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Dilute nuclear matter in chiral perturbation theory
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We use chiral perturbation theory to compute the effective nucleon propagator in an expansion about low
density in the chiral limit. We neglect four-nucleon interactions and focus on pion exchange. Evaluating the
nucleon self-energy on its mass shell to leading order, we show that the effective nucleon mass increases by a
small amount. We discuss the relevance of our results to the structure of compact stars.
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As nuclear matter is compressed, eventually a transition We assume that nucleons, of massare heavy, and that
to quark-gluon matter occurs. By asymptotic freedom, afpions, with massn_, are very light. The interaction of pions
very high densities the equation of state can be computed iand nucleons is determined by the spontaneous breaking of
perturbation theory1-3]. This can be extended to moderate chiral symmetry[6,8—13. For light pions, to leading order in
densities by various approximation schem@s3]. At low  chiral perturbation theory, the only parameter which enters is
densities, the conventional approach is to use phenomengne pion decay constant,~93 MeV.
logical potentials to fit observed properties of nuclear matter The proceeding calculation is elementary, and, besides
[4] and then extrapolate up in density. those of Savage and Wi8, it is similar to computations by
How the nuclear equation of state matches onto that fof,owitz and Sero{9], by Bernard, Kaiser, and Meiner
quark matter is of great significance for astrophy4@$). 10], and by MeiRner, bller, and Wi}zt[al]. '

The standard expectation, such as in quantum hadrody- The parameters which enter can be understood without

namics, for examplg6], is that hadronic pressure rises - : . ; )
quickly to a value near that for an ideal Fermi gas of quarksexphcr[ computation. A Fermi gas of nucleons is character

and even exceeds it at densities above normal nuclear de%—ed by a F_e_”“' momenturpy up to _and including nucl_e_ar
sity. In this case there is only one type of hadronic star whicHnatter densitiesy;<m. In an expansion about low densities,
might have aismall) quark core. If the hadronic pressure is (€ natural parameter whlchsenters into the nucleon propaga-
small relative to that of ideal quarks, though, then there cafor IS just the densityn,,q~ p. We would like a dimension-
be two classes of hadronic stars. There are “ordinary” neuleSS parameter to characterize the expansion. At one loop
tron stars, which are mainly composed of nucleons. In addiorder, chiral perturbation theory brings in two powers of
tion, there are stars with a large quark core; their mass andl/f,. The only other parameter in the problem is the nucleon
radius argapproximately half that of ordinary neutron stars. massm (at least for vanishing pion massThus to leading
Thus it is imperative to understand the equation of staterder, the corrections to the nucleon propagator are propor-
for nuclear matter. In Ref[7], Savage and Wise compute tional to
mass shifts for the baryon octet using chiral perturbation
theory, including all operators which contribute to leading P 1)
order in the density. Due to four-nucleon interactions, they mf2’
find that all masses decrease with increasing density; ex-
trapolating to nuclear matter densities, the shifts are considwvhich we now compute.
erable. The self-energies were computed at zero momentum, To leading order in chiral perturbation theory, we take the
though, while the physical point is on the mass shell. In thenucleon Lagrangian to be
presence of a Fermi sea, the mass shell changes, in a way
which is easily computed. To leading order in the density, the _ _ _.0a
difference in mass shell only affects exchange, and not con- L _ﬂa Futm Ifﬂ'ﬂm/s> v @
tact, terms. In this paper we compute the nucleon self-energy
on its mass shell, from the diagram for pion exchange. In thisvhereu=1p?+n? is the chemical potentiaga~1.2 is the
case, unlike Ref[7], the usual logarithms of chiral perturba- axial vector coupling constant, and=n?0?/2, where the
tion theory appear on the mass shell. We note that the shift in®s are Pauli matrices in S@) flavor. Other interactions,
the nucleon mass is dominated by contact terms, not singlguch as between two nucleons and more than two pions,
pion exchange, so the following exercise is a minor point ofinvolve more powers of 1f/, and so enter beyond leading
principle. order in the density. There are tadpole contributions, with
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a pion in the loop, but like the tadpoles from four-nucleondiately, using the real time formalism. There, the nucleon
interactions, these are independent of the external momemropagator is the sum of two terms, one is the same as in the
tum and so of the choice of mass shell. vacuum plus a density dependent term.

Thus we consider single pion exchange, which contributes To pick up the contribution of just this one pole, we take
to the nucleon self-energy as

dil 1 1
393 ([ d*K 1 f—.—=——(iK+y°,u+m). (5)
S(P)=-—2 27— iK - +m 2E
( ) 4fi_ (2’77)4(P _ K)2 + m727 T ’)p/"L k
1 On the right-hand sideky=i(x—E,), and only|k| <p; con-
Xys(P =K i = A0+ F(P=K) B hibute to the integral ovek.

Now we need to sandwich the inverse nucleon propagator
P=(p° p) is the four-momentum of the nucleon. The dia- in this expression between the(P-K)’s from the pion ver-
grams are evaluated using the imaginary time formalism. tices. There are three types of terms which contribute. One is
In general, the nucleon Self-ene@YP) is a rather com- from the term~m in the nucleon propagator,
plicated function ofp® and p [9,10. Here we shall only

cr:;)arggugﬁewe nucleon self-energy at a special point, on its Cm=v5(P — K)mys(P - K) = —m(P - K)?, (6)
- ? one from the term~u+°,
pongns:i(M_Ep)%iT, (4) .
.= vs(P = K)uy ys(P - K)
E, is the energy of a nucleon with momentymso u=E, , L - - 2
P P -0 0 _ 2 _ _ 12 0_ 10 _
andE,~m+ p?/(2m)+---. We also assume that the morfnen- =Y ul(p’-K)? = (p- K+ 2u(p’ - K)(p- K, (7)

tum p is on the order of the Fermi momentum, but it need not d ¢ the t K
be especially negp;. and one from the term-i#,

Working on the mass shell allows us to greatly simplify ) . s
the calculation. As we are working at nonzero fermion den- S = ¥5(P ~ K)iys(P — K)=i[2(P — K) - KP — (P~ K)K].
sity, it is convenient to do the integral ovk? first and then (8)
integrate ovek. In the imaginary time formalism, we first
compute the _dlagraml for reng and then analytically con- greany simplify these expressions. For example, for the
tinue tk? imaginary vahues 9", ?S n E|c1.(4}). ¢ he b nucleon energy, we can replaég=m, since corrections are

In the integrand, t ere are Tour poles. two from the pioNgqwn by (p;/m)2. Further, as we are computing on the mass
propagator, atk®=p°+iy(k-p)?+m’, and two from the shell, the energy® is small relative to the spatial momen-
nucleon propagator, &=i(u*E,). Closing the contour in tum; in magnitude, ag®~ p?/m, p® is down byp;/m relative
imaginaryp® plane, only those poles in the upper half-planeto p. This means that in the pion propagator, andjp Eq.
contribute. (6), we can replacéP—-K)?~ (5—k)2.

All we are interested in, though, are the density dependent £ the other contributions, one must be careful to keep
effects. Of the four poles in the one loop diagram for the

; - 0
nucleon propagator, clearly one is special. The pole at whic ack of relatlvely.small terms;-p, and also~p°y”. F'orcM,
kO:i(M_Ek) F}sgin the upger haIf—pFane whekzpf and rgq. (7), for the piecey® we can drop(p®-k°? relative to
moves into the lower half-plane whéa>p;. For the other  (P—K)? and takeu~m. However, for the piece- u(p®-k°),
three poles, the sign of their imaginary part does not changee have to keep track of the subdominant term, so
with k.

To compute the leading terms about small density, we can

All of the density dependent effects in the one loop dia- R D\2 a2 LB
gram for the nucleon propagator are due to the shift in this G, = ~my (P=K=+i(p"-K)(B-K). ©)
one pole. To see this, note that the chemical poteptiahly For the last termg, in Eq. (8), we can approximate
enters by changingp®—ip®+ u. If we work on the mass
04, = . ila 0O i S
shell, however, theip®+u=+E,; while p° changes withu, Cp~ i[2(5 - K) - kP = (p2 - K)K]. (10)

ip®+ u does not. Thus if no poles switched the sign of their
imaginary part, then we would find that there were no den-We keep the terms-+°, which are nominally down byp,/m,

sity dependent effects in the propagator at one loop ordelrh order to extract the term-py?,

For example, there is wave-function renormalization for the Addi .
. . . o0 e ing all of these terms together, we find a remarkable
nucleon field, but given that enters just as a shift ip”, this simplification

is standard; there is no new wave-function renormalization

associated withuy?, separate fronp. R
The contribution of the pole &°=i(u—E,) is simple to S(p2ep) = - [(ipde+ w7y +ip + mSo(p),  (11)

include: one only integrates over momentum below the

Fermi surface. A similar result is found, rather more imme-where
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302 dk 5— K)2 immediately. In that case, one has to define the effective
So(p) = 0 ( L ) (12

3 mass by other means, as in E&1.66 of Ref.[13].
8mfi kepy (27) This increase in the effective nucleon mass is in contrast
what happens at zero density, but nonzero temperature. To
ading order in an expansion about zero temperature, in the
chiral limit the nucleon mass does not shift+or? [14].
At normal nuclear matter density; =270 MeV. The cor-
rection which we computed, from single pion exchange, is

(p-K)2+m?

We also checked that the same result is found using the re%g
time formalism.

This form is illuminating, because it is obvious that in the
chiral limit, whenm,_=0, the functions,, is independent of

momentum: tiny, 234~ 0.04. This suggests that chiral perturbation theory
2 p‘? 3¢2n | might be a reasonable guid_e_ to the properties of nucleons,
Sop) = + P = 4 A (13)  even at nuclear matter densities.
167 mffT 32 mffT This conclusion is premature. While the corrections to the
wherenn,=2p3/ (37 is the density of nucleons. nucleon propagator are very small, corrections to the pion
Away from the chiral limit,m_+ 0, 3, is momentum de- propagator are large. For most momentum, such as near the
pendent: pion mass shell, the corrections to the pion propagator are

like those of the nucleon, proportional to the density,
2 3 2 ~p¥l(mf f the pion is far off it hell
_ 9a P¢ m p;/(mf2), Eq. (1). If the pion is far off its mass shell,
EO(p)__l&TZF(1+2_;)252°(p)>' (14) though, with an energyw~p2/m, it can scatter into a

g f nucleon particle-hole pair. For such nearly static pionzs, the

2_ 2, 2 (b= )2+ P pion self-energy is .enhanced by a factor rptw~m2/pf. .

55o(p) = Pr—P 7 in P =P o The correct expansion parameter for the pion propagator is

2

4ppy (P +p)2+m then notp$/(mf), but
+ —
+%{arctaf<u>+arctar<u)}—l. p_?gzw(g_i)m 18
P M M mf p;  \2a?) 2
(15

Numerically, this parameter iswuchlarger thanX, in Eq.

At zero momentump=0, this agrees with Savage and Wise (13). In fact, as we are dealing with a nonrelativistic system,
[7]. We see that chiral logarithms appear whe# 0, al-  this enhancement of the pion propagator is well known from
though there is an arctgm/m) at p=0. These chiral loga- condensed matter physics, and represents the need to resum
rithms are standarfB], and relatively innocuous. Even at the nearly static pion propagator through the random phase
the Fermi surfacep=p;, they vanish likem’.In(m,) as  approximation(RPA) [13]. Indeed, the factor of2/(27?)
m,—0. arises from an explicit calculation in the RPA limit, from Eq.

One can comput&, as a function ofm,. For illustration,  (4.21) of MeiRner, Oller, and Wirzbg11]. For normal
consider its value at the Fermi surface. Then one can showuclear matter density, the parameter of the RPA pion propa-
that increasing the pion mass tends to decrease the value @étor in Eq.(18) is =2 at nuclear matter densities. Since this
S asm,— o, 3 vanishes like=p?/(mf)(pZ/m2). ThatS,  parameter is only linear in the Fermi momentum, if we re-
vanishes Iikezl/mf, at largem_ is evident from the integral quire that this parameter be less than, say, 1/2, this means
representation, Eq12). that we can use chiral perturbation theory to compute the

We can use these results to compute the nature of nucleatuclear equation of state only up pp~ 70 MeV. This cor-
quasiparticles. Adding the self-energy, the effective nucleomesponds to densities which af®/4)=1/64those of nor-

inverse propagator is mal nuclear matter.
1,0 o a1 This restriction on the use of chiral perturbation theory is
Agi(Pms P) = Apgre == not that surprising. In computing the free energy, the typical
. 2 ion momentum is of orderp;, with energies~p?/m. To
== [(ipht P +iBl(1 -39 +m(1+3y). P b oS

use a chiral Lagrangian, the pion momentum should be small
(16) relative tof ., which is similar to the condition derived from
Eqg. (18). What is not evident is while there is a factor of

The ch in th iti f th le in th I
© change In the position ot the pole In e nuc eony(zﬂz) from chiral perturbation theory in Eq18), this is

propagator is easy to compute. In particular, the mass of th

nucleon is shiftedip: compensated by the factor of the nucleon mass in the nu-
merator.
1+3, Nevertheless, such computatigi®,1] are manifestly of
Merr =M\ 7 ~%, ~m(l+2%). (17 interest, so as to gain a more general understanding of the

nuclear equation of state. Carrying out such calculations be-

This expression holds in the chiral limit. Half of the massyond leading order is technically very challenging. Using a
shift arises from the shift in the termm and half from what RPA corrected propagator for the nearly static pion is
can be viewed as wave-function renormalization. straightforward. What is difficult is knowing how to separate
Away from the chiral limit, whereX, is a function of diagrams with two pion exchange from other effects. In
momentum, the change in the mass cannot be read off sguantum hadrodynamid§], one must separate two pion ex-
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change from that of heavier mesons, such assithad thew. correction to a small number. Thus the possibility of a had-
In “pionless” effective theorieBl5], two pion exchange con- ronic phase with a small pressure, required for a new class of
tributes to pointlike interactions between four or more nuclequark stars, remains viable.

ons.

We can draw some tentative conclusions about the had- We thank M. Savage and U. van Kolck for discussions.
ronic pressure, which motivated this study. To leading orderE.S.F. was partially supported by CAPES, CNPq, FAPERJ,
the nonideal terms in the pressure are proportionatdp and FUJB/UFRJ. J.S.B. was partially supported by U.S.
which is very smal[10]. At higher order, even if corrections DOE Grant No. DE-FG-02-93ER-40764. The research of
to the pion propagator are large, their effect on the nucleoiR.D.P. was supported by DOE Grant No. DE-ACO02-
propagator, and the free energy, can still be small, as a largg8CH10886.
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