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Dilute multi-a cluster condensed states with spherical and axially deformed shapes are studied with the
Gross-Pitaevskii equation and Hill-Wheeler equation, whereatlvduster is treated as a structureless boson.
Applications to self-conjugateNtnuclei show that the dilutBle states off2C to *°Ca withJ™=0* appear in the
energy region from threshold up to about 20 MeV, and the critical number loésons that the dilutdla
system can sustain as a self-bound nucleus is estimated roughlyNig bd40. We discuss the characteristics
of the diluteNe« states with emphasis on tiNedependence of their energies and rms radii.
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The molecularlike picture as well as the single—particlewherecg is the a-particle creation operatokp(e) denotes
picture are fundamental viewpoints to understand the struGne internal wave function of the cluster,r; is the center-
ture of light nuclei[1-4]. It is well known that the structure f.mass coordinate of thith « cluster, andA presents the
of many states in light nuclei is described successfully by thentisymmetrization operator among the constituent nucleons.
microscopic cluster model, where a group of nucleons is asthe important characteristic in E() is that the center-of-
sumed to form a localized substructumustey, interacting  mass motion of eacl cluster is ofSwave type with the
with other clusters and/or nucleons in the nucleus. The prepgependent size parameter. Applications of the
dominant cluster is the nucleus, which plays an important ¢ondensate-type wave function ¥C and 60 showed that
role in the cluster model, because it is the lightest and alsghe second 0 state of 12C (E,=7.65 MeV) and fifth O
smallest shell-closed nucleus with a binding energy as larggiates ofl%0 (E,=14.0 Me\), located around the and
as 28 Me\_/, reflectm.g the strong four-nucleon correlauon.Aﬂ_p(,irtide thresholds, respectively, are specified by the
Molecularlike states in nuclei are expected. to appear aroung,, condensate state, which is quite similar to the Bose-
the threshold energy of breakup into constituent clu§®S  ginstein condensation of bosonic atoms in magnetic traps

because the intercluster binding is weak in the cluster state§;hore all atoms occupy the loweStorbit [10]. The cal-
For example, the ground state &8e and the second*Gtate culated root-mean-squarems) radius for those conden-

1
of *C are knownl[6] to have loosely bound@and & gaie states is about 4 fm, which is much much larger than
structures, respectively, which appear around thea@d 3x o+ for the ground statéabout 2.7 fm. As for ®Be, the
thresholds. a-particle wave function in Eqs(1) and (2), taking into

Special attention has been paid to such four-nucleon cotyecqnt the axially symmetric deformation, was applied to
relations corresponding to amtype condensation in Sym- . estigate the rotational structure of the ground-band
metric nuclear matter, similar to the Bose-Einstein Conde”'states (0*-2*-4*) [11]. It was found that the rotational

sation for finite number of dilute bosonic atoms such’&b

or °Na at very low temperaturg7]. Several authors have
discussed the possibility af-particle condensation in low-
density nuclear mattdB,9]. They found that suclk conden-
sation can occur in the low-density region below a fifth of
the saturation density, although the ordinary pairing Correla'self-conjugate nuclei. The Coulomb-potential barrier should
tion can prevail at higher density. The result indicates that lay an important rdle to confine such dilun-particle
condensate states in finite nuclear system may exist in e States, as inferred from the analyses ofBe, 12C, and60
cited states of dilute density composed of weakly interactin%uclei_’ In fact, the ground state 6Be whi’ch a’tppears at
gas ofa particles. Thus, it is an interesting subject to study ! f

the struct f laht lei f the Vi it efoarticl E,,=92 keV referring to the @ threshold, exists as a reso-
coengerrl:gattjirc?no Ight nucler from the viewpoint ekparticle ant state with very narrow width, due to the Coulomb-

. potential barrier, whose height is estimated to be 1-2 MeV.
Recently, a newa-cluster wave function was proposed

e . ) This self-trapping ofa particles by the Coulomb barriers is
which is of theNa-particle condensate tydaoJ: in contrast to the case of the dilute neutral atomic condensate

states, where the atoms are trapped by the external magnetic
[P = (C)Nvag, (1) field [7].

character of the®Be ground-state band is reproduced
nicely by this wave function with deformatiori1].

The above-mentioned theoretical results e, 1°C, and
160 lead us to conjecture that such dilutecluster states
near theNa threshold may also occur in other heavié¥ 4
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It is an intriguing problem and of interest to study how The paper is organized as follows. We formulate in Sec. Il
many « particles can be bound in the dilute nuclear systemthe Gross-Pitaevskii-equation approach and the Hill-
Increasing the number af clusters, the rms radius of the Wheeler-equation approach for the diliNe: system. In Sec.
system should become gradually larger, because the dilul@ the calculated results are presented, and the characteristics
character must be retained. Then, the total kinetic energy ajf the diluteN« states are discussed with emphasis onthe

the Na system becomes significantly smaller in comparisorgependence of their energies and rms radii. A summary fi-
with the potential energy, similar to the case of bosonic atyg|ly s given in Sec. IV.

oms in the condensed state. In addition, the height of the
Coulomb-potential barrier will become steadily lower. This

is due to the following reasons. Thea nuclear potential is Il. FEORMULATION
short ranged, while the Coulomb potential is long ranged.
Increasing the number of the particles, the repulsive con- In this section, we formulate the two approaches to study

tribution from the Coulomb potentials prevails gradually ihe siructure of the dilutéla nuclear systems: the Gross-

over the attrac.tive one f“’”.‘ the-a nu_clea}r potentials, be- Pitaevskii-equation approach and Hill-Wheeler-equation ap-
cause the gaslikBa system is expanding in such a way that proach

the rms radius between twe particles is gradually getting
larger. This means that the height of the potential barrier

confining the gaslikeNe particles becomes lower with in- A  Gross-Pitaevskii equation for dilute Ne nuclear systems
creasingN, and then, there should exist a critical number

(N=Ng,) beyond which theNa system cannot sustain itself In the mean-field approach, the total wave function of the
as a bound nuclear state. Thus, it is interesting to estimate tr@ndensatéNa-boson system is represented as

number ofN., as well as to study the structure of the dilute

Na system up toN=N. Since the application of the N

condensate-type wave function in Eq4) and (2) to the d(Na)=]] o(r), (3)
generalNa system is not easy and the computational limita- i=1

tion is N~ 6 at most, we need to study them with phenom-

enological models. where ¢ andr,; are the normalized single-wave function

In this paper, the gasliktla-cluster states are studied 5nq coordinate of théth « boson. Then, the equation of

with the following two approaches: the Gross-Pitaevskii-iqion for thea boson, called as the Gross-Pitaevskii equa-
equation approach and Hill-Wheeler-equation approach. Thg,n “is of nonlinear Schradinger type

Gross-Pitaevskii  equation, which is of the nonlinear
Schrddinger type, was proposed about 50 years ago to de- 42 L
scribe the single-boson motion in the dilute atomic conden- < ) 2 -

. . . ——|1-—|Vol(r) +U(r)e(r) =ep(r), 4
sate stat¢12]. Recent experiments starting from the middle 2m N @(D) +U(De(r) = e¢(r) @
of 1990s have succeeded in realizing such a condensate state
consisting of 18—1 neutral atoms trapped by the magnetic
field at very low temperature. Many characteristic aspects of N 1
the dilute states are described successfully by the Gross- U()=(N=1) | dr'[e(r")[uy(r N+SN-D(N-2)
Pitaevskii equationi7]. Thus, its application to the dilufda
nuclear systems is also very promising, and we expect from f BTl 120 N2 o
such a study useful information on the condensed states. On X | drrdr’[e(r) () Fus(r.r ), ®)
the other hand, we here propose also a different approach.
o I S S e here m stands for the mass of the paricle, U is he
the center-of-mass motion in théx system is not com- mean-field potential ofx particles, andv, (v3) denotes the

pletely removed in this framework. The effect of the center-22 (3a) interaction. The center-of-mass kinetic energy cor-

of-mass motion should be non-negligible to the total energ);ection,l—l/N, _is taken into account together with the finite
and rms radius, etc., for small numbers @fbosons. We, humber correc_tlonsN—l, etc. In th(_a present _study, o_nly the
thus, formulate in this paper the framework describing thE!S-wave state is solved self-consistently with th_e iterative
dilute Na systems free from the center-of-mass motion, withmethOd' The total energy of thider systemE(Na) is pre-
the approach of the Hill-Wheeler equation. The sphefieal  Sented as

systems as well as the deformed ones, with the axial symme-

try, are discussed with this equation. The two different ap- 1 1

proaches, the Gross-Pitaevskii-equation approach and the E(Na) =N| (t) + E(N ~ D) + g(N ~DIN=-2)(vy |,
Hill-Wheeler-equation approach, are complementary to one

another, and we will obtain useful understanding of the dilute (6)
multi-e-particle states. Starting frofiBe, the structure of the

gaslike Na-boson systems witld™=0"* is investigated and 1 42

;hpeprcorglgﬁlagumbewcr is estimated with those two different )= (1 _ N)@(r)' _ %Vzhp(l’)), 7)
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() ={e(Ne(r)volr,r )N e(r')), (8) Oy ) = f AR, D™ (R e 1) D),
(vg) = (@M (r)@(r")us(r,r", e e(r)e(r"),  (9) (14)
and the eigenenergy in Eq. (4) is given as '
e=(+(N=1(w) +3(N-DH(N=2)(w). (10 D(vy,vs) = [T &(r;; vy, v3)
i=1

The nuclear rms radius in tHéa state is evaluated as )
= ‘D('m)(Vla Vs)q)(c'm')(Rc.m.? vy, v3), (15

!/__
V(r@ = V(fi>ep+ 1.7%, (11)
2 1/2 2 1/4
(r;vy,vg) = (—W> il exp(— vX% — vyy? — 70,
1 41 V3

(r2p= (1 - N)(@IFZIqJ), (12) (16)

where we take into account the finite size effect of the em)
particle and the correction of the center-of-mass motion. PR s v1,v3) = G(Re i Nvy,Nwg), (17)
_ _ _ wherer; (R.,) denotes the coordinate of thth « boson
B. Hill-Wheeler equation for dilute Ne states (the center-of-mass coordinate of thex system, and v,

The framework of the Gross-Pitaevskii approach is simplevs) presents the Gaussian size parameter ofxtieady
and useful for the study of the structure of the dillde  directions(z). The wave function in Eq(13) is totally
systems. The center-of-mass motion, however, is not resymmetric under any exchange of twe bosons. The
moved exactly in this approach. The effect on the total enangular-momentum-projected total wave function for di-
ergy and rms radius, etc., is not negligible for the small-lute Na systems free from the center-of-mass motion is
number a-boson systems. We formulate here the Hill- given as
Wheeler-equation approach for the axially symmetda
systems as well as for the spherical ones, in which the center- . .
of-mass motion is completely eliminated. Only the Hill- DYV (Na) = 2 f5(v, ) DY (v, v3), (18)
Wheeler equation for the deformeda systems with the e
axial symmetry is provided in this section, because the limit
of the spherical systems is included in the deformed case.

The singlea-particle wave function should be mainly in DUy, ) = f d cos ed'J\AO(g)Ry(g)q)(int)(,,l,,,3),
the lowestS state in the gaslik®la-boson system. Thus, the
model wave function of the axially symmetria system (19)
should be described in terms of a superposition of a Gaussian

basis with axially symmetric deformatiaeking thez axis ~ Where Ry denotes the rotation operator around ghexis.
as the symmetric axjsas follows: Settingv;=, in Eq. (18), we obtain the wave function for

the sphericaNa system, where only™=0" state is allowed.
The matrix element of a translational invariant scalar opera-

OMI(Na) = D) f(wy, 1) DM (v, 13), (13)  tor O with respect to the angular-momentum-projectéd
v1,v3 wave function in Eq(19) is evaluated as
|
(DU (13, ) | O| DY vy, v3)) = f d cos 83 )( DM (v, vg) | R (6) O DM (w7, 3)), (20)

(®(vy, )[Ry (O)O|D(v], v3))
<(D(c'm')(Rc.m.; V1, V3)|Ry( 0)|q)(c'm')(Rc.m.; Viv Vé» ,

:f d cos dd3y( ) (21)
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The total Hamiltonian of th&la-boson system is given as 1. Density-dependent potential

The density-dependent potential consists of the Gaussian-
_ : type a-a potential including a density-dependent term,
= 2 t=Tem* z vlrinry) + izk w(rilrdy (220 which is of similar form as the Gogny potenti&nown as an
h ! . effective NN potentia) used in nuclear mean-field calcula-

N

wherew, andu; denote, respectively, theazand 3 interac-  1ONS:

tions. The kinetic energy of the center-of-mass motit,) w(r,r') =1y exgd- 0.7(r —r')?]

is subtracted from the Hamiltonian. o
The equation of motion for the dilutda-boson states is - 130 expp- 0.475(r - r')?]

!

given in terms of the Hill-Wheeler equatiqti3]:

+ (4m)ga(r - r'>p(r bl ) + veoulfa),

(29)

(23) where the units ofi, andr are MeV and fm, respectively,
and p denotes the density of thHa system. The folded

where’ is the total Hamiltonian of théla-boson system in  Coulomb potentiake,y is presented as
Eqg. (22). The coefficientsf; and eigenenergiek are ob- 42
tained by solving the Hill-Wheeler equation. In the numeri- veoulr,r') = —erf(alr —r’|). (30
cal calculation, the Gaussian size parameigrand v, are r=r]
discretized and chosen to be of geometric progression,  The Gaussian-potential part in EQ9) is based on the Ali-
Bodmer potential14], which is known to reproduce well the
W= @2 b =bPrkl k=1~kna (24  elastic a-a scattering phase shift up to about 60 MeV for
1,=500 MeV. On thecontrary, here, the two parametags
andg are chosen so as to reproduce well the experimental
energy (E5*®®=0.38 Me\) and the calculated rms radius
.29 fm by Tohsakiet al. [10]) for the C; state of'’C by
Iving the Gross-Pitaevskii equation in K4). The results
are 1,=271 MeV andg=1650 MeV fnf, where the calcu-
Sated energy and rms radius for the 8ystem are 0.38 MeV
and 4.14 fm, respectively, which are discussed in Sec. Il

> {DS™ (v, va)|[H — E|DS™ (v], vh))}H (v}, v4) =0,

ror
Vl,V3

5= (1502, b0 =bPrE™ K=1~Kpa (25)

The above choice of the Gaussian range parameters is fou
to be suitable for describing the dilubdx states.

coordinate in theNa state is expressed as

T Ta— Although the choice of the phenomenological potential in
V(rQ) = rippw + 1.7, (260 Eq. (29 is rather rough, it is interesting to study systemati-
cally the structure of théla condensate states as a function
N of N.
. 1 A
2 _ (int) 2| (int)
r =(D;"(Ne)| =2, (r;-R O3V (Na)),
(Tahw = (P57 a)|Nz( ! em) | 3 (Ne)) 2. PhenomenologicaPa and 3« potential
(27 There are many phenomenological gotentials proposed

so far. Since thex particle is treated as a pointlike boson in
where we take into account the finite size effect of the the present study, we will use aaxZpotential taking into
particle. The rms distance between twaparticles is given account the Pauli blocking effect. The typical potential is the

as Ali-Bodmer one [14], which is used frequently in the
structure  calculation; u(r,r’)=500 exp—0.72(r-r’)?]
1 12 [ oN \Y2 — -130 exp—0.47%(r —r") 2]+ vgou(r,r'), whereveyy denotes
2 — — / 2
Wree) = < N(N - 1)2 (ri- ri)2> = ( N— 1) V(rahw- the folded Coulomb potential given in E¢B0). The strong
ij

repulsion in the inner region prevents the Rarticles from
(28) approaching one another. It is, however, found that the po-
tential is not suitable to describe the property of the compact
Thus, it is proportional to the rms radius of anparticle  shell-model-like structure of th&C ground state with the
from the center-of-mass coordinate. 3a-boson mode[15]. However, we may use it for the dilute
Nea states. The Ali-Bodmer potential, however, has the fol-
lowing three unfavorable properties for the present calcula-
tion.
In the present paper, we use two kinds of effective poten- First is that the potential does not give the experimental
tials: the density-dependent potential and phenomenologicagsonant energy of théBe ground state(Egg'=68 keV vs
2a plus 3o potential. They are applied to the Gross- E5*=92 ke\), although thex-« scattering phase shift is re-
Pitaevskii equation and the Hill-Wheeler equation for theproduced nicely up to about 60 MeV. The second is that
study of the structure of dilutBla states. applying the potential to the 3boson system the lowest

C. Effective a-a potentials
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500 and vgy is the folded Coulomb potential. The calculated
resonant energy diBe is E,,=92 keV, inagreement with
400 the experimental datéE5P=92 ke\). Figure 1 shows the
o~ ] radial part of the relative wave function between the 2
5 3004 clusters for the resonant state. We see that the amplitude
—g is relatively small forr=0-2 fm, and has a aximum
= 5004 value aroundr=4 fm. In spite of the fact that the Ali-
p=8 Bodmer potential gives a wave function which is almost
X 1004 zero forr=0-1 fm, the small bufinite amplitude around
r=0-2 fmshould hardly give any effect for dilute mula-
cluster states. Applying this effective potential to the- 3
00 2 4 6 8 and 4-boson systems indicates that we get the desired

dilute 3a- and 4x-structure states fol’C and*®0, respec-
tively, within our framework, as shown below.

FIG. 1. Radial part of the relative wave function between the 2 In the present study, we introduce the phenomenological
clusters in the)™=0" resonant state &,,=92 keV with use of the ~ 3a potential (v3) with repulsive character, as given in Ref.
soft-corea-« potential in Eq.(31). The scale of ¢(r) is arbitrary. [18],

r (fm)

energy state obtained corresponds to a relatively compact  vs(f.r',r") = 151.5 ex- 0.15(r —r')%+ (r' = r")?
3a-structure state, although the condensate state appears + (" =12 (32)
around the & threshold. According to the stochastic varia- '

tional calculation[16], for example, the calculated energy where the units ofs; andr are MeV and fm, respectively.

: : cal— _
a/r%r_ms radius are, respectivelizs,=-0.62 MeV and  1nig hotential has been used in the and 4v orthogonally
V(ry=3.15fm [17]. The results indicate that the Ali- congition modelOCM [19]) for calculations of?C andt0

Bodmer potential is not adequate for describing the dilutesg as to reproduce the ground-state energies with respect
3a-boson state of?C. The third unfavorable point comes tg the 3v and 4 thresholds, respectively18]. In the

from the fact that the strong repulsive character in the shortmodel, the Pauli principle is taken into account in the
range region of the Ali-Bodmer potentiat-400 MeV) leads  relative wave function between twe particles, and a
us to treat exactly the short-range correlation between éhe 2deep attractive potential is used for thea potential.
bosons. The treatment is difficult and needs time-consuminghus, the OCM is able to describe not only the shell-
numerical calculations for solving generblle-boson sys- model-like compact states but also the dilute gaslike
tems, even if employing modern numerical methods forstates. According to the results, the repulsiveftential
many-body systems. gives a large effect to the ground-state energie¥0fand
We construct here an effectivexpotential with a weak 160 with the compacNe structure, while its effect is very
repulsive part(soft corg, which overcomes the above- small for dilute 3» and 4x states. A non-negligible effect,
mentioned three unfavorable properties. The use of such gowever, can be expected in large-numbier dilute sys-
soft-core-type 2 potential is suitable in the present study, tems, if we take into account the fact that the contribution
because we discuss the gasliKe states, where the Pauli of the binding energy from thedpotential, proportional
blocking effect between twax particles is considerably to N(N-1)(N-2)/6, raises strongly with increasiny.
weakened. The important point for the determination of the  The reason of why we introduce the repulsive Boten-
potential parameters, other than the condition of reproducingg| is given as follows. Let us define here the total kinetic
the experimental resonant energy for #8& ground state, is energy and two-body potential energy in the diltte sys-
that thea-a wave function for the resonant state should haveiem as(T) and(V.), respectively. In case of tHiBe ground
a loosely bound structure of the twaoparticles. According to state, the experimental energy B=(T)+(V,)~0.1 MeV

many structure calculations 8Be, the amplitude of the ra- ;. respect to the @ threshold, wheréT) ((\s)) is positive
dial part of thea-« relative wave function must be small in . . :

) i : (negative. For an arbitrary dilutdNe-boson system, the total
the inner region and have a maximum value around

=4 fm (wherer is the relative coordinate between the two kinetic energy and two-body potential energy are given as

particleg. This condition ensures that the ground statéR¥ (T)~N-1 and <Y2>~. N(N—l)/2_, respectively, where_the
has a dilute & structure. With a careful search of the poten- center-of-mass kinetic energy is subtracted. Increasing the

tial parameters, we determined the effective [tential as numbgr of thea pa}rtic!es, therefore, the potential energy
' prevails over the kinetic energy, and then, the system falls

follows: gradually into a collapsed state. This indicates that some-
w(r,r') =50 exg- 0.4(r - r')?] thing like a density-dependent force with the repulsive char-
acter is needed to avoid the collapse in the large-number

- 34.101 exp- 0.3(r = 1')?] + veou(r,1'), Na-boson system. The present repulsive tential in Eq.

(31) (32) plays a role similar to the density-dependent force. On
the other hand, the density-dependent potential given in Eq.
where the units ofi, andr are MeV and fm, respectively, (29) is also used when solving the Gross-Pitaevskii equation

024309-5



TAIICHI YAMADA AND PETER SCHUCK PHYSICAL REVIEW C 69, 024309(2004)

251 states obtained here can be identified with the dilNie

(a) states. It is noted that they are obtained naturally from the

20 / Gross-Pitaevskii equation with the density-dependent

. potential, whose parameters were determined so as to repro-

15 / duce well the experimental ener@g5"=0.38 Me\) and the

S /' calculated rms radius by Tohsad al. (4.29 fm) [10] for the

2 10 0; state of!°C.

o / In order to study the structure of the dilutky states, it is

51 / instructive to see the single-potential defined in Eq(5).

- Figures 3a)—3(e) show the ones for thed-10x systems.
Let us first discuss theadand 4v cases. The remarkable
characteristics of the potentials can be presented as follows:

) . ' ’ ' (1) the almost flat behavior of the potential in the inside

region, and(2) the Coulomb-potential barrier in the outer

region. The appearance of the flat potential region is very
impressive, if one takes into account the fact that the two-
®) . range Gaussian terfattractive, density-dependent terre-

/ pulsive), and the Coulomb-potential ter(repulsive contrib-

8 - ute significantly to the single potential in the inside region

- [see Figs. @) and 3b)]. Table | shows the calculated single-

71 e a-particle energy and contributions from the kinetic energy,

- two-range-Gaussian term in Edq29), density-dependent

61 /' term in Eq.(29), and the Coulomb potential. It is found that

1 / the kinetic energy in the@and 4x systems is not negligible

51 . but small in comparison with the two-range-Gaussian term

1 / and/or Coulomb-potential energy. This indicates that the

49 Thomas-Fermi approximation, neglecting the kinetic energy

term, is roughly realized in the system. Consequently, there

2 4 6 8 10 12 appears the flat potential region in the singlepotential,

N whose behavior is similar to the dilute atomic condensate

FIG. 2. (a) Total energies for the dilutha states measured from state traprp])ed bﬁ’ thi mfa\gnﬁtlc fields at very lfovﬁ tempelratutr)e
eachNa threshold, andb) their nuclear rms radii, which are ob- [7]. On the other hand, the appearance of the Coulomb-

tained by solving the Gross-Pitaevskii equation with the densitypomntia_I barrigr P'ays a_n imp‘?”am role in Confining e
dependent potential. bosons in the inside region. It is noted that the barrier comes

out naturally from the self-consistent calculation of the
Gross-Pitaevskii equation. The singleparticle energies for
the 3» and 4x systems are smaller than the Coulomb-
%%tential barrier. This means that the dilute states are quasis-
table againstx decay.
Increasing the number @i bosons beyon#=5, the fol-
IIl. RESULTS AND DISCUSSION lowing interesting features can be seen in the single-
A. Application of the Gross-Pitaevskii equation toNa systems ~ @-Particle potentials(1) the depth of the flat potential be-
) . o ) _comes shallower, and its range is expanding to the outer
The Gross-Pitaevskii equation is solved with the two dif- region faster thaneNY3, and(2) the height of the Coulomb-
ferent types of effectivea-a potentials: (1) the density-  potential barrier is getting lower and almost disappears at
dependent potentigsee Eq.(29)] and (2) the phenomeno-  5roundN=10. The first behavior of the potentials means that
logical 2a potential with the & potential[see Eqs(31) and  the Na system is inflating with increase , as inferred
(32)]. First of all, we will discuss the results with the density- ,om the behavior of the rms radius shown in Fig. 2. The
dependent potential and then those with the phenomenologigason of why the depth of the potential becomes shallower

cal potentials. , is related to the fact that the singleparticle energy is get-
The calculated total energies of thier systems measured ing |arger. It is given as follows: From Table I, the contri-

from theNa threshold are demonstrated in Fig. 2 as well asytion from the kinetic energy to the singleparticle energy
the calculated nuclear rms radii defined in E#l), where  pecomes smaller with increase if reflecting the inflation
the density-dependent a potential is used. The total energy of the diluteNe system. This fact indicates that the Thomas-
and the rms radius are getting larger with increasing@his  Fermi approximation is getting better, and then, the single-
means that the system is expanding steadily with increase of particle energy is given approximately as the contribution
N. In comparison with the rms radius of the ground state ofrom only the potential energies. The potential energies con-
each nucleus with the empirical formula(\(%)  sist of three contributions, namely, the two-range-Gaussian
=1.2A13 fm), the results from the Gross-Pitaevskii equationterm, density-dependent term, and Coulomb poterjtak

are much larger than those for the ground states. Thus, theq. (29)], where the first and second ones are short range,

[<®>12 (fm)

and the Hill-Wheeler equation. The reason of why the
density-dependent potential is introduced there is the same
that discussed here.
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FIG. 3. Singlea-particle potentialdJ (R) (solid line) which are obtained by solving the Gross-Pitaevskii equation with the density-
dependent potentiala) 3«, (b) 4«, (€) 5¢, (d) 8a, and(e) 10« systems. The dashed, dot-dashed, and dotted lines demonstrate, respectively,

the contribution from the two-range-Gaussian term, density-dependent term, and Coulomb potential.

energy of the diluttNa system becomes larger witth The

and the third is long range. When the dilUtex system is
present results are consistent with the behavior ofNoe-

inflating with N and the distance between twobosons is
getting larger, the contribution from the long range potentialpendence of the total energgee Fig. 2.

should overcome steadily the one from the short-range one. The second interesting behavior of the singkparticle
Consequently, the potential depisinglea-particle energy  potential withN=5 is that there exists a critical number a@f
becomes gradually shallowglargen and the height of the bosons,N.,, beyond which the system is not confined any-
Coulomb barrier is getting lower, with increase Mf The  more, as mentioned in Sec. I. AroumtE=10, the Coulomb
increase of the single-particle energy means that the total barrier has almost disappeared, and the siagfarticle po-
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TABLE |. Calculated results of the Gross-Pitaevskii equation with the density-depeadergotential in Eq.(29); singlew-particle
energye and contributions from the kinetic enerdly, two-range-Gaussian terfmg), density-dependent terfap), and Coulomb potential
(ve) in Eq. (29). The total energy and nuclear rms radius for khe system are denoted &and \ﬁ respectively. All energies and rms
radii are given, respectively, in units of MeV and fm.

N Nucleus e ® (1o6) (ve) () E NG

3 2c 0.18 0.38 -3.42 2.31 0.91 0.38 4.14
4 160 0.78 0.32 -3.74 3.04 1.16 1.44 4.91
5 2ONe 1.32 0.28 -3.90 3.69 1.25 2.97 5.53
6 Mg 1.82 0.25 -3.95 4.25 1.26 4.94 6.07
7 28gj 2.28 0.22 -3.91 4.76 1.21 7.36 6.58
8 s2g 2.72 0.20 -3.80 5.20 1.20 10.2 7.05
9 S6Ar 3.13 0.19 -3.65 5.59 1.00 13.4 7.51
10 4Ca 3.51 0.18 -3.45 5.93 0.86 17.0 7.98
11 44T 3.87 0.18 -3.19 6.19 0.69 21.0 8.46

tential is nearly flat up to the outer region, although the most
outer region, dominated by only the Coulomb potential, is
falling to zero (not illustrated in Fig.  Thus, we can

roughly estimate the critical number &&,~10, namely,

40Ca.

B. Na systems in the Hill-Wheeler-equation approach

The Gross-Pitaevskii equation is simple and useful for the
study of the structure of the dilutéa system, as seen in the

preceding section. The center-of-mass motion inNlaesys-

It is interesting to compare the above results with thoseem, however, is not completely removed in this framework.
obtained by using the Gross-Pitaevskii approach with therhe Hill-Wheeler-equation approach is free from the center-
phenomenological 2 and 3 potentials given in Eqs31)
and(32), respectively. The calculated total energies and rms

radii for Na systems are shown in Fig. 4. We find that they 20- .
are in good agreement with those of the case with the (a) /
density-dependent potential in the Gross-Pitaevskii equation 16 .
within about 10% except for th8=3 and 4 cases. Table Il /
shows the singlex-particle energies and contributions from ~ 121

the kinetic energy and potential energies. Comparing them % /

with those in Table I, th& dependence of the kinetic energy, 2 3. /
Coulomb-potential energy, and the sum of other potential - /'

energies is rather similar to the one with the density- 4 "

dependent potential in the Gross-Pitaevskii equation except -

for the N=3 and 4 systems. This is surprising if taking into 04 i

account the fact that the forms of the two kinds of the effec- — - - ———
tive a-a potentials are quite different from one another.
These results might indicate that the dilide systems with N
N=5 do not depend strongly on the details of the effective

a-a potential, while those with a small-numbbdla (N=3 8
and 4 are sensitive to the potential. (b)

The singlea-particle potentials are shown in Fig. 5. For .
the 3o and 4 systems, we see the almost flat potential be- 71 P
havior in the inside region, and the Coulomb-potential bar-
rier in the outer region, while increasing the numberaof
bosons fromN=5, the depth of the flat potential becomes
shallower, and its range is expanding to the outer region, and
the height of the Coulomb-potential barrier is getting lower
and almost disappears at arouNe 10. The qualitative po-
tential behaviors are almost the same as those in case of the
density-dependent potential with the Gross-Pitaevskii equa-
tion (see Fig. 3. In fact, the behavior of the single-particle 2 4 6 8 10 12
potential in Fig. 5 is in good agreement with that in Fig. 3 r (fm)
within about 10%. On the other hand, we can conjecture the
critical number N, from the behavior of the single-  FIG. 4. (a) Total energies for the dilutia states measured from
a-potentials in Fig. 5, which is estimated roughly Bs,  eachN« threshold, andb) their nuclear rms radii, which are ob-
~ 10, the result being the same as that of the case with thrined by solving the Gross-Pitaevskii equation with the phenom-
density-dependent potential. enological 2v and v potentials.

[<*>172 (fm)
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TABLE Il. Calculated results of the Gross-Pitaevskii equation with the phenomenologicah@ 3» potentials in Eqs(31) and (32);
singlew-particle energye and contributions from the kinetic enerdg), 2a potential(w,) in Eqg. (31), 3a potential(vs) in Eq. (32), and
Coulomb potentiatuc). The total energy and nuclear rms radius for bhe system are denoted &and \/ﬁ, respectively. All energies
and rms radii are given, respectively, in units of MeV and fm.

N Nucleus e ® () (ve) (v E NG

3 2c 0.45 0.25 -1.90 1.96 0.14 0.98 4.87
4 160 0.76 0.27 -2.71 2.86 0.33 1.84 5.23
5 2ONe 1.12 0.27 -3.36 3.68 0.53 3.04 5.55
6 Mg 1.51 0.26 -3.89 4.44 0.70 4.63 5.85
7 28gj 1.91 0.26 -4.31 5.13 0.84 6.61 6.13
8 s2g 2.31 0.24 -4.64 5.78 0.94 8.99 6.40
9 S6Ar 2.73 0.23 -4.89 5.37 1.02 11.8 6.68
10 4Ca 3.13 0.22 -5.06 6.91 1.60 15.0 6.95
11 44T 3.53 0.20 -5.15 7.40 1.70 18.6 7.24

of-mass motion of théNa system. The effect of the center- equation with the phenomenologicalv2and 3x potentials,
of-mass motion is expected to be non-negligible for the totathe 1Qv system is the critical one which cannot exist as a
energy and rms radius, etc., in small-numlaeboson sys- nuclear state, as mentioned in the preceding section. In such
tems, in particularN=3 and 4. Thus, it is important to study a critical system, the behavior of the wave functions in the
the diluteNa systems with the use of the Hill-Wheeler equa- outer (inner) region is very sensitivénot very sensitiveto
tion. The two approaches should give the same results fdnow to solve the equations and to obtain the wave functions.
dilute Na systems with rather large number Bf In this  The value of the rms radiugotal energy is generally sensi-
section, we first demonstrate that the Hill-Wheeler-equatiortive (not very sensitivito the behavior of the wave function
approach is useful to describe the dillMer states with the in the outer region. Thus, the reoccurrence of the deviation in
spherical shape, and the results are briefly compared witthe rms radii indicates that the &Gystem is critical in the
those from the Gross-Pitaevskii equation. Then, the approadHill-Wheeler-equation approach.

is applied to the deformetla systems(J"=0%) with axial The above results show us that the Hill-Wheeler-equation
symmetry. We use the phenomenological @nd 3» poten-  approach is very useful to describe the diliie states as
tials of Egs.(31) and(32) as the effectivax-« potential. well as the Gross-Pitaevskii-equation approach. Thus, we
can apply the approach to the deforniéd system with the
1. Spherical Nw systems axial deformation.
The calculated total energies and rms radii for spherical 2. Deformed Nv systems with J=0"

N« states are illustrated in Fig. 6, in which we show those SRS . .
obtained by solving the Gross-Pitaevskii equation with the b;l'he ZICL Stat?s.(‘] ;ho )Hvx;t\r;v;he IaX|aI detf_orm_atlon Sare
same effectiven-a potential for comparison. We found that O'tr?l?r? Gy solving the Hili- tee Z;e_qua |_onT|nb:E(Q”?

the calculated total energies in the Hill-Wheeler approach ar ! e Gaussian size parameter segiven in Table Ill. -
almost the same as those in the Gross-Pitaevskii approac igure 7 illustrates the calculated energies, nuclear rms radii

This indicates that the center-of-mass kinetic energy correcﬁefmed 'II[]h Eg.g{l'll), dancli the rmsh d|stqnc$sblbelt\\//ve$kr?z 2
tion in Eq. (4) is a very good approximation to remove the osons. The detalled values are shown in 1ablé 1v. 1he rms

. o L distance betweenabosons(6—11 fm for N=3-12 iscon-
effect in the total energy. The non-negligible deviation be-
9y 919 iderably larger than that of thiBe ground staté~4 fm).

tween the two frameworks, however, can be seen in the rm3 = .
radii, in particular, we have about 20% deviation for the 3 The result indicates that thda states obtained here are of
system, although that is getting smaller with increashng V€Y diluteNa structure. _ _
and it is almost zero in thed-9a systemgthe discrepancy The total energy of th&l« state increases gradually with

in the 1v and 1% systems will be discussed laferhe N @lthough those foN=3 and 4 are not changed very much.
results tell us that the center-of-mass correction for the rmd e latter is in contrast to the results of the spherical case

radius in the Gross-Pitaevskii-equation approéste Egs. together with_ those for the Gross-Pitaevskii-equation ap-
(11) and(12)] is not very good for the @ and 4 systems, proach(see Figs. 2, 4, and)6In the 3» and 4 systems, the

while it is relatively good for theNa=5a systems, and the total energies and nuclear rms radii are, respectively, given as

difference between the two approaches is less than aboffllows: E=-0.01 and 0.13 MeV, andy(ry)=3.73 and

10%, and it is diminishing with increasir. 3.90 fm. The values are in good correspondence to those for
In Fig. 6 we see that the deviation of the rms radius apthe condensate-cluster states discussed by Tohsekial.

pears again in the ¥0and 1% systems. The reason of why [10], where their calculated results arg®@=0.5 and

this deviation occurs can be understood, recalling the follow=0.7 MeV (vs E®*P'=0.38 and -0.44 Meyand \/@=4.29

ing facts: According to the results of the Gross-Pitaevskiiand 3.97 fm, respectively, for the diluter3and 4 states. It
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FIG. 5. Singlea-particle potentialdJ,(R) (solid line) which are obtained by solving the Gross-Pitaevskii equation with the phenom-
enological 2 and 3x potentialsya) 3«, (b) 4a, (¢) 5a, (d) 8a, and(e) 10« systems. The dashed, dot-dashed, and dotted lines demonstrate,

respectively, the contribution from thexotential, 3v potential, and Coulomb potential.

is instructive here to compare the present results with those0*) may be deformed is natural if taking into account the
in the sphericaN« states in order to estimate the effect of fact that a gaslikdN«a state with relatively small number can
deformation. The comparison of the total energy and rmsasily be deformed. If it is right, there may exist diluter
radius is given in Table IV. The energy gai(reductions of nuclear states witd™=2" and 4, etc. In fact, a candidate of
rms radiug due to the deformation in thea3 4, and 5  the dilute 3v state withJ™=2" is observed aE=3.3 MeV
systems are, respectively, 0.6, 1.5, and 1.7 M&¥, 18% measured from the @ threshold[20]. The dilute multie
and 19%, while this is getting smaller foN=6. Thus, we cluster states with nonzero angular momentum will be dis-
found that the deformation effect is significant for relatively cussed elsewhere.

small-numbera systems, and shows a good correspondence From Fig. 7a), we notice that the gaslikia states with
of our results for the @ and 4 states with those by Tohsaki N=5 appear above thda threshold, not close to it, in con-
et al. [10]. The present result that the diludx states(J™  trast to the fact that the diluten3and 4x states are located in
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FIG. 6. (a) Total energies for the dilut®dla states(spherical
casg measured from eacNe threshold(solid line), and (b) their FIG. 7. (a) Total energies for the dilutbla states with the axial
nuclear rms radiisolid), which are obtained by solving the Hill- deformation measured from eabla threshold(solid line), and(b)
Wheeler equation with the phenomenological@nd 3 potentials.  their nuclear rms radiisolid) and rms distance betweew particles
For comparison, we also give the corresponding values obtained Hglotted, which are obtained by solving the Hill-Wheeler equation
solving the Gross-Pitaevskii equation with use of the same potenith the phenomenological®and 3v potentials.

tials (dotted lines. ) ) ) ]
attraction of the former is largest around 4 fm and is negli-

the vicinity of their respective thresholds. This is a nontrivial gible beyond about 7 fm, while the Coulomb potential is
result of the present calculation. The reason of why the enlong ranged and its repulsion is substantial even beyond
ergy of the diluteNa states increases witN is given as 7 fm. Increasing the number of the particles, the gaslike
follows. Let us consider the effective energy of thea"2 Na system is expanding and the rms distance betweerntwo
system in the dilutdl« state, which corresponds to the quan- particles is also becoming largé8—10 fm in the case of
tity of the total energy of th&\a state divided by the number N=5, as shown in Fig. 7. Then, the attractive contribution
of « pairs which is given in Table IV. Since the dilute char- from the 2x nuclear potential to the effectivea2energy
acter allows us to neglect approximately the kinetic energyshould become noticeably smaller with increaswgeflect-
the effective energy of theac2system could be given mainly ing the short-rangéattractivg behavior of the potential. The
as the sum of the & nuclear potential energy and its repulsive contribution from the Coulomb potential, however,
Coulomb-potential energgthe contribution from the @ po-  should not be much smaller than in the case of the 2
tential may be neglected approximately because of the verguclear potential, and dominate over the contribution from
small amount Figure 8 shows the @ potential used in the the nuclear potential, because of the long-rafmgpulsive
present study, where we also show the riclear potential behavior. These facts explain the rise of the effective 2
[see Eq(31)] and its Coulomb potentidsee Eq(30)]. The  energy withN, which means that the energy of the dilite

TABLE Ill. Gaussian size parameter sé&sand B used to obtain the deformedu states with the axial
symmetry by solving the Hill-Wheeler equation. The unittgfandb; is femtometer.

Set Kinax biY b{fma Kinax by bijma!
A 12 0.4 9.0 12 0.5 95
B 12 0.4 11.0 12 0.5 10.5
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TABLE IV. Calculated total energ¥, total kinetic energy(T), total 2« nuclear potential energ§V,), total Coulomb potential energy
(Vo), total 3w potential energyVs), and nuclear rms radi (rﬁ,) for each diluteNa state. The effective energy of the 42 system in the
Na system is denoted as (see text All energies and rms radii are given in units of MeV and fm, respectively.

Deformed case Spherical case
N Nucleus ) (V) (Vo) (Va) E () NG E NG
3 2c 2.24 -5.95 3.62 0.09 -0.01  (-0.00 3.73 0.64 4.18
4 160 3.74 -11.31 7.21 0.42 0.11 (0.02 3.90 1.58 4.74
5 2ONe 4.32 -15.92 11.58 1.13 1.11 (0.1D 4.20 2.83 5.19
6 Mg 3.71 -18.78 16.05 2.15 3.13 (0.22) 4.69 4.47 5.64
7 283 3.13 -21.03 20.58 2.90 5.58 0.27) 5.24 6.48 5.99
8 325 2.77 -23.16 25.31 3.38 8.30 (0.30 5.79 8.93 6.33
9 36Ar 2.52 -25.11 30.22 3.68 11.31  (0.3)) 6.34 11.81 6.90
10 Ca 2.35 -26.76 35.21 3.82 14.62  (0.32 6.90 14.98 7.26
11 44T 2.26 -28.52 40.58 3.96 18.27  (0.33 7.38 18.53 7.54
12 48Cr 2.21 -30.43 46.37 4.12 2227  (0.34 7.78 22.44 8.62

states increases witd and does not stay around the thresh-us that the diluter-boson states appear under the cooperative
old energy. In Table IV we can find quantitatively the in- work between the two-body and three-body potentials in the
crease of the effectiveasystem withN. The gradual domi- present model.
nance of the total Coulomb-potential energy over the tatal 2  Finally, we estimate the critical numbe&l, of the dilute
nuclear potential energy in ti¢a system can be also seen in Na state beyond which the system is unbound. Since the
Table IV. critical state should be very unstable, it is difficult to deter-
It is interesting to see the role of thexotentials in the mine it exactly with the present Hill-Wheeler-equation ap-
dilute Nar system. From Table 1V, the contribution to the proach. However, we can deduce it approximately from
total energy is small in the case B and!®0, while it gives  studying the stability of the calculated eigenenergies and rms
a non-negligible effect with increasiny, as seen in Table radii against changing the model space determined by the
IV, because it is proportional to the number M{N—1)(N Gaussian size parameters in E¢34) and (25). The proce-
-2)/6. In fact, the energyVs;) becomes steadily larger with dure is as follows. The present framework is able to describe

the number ofx bosons, a|th0ugh the quantity of the energydilute states trapped by the Coulomb barrier under the con-
divided by the number of trios of the bosons is decreasing dition that we choose the range of the Gaussian size param-
with N, reflecting the fact that thdla system is expanding €ters wide enough to cover a configuration space over the
with N. It is instructive to study the case of napotentials Whole rms radius of the states. If the state is stable or rela-
within the present framework. The calculated results showively stable, the calculated energies and rms radii are not
that theNa system gradually falls into a collapsed state with changed very much against the variation of the Gaussian size
increasing N as discussed before; for examplé& parameters. Otherwise, those depend sensitively on the

~-55 MeV and/(r3)=4.77 fm for N=40. The result tells choice of the parameters. Using the wide model space, how-
ever, special attention must be paid to investigate the eigen-

states obtained from the Hill-Wheeler equation, because a
discretized continuum state, which is unphysical, has a
chance to become the lowest state in energy in the present
variational calculation. We can easily identify it by investi-
gating the behavior of its energy and/or rms radius against
changing the Gaussian size parameters. The unphysical state
usually has an abnormally long rms radius, which is a little
smaller than or almost the same as the valud)(lﬁ‘lw or
b(SKmﬂ’) in Egs.(24) and (25). Table V shows the calculated
results for the two parameter seAdsand B (see Table II).
The calculated energies and rms radii for the diNtestates
with N=3-10 arealmost the same for both the parameter
setsA andB, while we see some discrepancies in those with
N=11, in particular, in the rms radii, for the two parameter
sets. Even if we use other Gaussian size parameter sets
FIG. 8. Phenomenologicala2potential (solid line), where the ~ which cover the configuration space over the rms radius for
2a nuclear potentialEq. (31)] and its Coulomb potentidEq. (30)] the dilute states, the results obtained are found to be similar
are drawn by the dashed and dotted lines, respectively. to those mentioned above. Thus, the critical number of the

v_(r) [MeV]
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TABLE V. Calculated energiek of dilute Na states(J”=0") together with the nuclear rms radj% and rms distances betweew 2
bosons\(r2 ), where we use the two Gaussian size parameter/etsd B, shown in Table Ill. The energf is measured from the
respectiveNa threshold. The units of energy and rms radidstance are MeV and fm, respectively.

Set A Set B

N Nucleus E ) Wz E X 2

3 12c -0.01 3.73 5.73 -0.01 3.72 5.72
4 160 0.11 3.90 5.72 0.11 3.90 5.72
5 2ONe 1.11 4.20 6.06 1.13 4.20 6.06
6 24Mg 3.13 4.69 6.76 3.13 4.68 6.75
7 28g; 5.58 5.24 7.57 5.59 5.24 7.57
8 323 8.30 5.79 8.36 8.30 5.78 8.35
9 S6Ar 11.31 6.34 9.16 11.31 6.35 9.17
10 40Ca 14.62 6.90 9.97 14.61 7.03 10.58
11 44T 18.27 7.38 10.65 18.22 7.89 11.42
12 48Cr 22.27 7.78 11.21 22.10 8.81 12.77

dilute Na-boson systems is estimated roughly to Ng singlew potentials obtained by solving the Gross-Pitaevskii

~10, namely,*°Ca, in the present study. It is noted that the equation within the(GS, DD, § and (GW, PP, S frame-

number is the same as that in the spherical case as well as\vorks is impressive. For theadand 4x systems, we see an

the Gross-Pitaevskii-equation approach. almost flat potential behavior in the inside region, and the
Coulomb-potential barrier in the outer region, while increas-
ing the number otx bosons fromN=5, the depth of the flat

IV. SUMMARY potential becomes shallower, and its range is expanding to

: the outer region, while the height of the Coulomb-potential

The diluteNa-cluster condensate states with=0" have ey jg de?:reasing and aImogt disappears at armfmi).
been studied with the Gross-PitaevskiiP) equation and the  The origin of the appearance of the flat region is mainly due
Hill-Wheeler (HW) equation, where ther cluster is treated g the validity of the Thomas-Fermi approximation, namely,
as a structureless boson. Two kinds of effectiver poten-  the neglect of the contribution from kinetic energy because
tials were used: the density-depend€dD) a-a potential  of the dilute character of thia system. The result is analo-
and the phenomenologicale2potential plus three-bodyr  gous to the dilute atomic condensate state trapped by the
potential (PP), and we also included the folded Coulomb magnetic fields at very low temperature. On the other hand,
potential between thed@bosons. Both potential®nly the  the results for the total energy and rms radius were quite
latten) were(was applied to study the structure of the spheri- similar for the above-mentioned two frameworks except for
cal (spherical and axially deformgdilute N« states with the  N=3 and 4. The result might indicate that the dilutie
Gross-Pitaevskii equatiaiill-Wheeler equationp Thus, we  states withN=5 are not very sensitive to the details of the
have studied the dilute multi- cluster states with the four effective a-a potential(DD or PB.
different  frameworks: (equation, potential, shape (3) Comparing the results from the GP equation and HW
=(GP, DD, 3, (GP, PP, $ (HW, PP, § and(HW, PP, D, equation, we could see the effect of the neglect of the center-
where S and D denote the spherical and deformed shapesf-mass motion in the Gross-Pitaevskii equation and also the
respectively. usefulness of the Hill-Wheeler-equation approach for de-

The main results to be emphasized here are as follows. scribing the diluteNa system. In the small-numbéia sys-

(1) All of the N states obtained show the dilutier struc-  tems, the effect was found to be non-negligible, in particular,
ture. They are common to all of the four different frame- for the rms radius, while there is less than about 10% devia-
works. The reason of why the total energy of the gasike  tion for theNa=5a systems.
state increases gradually withand does not remain around  (4) The axial deformation effect in the dilutéa systems
their N threshold values is understood as the competitioris substantial for the small-number systems, but it is get-
between the nuclear-a nuclear potentiafattractive and its  ting smaller forN=6. In fact, the energy gain and reduction
Coulomb potentia{repulsive. In fact, increasing the number of the rms radius due to the deformation are 0.6—-1.7 MeV
of N, the a-a distance is becoming largg6—12 fm for N and 11-19 %, respectively, for the former system. Due to
=3-12, and then the contribution from the o nuclear po- the effect, the calculated results of the total energy and rms
tential per 2 pair in the diluteN« state is decreasing rapidly radius forN=3 and 4 in the(HW, PP, D framework are
because of the short-range character, while that from thamproved from those in theHW, PP, § framework, and give
Coulomb one is decreasing very slowly and remains almos2 good correspondence with those for the condensate
constant forN=5-12, reflecting the I/character of the a-cluster states discussed by Tohsekal. [10]. The present
Coulomb potential. result that the dilutdNa states(J”=0") may be deformed is

(2) The N dependence of the behavior of the calculatednatural, taking into account the fact that a gasiite state
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with relatively small number ofa’s could easily be de- an!®0 core has been proposed by Gridreval

formed. Concerning experimental detection of thecondensates,
(5) We estimated the critical number of thebosonsN.;,  the decay scheme of the dilutéw state is conjectured to

beyond which the system is unbound for the four frame-proceed mainly viar decay. This indicates that such systems

works (GP, DD, §, (GP, PP, § (HW, PP, §, and(HW, PP,  may be observed through the following sequeniialecays:

D). All of the frameworks indicated that the number is [dilute Na stat§ — [dilute (N-1)a stat§+e, [dilute (N

roughly Ng,~ 10, which is not strongly dependent on the _1), siatg — [dilute (N-2)a statd+a,---. Therefore, the

fsrgtgiwféﬁfa -I;](.us? ixveth%(z)gcigdﬁg;h:tsttg%g'I\ﬁ“\fi?r;]cﬂsgfr sequentiakv decay measurement is expected to be one of the
. y o .npromising tools to search for the dilute mudticluster states,
whose energies vary from threshold up to about 20 MeV i ; ; . . . o
produced via they inelastic reaction, heavy-ion collision re-

the present calculation. : N .
The estimate oN.,~ 10 is of course subject to the valid- ac;t|0n, and so on. It is highly hoped that such experiments
o will be performed in near future.

ity of our phenomenological approach treating thparticles
as ideal bosons. We, however, believe, for reasons outlined

in the paper, that our estimate fdt,, may be correct to

within £20%. In any case the value f®i,,, i.e., the maxi- ACKNOWLEDGMENTS
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