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Superfluid properties of the inner crust matter of neutron stars, formed by nuclear clusters immersed in a
dilute neutron gas, are analyzed in a self-consistent Hartree-Fock-Bogoliubov approach. The calculations are
performed with two pairing forces, fixed so as to obtain in infinite nuclear matter the pairing gaps provided by
the Gogny force or by induced interactions. It is shown that the nuclear clusters can either suppress or enhance
the pairing correlations inside the inner crust matter, depending on the density of the surrounding neutrons. The
profile of the pairing field in the inner crust is rather similar for both pairing forces, but the values of the
pairing gaps are drastically reduced for the force which simulates the polarization effects in infinite neutron
matter.
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I. INTRODUCTION

The possibility of nuclear superfluidity in neutron stars
was suggested long ago[1,2], before the first pulsars were
actually observed. The first experimental fact pointing to the
nuclear superfluidity in neutron stars was the large relaxation
times which follow the sudden period changes(so-called
“glitches”) of pulsar rotation. Later on, the mechanism of the
glitch phenomenon itself was directly related to the rota-
tional behavior of the inner crust superfluid[3]. Thus, ac-
cording to the present models the glitches are generated by a
catastrophic unpinning of the superfluid vortex lines from the
nuclei immersed in the inner crust of neutron stars.

Apart from the glitches phenomena, the superfluid prop-
erties of the inner crust matter have also important conse-
quences on the cooling of neutron stars[4]. Thus, the heat
diffusion from the interior of the star to the nuclear surface
can be strongly suppressed in the crust region due to the
energy gap in the excitation spectrum of the inner crust su-
perfluid.

A fully microscopic calculation of pairing properties of
inner crust matter should be based on a bare nucleon-nucleon
force and should account for the polarization effects induced
by the nuclear medium. However, this is a difficult problem
which is not yet completely solved even for the pure neutron
matter[5]. In addition to the uncertainty related to the appro-
priate pairing force, for the inner crust one has also to face
the problem of calculating the pairing properties of a nonuni-
form nuclear system, in which the density is changing sig-
nificantly from the center of the nuclear clusters to the dilute
neutron matter in which the clusters are immersed.

The first calculations of the inner crust matter superfluid-
ity were done by employing semiclassical pairing models
based on a local density approximation[6]. Later on the
calculations were performed also in the Hartree-Fock-
Bogoliubov (HFB) approach[7]. In these works the mean
field of the inner crust matter was fixed to a Woods-Saxon
form and the pairing field was estimated by using a Gogny
force [8] and a bare force(Argonne). The HFB calculations
showed that the semiclassical pairing models overestimate

the influence of the nuclear clusters on the pairing properties
of the inner crust matter.

In this paper we present the pairing properties of the inner
crust matter predicted by fully self-consistent HFB calcula-
tions in which both the mean field and the pairing field are
calculated starting from effective two-body forces. In this
way, the effects induced upon the pairing correlations by the
strong local variations of the particle density and of the
nucleon effective mass inside the inner crust matter are taken
into account consistently. Moreover, the self-consistency al-
lows us to study in more details how the properties of the
nuclear clusters are affected by the external neutron gas in
which they are embedded.

In the present HFB calculations the pairing correlations
are evaluated by using a density-dependent contact force.
The calculations are done with two sets of parameters, fixed
to reproduce the superfluid properties of neutron matter
given either by a Gogny force or by microscopic calculations
which take into account polarization effects[9,10].

The paper is organized as follows. In Sec. II we present
shortly the structure of the inner crust matter used in this
study and we introduce the HFB approach. The results of the
calculations are presented in Sec. III. In the first part of this
section we analyze the density and the mean field distribu-
tions and in the second part we discuss the pairing properties.
The summary and the conclusions are given in Sec. IV.

II. INNER CRUST MATTER AND THE HFB
APPROACH

According to standard models the inner crust matter is
formed by a lattice of neutron-rich nuclei immersed in a sea
of unbound neutrons and relativistic electrons[11]. In the
density range from neutron drip density(rd<1.4310−3r0,
wherer0=0.16 fm−3 is the saturation density) to about half
the saturation density, the nuclear clusters are most probably
spherical and the unbound neutrons are in the1S0 superfluid
phase. At higher densities, before the nuclear clusters are
dissolved in the uniform matter of the core, other nonspheri-
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cal nuclear configurations(e.g., rods, plates, tubes, bubbles)
can be formed.

One of the first microscopic studies of the properties of
inner crust matter was done in Ref.[12]. In this reference the
distribution of the baryonic matter in the inner crust was
evaluated by using a density functional suggested by the den-
sity matrix expansion method and adjusted on the neutron
equation of state of Siemens-Pandharipande[13]. In these
calculations the pairing correlations and the spin-orbit inter-
action for the neutrons were neglected. The calculations were
performed in the Wigner-Seitz approximation, i.e., the inner
crust matter is replaced by a set of noninteracting cells, each
cell containing in its center a nuclear cluster surrounded by a
gas of unbounded neutrons. In addition, in each Wigner-Seitz
cell are uniformly distributed a number of relativistic elec-
trons equal to the number of protons contained in the nuclear
cluster.

In this study we analyze the superfluid properties of the
inner crust matter starting from a set of such Wigner-Seitz
cells determined in Ref[12]. More precisely, for a given total
baryonic density and proton number we calculate in the HFB
approach what are the mean fields and the pairing fields of
the nuclear matter distributed in the Wigner-Seitz cells.

The HFB equations are solved here in the coordinate
space. The calculations are performed by using a Skyrme-
type force for the particle-hole channel and a zero-range
pairing force in the particle-particle channel. In this case the
HFB equations are local and for a spherically symmetric sys-
tem they reduce to a set of radial equations[14,15]:

Shsrd − l Dsrd
Dsrd − hsrd + l

DSUisrd
Visrd

D = EiSUisrd
Visrd

D , s1d

where Ui, Vi are the upper and lower components of the
radial HFB wave functions,l is the chemical potential while
hsrd and Dsrd are the mean field Hamiltonian and pairing
field, respectively. They depend on particle densityrsrd, ab-
normal pairing tensorksrd, kinetic energy densitytsrd and
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The summations are over the whole positive-energy quasi-
particle spectrum of the system. For the unbound quasiparti-
cle states the summations should be replaced by integrals
over the energyf16g. The general expressions of the mean
field and pairing field on the densities are given in Ref.f15g.

The HFB equations are applied here to the inhomoge-
neous matter of a spherical Wigner-Seitz cell, i.e., a nuclear
cluster immersed in a sea of unbound neutrons. Thus, at rela-
tively large distance from the nuclear cluster the particle den-
sity and the mean field should have constant nonzero values
corresponding to a uniform neutron gas. In order to get this
physical situation we impose at the cell radiusRc the follow-
ing boundary conditions for the HFB solutions[12]: (i) even
parity wave functions vanish atr =Rc; (ii ) first derivatives of
odd-parity wave functions vanish atr =Rc. With these mixed
boundary conditions at the cell border the continuous quasi-
particle spectrum is discretized and all the HFB wave func-
tions corresponding to bound and unbound states are normal-
ized in the Wigner-Seitz cell.

In the HFB calculations we use for the particle-hole chan-
nel the Skyrme effective interaction SLy4[17]. This interac-
tion has been adjusted to describe properly nuclei with a
large neutron excess as well as the properties of neutron
matter. Due to these constraints one expects that the nuclear
matter distribution provided by SLy4 is not far from the one
estimated in Ref.[12]. Thus, as seen from the calculations
presented in Ref.[18] the force SLy4 predicts for the inner
crust matter almost the same maximum density and proton
fractions as the density functional employed in Ref.[12].

The pairing field is calculated here with a density-
dependent contact force of the following form[19]:

Vsr − r 8d = V0F1 − hS r

r0
DaGdsr − r 8d ; Vef f„rsrd…dsr − r 8d.

s6d

With this force the pairing field is local and is given by

Dsrd = Vef f„rsrd…ksrd. s7d

Since the pairing force has a zero range the HFB calculations
should be performed with an energy cutoff for the quasipar-
ticle spectrum.

For the parameters of the pairing force we use the follow-
ing values:V0=−430.0 MeV fm3, h=0.7, anda=0.45. With
these values and with a cutoff energy equal to 60 MeV we
reproduce approximately the pairing properties of neutron
matter given by the Gogny force[19,20]. In Sec. III B we
perform also a HFB calculation with a second set of param-
eters for the pairing force adjusted to reproduce the gap val-
ues of neutron matter predicted by calculations which take
into account in-medium polarization effects.

III. HFB PROPERTIES OF INNER CRUST MATTER

As we have mentioned in the preceding section, the HFB
calculations will be performed for a set of representative
Wigner-Seitz cells determined in Ref.[12].

The maximum density for the inner crust considered in
Ref. [12] is rmax=0.0789 fm−3 and corresponds to a cell
formed by 32 protons and 950 neutrons. Above this density
the energy per baryon becomes close to the value of the
uniform neutron system and other nonspherical configura-
tions might be formed. The density region between the neu-
tron drip densityrd andrmax is divided in Ref.[12] into 11
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domains. What is remarkable is that the cells corresponding
to densities smaller thanrmax contain only 50 or 40 protons.

From all the cells with 50 protons we will consider here
only two representative cells, i.e., one with the densityr
=0.0204 fm−3 and containing 1750 neutrons, and one with
the densityr=0.003 73 fm−3 and having 900 neutrons. These
cells have the maximum and the minimum densities for 50
protons. Following Ref.[12] we denote the cells like a
nucleus withZ protons andN neutrons. Thus, the two cells
with Z=50 will be denoted by1800Sn and950Sn.

We consider also two representative cells withZ=40 pro-
tons, namely1500Zr and 500Zr. These cells correspond to the
densitiesr=0.0475 fm−3 andr=0.001 59 fm−3, respectively.
The cell 1500Zr is the highest density cell withZ=40 while
the cell 500Zr corresponds to the lowest positive binding en-
ergy per nucleon.

For the four cells chosen above we present first the pre-
dictions of the HFB calculations for the densities and the
mean fields of the nuclear clusters and the surrounding neu-
tron gas. Then, we analyze how the distortions of the density
distributions induced by the clusters affect the pairing prop-
erties of nuclear matter inside the cells.

A. Density and mean field distributions

In finite nuclei there is always a maximum number of
neutrons which can be bound for a given number of protons.
This neutron stability limit, which defines the neutron drip-
line, has been extensively studied theoretically in the recent
years. Experimentally there are drastic limitations for ap-
proaching the neutron dripline in the laboratory since the
neutron-rich nuclei are quicklyb decaying. This is not the
case for the neutron-rich nuclei immersed in the inner crust
since here theb decay is blocked by the presence of the
degenerate electron gas uniformly distributed throughout the
baryonic matter. Consequently, inside the inner crust the nu-
clei can bind more neutrons than the nuclei in the vacuum. In
addition, their density and mean field can change signifi-
cantly due to the presence of the surrounding neutron gas.

These changes will be analyzed first for the case of the
Wigner-Seitz cells having 50 protons. The HFB calculations
with the SLy4 force and the pairing interaction mentioned in
Sec. II predict for the isolated Sn isotopes the dripline for
two-neutron separation atN=126. Adding two more neu-
trons to 176Sn the nuclear system in the vacuum is losing
about 1 MeV from its binding.

In Figs. 1 and 2 the densities and mean fields of the drip-
line nucleus176Sn are compared to the corresponding quan-
tities of the nuclear cluster immersed in the neutron gas. For
the cell 950Sn one can see that the nuclear cluster and the
dripline nucleus176Sn have similar properties. Moreover, the
number of bound neutrons inside the cluster is also equal to
N=126. The situation is rather different for the cell1800Sn
where the density of the outer neutron gas is much higher.
Thus, it can be seen that the neutron density and the neutron
mean field profiles have an extended “surface” before they
reach the constant values corresponding to the neutron gas.
In spite of these significant modifications of the density and
the mean field, the number of bound neutrons inside the clus-

ter, i.e., the neutrons with single-particle energies below the
constant value of the mean field corresponding to the neutron
gas, is still equal toN=126. On the other hand, if one inte-
grates the neutron density up tor =12 fm, where approxima-
tively the density profile is becoming constant, one finds
about 300 neutrons. Thus, it appears that the large surface is
generated in fact by the unbound neutrons which are partially
localized in the cluster region due to the interaction with the
bound nucleons.

Next, we discuss the properties of the nuclear clusters
with 40 protons. The neutron dripline for isolated Zr isotopes
is located atN=82. However, in this case the two-neutron
separation energy curve is crossing zero with a very small
slope. Compared to122Zr the binding energy of124Zr is only
about 200 keV smaller. This is due to the proximity of the
resonant states 3f7/2 and 3p3/2 to the continuum threshold
and the fact that these states can easily accommodate more
neutrons without losing too much binding energy[21]. Thus,
one expects that by immersing the dripline nucleus122Zr in

FIG. 1. Neutron and proton densities for the Wigner-Seitz cells
with 50 protons and for the dripline nucleus176Sn. The cells to
which the neutron densitiessnd and proton densitiesspd correspond
are denoted by the total number of nucleons in the cell.

FIG. 2. The mean fields for the Wigner-Seitz cells with 50 pro-
tons and for the dripline nucleus176Sn. The notations are the same
as in Fig. 1.
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the neutron gas one can easily gain the small extra energy
necessary to bind more neutrons in the cluster. This is actu-
ally the case even for the low-density cell500Zr. The density
and the mean field profiles for this cell are shown in Figs. 3
and 4. From Fig. 3 one can see that although the density of
the outer neutrons is about half compared to the cell900Sn,
they change more significantly the density profile of the drip-
line nucleus122Zr than for 176Sn. Due to these changes the
resonant states 3f7/2 and 3p3/2 become bound, increasing by
12 the number of bound neutrons inside the nuclear cluster.

By increasing the density of the outer neutron gas one
expects further changes of the nuclear cluster formed around
40 protons. These changes can be seen in Figs. 3 and 4 for
the cell 1500Zr. However, although the density of the outer
neutron gas is now more than 20 times greater than in the
cell 500Zr, the number of bound neutrons in the cluster is
increasing only by about ten neutrons. The total number of
neutrons found by integrating the density up tor =12 fm is
about 300 neutrons, as in the cell1800Sn.

In conclusion we find that the nuclear clusters immersed
in the neutron gas keep many features of the dripline nucleus

having the same number of protons. For the cells with large
neutron densities one finds a thick surfacelike structure
which is developing in the transition region from the center
of the cell to the neutron gas regime. This surface structure is
mainly formed by unbound neutrons which are partially kept
localized in the surface region by the interaction with the
nucleons bound inside the nuclear cluster.

B. Superfluid properties

As we have seen in the preceding subsection, the density
of the neutron matter is changing significantly from the cen-
ter of the cell, where the nuclear cluster is located, to its edge
filled by the uniform neutron gas. As shown by all the mi-
croscopic calculations, the pairing gap of the neutron matter
depends strongly on the density. The majority of the calcu-
lations predict that as function of density the pairing gap has
a bell shape form, with the maximum at a density equal to
about one-fifth the saturation density[5]. However, what is
the maximum value of the gap and its detailed density de-
pendence are still subjects of debate. Thus, the BCS-type
calculations based on bare forces give a maximum gap of
about 3 MeV and no pairing for nuclear matter at saturation
density. Almost the same maximum gap one gets with a
Gogny force, but the gap falls to a finite value of about
1 MeV at the saturation density. On the other hand, all the
microscopic calculations which go beyond the BCS approxi-
mation show that the gap is strongly reduced by the screen-
ing and self-energy effects. However, the amount of the gap
suppression and even the density dependence of the gap de-
pend on the employed approximations. The most recent cal-
culations point to a maximum gap of about 1 MeV[9,10,22].
How this value of the pairing gap could be reconciled with
the pairing gap in finite nuclei is still an open question.

Since at present it is not yet established what are the pair-
ing properties of neutron matter, we perform here two calcu-
lations for the inner crust matter. In one calculation we fix
the density-dependentd force such as to reproduce approxi-
mately the gap values of neutron matter provided by the
Gogny force. The parameters of this pairing force, which we
have used above for analyzing the density and the mean field
properties of the inner crust matter, are given at the end of
Sec. II. In the second calculation, we fix the parameters of
the pairing force so as to obtain for neutron matter a maxi-
mum gap of about 1 MeV, as in the microscopic calculations
which take into account the screening and the self-energy
effects [9,10]. Since in this case the shape of the density
dependence is unclear, we preferred to change only the
strength of the force, which was reduced to the valueV0=
−330 MeV fm−3, and to keep the other two parameters as in
the previous calculations. For the cutoff energy we used in
both calculations the same value, i.e.,Ec=60 MeV.

First, we discuss the results given by the pairing interac-
tion fitted to the Gogny force. The pairing fields calculated
for the two cells with 50 protons are shown in Fig. 5. For the
cell 1800Sn one can see that the pairing field is about two
times smaller(here and below we refer to the absolute values
of the pairing field) in the center of the cell compared to the
value in the region of the uniform neutron gas. We can also

FIG. 3. Neutron and proton densities for the Wigner-Seitz cells
with 40 protons and for the dripline nucleus122Zr. The notations are
the same as in Fig. 1.

FIG. 4. The mean fields for the Wigner-Seitz cells with 40 pro-
tons and for the dripline nucleus122Zr. The notations are the same
as in Fig. 1.
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see that the pairing field is decreasing continuously towards
the center of the cell.

This is not the case for the cell950Sn. For this cell we
observe that in passing from the low density region of the
neutron gas towards the high-density region of the cluster,
the pairing field is increasing in the intermediate density re-
gion of the cluster surface. This is a manifestation of the bell
shape dependence of the pairing gap on density. Thus, for the
cell 950Sn the density of the outer neutron gas is much
smaller than the value for which the gap is maximum, which
is reached in the surface region. In the case of the cell1800Sn
the density for which the gap is maximum is already reached
in the neutron gas region.

The behavior of the pairing field in the cells with 40 pro-
tons is rather similar with that found in the two cells dis-
cussed above. As seen in Fig. 6, for the cell500Zr we observe
also an increase of the gap in the surface region, which is
now more pronounced than for the cell950Sn. One can also
notice that this significant increase of the pairing field in the
surface region is extending rather deeply towards the center
of the cell. Consequently, the pairing field inside the nuclear
cluster region is not becoming anymore smaller than in the
neutron gas region.

In all the cells we observe that the slope of the pairing
field is changing very slowly when it is crossing the region
between the nuclear cluster and the uniform neutron gas.
This behavior, sometimes referred to as the proximity effect
[7], is related to the large size of Cooper pairs in low-density
nuclear matter. The large diffusivity of the pairing field in the
surface region, which is also seen in finite nuclei, is accen-
tuated here by the fact that the superfluidity in the surface is
carried mainly by the unbound neutrons, which are only par-
tially localized at the interface between the nuclear cluster
and the neutron gas.

Next, we discuss the results corresponding to the second
pairing force which simulates the polarization effects. The
pairing fields obtained with this pairing force are shown in

Figs. 5 and 6 by short-dashed and dashed-dotted lines. As
expected, the pairing correlations are reduced strongly for all
the cells. For the high-density cells1800Sn and1500Zr we can
see that, in spite of the drastic suppression of the gap values,
the profiles of the pairing fields are not changing very much
compared to the previous calculations. For the low-density
cell 950Sn we can see that the pairing field is becoming very
small almost everywhere in the cell. However, in the cell
500Zr the pairing field is still showing a significant increase in
the cluster surface and it is almost vanishing in the neutron
gas region.

Thus, the behavior of the pairing field in the inner crust
matter is rather complex. As we have seen above, the nuclear
clusters not only can suppress but also enhance the pairing
field inside the inner crust matter. On the other hand, the
magnitude of the pairing field inside the inner crust depends
very strongly on the scenario used for the pairing properties
of infinite neutron matter.

IV. SUMMARY AND CONCLUSIONS

In this paper we have analyzed the properties of the inner
crust matter in a self-consistent HFB approach. In the calcu-
lations we used for the particle-hole force a Skyrme-type
interaction, i.e., SLy4, which is able to describe properly the
basic properties of finite nuclei and infinite neutron matter.
As pairing interaction we have chosen a density-dependent
contact force. The parameters of the force were fixed so as to
obtain for infinite neutron matter the pairing properties pre-
dicted by two calculations, i.e., a BCS calculation based on
Gogny force and a microscopic calculation based on induced
interactions.

The HFB calculations were performed for a set of
Wigner-Seitz cells representative of the structure of the inner
crust matter. First we have studied the density and the mean
field distributions inside the cells and we have analyzed the
properties of the nuclear clusters formed in the center of the

FIG. 5. The neutron pairing fields for the Wigner-Seitz cells
with 50 protons. The full and the long-dashed lines correspond to
the pairing fields calculated with the first pairing force while the
dashed-dotted and the dashed lines correspond to the second pairing
force.

FIG. 6. The neutron pairing fields for the Wigner-Seitz cells
with 40 protons. The full and the long-dashed lines correspond to
the pairing fields calculated with the first pairing force while the
dashed-dotted and the dashed lines correspond to the second pairing
force.
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cells. Then, we have studied how the pairing field is modified
inside the cells by the presence of the nuclear clusters. We
have thus found that, for the cells corresponding to high
baryonic densities, the pairing field is generally suppressed
in the region of the nuclear cluster. This is not the case for
the low-density cells where the pairing field is increasing
significantly in the surface region of the cluster compared to
the region of the uniform neutron gas.

The behavior of the pairing field inside the cells is rather
similar for both pairing forces. However, the values of the
pairing gaps are suppressed dramatically if the pairing force
which simulates the polarization effects is used in the HFB
calculations.

The complex behavior of the pairing field discussed here
has important consequences on the thermal properties of the
inner crust matter. These aspects are analyzed in a separate
paper[23].
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