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A variational Monte Carlo analysis of recent binding energy data of the hypernucleusLL
L6 He has been made

treating this as a six-body problem. A phenomenological central Urbana-typeLL potential which fits the new
data, predicts a bound state for the charge symmetric pairLL

L5 H, LL
L5 He and just or weakly bound state forLL

L4 H
is obtained. A three-range GaussianLL potential phase equivalent to the Nijmegen model D over estimates by
25–80 % the binding energy ofLL

L6 He and pairLL
L5 H, LL

L5 He compared to an Urbana potential. The simulated
potential predicts boundLL

L4 H. The incrementalDBLL value, leavingLL
L4 H, for the above potentials is about half

of that found in recent cluster model calculation which uses aLL potential phase equivalent to the ND type in
the Faddeev method.
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I. INTRODUCTION

Despite phenomenal growth in the production ofL hyper-
nuclei and measurement of their spectra over a wide mass
number range, the data onLL hypernuclear species[1–4] is
limited to three, listed in the Table I along with theLL
separation energyBLL. In one case excited state energy has
also been measured. Since the last hypernuclear conference
HYP2000, a revised event[1], considered to be reliable, is
added to the list and a few more such events are likely to be
announced in the forthcoming hypernucleus conference. The
binding energyDBLL (=BLL−2BL, whereBLL and BL are
separation energies of bothLL and singleL, respectively) is
closely connected to theLL potential. TheDBLL from the
new BLL data ofLL

L6 He, called the NAGARA event, recently
observed in the KEK hybrid experiment[1] E373, is ap-
proximately 1

4th of the p-shell data and should not be taken
as an indication of the mass number dependence until more
data is accumulated.

The sK−,K+d reaction on a9Be target in the Brookhaven
alternating-gradient synchrotron experiment E906, has given
evidence[4] for bound LL

L4 H sI =0,J=1+d. This event along
with NAGARA has renewed the interest in the theoretical
studies of hypernuclei in theS=−2 sector. Recently Filikhin
and Gal[5] (referred to as FG) and Filikhin, Gal, and Suslov
[6] have carried out cluster model analyses of theBLL data
of LL

L6 He andLL
L10Be using the Faddeev method. A three-range

GaussianLL potential phase equivalent to the Nijmegen
model SC97 interaction agrees with theBLL of LL

L6 He and
predicts a boundLL

L5 H and LL
L5 He. The newBLL of LL

L6 He is
found to be incompatible[7] with LL

L10Be, even if a de-
excitation ofLL

L10Be* or L
9 Be* via an unobservedg ray in the

detection process is admitted; one such possibility[5,8] in-
volving L

9 Be* at 3.1 MeV is recorded in Table I, thus again
questioning the consistency of the existing data. Further
Faddeev-Yakubosky calculation[9] for the four-bodyLLpn
system over a wide range ofLL interactions suggests un-

stableLL
L4 H and while three-bodyLLd model admits a bound

state for weakLL interaction required to fitLL
L6 He. A very

recent four-body stochastic variational calculation[10] of
LL
L4 H also predicts bound states.

Recently Nogga, Kamada, and Glöckle[11] have solved
the Faddeev equation for the mass numberA=4 L hypernu-
clei based on a complete meson-theoretical YN interaction.
The Nijmegen interaction model[12] SC89 and SC97 series
do not reproduce perfectly the binding energy but NSC97f is
quite close forA=4 binding energies of the 0+ and 1+ states
and reproduces their separation rather well. They also ob-
served that the potential SC97-sim simulated from the
Nijmegen model SC97f overestimates by about 30% theBL

compared to the realistic one. Hence they concluded that the
results based on the simulated forces should be taken with
caution. Further it will be interesting to compare the results
of VMC calculation ofBL of s-shell hypernuclei employing
the realisticNN interaction, Argonne v18 by Sinha, Usmani,
and Taib[13] with those of Shoebet al. [14] (abbreviated as
SNUK) who used the simplified Malfliet-TjonNN potential
in their analysis. TheLN spin-dependent strengthVs is al-
most the same and the contribution of dispersive forces to
the spin-flip splitting 0+-1+ of A=4 hypernuclei is consistent
in two studies. In view of these findings we consider it ap-
propriate to analyze thes-shell LL hypenuclei as A-body
systems using simplified baryon-baryon(BB) phenomeno-
logical forces following the work of SNUK fors-shell
L-hypernuclei.

In this work we explore the nature of the phenomenologi-
cal Urbana typeLL force from the study of the recent and
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TABLE I. Binding energy of double lambda hypernuclei.

Hypernuclear species LL
L5 He LL

L10Be LL
L13B

BLLsMeVd 7.25±0.19a 17.7±0.4b 27.6±0.7c

s14.6±0.4dd

DBLLsMeVd 1.01±0.2 4.3±0.4 4.8±0.7

aReference[1].
bReference[2].
cReference[3].
dReference[8], assumingLL

L10Be→p−+p+L
9 Be*.
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reliableBLL data ofLL
L6 He, called the NAGARA event. The

simulatedLL potentials are being extensively used in the
recent time. Therefore, we choose one of these to analyze the
data so that a meaningful comparison with the cluster model
could be made. The energy of A=5 and 4 systems is also
predicted. The system is analyzed in the spirit of SNUK:
freedom in choosing W, the strength of dispersive spin-
dependent and noncentralLNN force [15] eliminates the
need for three-body correlations in the calculation ofBL of
s-shell hypernuclei. This was the case[16] even for the phe-
nomenological central spin-dependent dispersive force pro-
posed by Bodmer and Usmani[17]. From our earlier calcu-
lations [14] of s-shell L hypernuclei it seems that the effect
of the two-pion exchanged three-bodyLNN force is being
simulated by the variation ofW and, therefore there is no
need of introducing it in the present work. In the next section
BB potentials and wave functions, Hamiltonians, the method
of the calculation ofBLL for the systems of baryon numberA
and the results are discussed. The conclusions are presented
in the last section.

II. ENERGY CALCULATION FOR A-BODY s-SHELL LL

HYPERNUCLEI AND RESULTS

LL
L6 He is treated as a six-body problem and to our knowl-

edge this is the first such analysis. The study requires as
input NN, LN and dispersiveLNN potentials fittingL

5 He. We
take these potentials to be aNN Malfliet-Tjon [18], a LN
Urbana-type central spin-dependent potential[14,16,17] that
fits the Lp scattering data and a dispersive spin-dependent
noncentralLNN potential[15]. These potentials explain the
BL of L

5 He satisfactorily and we chose the relevant potential
strength and variational parameters from the(second row)
Table V of SNUK and which are listed in Table II. The only
free-parameter is the singlet strengthV0

LL of the LL poten-
tial of Urbana type

VLLsrd = Vcsrd − V0
LLTp

2srd, s1d

whereVcsrd=Wcf1+expsr −Rd /dg−1 with Wc=2137 MeV,R
=0.5 fm, andd=0.2 fm.Tpsrd is the one-pion exchange ten-
sor potential shape modified with a cutoff:

Tpsrd = s1 + 3/x + 3/x2dfexps− xd/xgf1 − exps− cr2dg2,

with x=0.7r andc=2 fm−2. OurBB potentials are reasonable
in the sense that their radial form factors agree with the gen-

eral expectations of meson theoretical models.
Since three-body correlation are not crucial in view of the

phenomenology[14] we adopt with regards toW, the
strength of dispersive spin-dependent and noncentralLNN
force, the trial wave function ofLL

L6 He is constructed from the
product of only central two-bodyfBB (BB=LN, NN, andLL
correlation functions as

CLL
sAd = p

i, j

fNNsr ijdFp
j=1

A−2

fL1NsrL1jd

3p
i=1

A−2

fL2NsrL2idG fL1L2
srL1L2

dxsAd, s2d

wherexsAd is the appropriate spin function. Similarly wave
functions for singleL hypernucleussCL

sA−1dd and correspond-
ing coresCN

sA−2dd may be written. The correlation functions
fBB are obtained(vide Refs.[17,19]) from the procedure de-
veloped by the Urbana group, which involves the solution of
two-body Schrödinger type equations with the appropriate
two-body and an auxiliary potential. The latter one is such
that the correlation functions have the asymptotic behaviour
required by the fullA-body equations:

fBB , r−nBB exps− kBBrd, s3d

where the appropriate products of thefBB in the wave func-
tion have the asymptotic behavior,r−1 exps−kBrd if the ap-
propriate choice ofnBB snLN=0.5, nLL=−1.0, nNN=0.0d is
made. However, for convenience we takenLN=−0.5, nLL=
−1.0, andnNN=0.0. This is reasonable since such a choice
does not affect the result if the energy is optimized with
respect to the variational parameters[17]. The parameterkB
is related to the separation energy of baryonB. Our trial
wave function has in total 14 variational parameters:kLN,
sLN, CLN, aLN, RLN, kLL, sLL, CLL, aLL, RLL, kNN, CNN,
aNN, and RNN. sLNand sLL take account the effect of the
dispersiveLNN potential on thefLN and fLL correlations.

The Hamiltonian ofLL hypernucleus of the baryon num-
berA can be written as the sum of Hamiltonians HLk

A−1 of the
subsystem of theLk kth sk=1,2d particle and theA−2 nucle-
ons of the core and of HN

A−2 for theA−2 nucleons of the core
nucleus, and of the singletLL potential given in Eq.(1):

TABLE II. LL
L6 He: variational parameterkLN,sLN,kNN,kLL ,sLL and kinetic energykTl, two-body energy

VBN, dispersive non-central three-body energykVLNN
NDSl and last column is total energy for 100 000 points

(optimum variational parameters, potential parameters and the energy of subsystemL
5 He:kLN=0.125 fm−1,

sLN=1.0, CLN=2.0 fm−2, aLN=0.8 fm, RLN=1.0 fm, kNN=0.304 fm−1, CNN=1.0 fm−2, aNN=0.5 fm, RNN

=1.0 fm, V5=−6.15 MeV, «=0.25, W/6=0.09 MeV, E±DE=−34.331±0.092 MeV),CLL=1.0 fm−2, aLL

=0.75 fm,RLL=0.0.

kLN

sfm−1d sLN

kNN

sfm−1d
kLL

sfm−1d sLL

kTl
(MeV)

−kVBNl
(MeV)

kVLNN
NDSl

(MeV)
−E±DE
(MeV)

0.105 0.95 0.404 0.405 1.1 94.16 137.21 4.62 38.43±0.20

0.104 0.90 0.404 0.440 1.2 100.46 142.77 3.33 38.71±0.12
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HLL
A = HL1

A−1 + HL2

A−1 + HN
A−2 + VLLsrL1L2

d, s4d

with the Hamiltonians

HLk

A−1 = −
"2

2mLk

¹Lk

2 + o
j=1

A−2

VLkN
sr jLk

d + o
i, j

A−2

VLkNN
DSN sr ij Lk

d

HN
A−2 = − o

i=1

A−2
"2

2mi
¹i

2 + o
i, j

A−2

VNNsr ijd. s5d

DBLL is written as

− DBLL =
kCLL

sAd uHLL
A uCLL

sAd l
kCLL

sAd uCLL
sAd l

− 2
kCL

sA−1duHL
A−1uCL

sA−1dl
kCL

sA−1duCL
sA−1dl

+
kCN

sA−2duHN
A−2uCN

sA−2dl
kCN

sA−2duCN
sA−2dl

. s6d

The second and third terms on the right have already been
evaluated fors-shellL-hypernuclei[14]. The first term needs
to be optimized with respect to the variational parameters for
values ofV0

LL, which give a bound state forLL
L6 He. The varia-

tional parameters corresponding to the optimum energy need
not be the same for the first and the last two terms. The
estimates for the energy were made for 100 000 points.V0

LL

is then chosen to reproduce the experimentalDBLL for

LL
L6 He. The DBLL=0.99 MeV for V0

LL=−6.1 MeV is very
close to the experimental value. The component energies:
kinetic energykTl, two-body interaction energykVBNl, and
three-body dispersive energykVLNN

NDSl along with the total en-
ergy −E±DE of LL

L6 He are listed in Table II. Having fixed
V0

LL we calculateDBLL for the A=5 charge symmetric pair

LL
L5 H, LL

L5 He and forLL
L4 H. For these hypernuclei the energy of

the subsystemsL
4 H, L

4 He, andL
3 H and the potential and varia-

tional parameters, taken from Table II and III of SNUK and
are listed here in Tables III and IV. The hypernuclear pair

LL
L5 H, LL

L5 He turns out to be particle stable withDBLL

=0.65 MeV, about 30% less than forLL
L6 He. DBLL

<0.1 to 0.01 MeV forLL
L4 H (relative to deuteron binding

2.24 MeV) brings into question whether it is weakly or just
bound.

Further, we perform a Variational Monte Carlo(VMC)
calculation replacing the potential(1) with the three-range
Gaussian potential(for ND)

VLLsrd = 9324 exps− r2/0.352d − 379.1 exps− r2/0.7772d

− 21.49 exps− r2/1.3422d, s7d

given in Ref. [5] which is a simulated meson theoretical
interaction of the Nijmegen group. This choice is because the
results for this potential are expected to be intermediate to
the models ESC00 and NSC97 and facilitates a comparison
of DBLL with that of FG. The results are listed in the third
row of Tables II–IV. TheDBLL from simulated meson theo-
retical interaction of the Nijmegen group are 1.24 MeVsA
=6d, 1.14 MeVsA=5d, and 0.48 MeVsA=4d.

Our calculated values ofDBLL for the three-range Gauss-
ian potential are about 50–60 % lower compared to 2.11,
2.27 MeV for LL

L5 H, LL
L5 He and 2.91 MeV forLL

L6 He obtained
with the cluster model by FG for the Nijmegen model D.
Another interesting feature of our four-body calculation is
that LL

L4 H turns out to be bound for the ND potential whereas
no clearcut result is obtained in Ref.[9]. A recent stochastic
variational four-body calculation[10] of LL

L4 H using the po-
tentials given by FG also predicts a bound state. Thus results
of two types of variational calculations forLL

L4 H are consis-
tent for the simulated potentials. The statement that simu-
lated interaction over estimates[11] the energy in thes-shell
L hypernuclei if extrapolated for theLL s-shell hypernuclei

TABLE III. LL
L5 He,LL

L5 H: same as preceding table withnLN=0.5, nLL=−0.5, nNN=0.0 [optimum varia-
tional parameters, potential parameters, and the energy of subsystemsL

4 He,L
4 Hd :kLN=0.130 fm−1, sLN=1.0,

CLN=0.2 fm−2, aLN=0.8 fm, RLN=1.3 fm, kNN=0.31 fm−1, CNN=2.0 fm−2, aNN=0.6 fm, RNN=1.3 fm, V4

=−6.188 MeV, «=0.25, W/6=0.09 MeV, E±DE=−10.483±0.020 MeV], CLL=1.0 fm−2, aLL=0.75 fm,
RLL=0.0

kLN

sfm−1d sLN

kNN

sfm−1d
kLL

sfm−1d sLL

kTl
(MeV)

−kVBNl
(Mev)

kVLNN
NDSl

(MeV)
−E±DE
(MeV)

0.075 0.95 0.303 0.300 1.05 61.71 75.05 0.00 13.34±0.10

0.025 0.95 0.330 0.350 1.00 62.46 76.38 0.00 13.85±0.10

TABLE IV. LL
L4 H: same as preceding table withnLN=0.05, nLL=0, nNN=0 (optimum variational param-

eters, potential parameters and the energy of subsystemL
3 H:, kLN=0.07 fm−1, sLN=1.0, CLN=3.70 fm−2,

aLN=1.6 fm, RLN=3.30 fm,kNN=0.27 fm−1, CNN=3.7 fm−2, aNN=1.6 fm, RNN=3.30 fm,V3=−6.220 MeV,
«=0.25,W/6=0.09 MeV,E±DE=−2.343±0.026 MeV), CLL=1.0 fm−2, aLL=0.75 fm,RLL=0.0.

kLN

sfm−1d sLN

kNN

sfm−1d
kLL

sfm−1d sLL

kTl
(MeV)

−kVBNl
(MeV)

kVLNN
NDSl

(MeV)
−E±DE
(MeV)

0.025 0.94 0.280 0.010 0.85 29.48 32.76 0.396 2.513±0.058

0.045 1.0 0.280 0.010 1.00 36.03 39.55 0.560 2.966±0.073
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analyzed here thenDBLL found here are expected to be
slightly reduced for the use of realistic interactions. Further,
energies ofLL s-shell hypernuclei are being over estimated
in cluster model compared to microscopic VMC calculation
as the two-body correlations in the former are masked while
the latter one includes these explicitly.

Recently Nemura, Akaishi, and Suzuki[20] and earlier
others(e.g., vide Ref.[21]) have made an observation from
the studys-shell hypernuclei that the energy of the core is
affected by the presence of theL, a characteristic of all the
calculations [13,14,16,17,19] incorporating correlations in
the wave functions. This is expected to be situation forLL
hypernuclei. However, the effect of rearrangement energy is
likely to be largely cancelled in theDBLL, being a difference
of energies of two hypernuclei. Therefore, the evaluation of
behavior ofVLLsrd from the DBLL is likely to be least af-
fected from the effect of core rearrangement energy.

III. CONCLUSIONS

In this work we studiedLL s-shell hypernuclei in VMC
approach treating theseA-body systems where central two-
body correlations consistent with the simple BB interaction
are properly taken care of. The UrbanaLL potential, which
fits theBLL data ofLL

L6 He, predicts the particle stable systems

LL
L5 H, LL

L5 He but the question of stability ofLL
L4 H cannot be

clearly answered due to the large statistical error in our cal-
culation. VMC calculation for the simulated three-range

Gaussian potential(for ND) gives the bound state energies
for A=5 and 6 hypernuclei much lower than the cluster
model in Faddeev approach. Our result of four-bodyLL

L4 H
calculations for the simulated potential is consistent with
those of Ref.[10] but disagrees with that of FG. The incon-
sistency in the results of present work and the cluster model
approach appears to be a reflection of not incorporating two-
body BB correlations in the later one, an inherent limitation
of cluster model methods. Of the many meson-theoretical
interaction models and the phenomenologicalLL potentials
currently in use which one is the correct one could be de-
cided by the future experiments confirming the existence

LL
L4 H. Further revising and improving the statistics of existing
events and addition of new species with reliableBLL values
will be useful in extracting theLL interaction.
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