimum, be-
coming dominant in the ground state for even lower neutron In the study of extended regions in the nuclear mass for a
numbers. Very recently, detailed studies using configuratiogiven isotope(or isotong, ample evidence has resulted for
mixing starting from Hartree-Fock-Bogoliuba#HFB) [57]  either smooth transitions from one phase into another one
and HF+BCS[58-6Q calculations have come to the same (with the number of levels being the same on both sides of
conclusion for the presence of shape coexistence in the vetpe transition like, e.g., in the Sm, Gd nucleir for situa-
neutron-deficient Pb nuclei, albeit starting from a micro-tions in which a particular class of excitations are dropping
scopic mean-field approach. quickly in energy thereby bringing a new phase of nuclear
The characterization of phase transitions in transitionabktructure and resulting in shape coexistence with the regular
regions has been amply discussed using algebraic methotisv-lying states(see, e.g., the region near closed shells at
(more in particular using the IBM15-24. In those studies, Z=50 andZ=82 while approaching the midshell neutron re-
arguments for possible phase transitions have been prgions atN=66 andN=104, respectively
sented. lllustrations are ample and concentrate on the Sm, Gd In the present paper we have discussed the salient features
region when passing thd=90 neutron numbef7-12 and that allow to discriminate between a region in which phase
the Hf-Hg region with possible prolate-oblate phase transitransitions appear and a region that exhibits shape coexisting
tions [21]. Irrespective of the precise type of transition oc- phenomena. In Sec. Il, we have discussed a simple Hamil-
curring, the Hamiltionian as depicted in E@l) allows a tonian that allows us to describe phase transitions within the
good overall description of those transitions. One should|BM irrespective of the mass region one is concentrating on
however, be careful in making a conclusion as to what prefsee the Hamiltonian of Eq1)] and in which the two differ-
cisely is happening: even though tiN=90 region seems ent limiting cases on separate sides of the transition form
very indicative of a phase transition, recent experiments inncomplete sets of states. On the other hand, when shape
1%4Gd have shown evidence for a low-energy coexisting banadoexistence appears, complete sets of states can be gener-
[61]. Interesting other regions to study are the Sr,Zr nuclei inated. In the latter case, the nuclear structure is determined by
passing theN=56 subshell closure. There are strong indica-the direct product of the Hilbert spaces describing the vari-
tions that here, too, a spherical to deformed phase transitioous phases liké{;® H,® Hs.... In Sec. lll we have de-
is happening, much like in thid=90 rare-earth mass region. scribed some very recent and at the same time typical ex-
More detailed calculations of this mass region will be carriedamples of both shape coexistence and phase transitions in
out. order to elucidate differences between the two forms of
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