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The mass-number dependences of the high-energy pion single-charge-exchange reactions are studied under
the distorted-wave impulse approximation. The observed forward-angle cross sections are approximately pro-
portional tosN−Zd3A−asEd for the isobaric-analog transition and the overall feature is explained in the present
calculation. The coefficientasEd is shown to be strongly dependent on the imaginary part of the optical
potential. The observed monotonic decrease of the coefficientasEd with respect to the incident energy is
reproduced but the absolute values ofasEd are smaller than those of experiment. It is also shown that the
coefficientasEd is considerably influenced by the rms radii of the isovector density of the target nuclei.
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I. INTRODUCTION

Pion-nucleus single-charge-exchange(SCX) reactions
have been studied from low-energy to high-energy regions
[1–9]. Around the D-resonance region, measured reaction
strength for13Csp+,p0d has moderate peak structure with
respect to the incident pion energy, while the theoretical val-
ues exhibit a deep minima around theD resonance due to the
strong absorption. Despite the theoretical attempts to take
into account the medium effects forD isobar, this discrep-
ancy still remains[10]. At higher-energy region, the theoret-
ical forward-angle cross sections for the SCX reaction
sp+,p0d overestimate the experimental values by about a
factor 2–3 for14C [11]. Possible correction coming from the
nuclear medium-polarization effect is discussed under the lo-
cal density approximation[12]. The core-polarization effects
for the SCX reaction cross section and the asymmetry are
also calculated for13C and 15N at high-energy region[13].
These works are concerned with the SCX reaction on a spe-
cific nucleus. Both the reaction mechanism and the nuclear
structure are involved and this complicates the problem. For
this reason, it is advantageous to study the case of spinless
target nuclei leading to the isobaric-analog state(IAS) since,
if we assume the impulse approximation, relevant transition
density is the neutron and the proton density difference. The
ambiguity coming from the nuclear structure can be mini-
mized.

Observed forward cross sections for the spinless target
nuclei leading to IAS exhibit a clear mass-number depen-
dence (A dependence) approximately expressed as
sds /dVdu=0°~ sN−Zd3A−asEd [14–16]. The coefficientasEd
monotonically and slowly decreases with the increase of the
incident energy fromasEd=1.40±0.06 at 100 MeV to
asEd=0.82±0.10 at 500 MeV. Johnson employed the eiko-
nal approximation and has shown that, in the limit of strong
surface absorption,asEd= 4

3 [17]. The experimental value at
100 and 165 MeV is close to this limit while decreases
monotonically at higher energies. It is argued that the de-
crease ofasEd with the increase of the incident energy is a
consequence of increased volume scattering[16] and it is

interesting to see whether these features could be explained
with the conventional distorted-wave impulse approximation
(DWIA ) calculation.

In the present paper, we examined the mass-number de-
pendence of the SCX reaction for spinless nuclei leading to
IAS. If we adopt the plane-wave impulse approximation,
forward-angle cross section divided byN-Z is constant with
respect to the mass numberA [i.e., asEd=0]. Thus, the ob-
served strongA dependence is expected primarily due to the
distortion effects. We have carried out the conventional
distorted-wave calculation using the isovector nuclear den-
sity given by the relativistic Hartree approximation[18]. We
show that it reproduces theA−asEd dependence of the
forward-angle cross sections. The monotonic decrease of the
coefficientasEd with the increase of the incident energy is
predicted but the theoretical values ofasEd are smaller than
those of experiment. We examined the various dependences
of the coefficientasEd on the theoretical inputs. TheasEd is
shown to be strongly sensitive to the imaginary part of the
optical potential but is quite insensitive to the real part. The
nuclear size effects forasEd are also examined.

In Sec. II, we briefly describe the model and the formula
adopted in the present calculation. The results are shown and
are discussed in Sec. III. We summarize the results in Sec.
IV.

II. FORMULATION

For spinless nuclei, the observed forward-anglesp+,p0d
cross section is approximately proportional toN-Z times the
inverse powerasEd of the mass numberA of the target nu-
clei,

S ds

dV
D

u=0°
~ sN − Zd 3 A−asEd. s1d

We can easily show that the plane-wave impulse approxima-
tion leads toasEd=0,
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S ds

dV
D

u=0°
~ sN − Zd. s2d

This can be shown as follows. The transition amplitude is
written under the impulse approximation as

Tfi ,E x f
*sr dkF fuo

j=1

A

tdsr − r jdps jd · I uFilxisr ddr . s3d

We consider the case of IAS transitionsT,Tzd→ sT,Tz+1d
on spinless nuclei. Assuming the plane-wave approximation,
the forward reaction amplitude can be written as

Tfi ,E kTTz + 1uo
j=1

A

tts jd · I uTTzl s4d

=tkTTz + 1uÎ2T+uTTzl s5d

=2Î2tÎsT − TzdsT + Tz + 1d. s6d

In the present case,T=−Tz andTz=sZ−Nd /2, and hence

Tfi ~ ÎN − Z. s7d

Then the forward-angle cross sectionsds /dVdu=0° is propor-
tional to N−Z. Thus, the observed strong mass-number de-
pendence is considered to come primarily from the pion dis-
tortion effects. Johnson has shown under the eikonal
approximation that the coefficientasEd= 4

3 for the strong ab-
sorption limit f17g. The observedA dependence is close to
this value around theD resonance region but decreases
monotonically at higher-energy regions. We have carried out
calculations under the distorted-wave impulse approximation
to see to what extent the observed mass-number dependence
and its energy dependence are reproduced.

First, we describe the theoretical model used in the
present work. The distorted-wave impulse approximation in
momentum space is adopted to calculate the SCX amplitude.
The pion-nucleon scattering amplitude of the spin-nonflip
part is decomposed into its partial-wave components as

tsk8,k:vd = o
l

tlsk0dPlscosud, s8d

where k0 is the on-shell momentum corresponding to the
pion energyv. We adopt the pion-nucleon phase shifts taken
from the database SAIDf19g and retain the partial waves up
to l=6, and assume the off-shell extrapolation of the pion-
nucleon amplitude

tlsk0d → tlsk,k8:vd = tlsk0dglskdglsk8d s9d

with the Gaussian-type form factor

glskd = S k

k0
Dl

expF− Sk − k0

L
D2G . s10d

Under the distorted-wave impulse approximation, the transi-
tion amplitude for the SCX reaction on spinless nucleus is
expressed as

Tfi = −
1
ÎT

o
,

s2, + 1dP,scosudo
l,,1

2,1 + 1

2l + 1
tlsk0ds,,100ul0d2

3E r2drFE j,1
skrdf,

sfdskdglskdk2dkG*

3 FE j,1
sk8rdf,

sidsk8dglsk8dk82dk8GrTsrd, s11d

where f,
sidskd and f,

sfdskd are the initial and the final pion
radial wave functions in momentum space.rTsrd is the tran-
sition density leading to IAS and is given as

rTsrd = kJ = 0 TTz + 1uo
j

t+s jddsr − r jduJ = 0 TTzl.

s12d

The isovector density of the spinless nucleus is defined as

drsrd = rpsrd − rnsrd s13d

=kJ = 0 TTzuo
j

t0s jddsr − r jduJ = 0 TTzl, s14d

which is normalized to

E drsrddr = Z − N, s15d

and is related torTsrd as

rTsrd = −
ÎsT − TzdsT + Tz + 1d

Î2Tz

drsrd. s16d

Then, we can calculate the SCX transition density from the
isovector density of the target nucleus.

The pion distorted waves are generated by the first-order
pion-nucleus optical potential as

kk8uVoptukl .
A − 1

A
rsqdkk8p8utukpl, s17d

whereq=k8−k. k and p are the pion and the nucleon mo-
menta in the pion-nucleus center-of-mass system andrsqd
the nuclear density. By neglecting the nucleon Fermi motion
in the nucleus, we fix the nucleon momenta to bep=−k /A
andp8=−k8 /A, and the optical potential can be expressed as

kk8uVoptukl .
A − 1

A
rsqdGkk8utukl, s18d

wherek and k8 are the pion momenta in the pion-nucleon
center-of-mass frame and the kinematical transformation fac-
tor G is given by

G = 3 vskdvsk8dEskdEsk8d

vskdvsk8dES k

A
DESk8

A
D4

1/2

, s19d

with the pion and the nucleon energies
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vskd = Îk2 + m2 s20d

and

Eskd = Îk2 + M2. s21d

In the above equation, we neglected the angle transformation
from pion-nucleon to pion-nucleus center-of-mass frames.
The partial-wave decomposition of the optical potential is
straightforward and we obtain

V,
opt =

4p

2, + 1o
l,,8

tlsk,k8:vdsl,800u,0d2r,8sk,k8d, s22d

wherer,8sk,k8d is the coefficient of the multipole expansion
of the nuclear densityrsrd

E e−ik8·rrsrdeik·rdr = o
,

r,sk,k8dP,scosud. s23d

The pion-nucleus distorted waves are calculated by the
Klein-Gordon equation in momentum space

sk0
2 − k2df,skd = 2vE V,

optsk,k8df,sk8dk82dk8. s24d

The above equation is discretized and the conventional ma-
trix inversion method is used to solve the integral equation.
For the cutoff mass in Eq.s10d, we takeL=0.8 GeV which
was used in the analysis of the pion-nucleon elastic scat-
tering f20g.

III. RESULTS

We show the results of our calculation for SCX cross
sections leading to the isobaric analog states for several spin-
less nuclei. The nuclear isovector densities,drsrd=rp−rn,
are calculated with the relativistic Hartree model[18]. The
calculations are done in momentum space for some typical
nuclei 18O, 48Ca, 90Zr, 120Sn, and208Pb. The nuclear density
in the pion-nucleus optical potential is calculated with the
harmonic-oscillator density for18O and the Woods-Saxon
form for heavier nuclei. The density parameters are taken
from Ref.[21] and the radius parameters are scaled from the
nearby nuclei by assuming theA1/3 dependence.

First, we calculate the forward-angle cross section by
varying the strength of the pion-nucleus optical potential to

see the distortion effects. We have introduced a single free
parameterS and multiplied it to the pion-nucleus optical po-
tential

Vopt→ S3 Vopt. s25d

The results are shown in Fig. 1 as the dots at the pion inci-
dent energiesTp=300 and 500 MeV. Asseen, the calcu-
lated forward-angle cross sections decrease with the in-
crease of the parameterS and this shows that the pion
distortion significantly influences the forward-angle cross
section and the distortion effect is stronger for heavier
nuclei which leads to theA dependence of the forward
cross section. These features are almost the same for both
the incident energiesTp=300 and 500 MeV. Weassumed
the dependencesds /dVdu=0°~ sN−Zd3A−asEd and obtained
the coefficientasEd by fitting to the theoretical values of
the cross section. The results are shown in the figure.
Obviously, asEd,0 for weak distortionS,0. Next, we
have multiplied factorsSR andSI separately to the real and
the imaginary parts of the pion-nucleus optical potential
as

Vopt→ SR 3 ResVoptd + iSI 3 ImsVoptd, s26d

and have variedSR and SI s0øSR,SI ø1d. The results are
shown in Figs. 2 and 3. It is interesting to see that the
forward-angle cross sections are quiteinsensitiveto the real
part of the pion-nucleus optical potential as seen in Fig. 2.
For incident pion energyTp=300 MeV, thecross sections
slightly decrease with the increase ofSR but, at the inci-
dent energyTp=500 MeV, thecross sections are almost
the same for various choices ofSR. On the other hand, the
forward-angle cross sections are stronglysensitiveto the
imaginary part of the pion-nucleus optical potential as seen
in Fig. 3. At incident energyTp=300 MeV, theabsolute
value of the cross sections decreases with the increase of
SI while the coefficientasEd is only slightly affected. At
Tp=300 MeV, asEd=0.86even for small,SI =0.1 while, at
Tp=500 MeV, theslope coefficient is very small,asEd
=0.11 forSI =0.1. Asshown, the SCX forward-angle cross
sections are strongly dependent on the imaginary part of
the optical potential but the detailed features depend on
the pion incident energies.

The theoretical values are compared with the experimen-
tal data fromTp=100 to 500 MeV in Fig. 4. In this figure,

FIG. 1. The dots are the theoretical forward-
angle cross section for the SCX cross section
leading to IAS divided byN−Z for 18O, 48Ca,
90Zr, 120Sn, and208Pb at (a) Tp=300 MeV and
(b) Tp=500 MeV. The calculations are done by
multiplying the scale factorS to the pion-nucleus
optical potential. We have varied the factorS
from 0.1 to 2. The solid lines are the fit to these
theoretical values assuming the dependence
A−asEd. The calculated coefficientsasEd are
shown in the parentheses.
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the open circles represent the theoretical results with the
nuclear isovector densities calculated with the relativistic
Hartree model. The fitted valuesasEd are also shown in the
figure. The experimental data are also shown with the coef-
ficientsasEd. The calculated coefficientsasEd monotonically
decrease with the increase of the incident energies in confor-
mity with the experimental data. However, the absolute val-
ues of the theoretical cross sections are larger by about a
factor 2–3 at high energiesTp=300−500 MeV.

In Ref. [16], Rokni et al. have shown that the Glauber
amplitude overestimates the experimental cross section.
They introduced the two-body absorption term phenomeno-
logically with a single energy-independent free parameterc
which is adjusted to fit the experimental data. They could
explain the experiment fairly well and thus attributed the
discrepancy between the Glauber calculation and experiment
to the pion absorption effects. Both the pion distortion and
the absorption effects reduce the small impact-parameter
components and, if we take the constant absorption coeffi-
cient c with respect to the pion energy, the pion absorption
effect is pronounced at high energies where distortion effect
is weaker. Thus, in Ref.[16], the reduction of the cross sec-
tion due to the pion absorption is fairly large at higher ener-
gies. After that, Oset and Strottman[22] made detailed the-
oretical calculation of the pion absorption effects and have
shown that there is a strong energy dependence for the ab-
sorption parameterc, which was not considered in Ref.[16]:
the two-body absorption coefficientc decreases by about a
factor 15 fromTp=200 to 600 MeV. Then the reduction of
the cross section due to the pion absorption is shown to be
about 10 % atTp=300 MeV and only about 5 % atTp

=550 MeV. Thus, the discrepancy of the absolute value of
the forward cross section between theory and experiment
still remains after considering the pion absorption effects.
Osetet al. claimed that this discrepancy can be explained by
introducing the medium-polarization effect[12]. We reexam-
ined the pion absorption effect for the SCX cross section
around the resonance where the coordinate-space calculation
is possible, and have checked that it affects the forward-
angle SCX cross section by only about 10 %. Our results
based on the optical potential approach are close to those of
the Glauber approximation without pion absorption in Ref.
[22]. For the detailed comparison with the experiment, we
should apply more sophisticated nuclear models and also ex-
amine the medium-polarization effect. In the present work,
we applied a somewhat crude model to see the overall trends
of the A dependence for the forward SCX cross section.

In the present calculation, we assumed the pion-nucleus
optical potential of thetr type. As is known, such a first-
order optical potential slightly underestimates the experi-
mental value of the elastic scattering cross section at forward
direction and considerably underestimates around the second
peak[13,20]. Previously, we have adjusted the potential pa-
rameters to fit the elastic scattering cross section and used the
best-fit potential to calculate the SCX cross section[13]. As
shown, the theoretical results of the SCX cross section with
the first-order potential and the best-fit potential are quite
similar and the difference is only 4 % atTp=800 MeV for
13C [13]. Thus, we have applied thetr potential throughout.

Roughly speaking, the DWIA amplitude of the SCX cross
section is the overlap of the nuclear isovector densitydr and
the pion wave function. Thus, we expect that the absolute
values of the cross sections are sensitive to the rms radii of

FIG. 2. The dots are the theoretical forward-
angle cross section for the SCX cross section di-
vided by N−Z for 18O, 48Ca, 90Zr, 120Sn, and
208Pb at (a) Tp=300 MeV and (b) Tp

=500 MeV. The calculations are done by multi-
plying the factorSR to the real part of the pion-
nucleus optical potential while the imaginary part
is unalteredsSI =1d. The solid lines are the fit to
these theoretical values assuming the depen-
dencesA−asEd. The calculated coefficientsasEd
are shown in the parentheses.

FIG. 3. The same as in Fig. 2, but by multi-
plying the scale factor to the imaginary part of
the pion-nucleus optical potential while the real
part is unalteredsSR=1d.
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the isoscalar and the isovector density. The input parameters
of the relativistic Hartree model were adjusted to reproduce
the experimental rms radii of the nuclear charge density[18].
The relativistic Hartree model gives the mass-number depen-
dence of the rms radii of the isovector density approximately
as r0A

b with r0=1.73 fm andb=0.237 while r0=1.16 fm
andb=0.293 for the isoscalar density. In the present calcu-
lation, we have calculated the pion distorted waves in mo-
mentum space. Thus, it is quite difficult to calculate the high-
momentum matrix elementsr,8sk,k8d in Eq. (22) with the
isoscalar densities by the relativistic Hartree model. Instead,
we have adopted the isoscalar nuclear densities from the
work of Ref. [21]. We have evaluated the nuclear radius
parameter by assuming the mass-number dependenceA1/3

from the nearby nuclei: the nuclear radius of48Ca is obtained
by extrapolating from that of40Ca, etc. Strictly, this in not a
consistent procedure. We should use the same nuclear model
to predict both the isoscalar and the isovector densities.
Since the DWIA amplitude of the SCX cross section is the
overlap of the nuclear isovector densitydr and the pion
wave function, we expect that the absolute values of the
cross sections are sensitive to the relative size of the isoscalar
and isovector densities. To see this dependence, we have
checked the sensitivity of the cross section to the nuclear
size. We simply scaled the isovector density in anad hoc
way so as to giver0=1.73 fm andb=0.2 for the rms radii of
the isovector density. The results are shown in Fig. 4 as the
open triangles with the long dashed lines denoted as(Th-
mod). The narrower isovector densities give smaller overlap
of the pion and the nucleon wave functions resulting in the

smaller cross sections. As seen, the size effects are apprecia-
bly large and are dependent on the pion energy. For the de-
tailed comparison with the experimental data, we need to use
more refined nuclear models to calculate the nuclear densi-
ties. In the present work, we adopted the relativistic Hartree
model to see the overall trends of theA dependence of the
cross section.

The energy dependence of the slope coefficientasEd is
shown in Fig. 5. The open circles are the results of the
DWIA calculation with the isovector density by the relativ-
istic Hartree model. In Fig. 5, the open triangles are the
results of DWIA calculation with the modified isovector den-
sities described above. For this modification of the isovector
densities, the absolute values of the cross section decrease at
high-energy region, while are almost the same forTp

=100 MeV as seen in Fig. 4. The coefficientsasEd are close
to the experiment at higher energies but are smaller at low
energies. For more detailed comparison with the experiment,
more elaborate treatment of the nuclear densities and also the
inclusion of the medium-polarization effects should be nec-
essary.

IV. CONCLUSION

Observed forward-angle cross sections for the spinless
nuclei leading to IAS exhibit a clear mass-number depen-
dence approximately expressed assds /dVdu=0°~ sN−Zd
3A−asEd [14–16]. The coefficientasEd monotonically and
slowly decreases with the increase of the incident energy.
Johnson employed the eikonal approximation and has shown
that in the limit of strong surface absorptionasEd= 4

3 [17].
The experimental value atTp=100 and 165 MeV is close to
this limit while decreases monotonically at higher energies.
In the present paper, we examined the mass-number depen-
dence of the SCX reaction for spinless nuclei leading to the
isobaric analog states. The plane-wave impulse approxima-

FIG. 4. The forward-angle SCX cross section leading to the IAS
divided by N−Z for 18O, 48Ca, 90Zr, 120Sn, and208Pb at various
pion incident energies. The open circles represent the DWIA calcu-
lations with the transition density by relativistic Hartree model(Th).
The open triangles are with the modified transition density de-
scribed in the text(Th-mod). The experimental data are taken from
Refs. [14–16]. The solid, long-dashed, and short-dashed lines are
the fits to these values by assuming the mass-number dependence
A−asEd.

FIG. 5. The energy dependence of the coefficientasEd. The
open circles are the results of the DWIA calculation with the is-
ovector density by relativistic Hartree model(Th). The open tri-
angles are the results of DWIA calculation with the modified tran-
sition density described in the text(Th-mod). The experimental data
are taken from Refs.[14–16].
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tion predicts that the forward-angle cross section divided by
N−Z is constant with respect to the mass number[i.e.,
asEd=0]. Thus, the observed strongA dependence is ex-
pected primarily due to the distortion effects. We have car-
ried out the conventional distorted-wave calculation using
the isovector nuclear density by the relativistic Hartree
model [18]. In the present work, we assumed the distorted-
wave impulse approximation with thetr-type pion-nucleus
optical potential. Previously, we have shown that the best-fit
potential to the elastic scattering gives the SCX cross section
only a few percent different from those of the first-order
potential.

We have shown that the DWIA calculation reproduces the
overall trends of the dependenceA−asEd of the forward-angle
cross sections. The monotonic decrease of the coefficient

asEd with the increase of the incident energy is also pre-
dicted but the theoretical values ofasEd are smaller than
those of experiment and also the absolute values of the the-
oretical cross sections are larger than those of experiment.
We examined the various dependences of the coefficient
asEd on the theoretical inputs. TheasEd is stronglysensitive
to the imaginary part of the optical potential but is rather
insensitiveto the real part. The nuclear size effects forasEd
are also examined and are shown to be fairly large and en-
ergy dependent. For the detailed comparison with the experi-
ment, we need to use the more elaborate nuclear models for
the nuclear densities and also need to examine the nuclear
polarization effects systematically for the absolute value and
the A dependence of the forward-angle SCX cross sections.
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