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Surface tension in a compressible liquid-drop model: Effects on nuclear density
and neutron skin thickness
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We examine whether or not the surface tension acts to increase the nucleon density in the nuclear interior
within a compressible liquid-drop model. We find that it depends on the density dependence of the surface
tension, which may in turn be deduced from the neutron skin thickness of stable nuclei.
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The saturation property of bulk nuclear matter is usually In order to see this effect, we utlize a compressible
deduced from empirical data on the masses and radii dfquid-drop model, which gives rise to a semiempirical mass
stable nucle[1]. If nuclear matter is incompressible, the bulk formula in a way dependent on the density and neutron ex-
saturation density is equal to the density in the nuclear intecess in the nuclear interion,, and &,,. Generally, a liquid-
rior. However, nuclear matter in nuclei is more or less com-drop model is advantageous to the description of various
pressible. The question of how the finite compressibility ofmacroscopic properties of nuclei. During the past decade, it
nuclear matter makes the density in the nuclear interior denas peen used in describing, e.g., neutron §&n nuclear
viate from the saturation density has yet to be clarified. Inssjon[4], deformation of rapidly rotating nuclgs], synthe-

this paper, by using a compressible liquid-drop model, Wejg ot syperheavy nuclgh], and nuclei in neutron star crusts
show that a key feature in addressing this question is th

density dependence of the surface tension. We then derive i

relation with the neutron skin thickness. . ; .
. ei, for which we can seR,=R,. We assume that the dis-
The dependence of the surface energy on the density cfcltlibution ofi nucleongi=n,p) is spherically symmetric, uni-

the nucleon liquid naturally occurs. In the Fermi-gas model, . ;
the surface energy arises from a reduction of the availablfP'™ at @ number density;, and squared off at a radid.
density of states of nucleons due to the presence of the sufr @ nucleus of mass numbgrand charge numbet (neu-
face, beyond which the nucleon flux vanishes. The total ki{fon numbeM=A-2), we thus obtaim;,=n,+n, and
netic energy thus increases by an amount proportional to the
surface area, and this increase depends on the nucleon den- 8in = (Ny = ny)/(ny + ny)=(N - 2)/A. (1)
sity through the nucleon Fermi momentum. In addition to
this kinetic contribution, the interaction between nucleonsye then write the binding enerdyg of the nucleus as
contributes to the surface energy more importantly. This is
because a nucleon in the surface region does not perceive the _E =
same amount of attraction from the surrounding nucleons as B = Evor * Esur+ Ecour 2
that which it would if it were in the deeper region. This
contribution is determined by the property of the nuclear
medium, which is characterized by the nucleon density. We
remark that for the same reasons, the surface energy depends Evol = AW(Ny,, &), 3
also on the neutron excess of the liquid; this dependence has
to be invariant under exchange between neutrons and pravith the bulk energy per nucleon, is the volume energy,
tons.

As discussed by Yamadg], the dependence of the sur- Equit= 4o (N, 6, RE, (4)
face energy on the inner liquid density controls the density

deviation from the bulk saturation density. Usually, this de- i the density-dependent surface tensiaris the surface

S Throughout this paper we consider nearly symmetric nu-

Here

pendence is not considered explicitly. This is because th@nergy and

surface tension is normally calculated for a planar interface ’

between the saturated nucleon liquid and the vacuum, which 37262

are in mechanical equilibrium. However, this is not equiva- coul= (5)
lent to mechanical equilibrium in a real nucleus, which is SRy

generally associated with additional pressures arising from

the size and density dependence of the surface energy. Theisethe Coulomb energy. Faw and o, we adopt a form ex-
pressures in turn affect the equilibrium density of the com-panded with respect to the density and neutron excess around
pressible nucleon liquid. n,=ng and §,=0:
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Ko L Ko L Ko
W(nini 5|n) =Wot r'ng(nin - n0)2+ |:SO + 3_no(nin - nO)i| 5i2nv onl = E(nin - nO) + 5”05515 E(nin - ns) (9)
(6)  is the volume pressure,
wheren, and w, are the saturation density and energy of Pyui= - 200| _§X_ Covn? +X<M)} (10)
symmetric nuclear matter, is the incompressibility of Ro 2 ymn Ny

symmetric nuclear mattef, is the symmetry energy coeffi-

cient, andL is the density symmetry coefficient, and Is the surface pressure, and

- 37%?
- Coul —
Ny noﬂ’ @ 20mR,
No

(11)
o(Ni, 8in) = 0'0|:1 - Csym6ﬁ1 + X(
is the Coulomb pressure. The bulk pressure vanishes at the

) saturation density,
where gp=0(ng,0), Cqyr is the surface symmetry energy

coefficient, and;(:(noloo)ao/anin|nm:n0,5m:o. In Eq.(2) we = — 3Lng
have ignored the energy contribution of the neutron skin sT0 Ko
thicknessR,-R,, which will be considered later, and cur-

vature corrections. We have also ignored pairing and she di din Ref&z 1. The Coulomb
corrections since we will confine ourselves to macro-P8€n discussed in Refgz,9]. The Coulomb pressure acts

scopic properties of the nuclear ground state. We remart® increase the nuclear size, whereas the'surface pressure
that in equilibriumny, is related tos,,, as we shall see just tends to e_nlarge or reduce the nuclear size according to
below. whethery is larger or smaller than-2/3.

Some of the coefficients characterizing the bulk energy The relation(8), if the Cou,lomb pressurECow Is ignored,
(6) can be deduced from empirical data for the masses antf" be rgduced to .Laplaces formula. This can be done by
root-mean-square charge radii of stable nuclei. The saturdl@nsforming Eq(8) into
tion densityng, the saturation energyy,, and the symmetry 3oy 20(Niy, 81
energy coefficientS, typically take on a value ranging vol + = :
0.14-0.17 fm®, -16+1 MeV, and 25-40 MeV, whereas Rp Ro
the incompressibilityK, and the density symmetry coeffi- Here the left side, arising from the energy derivative with
cient L, which control the density dependence of bulk respect ton;,, corresponds to the pressure of the nucleon
nuclear matter, are not well constrained. Using a simplifiediquid, while the right side arises from the energy deriva-
version of the Thomas-Fermi modgl] we found that vari-  tive with respect taR,,
ous sets of the values &f, andL ranging 180-360 MeV Deviation of the equilibrium value ofi, from the bulk
and 0—200 MeV reasonably reproduce the empirical massesaturation densitys at fixed 5,, can be estimated from con-
and radii and that future systematic measurements of theition (8) as
matter radii of unstable neutron-rich nuclei would give a

5 (12

hich generally decreases with increasifygas has already

(13

good constraint on the value &f n—n.~0 01(< 230 MeV)( 9o )(5 fm)

We turn to the coefficients in the surface tensi@n The moes Ko 1 MeV fm?/\ R,
primary coefficiento, and the surface symmetry coefficient 3 372¢2
Csym Can be estimated from the empirical mass datar@s ><<1 o _3) fm=3. (14)
=1 MeV fm2 and Cy,=1.5-2.5. The parametar charac- 2" 40mR;oy

terizing the density dependence of the surface tension i
poorly known and hence the quantity of interest in this work.
Myers and Swiateckj8] simply sety=0, while the Fermi-

%?ﬁaﬁggeéfpge?;gg:tﬁés{,;/;ﬁeevgl"oife ézztuie%re(e:'se 1?;?: estimate that fory=0 and 4/3, the surface pressure can
0 in » €9 . induce about 10 % change im, in different directions.

electron-nucleus elastic scattering data requires reliable Ni/e thus see the role played byin determiningn, from
S

formation abouty. empirical information abouty,.

Let us now estimate the equmbr_lum value of, from . We now proceed to show that the neutron skin thickness,
pressure equilibrium and compare it to the bulk saturation

i . o . which has been neglected so far, is a quantity that may be
density ng at fixed &, Within the present compressible . ) g
liquid-drop model, the pressure equilibrium condition can be:%(jﬁggog df;deliﬁit(':?(naonf dthlr\?a\\//zlr?r? @g‘{)’] Initdig'r;%:\?én?;nﬁg
obtained from optimization of the binding ener¢®) with Y X

respect to the size under fixédandZ as describe the nuclear surfac_e i_n a thermodynamically co_ns@s-
tent manner. In this description, the nuclear surface is in

thermodynamic equilibrium with the bulk system composed
0 =Pyor *+ Psurt*+ Pcour: (8)  of Anucleons, and the neutron skin arises from adsorption of

Ns neutrons onto the nuclear surface. The interior region

Here composed ofA—Ng nucleons acts as a reservoir of neutron

fh this estimate we have use,+=—-200(1-3x/2)/R,. The
ratio of the Coulomb pressure to the surface pressure,
32%€?/40mR30y, is typically 0.2-0.6. We find from this
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chemical potentiaj,, and neutrons can go back and forth presumedy=0 in a compressible liquid-drop picture, al-
between the skin and interior regions. Consequently, the rethough it can be comparable wit@,, The fact that
evant thermodynamic quantity is the thermodynamic poten3Ly/Kg is poorly known suggests that one could not de-
tial, Q=Qyq+ Qi+ Qcour divided in a similar way to the duce the equation of stattEOS parametersL and K,
binding energy(2). In equilibrium, Qg,=0.A, where A is  from experimental data for the neutron skin thickness
the surface area. A small quasistatic change in the neutrowithout knowing y. Consequently, it turns out that previ-
excess in the interior region with andN fixed gives rise to  ous investigations that attempted to relate the neutron skin
a change in the thermodynamic potential of the surfacethickness with the EOS of nuclear mat{&,9,12 do not
AQg,+ and a change in the neutron chemical potenfiagd,,  take full account of uncertainties in the parametgrd,,

which are related as and K,. We can see from Eq.19) that the neutron skin
vanishes alN=Z, as it should in the absence of Coulomb
Aqurf: - NSA/J’H' (15) energy.

This relation indicates that the neutron skin can be described Coulomb effects ignored in Eq19) induce a thin proton
in terms of the bulk and surface properties. We remark that aikin at N=Z through a deviation ofs, from zero and a
N=Z, a balance between the induced changé,, and polarization of the nuclear interior, as discussed by Myers
AQcoy in the volume and Coulomb energies allows theand Swiatecki11]. First, in order to calculate the deviation
neutron excess in the interior region to deviate from zerd®f 6, atN=Z, one has only to consider the balance between
and hence a proton skin to occur, as we shall see. AQyq and AQcoy In this case an increment in the proton
It is straightforward to combine the above thermodynamicadiusR;, tends to reduce the Coulomb energy, while it leads
description of the nuclear surface with the compressibld0 a cost of the symmetry energy in the nuclear interior. We
liquid-drop model adopted here. In this modél, N, .4,  May thus obtain

and u,, read 7
N-N-Z N-Z 3(R,-R) = Jmg ANTZ (21)
W AN, A om0 19 i
s P which typically amounts to a small value 6f0.02. For the
5 5 neutron skin thicknes§19), this deviation effectively re-
Ns=47RN(R,~ Ry), A =4nRs, (17)  placess by 6-Z€/20R,S, [11]. In the liquid-drop picture,
and the B stability condition that the neutron and proton
chemical potentials are almost equal is given by
Hn = Wo + Soin(2 = 8n) +O(8p). (18) _—
Here we have calculategd, at the bulk saturation density 8in = 10Rp50' (22)

(12); the dependence qf,, on the parameteds andK, char-
acterizing the density dependence of the bulk energy doebhis &, is much larger tharze?/20R,S,, which implies
not appear up to second order dp. that generally stable nuclei, lying around tlfestability

We can now obtain the expression for the neutron skifine, have a neutron skin. Second, the polarization of the
thickness in the absence of Coulomb energy. In this case theuclear interior tends to reduce a difference between the
system is symmetric under exchange between neutrons afigot-mean-square radii of the neutron and proton density
protons. Substitution of Eq$7) and(16)<18) into Eq.(15)  distributions, Ar,,, by redistributing nucleons in such a

leads to way as to deplete protons in the central region. This re-

ac |1 duction amounts t0/3/52€?/70S, [11], which typically

“R=Cl1+—=] +0(8, 19 takes on a small value d@.01-0.04 fm.
Ro= R 5( 2Rp) () (19 By incorporating these Coulomb effects into Efj9), we
where finally obtain
-1
200( 3Ly Ar = \ﬁ[c((;_ 2¢ )(“E) _E]
C= o\t K, (20) P~ N5 20R,S/\" 2R,/ 708,
(23

and 6= (N-2)/A. The paramete€ originates mainly from a o
change in the surface tension due to the small quasistativhere a facton/3/5 arises from a difference between the
change ing,,. This change is characterized not only by theroot-mean-square and the half-density radius for the rect-
surface symmetry energy coefficie@t,, but also by the angular distribution. Here we have ignored corrections
parametely through the dependence of the saturation dendue to the difference in the surface diffuseness between
sity ng given by Eq.(12) on &,. The term & y/K, on the  protons and neutrons. These corrections are lower order in
right side of Eq.(20) is associated with the finite com- A than the terms in Eq.23) [3] and hence expected to be
pressibility and thus vanishes in the incompressible limitnegligibly small for heavy stable nuclei of interest here.

in which Eq.(19) reduces to the result fd®,— R, obtained We now ask how one can obtain information abgditom

by Pethick and RavenhallLO]. Note that this term does empirically deduced values dfr, for stable nuclei such as
not exist in the result of Myers and Swiatedkil] who  Ni and Sn isotopes. Such values can be deduced, e.g., from
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FIG. 1. Difference in the root-
trons and protons for six stable nuclei AF50. The squares and
crosses denote the results calculated from ®8) for y=0 and
4/3; the other parameters are set to bg=0.16 fni3, S
=30 MeV, K,=230 MeV, L=100 MeV, go=1 MeV fm2, Cqn,
=1.8, andR,=1.2A3 fm. The empirical datédots are taken from
Refs.[13,14.
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deduced and predicted values as a functionb.oWhen y

=0, the predicted values by setting the other parameters at
typical values are appreciably smaller than the deduced ones.
This suggests thay is likely to be positive. However, the
magnitude ofy remains to be clarified sincg is coupled
with the uncertain parametetsandK, in Eqg. (23). We re-
mark that a staggering of the deduced values is far larger
than that of the predicted values. This may be partly because
the former values were deduced by various groups using dif-
ferent models for proton elastic scattering and nucleon den-
sity distribution, and partly because pairing and shell effects
are ignored in the present prediction.

In summary we have found from a compressible liquid-
drop model that whether or not the nucleon density in the
nuclear interior is larger than the bulk saturation density de-
pends on the density dependence of the surface tension,
which in turn controls the neutron excess dependence of the
neutron skin thickness. In order to deduce the density depen-
dence of the surface tension and the bulk saturation density
from the neutron skin thickness and the interior density, it
would be useful to systematically analyze differential cross

mean-square radius between nelsa tions measured for proton and electron elastic scattering

off stable nuclei. In such analysis of proton elastic scattering
data obtained for incident energies above 500 MeV, one
could relate the angle of diffraction maxima measured in the
small momentum transfer region to the root-mean-square
matter radius by using the Glauber theory in the optical limit
approximation[15]. The research in this direction is under

CLowa
measurements of proton- and electron-nucleus elastic differ-

ential cross sectionfl3]. It is instructive to compare the
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model, which is given by Eq(23). Figure 1 exhibits the
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