
Gyromagnetic ratios and octupole collectivity in the structure of the90–96Zr isotopes

A. E. Stuchbery
Department of Nuclear Physics, Research School of Physical Sciences and Engineering, The Australian National University, Canberra,

Australian Capital Territory 0200, Australia

N. Benczer-Koller and G. Kumbartzki
Department of Physics and Astronomy, Rutgers University, New Brunswick, New Jersey 08903, USA

T. J. Mertzimekis
National Superconducting Cyclotron Laboratory, Michigan State University, East Lansing, Michigan 48824, USA

(Received 15 December 2003; published 1 April 2004)

Shell model calculations have been performed for low-excitation states in the Zr isotopes between90Zr and
96Zr with an emphasis on theg factors and electromagnetic decay rates for the lowest 2+ and 3− states. Overall
the 2+ states are reasonably well described. In contrast, the 3− states present a puzzle because the measuredg
factors imply a single-particle configuration whereas the experimentalE3 transition rates imply collective
structures that cannot be explained by shell model calculations. A consistent description of the 3− states in90Zr
and96Zr is sought in terms of coupling between the single-particle structure and a collective octupole vibration.
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I. INTRODUCTION

The g factors of low-excitation states in the even Zr iso-
topes from90Zr to 96Zr have recently been measured by the
transient-field technique in inverse kinematics[1–3] with the
result that the data on magnetic moments in theN=50 region
are now becoming quite extensive. Although there have been
many shell model calculations on the Zr and Mo isotopes
nearN=50, most have not considered these observables, es-
pecially in nuclei with a few nucleons beyondN=50.

In the simplest single-particle model, the ground states of
the Zr isotopes have a filledp2p1/2 subshell, and while the
major neutron shell is closed atN=50 in 90Zr, the n2d5/2
subshell is closed atN=56 in 96Zr. Between90Zr and 96Zr,
the low-excitation structure is expected to be dominated by
neutron 2d5/2 configurations.

Pioneering shell model calculations for the Zr isotopes
were performed by Talmi and Unna[4], Auerbach and Talmi
[5], and Vervier[6] in the 1960s. Model spaces with a few
orbits outside38

88Sr50 or 40
90Zr50 cores were considered. In the

mid-1970s Gloeckner[7] determined effective interactions
for the Zr and Nb isotopes with88Sr taken as an inert core
and protons filling the(2p1/2, 1g9/2) levels and neutrons
in the (2d5/2, 3s1/2) levels. There has been ongoing interest
up to the present time. For example, recently Zhanget al.
[8] studied nuclei with Nù50 and A=92–98 in
the larger model spaceps1f5/2,2p3/2,2p1/2,1g9/2d and
ns1g9/2,2p1/2,2d5/2,3s1/2,2d3/2,1g7/2d, and Holt et al. [9]
considered the zirconium isotopes between90Zr and 100Zr
with a basis consisting of ps2p1/2,1g9/2d and
ns2d5/2,3s1/2,2d3/2,1g7/2,1h11/2d and realistic effective inter-
actions. Also recently, Johnstone and Towner calculated ef-
fective charges and effective magnetic dipole moments in the
mass 90 region[10,11]. Lisetskiyet al. [12] performed shell
model calculations for94Mo to investigate the nature of
states assigned mixed symmetry in the proton-neutron inter-

acting boson model, and Werneret al. [13] extended the
study to95Zr, including a consideration of the excited-stateg
factors.

The first part of the present study(in Secs. II and III)
concerns shell model calculations ofg factors in the Zr iso-
topes between90Zr and 96Zr, performed using basis spaces
and interactions that have previously been used to calculate
the level sequences and transition rates[7,8]. While some
aspects have been reported in Refs.[3,14,15], the focus here
is on theg factors of the lowest 2+ and 3− states.

It has been recognized in the earlier work that the 21
+-state

g factors in the Zr and Mo isotopes withN.50 may show
evidence of collective features that are not easily accounted
for in shell model calculations. Given that the measured
BsE3d for 96Zr is among the strongest octupole-phonon to
ground-state transitions observed in nuclei[16,17], by some
measures stronger even than those found in40Ca and208Pb, it
can be expected that collective features beyond the scope of
limited-basis shell model calculations will also be important
in relation to the 31

− states. After discussing the shell model
calculations in Sec. III, which provide a benchmark against
which the importance of collective components can be evalu-
ated, it becomes evident that there is a dichotomy concerning
single-particle and collective features of the 3− states. As a
first step towards the resolution of this dichotomy, the cou-
pling of the single-particle configuration to the octupole vi-
bration is considered by means of a semiempirical model in
Sec. IV. Section V contains a summary and concluding re-
marks.

II. DETAILS OF THE SHELL MODEL CALCULATIONS

Shell model calculations were performed using the code
OXBASH [18] for two different previously developed basis
spaces, and their associated interactions, but with different
levels of truncation.
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In the first set of calculations the basis space and interac-
tions of Gloeckner[7] were applied. In these calculations the
core is88Sr, with protons filling the 2p1/2 and 2g9/2 orbitals
and neutrons filling the 2d5/2 and 3s1/2 orbitals. Following
the terminology of theOXBASH program, this basis and its
interactions are denoted “GL” in the following discussion.
There is no need to restrict the orbital occupations in this
basis, but it is limited in that no 3− states can be formed in
90Zr. On the other hand, this simple basis, with interactions
from fits to the energy levels of nuclei near88Sr, gives a
reasonably good account of most of the low-excitation

levels, including the 21
+ states(see below as well as Ref.[14]

and references therein).
In the second case the more extended “GWB” basis was

used with the “GWBXG” interactions, along the lines of
recent calculations by Zhanget al. [8]. The GWBXG
residual interaction combines effective interactions from
the bare G matrix of the H7B potential [19]
with empirically adjusted matrix elements and single-particle
energies. Further details are provided in Ref.[8] and with the
OXBASH online distribution [18]. The full basis space in-
cludes the ps1f5/2,2p3/2,2p1/2,1g9/2d and ns1g9/2,2p1/2,

TABLE I. Single-nucleong factors nearZ=40 andN=50.

Orbit g factor

Theorya Fita Presentb

p1p1/2 empty p1p1/2 full p1p1/2 empty p1p1/2 full

Protons

p 1f7/2 +1.456

p 1f5/2 +0.544

p 2p3/2 +1.621 +2.107 +2.063

p 2p1/2 −0.260 −0.214 −0.063

p 1g9/2 +1.388 +1.444 +1.358s7d +1.438s9d +1.354

Neutrons

n 2p1/2 +0.956

n 1g9/2 −0.256 −0.268 −0.319

n 2d5/2 −0.430 −0.508 −0.38s3d −0.712s52d −0.574

n 3s1/2 −1.706 −2.190 −2.869

n 2d3/2 +0.393 +0.479 +0.574

n 2g7/2 +0.169 +0.208 +0.319

n 1h11/2 −0.261

aTheoretical effectiveg factors from Johnstone and Towner[11] and their empirical effectiveg factors
determined from fits to nuclei withN=50,51.
bSingle particleg factors used in the present study obtained by quenching the bare-nucleon sping factors by
a multiplicative factor of 0.75.

TABLE II. Shell model calculations ofg factors of isomeric excited states and ground states in the Zr isotopes.

Isotope Jp Ex Experimenta Theoryb Configurationc

(keV) GL GWB

90Zr 5− 2319 +1.25s3d +1.213 +1.084 pp1/2g9/2

8+ 3589 +1.356s7d +1.355 +1.295 pg9/2
2

91Zr 5/2+ 0 −0.521448s1d −0.557 −0.555 nd5/2

15/2− 2288 +0.70s1d +0.617 +0.594 pp1/2g9/2nd5/2

21/2+ 3167 +0.935s8d +0.895 +0.868 pg9/2
2 nd5/2

95Zr 5/2+ 0 s−d0.452s8dd −0.571 −0.573e nd5/2
5

aExperimental data from Refs.[23,24].
bSee text for details of basis space and interactions. The large basis GWB calculations were not performed for95Zr.
cMain configuration. For brevity fully occupied orbitals and empty orbitals, which do not contribute to theg factor, are not shown.
dThe sign has not been measured but is assumed to be negative.
eThe valence neutrons occupy only the 2d5/2 and 3s1/2 orbits in this calculation.
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2d5/2,3s1/2,2d3/2,1g7/2d subshells, but for practical calcula-
tions there must be restrictions on the allowed configura-
tions. In all calculations performed the proton excitations
were constrained by the requirement that no more than two
protons can be excited across theZ=38 subshell gap into
p2p1/2 and p1g9/2. Particle-hole excitations across theN
=50 neutron shell closure were not allowed, except in some
supplementary calculations discussed in Sec. III B. In91,92Zr,
the occupation of the 2d5/2, 3s1/2, 2d3/2, and 1g7/2 orbits by
the two valence neutrons can be unrestricted; however, for
the heavier isotopes it is necessary that restrictions be placed
on the occupation of these orbits. As far as the first 2+ states
are concerned, the lowest two neutron orbits, namely, 2d5/2
and 3s1/2, are expected to be most important. This expecta-
tion was tested by a series of calculations in the GWB basis
with varying levels of truncation.

The effective charges of the proton and neutron were
taken to beep

eff=1.77 anden
eff=1.19, consistent with values

suggested in Refs.[7,9,10] for the E2 effective charges.
There is noa priori reason to expect the same effective
charges for theE3 operator. However, in the regions of
strong octupole collectivity around146Gd and208Pb theE3
effective charges resemble those assumed here for theE2
operator once octupole-vibration coupling is explicitly taken
into account[20,21]. As a first approximation it will be as-
sumed that theE2 andE3 effective charges are the same. A
shortfall in the calculatedE3 transition rates will be inter-
preted as evidence of octupole phonon admixtures. A similar
approach has been taken in recent shell model calculations
near100Sn [22].

The intrinsic sping factors of the nucleons were quenched
to 0.75 times the bare nucleon values, i.e.,gsspd= +4.19,
gssnd=−2.87, while the orbitalg factors weregl =1s0d for

protons (neutrons). A similar quenching factor of 0.7 was
used in Ref.[13]. In Table I the resulting single-nucleong
factors of interest for the following discussion are compared
with theoretical and experimental effectiveg factors obtained
by Johnstone and Towner[11]. These authors have identified
a significant difference in effective single-particleg factors
depending on the orbit and on whether the 2pp1/2 orbit is
empty or full. They also fitted data forN=50 andN=51 to
determine experimental effectiveg factors for thep1g9/2 and
n2d5/2 orbits upon which the present calculations depend
most sensitively. Theg factors adopted for the calculations
below agree within the experimental limits with those ob-
tained by Johnstone and Towner, and also give a reasonably
good description of the states with relatively pure configura-
tions discussed in the following section.

III. RESULTS AND DISCUSSION OF SHELL MODEL
CALCULATIONS

A. g factors of ground-states and high-spin isomers

Table II compares the experimental and theoreticalg fac-
tors for the high-spin isomers and ground states of the odd-A
isotopes91Zr and95Zr (see also Ref.[14]). On the whole the
g factors of these states are well reproduced and the configu-
ration designated in the last column of Table II is dominant
in the wave function. These relatively simple states provide a
point of comparison for the 2+ and 3− states considered in the
following subsections.

Although theg factors appear to be better described by
the calculations with the simpler GL basis, this improvement
is an artifact of the choice of quenching factors for the bare-
nucleon sping factors. It would be reasonable to use sping

TABLE III. Shell model calculations ofg factors,BsE2d’s, and excitation energies of 21
+ states in Zr isotopes. The energies are in keV and

theBsE2d’s are ine2 fm4. These shell model calculations have a closed neutron shell atN=50. The GWB basis calculations were performed
with varying degrees of truncation in the neutron space: ds, only 2d5/2 and 3s1/2 are occupied; dsd, 2d5/2, 3s1/2, and 2d3/2 are occupied; dsdg,
2d5/2, 3s1/2, 2d3/2, and 1g7/2 are occupied(the full basis space). Since there are no valence neutrons beyondN=50 in 90Zr the three
calculations are(trivially ) identical in that case. Data are from Refs.[1–3,25].

Expt. GL GWB Ref.[9]

ds dsd dsdg

90Zr Ex 2186 2228 2608 2608 2608 2003

g +1.25s21d +1.355 +1.264 +1.264 +1.264

BsE2;21
+→01

+d 122(8) 55 33 33 33 45
92Zr Ex 934 878 807 942 979 581

g −0.180s10d −0.444 −0.513 −0.409 −0.388

BsE2;21
+→01

+d 166(12) 138 138 155 165 73
94Zr Ex 919 855 744 904 520

g −0.329s15d −0.537 −0.573 −0.329

BsE2;21
+→01

+d 132(28) 124 102 147 94
96Zr Ex 1750 1927 2643 2211 1426

g +0.03s7d −0.082 −0.194 −0.142

BsE2;21
+→01

+d 110(44)a; 61(15)b 144 127 164 22

aReference[25].
bReference[3].
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factors that are closer to the bare-nucleon values in the
larger-basis calculations and thereby bring theory and experi-
ment into better agreement, but such fine tuning has not been
pursued here.

B. Properties of the 21
+ states

Table III compares theory and experiment for the excita-
tion energy,BsE2;21

+→01
+d, andg factor of the 21

+ states in
90,92,94,96Zr. The present shell model calculations are also
compared with experiment and the results of recent calcula-
tions [9] in Fig. 1. Overall the main trends in the data are
reproduced by the calculations. TheBsE2d values obtained in
the GL and GWB calculations are in reasonable agreement
with each other, and for92,94,96Zr the agreement with experi-
ment is reasonably good, and possibly better than that in the
calculations of Holtet al. [9].

For 90Zr, both the present calculations and those of Holtet
al. underestimate the observed transition rate. Since these
calculations have a closedN=50 shell, further calculations
(not shown in Table III) which allowed neutrons to excite

across theN=50 shell gap, were performed in the GWB
basis. In the first place, excitations from thenp1/2 orbit alone
were allowed. It was found that the calculated transition rate
increased by about 25%, but there was little effect on theg
factor. A neutron hole was then allowed in either thenp1/2 or
the ng9/2 orbit. With this larger configuration space the tran-
sition rate increased to 174e2fm4, which is larger than ex-
periment. At first sight an experimental 21

+→01
+ transition

rate that is larger than a shell model calculation might be
associated with increased quadrupole collectivity in the 21

+

state. However, in these calculations for90Zr, the changes in
the E2 transition rate are predominantly due to a redistribu-
tion of the amplitudes in the ground-state wavefunction,
while the structure of the 21

+ state is relatively little affected,
as is evidenced by the calculatedgs21

+d value which is re-
duced only a little, from 1.264 to 1.156. Thus the comparison
of the experimental and theoreticalBsE2d values for90Zr in
Table III cannot be taken as an unambiguous signature of
extra collectivity in the 2+ state since it can also be explained
if the theoretical wave function of the ground state is modi-
fied somewhat.

With the possible exception of96Zr, the larger basis GWB
calculations give improvedg factor values for the 21

+ states.
In 90Zr the 2+ state is predominantlypsg9/2d2+

2 , whereas in
92Zr and 94Zr the 21

+ states are predominantly neutron exci-
tations, nsd5/2d2+

2 and nsd5/2d2+
4 , respectively. These conclu-

sions hold for calculations in both basis spaces and for all
levels of truncation of the GWB basis. Note that the transi-
tion rate increases and theg factor decreases as the number
of orbits included in the GWB calculation is increased, gen-
erally bringing both into better agreement with experiment.

A feature of the level spectra of the even Zr and Mo
isotopes nearN=50 that has been emphasized recently
[8,9,14] is the apparent weak coupling of the proton and
neutron valence spaces. This phenomenon gives rise to pre-
dicted 21

+ states in theN=52,54 nuclei92,94Zr and 94,96Mo
that are predominantlynsd5/2dn excitations. As discussed in
Ref. [14], it cannot be judged from the level spectrum alone
whether the proton-neutronspnd coupling is weak or rather
strong and state independent. Magnetic moments, however,
can probe the proton-neutron coupling through their sensitiv-
ity to the relative contributions of protons and neutrons to the
angular momentum of the states. Indeed, theg factor data
were used by Werneret al. [13] to adjust the strength of the
T=0 channel of thepn interaction in their shell model cal-
culations for92Zr. It is beyond the scope of the present study
to seek an optimal basis space and set of effective interac-
tions for the Zr isotopes. Although better agreement could be
achieved by further tuning the interactions, the moment data
generally support the weak-coupling picture as a first ap-
proximation, and show that it is more appropriate in the Zr
isotopes than in the Mo isotopes.

Because then2d5/2 subshell is filled in the ground state of
96Zr, the structure of its 21

+ state becomes much more com-
plex. It arises from a competition between many terms,
including psg9/2d2+

2 , nsd5/2
5 s1/2d2+, andnsd5/2

5 d3/2d2+. The wave
function is very different for the GL and GWB calculations:

ufs2+dlGL = 36%upg9/2
2 nd5/2

4 s1/2
2 l + 29%und5/2

5 s1/2l

+ 25%upg9/2
2 nd5/2

5 s1/2l + ¯ , s1d

FIG. 1. Comparisons between the present shell model calcula-
tions, those of Holtet al. [9], and experiment. Experimental data are
designated by the open circles. The results shown for the GWB
basis are those for the “dsd” truncation.
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ufs2+dlGWB = 45%und5/2
5 d3/2l + 11%und5/2

5 s1/2l

+ 4%upg9/2
2 nd5/2

5 d3/2l + ¯ . s2d

Experimentally, theg factor is near zero and favors a posi-
tive sign, but within two standard deviations of the experi-
mental uncertainties, −0.11,g, +0.17, anegative sign is
also possible. The GL calculation comes within this range,
while the GWB result is slightly outside of it. Despite the
rather different wave functions, theBsE2d values obtained
in the two calculations are in reasonable agreement with
each other and within a factor of 2 to 3 of experiment. The
21

+ state in96Zr evidently results from a balance between
proton and neutron excitations. Although the wave func-
tion is spread over a number of configurations, the state is
far from collective. Further work on the basis space and
residual interactions applicable for96Zr is needed to im-
prove the 2+ stateg factor calculation.

It has been noted previously that the experimentalg fac-
tors of 2+ states near closed shells are displaced somewhat
from the shell model values in the direction of the collective
estimate,Z/A (.0.43 for the Zr isotopes under consider-
ation), which suggests extra collective components in the
21

+-state wave functions that are not included in the shell
model calculations[14,15,26–28]. The present results for
92,94,96Zr also show this trend. There may be scope for further
investigations of the 21

+ states in the Zr isotopes between90Zr
and 96Zr along the lines of those presented for44Ca in Ref.
[29], in which the 2+ state is written as a superposition of a
collective component and a single-particle component.(See
also the analysis of the 31

− states presented below.) However,
this type of analysis was not pursued here because the main
trends in the data concerning the 21

+ states are reproduced by
the shell model approach(see Fig. 1) and it would be appro-
priate to refine the shell-model interactions, and effective
charges, before reverting to a semiempirical particle-
vibration coupling analysis of these 2+ states. Furthermore,

BsE2d systematics[25] reveal that the90–96Zr isotopes form
one of the regions of lowest quadrupole collectivity in the
nuclear chart. Taking this observation together with the fact
that the shell modelBsE2d’s are already close to experiment
strongly suggests that a particle-vibration analysis of the 21

+

states would be inappropriate.

C. Properties of the 31
− states

While the overall trends in the excitation energies,
BsE2d’s, and g factors of the 21

+ states are reasonably well
reproduced by the shell model calculations, clear disparities
in the energy trends andBsE3d values are apparent in the
calculations for the 3− states, as shown in Table IV and Fig.
2. In 90Zr, the excitation energy andg factor are quite well
reproduced by the GWB calculation(all columns under
GWB in the table are the same becauseN=50 is closed).
However, theBsE3d is underestimated by a factor of 5. Ac-
cording to the shell model calculations, which are supported
by the experimentalg factor, the 3− state in90Zr is mainly
due to thepsp3/2g9/2d3− configuration. The full transition
strength for a purepsp3/2g9/2d3−→psp3/2d0+

2 transition would
be,7100e2 fm6, which is still only half of the experimental
value. Thus the shortfall in theBsE3d value cannot be as-
cribed to the properties of the ground-state wave function as
discussed above in relation to theBsE2;21

+→01
+d value in

90Zr. Instead, this observation strongly suggests that there are
collective octupole contributions in the 3− state that the shell
model with a closedN=50 shell does not include. The rela-
tively good agreement between the experimentalg factor and
that of a purepsp3/2g9/2d configuration may be partly fortu-
itous: It can be seen from theg factors of the configurations
near the Fermi surface, listed in Table V, that the
psp3/2g9/2d3− configuration has ag factor of intermediate
magnitude compared with the other 3− configurations near
the Fermi surface. If these other proton and neutron configu-
rations are present in the 3− wave function, their contribu-

TABLE IV. Shell model calculations ofg factorsBsE3d’s and excitation energies of 31
− states in Zr isotopes. These calculations have

closedN=50 shell. The energies are in keV and theBsE3d values are ine2 fm6. Data are from Refs.[2,16,17].

Expt. GL GWB

ds dsd dsdg

90Zr Ex 2748 3190 3190 3190

g +0.986s56d +1.124 +1.124 +1.124

BsE3;31
−→01

+d f14.0s7dg3103 2725 2725 2725
92Zr Ex 2340 2943 2981 2996 3007

g +1.787 +1.282 +1.247 +1.238

BsE3;31
−→01

+d f10s3dg3103 0 2932 3044 3036
94Zr Ex 2058 3043 3250 3199

g +2.034 +1.336 1.285

BsE3;31
−→01

+d f13s4dg3103 0 3180 3214
96Zr Ex 1897 3906 4137 3913

g +0.96s17d +1.899 +1.177 +1.175

BsE3;31
−→01

+d f26s3dg3103 0 5030 4601
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tions to theg factor might largely cancel and result in a
somewhat collective 3− state with ag factor close to that of
the dominant single-particle configuration. This conjecture is
in accord with the particle-vibration analysis in the following
section.

As neutrons are added to90Zr, the excitation energy of the
experimental 3− state decreases with each additional pair of
neutrons.(See Fig. 2.) In the GWB shell model, there is a
decrease between90Zr and 92Zr, but only half of the magni-
tude of that observed experimentally. Thereafter, the shell
model calculations predict that the 3− state energy increases
with the addition of neutron pairs, to the point where in96Zr,
the experimental and theoretical excitation energies differ by
2 MeV, with the calculated level at over twice the excitation
energy of the observed level. It is relevant to note that similar
trends were found in the shell model calculations of Holtet
al. [9]. In their calculations, and for the GL basis, the 3−

states are primarily due to the configurationsfpsp1/2g9/2d4−

^ nsd5/2d2+
2 g3− and fpsp1/2g9/2d5− ^ nsd5/2d2+

2 g3−. These con-

figurations haveg factors that are significantly larger than
experiment (Table V). Furthermore, in contrast with the
strong E3 transitions observed experimentally, there is no
one-body transition strength to connect these configurations
to the ground state. For calculations in the GWB basis, the
octupole transitions in all isotopes stem from the proton
g9/2→p3/2 transition. The increased theoretical value for96Zr
(Table IV) is due primarily to changes in the ground-state
wave function that are associated with thed5/2 subshell clo-
sure, not to a change in the structure of the 3− state. In fact
the experimentalg factor, as well as the GWB shell model
calculation, imply that the 3− state wave function is domi-
nated by thepsp3/2g9/2d configuration, very much like the 3−

state in90Zr.
The shell model calculations of theBsE3d transition rates

could be brought into agreement with experiment by using
an effective charge for the proton ofep

eff,4. The description
of 90Zr would then be quite good, but the calculated excita-
tion energies in the heavier isotopes would remain problem-
atic.

Thus the present shell model calculations imply that pro-
ton single-particle configurations are dominant in the 3− state
wave functions of all four Zr isotopes, but put the excitation
energies too high and fail to account for the strongE3 tran-
sitions to the ground states(on average by a factor of,5).
As mentioned above, the measuredBsE3d for 96Zr is one of
the strongest octupole-phonon to ground-state transitions ob-
served in nuclei(see, e.g., Refs.[16,17] and references
therein). The 31

− states therefore present a puzzle, especially
in 96Zr, where the state is apparently strongly collective and
yet the experimentalg factor clearly shows single-proton
characteristics that are expected to be lost in a collective
state. Although the implications of the experimentalg factor
and the measured lifetime seem contradictory, it is difficult to
believe that either measurement is incorrect. The following
section therefore presents a semiempirical particle-vibration
coupling analysis(cf. Ref. [30]) that seeks a consistent ex-
planation of the measuredg factors andE3 transition rates in
90Zr and 96Zr. It is motivated in part by the observation that
an effective proton charge ofep

eff,4, which would be re-
quired to bring the shell model calculations into harmony
with experiment, is similar in magnitude to those found for

TABLE V. g factors of low-excitation 3− configurations.

Configuration g factor

p sf5/2g9/2d3− +1.489

p sf7/2g9/2d3− +1.367

p sp3/2g9/2d3− +1.088

n sp1/2d5/2d3− −0.319

n sp1/2g7/2d3− +0.239

n sd5/2h11/2d3− −0.065

n sg9/2h11/2d3− −0.263

fp sp1/2g9/2d4− ^ n sd5/2d2+
2 g3− +1.669

fp sp1/2g9/2d5− ^ n sd5/2d2+
2 g3− +2.015

fp sp1/2g9/2d4− ^ n sd5/2s1/2d2+g3− +1.637

fp sp1/2g9/2d5− ^ n sd5/2s1/2d2+g3− +1.914

FIG. 2. Comparisons between the present shell model calcula-
tions, those of Holtet al. [9], and experiment. Experimental data are
designated by the open circles. The results shown for the GWB
basis are those for the “dsd” truncation. TheBsE3d is zero for all
cases in the GL basis, and is small in the basis employed by Holtet
al. [9]; see text.
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E3 transitions between the “single-particle” states in the
208Pb region where the coupling of the single-particle states
to the octupole vibration has been well studied(see Ref.
[31], Table 6-15, p. 564).

IV. PARTICLE-VIBRATION COUPLING
AND THE 3 − STATES

Octupole collectivity is associated with regions of the
nuclear shell model where there are single particle orbits
with Dl =3 andD j =3 available near the Fermi surface for
both protons and neutrons. The most relevant configurations
for 3− states in the Zr isotopes arepsp3/2g9/2d and
nsd5/2h11/2d. Strong octupole correlations are expected be-
cause these orbits for both protons and neutrons are sepa-
rated by a similar energy, about 3.5 to 4 MeV.

Coupling between the octupole mode and a single-particle
configuration gives rise to “renormalized” single-particle
states containing significant octupole-coupled admixtures
(see, for example, Ref.[31], pp. 562–566). Thus the ob-
served octupole-coupledpg̃9/2 state in the Zr region would
be represented as

ug̃9/2l = zug9/2l + Î1 − z2usp3/2 ^ 3coll
− d9/2l, s3d

where 3coll
− represents the collective octupole vibration and

the tilde indicates that the empirical single-particle state
includes octupole-coupled components. As another ex-
ample, asd,pd experiment on89Sr f32g reports an admix-
ture of the 11/2− member of thend5/2^ 3− multiplet with
the nh11/2 orbital, where 3− corresponds to the core exci-
tation in 88Sr.

As a first approximation in which Pauli blocking effects
are ignored, it is reasonable to write the wave functions of
the predominantlypsp3/2g9/2d 31

− states in90Zr and96Zr in the
form

u31
−l = au3coll

− l + Î1 − a2u3shell
− l, s4d

whereu3shell
− l represents the shell model configuration, and

the mixing amplitudea,1. In other words it will be as-
sumed, as a first approximation, that the internal structure
of the collective 3− state is changed little by coupling it to
a particular shell model configuration. This assumption
may not be entirely justified. Despite this caveat an at-
tempt will be made to apply a simple particle-vibration
model as a feasibility estimate, i.e., to give an indication
whether a more sophisticated particle-vibration approach
might possibly explain both the “single-particle”g factors
and the “collective”E3 decay strengths of the 31

− states in
90Zr and 96Zr.

It follows from Eq. (4) that the observedg factor and
BsE3d are given by

gs31
−d = a2gcoll + s1 − a2dgshell s5d

and

BsE3d = aBsE3dcoll ± Î1 − a2BsE3dshell, s6d

where the subscripts “coll” and “shell” indicate the collective
and shell model contributions, respectively. In a purely em-

pirical model there is a sign ambiguity in the expression for
the BsE3d. Fortunately, however, the effect of this uncer-
tainty in the sign is mitigated becauseBsE3dcoll@BsE3dshell.
To proceed, in the spirit of obtaining a credibility estimate
for this type of approach, the following analysis assumes
the most optimistic alternative, namely, a positive sign in
Eq. s6d. The effect of taking the negative sign will be
discussed toward the end of the section.

Sincea,1, andgcoll!gshell, while BsE3dcoll@BsE3dshell,
Eqs. (5) and (6) indicate that theBsE3d can be much more
sensitive to small collective admixtures than theg factor,
which suggests that an appropriately mixed state might show
both ag factor near the single-particle value and a collective
E3 transition strength to the ground state.

A consistent description of theg factor andBsE3d data for
the 31

− states in90Zr and96Zr was sought using Eqs.(4)–(6).
There are two experimentalg factors and two experimental
BsE3d values to be explained, making four experimental data
in all. If the constituentg factor andBsE3d values, as well as
the mixing amplitudes, on the right-hand sides of Eqs.(5)
and (6) are treated as unknowns there can be up to ten free
parameters. To make a meaningful analysis, as many of these
variables as possible should be fixed to independently deter-
mined theoretical or experimental values. In this semiempir-
ical approach the mixing amplitudes,a90 and a96 for 90Zr
and 96Zr, respectively, are free parameters, which leaves
scope for one, or at most two, other free parameters.

The analysis which follows uses only a single free param-
eter to prescribe theBsE3dcoll values in both90Zr and 96Zr.
The remaining parameters,gcoll, gshell, and BsE3dshell are
fixed. The shell modelg factors andBsE3d values for90Zr
and 96Zr were taken from the results in the penultimate col-
umn of Table IV. The valuegcoll=0.55 was assumed for both
90Zr and 96Zr based on previous theoretical work and com-
parisons with experimentalg factors of well known collec-
tive vibrational states. Collective vibrational states may be
modeled using the random phase approximation(RPA) or its
extension the quasiparticle random phase approximation
(QRPA). Such calculations by Rossoet al. [33] for 96Zr im-
ply that the lowest collective 3− state has a wave function
dominated by thepsp3/2

−1 g9/2d andnsd5/2
−1 h11/2d configurations,

which have about equal weight, with smaller contributions
from many other configurations includingpsf7/2

−1 g9/2d3− and
nsg9/2

−1 h11/2d3−, for example. Unfortunatelyg factors were not
evaluated. However, based on the RPA and QRPA wave
functions tabulated in Ref.[33] (which list only the dominant
terms), and the correspondingg factor values listed in Table
V, it is reasonable to estimate thatgs31

−d for the lowest col-
lective octupole state in96Zr, is similar in magnitude to theg
factors of the octupole vibrational states in16O, 40Ca, and
208Pb, all of which have experimentalg factors between
,0.5 and ,0.6. Thus the following evaluations usegcoll
=0.55 for both90Zr and 96Zr.

It remains to specify the collective component of the
BsE3d. In the absence of a clearly applicable theoretical
value,BsE3dcoll was parametrized by making use of the form
of the E3 sum rule in the hydrodynamical model with irro-
tational flow (Ref. [31], p. 405), i.e.,
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EnBsE3d = CZ2A1/3, s7d

whereC is a constant and the classical harmonic oscillator
model has the excitation energy of the 3− state,E, raised to
the powern=1 f31g. In previous workC and n have been
treated as free parameters to fitE3 systematicsf16,34g. Here
C alone was treated as a free parameterswith n=1d to set the
BsE3dcoll values in90Zr and96Zr. Thus a simultaneous fit to
the g factors andBsE3d values was sought with three pa-
rameters:C, a90, anda96.

The results are presented in Fig. 3, where the theoreticalg
andBsE3d values are plotted as a function of the collective
amplitudessa2d in the 3− wave functions. The theoretical
BsE3d values are plotted for the fitted value ofC
=65−9

+16 MeV e2 fm6, and the experimental data are plotted at
the a2 values corresponding toC=65, where the chi-square
has its minimum value.[According to conventional usage,
the value of C corresponds to usingBsE3;0+→3−d
=7BsE3;3−→0+d in Eq. (7). The error limits were obtained
assuming no uncertainties in the theoretical parameters.]
Clearly, the experimentalg factors andBsE3d values in90Zr
and 96Zr can be reproduced using Eqs.(4)–(7) with a single
value of C. As expected, a greater collective component is
required in96Zr than in 90Zr but, more surprisingly, for the
best-fit value of C, the 31

− states remain predominantly
single-particle excitations in both90Zr and96Zr. At the lower
limit of the C values allowed by the experimental errors on
the g factor andE3 data, the90Zr 3− state is 70 % single
particle while the96Zr state is 50 % single-particle structure
and 50 % collective.

It can be concluded that a consistent explanation of theg
factors andE3 transition rates is possible in terms of a semi-
empirical particle-vibration coupling analysis. However, the
plausibility of this analysis depends on whether the implied
BsE3dcoll values are reasonable or not—a point that is sharp-

ened becauseBsE3dcoll must exceed the experimental
BsE3;31

−→01
+d in magnitude, and the experimental

BsE3;31
−→01

+d in 96Zr is already exceptionally strong[16].
The BsE3dcoll values appear ata2=1 in Fig. 3: in 90Zr
BsE3dcoll is of the same magnitude as the measured
BsE3;31

−→01
+d in 96Zr, which seems reasonable, and while

BsE3dcoll is 39−24
+37 % stronger than the measuredBsE3;31

−

→01
+d in 96Zr, this too does not appear to be unreasonably

strong. In fact the implied magnitude ofBsE3dcoll in 96Zr is
consistent with some of the earlier experimental data[17], in
which the octupole collectivity was about 40% stronger than
the more recent(and more reliable) experimental value re-
ported by Horenet al. [16], which is adopted in the present
work.

The discussion in the preceding paragraphs, and the re-
sults presented in Fig. 3, correspond to taking the positive
sign in Eq.(6). If the negative sign is used instead, the main
change is that the best-fit value ofC increases toC
=94±19 MeVe2 fm6 while the mixing amplitudes for the
best fit are almost unchanged. TheC values obtained for the
two alternate signs in Eq.(6) overlap within their assigned
errors. For the positive sign the requiredBsE3dcoll values in
both 90Zr and 96Zr exhaust abouts12±2d% of the energy-
weighted sum rule; for the negative sign theBsE3dcoll values
exhaust abouts18±4d% of the energy-weighted sum rule
[31,35]. Although the data are more readily explained if the
positive sign applies, the model parameters remain within the
realm of credibility for a negative sign as well.

Thus it can be concluded that a consistent, empirical ex-
planation of theg factors andE3 transition rates is possible
with reasonable parameters. To place this empirical particle-
vibration approach on a more rigorous microscopic footing,
however, is a matter for future investigations. For example,
sufficiently large basis shell model calculations that include
the important psp3/2g9/2d and nsd5/2h11/2d configurations
would be valuable.

V. SUMMARY AND CONCLUSION

The properties of the first 2+ and 3− states in the even Zr
isotopes between90Zr and 96Zr have been examined in the
shell model and compared with experimental data, especially
recentg factor results[1–3]. Generally the description of the
2+ states is satisfactory.

The 3− states are more enigmatic. The agreement between
shell model theory and experiment is good for theg factors
in 90Zr and 96Zr, implying a state dominated by the proton
configuration psp3/2g9/2d3−. Despite this apparent single-
particle structure, theE3 transition strength observed in both
nuclei is a factor of 5 larger than the shell model calculations
predict, which seems to imply that the first 3− states are
collective, and strongly so in96Zr.

It has been demonstrated that the dichotomy concerning
the 3− states can be resolved in terms of an empirical
particle-vibration approach, which introduces a collective
contribution into the wave functions of otherwise single-

FIG. 3. Empirical particle-vibration coupling model analysis of
the gs3−d andBsE3;3−→0+d values in90Zr and 96Zr. In the lower
panels the solid lines represent the theory for the best fit value of
the parameterC while the dashed lines indicate the uncertainty in
the calculatedBsE3d due to the uncertainty inC.
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particle states. The success of this simple empirical approach
invites further investigation to illuminate its microscopic
basis.

The experimentalg factors and the present analysis make
it very clear that there remain strong single-particle compo-
nents in the otherwise apparently collective 31

− states of90Zr
and 96Zr, a feature that would hardly have been anticipated
without theg factor data.
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