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Hyperfine splitting of hydrogenlike atoms based on relativistic mean field theory
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We evaluate the hyperfine splitting of hydrogenl#éBi and 2°’Pb atoms based on a relativistic method for
both the electron system and the nucleon system. The Bohr-Weis@@pfeffect is calculated with Lorentz
covariant current. It is shown that the BW correction to the hyperfine splittitteS) is 0.58%—0.67% for
209882+ and 3.79%—4.00% fof°PEP1*. It is also concluded that relativistic mean field theory reproduces the
observed values of the HFS within the accuracy of 5%°Bi%* and 13% in?°"PrP1*,
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I. INTRODUCTION particle properties antb splitting, and so or{16-19. The
) o ) aim of this paper is to clarify whether RMF gives good de-
Seeking the original quantum mechanical study for thescription for the HFS and to determine the correction factor
hyperfine splitting HFS), we need to trace back to Fermi in of the BW effect(e).
1930([1], in which he evaluated the HFS using given nuclear  as for the electron, we solve Dirac equation for electron
magnetic moment values. The finite nuclear magnetizatiof, the Coulomb field generated from the charge distribution
effect of the HFS was studied by Bohr and Weisskiif  calculated by RMF. This finite sizgS) effect is sometimes
Althoug'h this Bohr-WeisskopBW) effect as well as nuclear gjied as the “Breit-Schawlow effecf20-23. The FS effect
magnetic moments were expected to be probe of the nucleggculated in our model is compared with those in the other
structure, it was difficult to settle experimentally the pygmy gty dies.
energy shift due to the BW effect. o In Sec. Il, RMF theory for nuclei and the relativistic for-
_In the last decade, however, some rigorous splitting enefmajism for one electron are reviewed. The explicit form of
gies in hydrogenlike atoms have been reported from the lasgfe HFS is given. Numerical results of the HFS and the BW

spectroscopic measuremefig4]. These high-precision ex- effect are given in Sec. IlI. Finally, we give our summary and
periments have evoked the corresponding HFS calculationsynclusion in Sec. IV.

as well as the higher-order quantum electrodynar@@sD)

corrections, and have been compared with many theoretical Il FORMALISM

calculations using the nuclear models such as “dynamic pro-

ton model” (DPM) by Labzowskyet al. [5] and “dynamic A. Calculation of hyperfine splitting

correction model” by Tomasellet al. [6,7], and so on The interaction Hamiltonian is written as

[8-12. Also, recently, the nuclear polarization effect on the

HFS was reported by Nefiodat al.[13]. In the above the- H, = e]g,&# +eJA,, (1)

oretical studies except DPM, however, the relativistic for- A
malism was only used for the electron, while nonrelativisticwhere j4 and J§ are Lorentz covariant current operators for

formalism was used for the nucleus. the electron and the nucleus, respectively,
In the present study, we calculate the HFS of hydrogen- ~
like atom 29’PBP1* and 20%Bi®2* in the relativistic formalism. 2= yy i )
e e e’

In this formalism, we evaluate the first-order perturbation

energy of the HF§14,15 by using not only Lorentz cova-

riant current of electron but also that of nucleons. In DPM jﬁz -3
the anomalous magnetic moment in the nuclear current is not 2
considered, while it is included in our calculations. In the
relativistic calculation of nuclei, single-particle states of
nucleons are usually given by relativistic mean figRMF) i

calculation which has succeeded in reproducing the single- o= 5[7", Y1, (4)

1+T3A—

R N[~ .
Y b+ Nﬁy< lﬂNO'WlﬂN) , (3

where

z:/;e andEe are the electron field operatorz%N andEN are the
*Electronic address: naga2scp@mbox.nc.kyushu-u.ac.jp nucleon field operators, and is the static anomalous mag-
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TABLE I. rms charge radii for nuclei constructed by RMF with 1+75/ 1

NLC. All values are in femtometer. Ip(R) == 2u(RR) > IEI [Y,® o]t IEI ,
20%B 207ppy (10)

Calculation 5.566 5.559 N 2 d 1/d 3

Expt? 5.519 5.497 R) =— \/j— R) + —(— + —) R) |,

p JAR) ZMl BdeAl( ) \E drR R Tn(R)
*Referencg24]. (11)
netic moment for nucleonsx=1.793uy for proton and\= where
-1.913u for neutron. ' . . ~ 2<|; ” 1”Il >

We evaluate the HFS using the first-order perturbation In(R =u(R)AI1|[[Yo ® o]l

based ors-matrix method[14,15. The HFS is written as
| ~RAHYo o o1 il), 2
AEyes= €X(1jFM [j3(x1) Dsi(X1,%2; 0) I\ (x0) | lIFM >|E§:t}

_ 1 1y 1
. n TR = uR131]0v, © oTY|131)
=&Y, —(- D IAW( nFj;Ij)f rzdrdeR—t,jl ; i . 1
205 rl ~ o RAZ1Y, © oT21), (13)
X (=D @ jel XYL @ 7D, (®  wherel (1) stands for the orbital angular momentum of the

upper(lower) component of the nucleon field(R)[v(R)] is
the upperlower] component of the nucleon field, normal-
ized as[dRR[u(R)>*+1(R)?]=1. Like the nucleon system,
g(r)[f(r)] is the upperflower] component of the electronic
field and normalized agdrr?g(r)2+f(r)?]=1.

whereL=v2L+1, | is the total angular momentum of the
nucleus, and is the total angular momentum of the elec-
tron, j=1/2 for(1s,,,). F=1 @] is the total angular momen-

tum andM is its z component. In Eq(5),

AW 9Fj; 1)) =W 7l + ;1)) =W 5l = j;1j),  (6)

where W is the Racah coefficient. The transverse part of B. Wave functions
photon propagator is For single-particle states of nucleons, we start from the
5 effective Lagrangian with nonlinear interaction of the form
DSt(XI!XZ;O) = —Sty (7) T 1 + T
4 - =i _ _13 _ 3
e = L= | 190, 0,7V, = 0,70, = —erA,
where subscripts andt run from 1 to 3. 1 1 1
Substitutingj=1/2 in Eq.(5), the matrix elements in Eq. -M-g ¢)} Y+ =[9, b — Med?] + =Qodh® — ~Qadp”

(5) vanish unlessy=L=1 due to the electron current prop- ° 2= s 377 472

erty. The reduced matrix for nucleus can be separated into 1
the Dirac part/p(R) and the anomalous pafia(R), so that - {Z(aMVV— IN (VY = ) - Emﬁvuvu}
the HFS is represented as follows:

1 1,
& 1.1 rl —{-(6 b, = 4,b,)(*b” = 9"b*) = Smib bf‘]
AByes= AW 17F ;12 frzdrRZdRrézje(r) 4" g 2 "
>

X[To(R) + Ta(R)]. ® = 2(0uA = A (AT = TAY). (14)
The electron par/,(r) and the Dirac part and the anomalous The field of nucleons is denoted hy with massM, and ¢,
part for nucleus are, respectively, V#, b*, and A* are fields ofo, w, p meson, and photon,
respectively. The Lagrangian parameters are the meson
Jur) = 29(0F({033[Y; @ o1Y122), (9)  massesn, m,, andm,; the corresponding coupling constants

TABLE Il. Properties of the &, electron in the RMF with NLC.

20982+ 20981+
Point RMF Point RMF
Binding energy(MeV) —-0.104394 -0.104319 -0.101582 -0.101515
rms radius(fm) 972.50 973.19 987.96 988.60
Magnetic momentug) 0.8567 0.8569 0.8603 0.8605
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Os 9, andg,; and the nonlinear coupling constargs and TABLE lll. Model parameters in the relativistic mean field cal-
gs- We use units wittc=#=1 ande’=4ma, wherea is the  culations.
fine structure constant, i.e., 1/137.036 04. Hefteis 4X 4
gamma matrix and the third component of isospinis 1 HS? NL-SH NL3* NLC?
for proton and -1 for neutron.

Irl? the zeroth-order perturbative expansion, one proton'vI (MeV) 939.0 939.0 939.0 939.0
particle state°Bi) and one neutron hole stat®Ph) are ~ ™Ms (MeV) 520.0 526.059 508.194 500.8

given by m, (MeV) 783.0 783.0 782.501 783.0
m, (MeV) 770.0 763.0 763.0 770.0
2998y = é}h9/2|2°8Pb>, (15 s 10.47  10.4444 10.217 9.7524
g 13.80 12.945 12.868  12.2037
) g, 8.076 8.766 8.948 8.6597
P = by, |°%PD), (16) g, (fm™) -6.9099  -10.431  -12.67
s -15.8337  -28.885  -33.33

where |2°%h) is the core ground state wave function and
AtE . “Referencq16].
a'(b) creates a protorineutron valence particle(hole). bReference17].

The charge density is defined in R¢l.6] as ‘Referencd 18].
dReference[lQ].
p(R) =f dX’ psn(X = X")pp(X"), (17)
M=% 27 RV D i)
FS— M 3 I Ui J! J
M3
=— - , 18
u= \e’ﬁ (GeV). (19) where the nuclear magnetic momaentis given by
. . - €] . 871l
Here, the proton density,(R) is constructed from RMF and W= <I|Mz“>/m:_ iM ?:(II 1011y
|

normalized to the charge numbgr fdRp,(R)=Z. Table I

shows root mean square charge radif®8i and 2°’Pb nu-

clei calculated by this method. Properties of electron in X f RARJp(R) + JA(R)].  (21)

the RMF with NLC are shown in Table II. The binding

energy of electron of the RMF iR”PP'* nearly agrees Nuclear magnetic moments for each parameter set are shown

with the results ©.10151464 MeV and -0.10151435 MeV in Table V[27]. Similar to the HFS, the nonlinear models

in Ref.[25]. The two-parameter Fermi model in R¢24],  also give different nuclear magnetic moments ¥Bi and

also used in Refs[5-8,10, gives -0.104 320 MeV for  similar ones for’®Pb. The difference comes from the fact

209Bi®* and -0.101515 MeV for*®PB*™*, which com-  that the Dirac part of the nuclear magnetic moments de-

pletely agree with the results of the RMF in Table Il. This pends on the effective mass and is proportionaWtov’;

indicates the validity of the charge distribution obtainedthe effective mass is different for the different parameter

by Egs. (17)—(19) with the proton densityp,(R) con-  sets. For2Bi, therefore, several parameter sets give dif-

structed from the RMF. ferent values of the nuclear magnetic moments and the
HFS. On the contrary, the anomalous part of nuclear mag-

. RESULTS AND DISCUSSION netic moments is reduced to the following form:

The model parameters for Lagrangiéi®) we have used TABLE IV. HFS calculated with different parameter sets. All
are given in Table Ill. The results of the HFS f8fBi®?*and  values are in eV.
20prl*are shown in Table IV for different parameter sets.
In 299Bi82* we find that the nonlinear models NL-SH, 20982+ 0pppl
NL3, and NLC are close to the experimental value compareﬁj_|S 6.349 1.383
with the linear model HS. In particular, the NLC result of ' '

5.292 eV agrees very well with the experimental value ofV-"SH 5.776 1.378
5.0840 eV. On the other hand, #A’PB*Y, all of the param-  NL3 5.664 1.375
eter sets give similar results, namely, the parameter depefhiC 5.292 1.371
dence among them is less than 1.0%. This different behavio

of dependence on the parameter sets is explained as foIIovx)g. ' 5.0849 12168

Neglecting the BW effect, i.er,_=R,r_ =r, in Eq. (8), the  2Referencq3].
HFS is approximately written as PReferencd4].
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TABLE V. Nuclear magnetic moments iny and the effective
mass for nuclear matter.

209B;j 207pp M*/M
HS 5.0641 0.6726 0.541
NL-SH 4.6082 0.6693 0.597
NL3 4.5187 0.6683 0.595
NLC 4.2230 0.6661 0.63
Expt. (correcte? 4.1106 0.59258

*Referencq?27].
N 1 5 .
- m{l i f dRRUR) ] (k> 0: spin down
MA = 1
A[l—mdeF?v(R)z] (k < 0: spin up.

(22)

Since the nuclear current d®Pb consists of only the

anomalous part/, and the integral on the square of the
lower component is negligible compared with the unity,
we find from Eq.(22) that the value of the nuclear mag-
netic moments of?°’Pb is approximately constant. In
short, the anomalous part of the nuclear magnetic mo-

ments is independent of the wave functions. E8Pb,

PHYSICAL REVIEW C 69, 034322(2004

Jor) = 2900 f (053] Y1 @ oTH[133).  (23)

is denoted byAEp and energy difference8Erg and SEgyy
are defined by

OErs=AEp - AEgs, (24)

(SEBW = AEFS_ AEtO'[I (25)

where gy(r) [fo(r)] is the upperflower] component of the
electron field for point nucleus.

ComparingdEg,y and € with those of the previous works,
our results are smaller than the previous workg%Bi%%*,
while they are near the results of Ref40] [without spin
orbit (SO)] and[12] in 2°PK!*. The empirical valugeen, is
estimated by

€emp= 1 = (AEexpt— AEQep)/AERY, (26)

where AEqgp is —0.0298 eV for2Bi®2* [10,29,3Q and
-0.0073 eV for?9PIP#1* [29]. AEEP'is given by inserting
the experimental value of nuclear magnetic moments into
Eg. (20) instead of the calculated valyg. Then e, is
0.0150 for?°%Bi®2* and 0.0413 forr’’PB**. Compared to
the empirical values, our results are smaller f818i%*
and similar for?9PP1*,

The ratio of the FS effect tAE, agrees among the results
with different parameter sets in the present work and is the
same as the previous works.

IV. CONCLUSION

hence, the value of the nuclear magnetic moments and the
HFS are independent of the parameters of the RMF mod- We have calculated the HFS f3P®Bi®%* and 297Bi8*

els.

from RMF with the linear and the nonlinear models by using

In Table VI, we show the energy difference due to the FSthe Lorentz covariant current. For electron, we use Dirac
and the BW effects for each parameter set, and comparequations with the Coulomb potential calculated from RMF.

them with those of the previous works. The BW correction

factor € is defined as=1-AE,,/AEgs in Ref. [28]. In the
present paper, we s&tEzs=AErg as the energy including
the FS effect, and\E;;=AE,rs The HFS energy for point
nucleus obtained by substitutir@(r) for Ju(r) in Eq. (20),

The nonlinear model with NLC reproduces nuclear mag-
netic moments as well as the HFS better than those with the
other parameter sets f3%8i®2*. On the contrary, irf’Pbl*,
parameter dependence is not noticeable for both nuclear
magnetic moments and the HFS.

TABLE VI. The BW effect and the FS effect for each parameter 8tare all in eV and values in parentheses are the ratidssoin

percentage.
209582+ 20 P+

OEfs oEgw € OEfs SEgw €
HS 0.791(11.01 0.048(0.67) 0.0075 0.16810.4) 0.065(4.00 0.0447
NL-SH 0.724(11.0% 0.041(0.62 0.0070 0.16810.4% 0.062(3.89 0.0429
NL3 0.711(11.08 0.040(0.62 0.0070 0.16810.48 0.062(3.89 0.0433
NLC 0.667(11.13 0.035(0.59 0.0066 0.16810.52 0.061(3.79 0.0423
Ref. [5] 0.0678 0.0131
Ref. [10] (no SO 0.0133 0.149810.49 0.0536(3.7H 0.0419
Ref. [10] (SO) 0.6464(11.13) 0.0610(1.05 0.0118
Ref. [12] 0.0131 0.0429
Ref. [7] 0.6473(11.08 0.0210 0.147Q10.50 0.0289
Ref. [11] 0.050 0.0095 0.045 0.0353
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Nucleon 0.8034 25 24
Electron 6.367 942.31 50 APPENDIX

To calculate variationally the nucleon system and the
electron system, we employ the diagonalization method on
the Gaussian bas¢82] as follows:

Our calculation gives close values of the BW effect for

these parameter setg: is 0.006—0.008 for?°Bi®?* and ’ 2
0.042—0.045 foroTPEFL* ) = 2 cle (A1)
. . . ”
Finally RMF theory reproduces the observed valueg,of
and the HFS within the accuracy of 5% 3PPBi%2* and 13% Where
in 20PP*, These discrepancies indicate that several prob- a, = (a,Ak-V/(O-D) (A2)

lems remain beyond RMF. Especially higher-order correla-
tions of p-h excitations may be important; there exist severalandc is the expansion coefficient. For the nucleon system,
other calculations of magnetic moments in relativistic mod-we calculate matrix elements to 20 fm on a mesh of
els where it is found that core polarization modifies the mag©0.02 fm; and for theelectron system, we do %000 fm on

netic momentg31]. Further studies are necessary on thisa mesh of 20 fm. In Table VII, we show parameters used

point. in these calculations.
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